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[26] we have compared the two formulations and shown that the
computational cost for the dual method is not too large. For the pri-
mal formulation, the computed displacements are good and con-
trarily for the dual formulation, the computed stress is obtained
precisely. For a number of degrees of freedom similar for the two
formulations, the dual method gives better results in term of global
error. On particular examples, we have obtained different solutions
using the two formulations, particularly on the contact zone: for
example, for the same mesh an element edge can be considered
as sliding for the primal method and sticking for the dual method.
Considering this result, it seems very interesting to use the two
methods together in order to build an error estimate able to give
the mesh zones to be modified and to converge to the same result.

2.2. Notations and strong formulation

Let R2 be the Euclidian point space, and (O,x1,x2) a Cartesian
frame whose unit vectors are e1, e2. We use subscript indices to de-
note component, Einstein’s summation convention and differenti-
ation with respect to xi is denoted by (�),i.

Let the sufficiently smooth bounded region X � R2 be the refer-
ence configuration of a deformable body, whose boundary is de-
noted by C, and let n be the outward normal unit vector to C.
The body is subjected to volume forces F and to surface forces f
on CF � C. On CD � CnCF the displacement is prescribed. The body
is in receding contact with a rigid support on CC = Cn(CF [CD) a
part of the boundary C. The unilateral contact is modeled by the
Signorini unilateral contact law and friction by the Coulomb dry
friction law. The body is supposed to be linearly elastic, whose
elasticity A and compliance S fourth-order tensors are assumed
to have classical conditions of regularity. The contact problem is
studied in the framework of the static small deformation theory.
The unknowns are the displacement field u and the stress field r
in X, and the governing equations are

rij;j þ Fi ¼ 0 in X;

rij ¼ rji in X;

rij ¼ Aijkl�klðuÞ in X;

�ijðuÞ ¼
1
2
ðui;j þ uj;iÞ in X;

rijnj ¼ fi on CF ;

u ¼ uo on CD;

rN 6 0; uN 6 0; uNrN ¼ 0 on CC ;

jrT j 6 �lrN ; 9k P 0 : uT ¼ �krT ; ðjrT j þ lrNÞuT ¼ 0 on CC ;

ð1Þ

where l P 0 is the Coulomb friction coefficient and the normal and
tangential displacement and traction components are, as usual,
defined by

rN ¼ rn � n;
rT ¼ rn� rNn;

uN ¼ u � n;
uT ¼ u� uNn;

ð2Þ

where n is the external normal unit to CC.

2.3. Variational formulations

2.3.1. Primal formulation
The primal variational formulation of the contact problem

consists of the implicit variational inequality:

Find u 2 Kd such that 8v 2 Kd

aðu; v � uÞ þ jðu; vÞ � jðu; uÞ � Lðv � uÞP 0;
ð3Þ
2

where

aðu;vÞ ¼
Z

X
Aijkl�ijðuÞ�klðvÞdX;

LðvÞ ¼
Z

X
Fiv i dXþ

Z
CF

fiv i dC;

jðu;vÞ ¼ �
Z

CC

lrNðuÞjvT jdC

ð4Þ

and Kd ¼ fv 2 ðH1ðXÞÞ3;v ¼ u0 on CD;vN 6 0 on CCg.

2.3.2. Dual formulation
The dual formulation [9,25,39] of the contact problem consists

of the quasi-variational inequality:

Find r 2 KCð�rN Þ such that 8s 2 KCð�rNÞ

bðr; s� rÞ � lðs� rÞP 0;
ð5Þ

where

bðr; sÞ ¼
Z

X
Sijklrijskl dX;

lðsÞ ¼
Z

CD

sijnjuoi dC;
ð6Þ

and KCðgÞ ¼ s 2 L2
s ðXÞ; sij;j þ Fi ¼ 0 in X; sn ¼ f on CF ; sN 6 0 on

n
CC ; jsT j 6 lg on CCg.

3. Error estimator

3.1. Description of the error estimator

By nature, the accuracy of the results using the finite element
method depends strongly on the discretization of the problem.
To obtain satisfactory results, the experience of numerical analysts
suffice to obtain a mesh in the case of simple problems. With more
complex problems, however, where the solution evolves with time,
or in the presence of contact and friction for example, it is more
difficult to obtain a suitable mesh. Many error estimators have
been proposed for this purpose. They can be classified in three
groups, depending on whether they are based on:

� smoothing constraints [28,44];
� residuals analysis [1,2,45];
� or duality [15].

Smoothing constraints error estimators and those based on
residuals are based on the measurable differences between ideal
and approximate solutions, the first based on the discontinuity of
the stress field and the second on the violation of equilibrium con-
ditions (for further details, see [24]).

Here we focus on estimators based on duality. This family of esti-
mators are based on the concept of the strain energy limits intro-
duced by Fraeijs de Veubeke [15] and extended by Debongnie
et al. [14].

These estimators give an approximation of the exact overall er-
ror, which is calculated using displacement and stress errors. The
displacements error is the difference between a kinematically
admissible displacement field and the exact displacement field:

Du ¼ uh � u: ð7Þ
The stress error is the difference between a statically admissible
stress field and the exact stress field.

Dr ¼ rh � r: ð8Þ
The overall error is defined as the norm of these errors

er ¼ kDuk2
X þ kDrk2

X

h i1
2 ð9Þ

with kDuk2
X ¼ aðDu;DuÞ and kDrk2

X ¼ bðDr;DrÞ.
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Table 2
Contact of a steel tooth. Comparison beetween the estimated error and the reference
error (errors expressed as percentages). Contact forces obtained using the primal
approach.

h k ~Dukref k ~Drkref
~eref ~eestim

2 44.07 33.6 55.42 55.35
1 37.82 28.86 47.57 47.57
0.5 25.36 22.67 34.02 33.99
0.2 15.88 16.15 22.65 22.61
0.1 11.63 15.22 19.15 19.74
0.08 9.86 11.61 15.23 15.15
Note that the geometry consists entirely of straight lines, so that
comparable results are obtained regardless of the mesh adopted.

The value of the estimator was calculated using a regular mesh
with the various characteristic lengths shown in Table 1.

In order to check the validity of the error estimator, the refer-
ence error was calculated, using an approximation of Eq. (12)

~eref ¼ E�pðuhÞ þ E�cðrhÞ

�
Z

CC

ðrref nÞDudCþ
Z

CC

uref DrndCþ
Z

CC

ðrref nÞuref dC
� �

;

ð18Þ

where uref and rref are obtained by applying the primal and dual
methods, respectively, to a sufficiently refined mesh for these fields
to presumably approximate the exact solution of the problem. We
denote kD~ukref ¼ kuh � uref kX and kD~rkref ¼ krh � rref kX. These solu-
tions can also be used to calculate the displacement and stress er-
rors previously mentioned. The number of nodes and elements of
meshes with various sizes are shown in this table.

The first point worth noting here is that the stress error is sys-
tematically lower than the displacement error. The primal and dual
solutions were calculated here using the same mesh. Under this
conditions, the dual problem has larger number of degrees of free-
dom, and it is therefore logical that the dual solution resembles
more the reference solution than the primal solution. It can also
be noted that the estimated error was always very similar to the
reference error, although it was not consistently higher.

To test the contribution of the dual method to error estimation,
we introduced in Eq. (17) the values of the contact and friction
forces obtained using the primal approach, replacing the values ob-
tained directly by the dual approach. The same approach to evalu-
ating the error estimator was then applied, and the results
obtained are given in Table 2.

The error in stress immediately increased, whatever the mesh
adopted. The estimated error was therefore more distant to the
displacement and stress errors. This clearly shows that the accu-
racy of the results depends not only on the mesh but also on the
method used to obtain the stress field.

4. Mesh adaptation

4.1. Description of the mesh adaptation procedure

In the previous section, we established the effectiveness and
appropriateness of using the dual method for error estimation pur-
poses. In this section, it was applied to improving the solution of
contact problems with friction approached using adaptation
techniques.

4.1.1. Basic contributions to the overall error
The formula used here to estimate the overall error was pre-

sented in Section 3.1. With a given mesh, each element involved
increases the value of the error. This contribution is know as ‘‘the
local error’’ which is the difference between statically and kine-
4

matically admissible solutions obtained. The local error is calcu-
lated as follows:

ee ¼
Z

Xe

ðrh �KeðuhÞÞTSðrh �KeðuhÞÞdXe

� �1
2

: ð19Þ

In cases without contact, the overall error e can be obtained
from the local errors using the formula (see [24] for example):

e ¼
XN

e¼1

e2
e

 !1
2

: ð20Þ

In cases involving contact and friction, the following error esti-
mator can be used (elementary part of Eq. (17)):

eec ¼
XNCe

j¼1

2Iec

Z
Cej

ðIðuhÞ þ IRðrhÞ þ ljrhNjjuhT j þ rhT uhT þ rhNuhNÞdC;
where Iec ¼
1 if Cej 2 CC ;

0 else;

�
ð21Þ

where Cej denotes the edge j of the element e and NCe denotes the
number of edges of this element. The local error is then expressed
by:

ee ¼
Z

Xe

ðrh �KeðuhÞÞTSðrh �KeðuhÞÞdXe

� �1
2

þ eec ð22Þ

and the overall error estimator can then be calculated in cases with
contact and friction by:

e ¼
XN

e¼1

e2
e þ eec

� 	!1
2

: ð23Þ

Eq. (22) then can be used to calculate the contribution of each
element to the overall error, occurring with a given mesh, in cases
involving contact and friction. This expression can be used as a
basis for improving the mesh, using either of the following two
strategies: mesh refinement, in order to reduce the size of the
elements which give large local errors, or remeshing in order to
analyse the local errors with a view to determining appropriated
mesh sizes for obtaining an overall target error.

These two strategies were presented and tested in [24]: the sec-
ond was found to be the most effective for dealing with problems
in question. This is the strategy presented in the next section.

4.1.2. Improving the solution by performing adaptive remeshing
As mentioned above the aim of remeshing is to perform an ini-

tial calculation on an initial mesh in order to determine a topology
of local errors, which can be used as a basis for creating an opti-
mized mesh.

According to finite element convergence theorems, one can
show that the local error as regards an element is directly related
to its characteristic length h and the rate of convergence pe:

e ¼ O hpe
e

� 	
: ð24Þ

In the elastic contactless case, pe is equal to 1 with primal linear fi-
nite elements [10], as well as with dual linear finite elements [19].
In cases involving contact and friction, its value is 2/3 with primal
linear finite elements [7] and 0.5 with dual linear finite elements
with Tresca friction [8].

Having previously calculated a topology of local errors ee on an
initial mesh, we can predict the local error e�e that would be ob-
tained using a second adapted mesh:

e�e
ee
¼ h�e

he

� �pe

¼ ðreÞpe ; ð25Þ

where re is the local coefficient of reduction of an element e.
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