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Abstract

A general moment bound for sums of products of Gaussian vector’s functions extending the moment
bound in Taqqu (1977, Lemma 4.5) is established. A general central limit theorem for triangular arrays
of nonlinear functionals of multidimensional non-stationary Gaussian sequences is proved. This theorem
extends the previous results of Breuer and Major (1981), Arcones (1994) and others. A Berry-Esseen-type
bound in the above-mentioned central limit theorem is derived following Nourdin, Peccati and Podolskij
(2011). Two applications of the above results are discussed. The first one refers to the asymptotic
behavior of a roughness statistic for continuous-time Gaussian processes and the second one is a central

limit theorem satisfied by long memory locally stationary process.

Keywords: Central limit theorem for triangular arrays; Moment bound for Gaussian vector’s functions;
Hermitian decomposition; Diagram formula; Berry-Esseen bounds; Long memory processes; Locally

stationary process.

1 Introduction

This paper is devoted to the proof of two new results concerning functions of Gaussian vectors. The first
one (Lemma 1 of Section 2) is a moment bound for “off-diagonal” sums of products of functions of Gaussian
vectors in a general frame. It is an extension of an important lemma by Taqqu (1977, Lemma 4.5). This
result is useful for obtaining almost sure convergence and tightness of Gaussian subordinated functionals
and statistics, see Remark 1 below. The proof of Lemma 1 uses the Hermitian decomposition of I.? function

and the diagram formula. A related but different moment bound is proved in Soulier (2001, Corollary 2.1).

The second result is a central limit theorem (CLT) for arrays of random variables that are functions of
Gaussian vectors, see Theorem 1 for a precise statement. Theorem 1 generalizes and extends earlier results
due to Breuer and Major (1983), Giraitis and Surgailis (1985) and Arcones (1994, Theorem 2) to the case
of non-stationary triangular arrays of Gaussian vectors. Extensions of the Breuer-Major theorem were also
obtained by Chambers and Slud (1989), Sanchez de Naranjo (1993) and Nourdin et al. (2011). Most of

the above cited papers treat the case of a single stationary Gaussian sequence and a function independent
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of n. Generalization to stationary or non-stationary triangular arrays is motivated by numerous statisti-
cal applications. Some examples of these applications, with a particular emphasis on strongly dependent
Gaussian processes, are: statistics of time series (see for instance Bardet et al., 2008, Roueff and von Sachs,
2010), kernel-type estimation of regression function (Guo and Koul, 2008), nonparametric estimation of the
local Hurst function of a continuous-time process from a discrete grid i/n,1 < i < n (Guyon and Leon,
1989, Bardet and Surgailis 2011, 2012). Two particular applications (limit theorems for the Increment Ratio
statistic of a Gaussian process admitting a tangent process and a CLT for functions of locally stationary

Gaussian process) are discussed in Section 5.

Starting with the famous Lindeberg Theorem for independent random variables, numerous studies devoted
to CLT for triangular arrays under various dependence conditions had appeared. The case of martingale
dependence was extensively studied in Jacod and Shiryaev (1987). Rio (1995) discussed the case of strongly
mixing sequences. Some of more recent papers devoted to this question are Coulon-Prieur and Doukhan
(2000) (with a new weak dependence condition) and Dedecker and Merlevede (2002) (with a necessary and
sufficient condition for stable convergence of normalized partial sums). The CLT for linear triangular arrays

was discussed in detail in Peligrad and Utev (1997) for several forms of dependence conditions.

The case of Gaussian subordinated variables (functions of Gaussian vectors) is rather exceptional among
other dependence structures since it allows for very sharp conditions for CLT in terms of the decay rate of
the covariance of Gaussian process and the Hermite rank of non-linear function. These conditions are close
to being necessary and result in CLTs “in the vicinity” of non-central limit theorems, see Breuer and Major
(1981), Arcones (1994), Dobrushin and Major (1979), Tagqu (1979). The proofs of the above-mentioned re-
sults rely on specific Gaussian techniques such as the Hermite expansion and the diagram formula; however,
the recent paper Nourdin et al. (2011) uses a different approach based on Malliavin’s calculus and Stein’s
method, yielding also convergence rates in the CLT. The main difference between our Theorem 1 and the
corresponding results in Arcones (1994) and Nourdin et al. (2011) is that, contrary to these papers, we do not
assume stationarity of the underlying Gaussian sequence (Y, (k)) and discuss the case of subordinated sums
> req frn(Yn(k)) where fi , may depend on k and n. The last fact is important for statistical applications
(see above). In the particular case when fx,, = f do not depend on k,n and (Y, (k)) is a stationary process
independent of n, Theorem 1 (iii) agrees with Arcones (1994) and Nourdin et al. (2011, Theorem 1.1). The
proof of Theorem 1 uses the diagram method and cumulants as in Giraitis and Surgailis (1985). Section 4
obtains a Berry-Esseen bound in this CLT using the approach and results in Nourdin et al. (2011). Let us
note that a CLT for Gaussian subordinated arrays is also proved in Soulier (2001, Theorem 3.1); however,

it requires that Gaussian vectors are asymptotically independent and therefore his result is different from

Theorem 1.
Notation. Everywhere below, X = (X(l), e ,X(")) designates a standardized Gaussian vector in R”, v > 1,
with zero mean EX () = 0 and covariances EX(" X () =§,, u,v=1,...,v. Letter C stands for a constant

whose precise value is unimportant and which may change from line to line. The weak convergence of
. . D
distributions is denoted by —

n—oo

2 A moment bound

Let 1.2(X) denote the class of all measurable functions f = f(z),z = (z,...,2®)) € R such that
[£]I> == Ef*(X) < oco. For any multiindex k = (kM,... . k) € zv = {(jV,..., ;) € 2, ;® >
0 (1 <u<vw)}, let Hy(x) = Hyoy (M) - Hyoy (™)) be the (product) Hermite polynomial; Hy(z) :=
(fl)ke$2/2(e_m2/2)(k), k =0,1,... are standard Hermite polynomials (with (e_zz/Q)(k) the kth derivative



of the function  — e~%/2). Write k| = kW + .+ k) k= DL k= (kDL kW) € 2y
A function f € L?(X) is said to have a Hermite rank m > 0 if J¢(k) := Ef(X)Hp(X) = 0 for any
k€ Z4,|k| < m, and J;(k) # 0 for some k, |k| = m. It is well-known that any f € L?(X) having a Hermite
rank m > 0 admits the Hermite expansion

fa) = Ly ), (2.1)

|k|>m

which converges in L?(X).

Let (X1,...,X,) be a collection of standardized Gaussian vectors X; = (Xt(l), . .,Xt(y)) € R” having
a joint Gaussian distribution in R*™. Let ¢ € [0,1] be a fixed number. Following Taqqu (1977), we call
(X1,...,X,) e—standard if |EXt(u)X§v)| <eforanyt#s,1<t,s<nandanyl<wu,v<v.

As mentioned in the Introduction, Lemma 1 generalizes Taqqu (1977, Lemma 4.5) to the case of a vector-
valued Gaussian family (X1,...,X,), taking values in R”(v > 1). The lemma concerns the bound (2.4),
below, where fi¢n,..., fp,t,n are square integrable functions among which the first 0 < a < p functions
fitms s faen forany 1 <t < n have a Hermite rank at least equal to m > 1 and where ZI is the sum over
all different indices 1 < ¢, <n (1 <4 <p),t; # t;(i # j). In the case when f;;, = f; does not depend on
t,n, the bound (2.4) coincides with that of Taqqu (1977, Lemma 4.5) provided ma is even, but is worse than
Taqgqu’s bound in the more delicate case when ma is odd. An advantage of our proof is its relative simplicity
(we do not use the graph-theoretical argument as in Taqqu, 1977, but rather a simple Holder inequality). A
different approach towards moment inequalities for functions in vector-valued Gaussian variables is discussed
in Soulier (2001), leading to a different type of moment inequalities.

Lemma 1 Let (X1,...,X,) be a e—standard Gaussian vector, X = (Xt(l), ceey Xt(y)) eRY, v>1, and let
fitn € LQ(X), 1<j<p,p>2,1<t<n be some functions. For given integers m > 1,0 < a < p,n > 1,
define

._ (u) (v)|m
Qn = max > mex [BX,VXVI™ (2:2)
-7 1<s<n,s#t T T

Assume that the functions fitp, ..., fa,tn have a Hermite rank at least equal to m for anyn > 1,1 <t <mn,
and that

< ! (2.3)

€ . .
vp—1
Then
/ o o
Z ‘E[fl,thn(Xh)'"fp,tpm(ti)” < C(E,p,m,a,u)Knp_fQﬁ, (24)

where the constant C(g,p, m, o, v) depends on g,p,m, «, v only, and
p
K= T s sl with 5yl = BL770, )] (2.5)
j=

Proof. Fix a collection (t1,...,t,) of disjoint indices ¢; # ¢;(i # j), and write f; = fj;n, 1 < j < p for
brevity. Let J;(k) := Jy, (k) = E[f;(X)H}p(X)] be the coefficients of the Hermite expansion of f;. Then,

il < Il TTEYV2 B (X)
i=1
< MAITTEODY2 = sl )2,
i=1



Following Taqqu (1977, p. 213, bottom, p. 214, top), we obtain

o0

A h) = 3 TR el () o (X,

=0 |y | 4.4k, | =2¢ \I=1

o [EHy, (X0,)- - Hy, (X0,
OIS

: (ky!- - E,l)L/2
=0 |k |+.. 41k, |=2¢ 1 p:
< K i > el B DPET] o, [Tigjcp Hyon (X)
- 1 A 1/2
9=0 ko, |+...+ |k, =2q (k! k)Y
< K Yo (ewp 1) WRilRD/2 oo

a=0 |k |+..+1kp|=2¢

where X ~ N(0,1) and
K= frenll - lfptnl < K
where K is defined in (2.5) and K is independent of ¢4, ...,t,, and where we used the assumption (2.3) to

get the convergence of the last series. Therefore,

/ > P [EHp (Xy,) - Hy (X4,)]
Z‘E[flvtla"(th)'"fpatz)v"(Xtv)H < Kq;o Z Z (k1!~~~k;p!)1/2

[kl + ...+ |kpl =2q

eyl > m, ..., lkal > m
Now, the following bound remains to be proved: for any integers m > 1,0 < a < p,n > 1 and any
multiindices ki, ...k, € Z4 satisfying |ki| + ... + [kp| = 2q, |k1| > m, ..., |ko| > m,
/ o« o
S IBHE (X0,) - Hy (X4,)| < Cule(p— 1) FrltetlBal 2 g 12003 Q8 (2.6)
where (' is some constant depending only on p, v, o, ¢, and independent of kq,. .., ky,n.

First, we write the expectation on the left hand side of (2.6) as a sum of contributions of diagrams. Let

(1,1) (1,2) ... (1,k)
2,1 2,2) ... (1,k
T .— (7) (7) (72) (27)
1) @2 ... (k)
be a table having p rows 7i,...,7, of respective lengths |7,| = k, = |k,| = Y 4+ kY (we write

T =U_, 7u). A sub-table of T is a table T = {J, iy 7us U C {1,...,p} consisting of some rows of T" written
from top to bottom in the same order as rows in T'; clearly any sub-table T” of T' can be identified with a
(nonempty) subset U C {1,...,p}. A diagram is a partition v of the table T' by pairs (called edges of the
diagram) such that no pair belongs to the same row. A diagram + is called connected if the table T' cannot
be written as a union T'=T" UT" of two disjoint sub-tables T, T" so that T" and T" are partitioned by
separately. Write I'(T"), T'.(T') for the class of all diagrams and the class of all connected diagrams over the
table T', respectively. Let

— (u) 3 (v)
p(t,s): 1£i§V|EXt X7 (t # s).

Note 0 < p(t,s) < € and Qn = MaX1<t<n Y 1< 4cpn szt P (¢ 8). By the diagram formula for moments of
Hermite (Wick) polynomials (see e.g. Surgailis, 2000),

[EHp (X0)-Hg (X))l < Y I (oltut)) (2.8)

yeI(T) 1<u<v<p

h
= > I X II wt))=, (2.9)

(Uy,...,Up) r=1~v€l.(U,) u,v€Ur,u<v



where ¢, is the number of edges between rows 7, and 7, in the diagram ~ over table T, and the sum
vvvvv v, is taken over all partitions (Uy,...,Up),h=1,2,...,[p/2] of {1,...,p} by nonempty subsets U,
of cardinality |U,.| > 2. (Thus, (2.9) follows from (2.8) by decomposing v € T'(T) into connected components
Y € Te(Up),r =1,...,h;h = 1,...,[p/2]; the restriction |U,| > 2 stems from the fact that any edge must

necessarily connect different rows.) From (2.9) we obtain

h
Z ‘E[fl(Xn)"'fp(ti)” < Z H Z In,Ur(7>a (210)

(U1,...,Up) r=1~€lc(Uy)

where, for any sub-table U C T having at least two rows and for any connected diagram v € T'.(U), the

Lo =" T (ot te)"

u,vel,u<v

quantity I, y(7) is defined by

where (recall) the product is taken over all ordered pairs of rows (7,,7,),u < v of the table U, and ¢, is
the number of edges in v between the uth and the vth rows. Below we prove the bound

aU) a)
2

T (nQn) 7, (2.11)

where |ky| := >, oy ku is the number of points of table U and a(U) := [{1,...,a} U| = #{u c U : |k,| >
m} is the number of rows in U having at least m points. Clearly, it suffices to show (2.11) for U =T.
Next, let for 1 < u,v < p,u # v, denote

Lu(y) < Kse\kulﬂn\Ul—

Lyw /ku

ko /ku
Ru'u = (Zlgtgn (Zlgsgn,sit pku (S, t)) ) ’ (212)

Let A:={1,...,a}, A :={1,....p}\A={a+1,...,p}. It follows immediately from the definition of R,,
and p(s,t) that

by v _m .
Ruv < n kv anu 6(1 2% )éuv, ifue A, (2 13)
- Luv | Luw :
nku TR gluw if u e A°.

By the Holder inequality (see Giraitis and Surgailis, 1985, p.202, for details),

Lir(y) < min| [[ Ru, J[ Bl (2.14)

1<u<v<p 1<u<v<p
For any subset U C {1,...,p}, let

Lu)y:=> > % Uy => > % (2.15)

uwel u<v<p uelU 1<v<u

L:=L(T),L* := L*(T). Clearly,

LU)+ L*(U) = Zki Yt = U (2.16)

wey ¢ v=1,...,p,v#u

is the number of points in U. From (2.13) - (2.14),

)

Lnr(y) < min (nL*+L(AC)Q7I;(A)E\T\/27mL(A),nLJrL*(AC)Qﬁ*(A)E\T\/Qme*(A))

where |T| =" _ k. As 0 < L(A),L*(A) < p, see (2.16), we obtain

u=1

IN

Lur(7) I T1/2=mp o) (nL*(A)+L*(AC)+L(AC)Q£(A), nL(A)+L(AC)+L*(AC)Q£*(A))
—  Tl2=mppp—a (nL“A)Qﬁ(A), nL<A>Q5*<A>)

min ((n/Qu) 7, (n/Qu) )

w2

- €|T|/2—mpnp—a(nQn)

R

< €|T|/2*mpnpfa(nQn)

3



proving (2.11).
With (2.11)-(2.10) in mind,

IN

h
IT/2 PARCCSPRC
Cse > I > »" "= a.

(Ut,...,Up) r=1~€Tc(Ur)

h
=GPl I X

(U1,...,Up) r=1~€l'c(Ur)
nglTl/an—%Q§ Z 1,

~Y€E(T)

S IBH (X4,) - Hy, (X))

where the last sum (= the number of all diagrams over the table T') does not exceed

(X)---H

[EH, 0 (X)---H K

) (X) -+ Hy (X)] < (prr = D)IFaltRa D2 gy gy )12,

see Taqqu (1977, Lemma 3.1). This proves the bound (2.6) and the lemma, too. O

Lemma 1 can be extended to non-standardized Gaussians as follows. To this end, we introduce some
definitions. Let Y = (YN ..., Y®)) € R” be a Gaussian vector with zero mean and non-degenerate
covariance matrix ¥ = (EY®Y®) ., ,o,. Let L*(Y) denote the class of all measurable functions f :
R” — R with Ef?(Y) < co. Let m > 0 be an integer. We say that f € L?(Y) has a generalized Hermite

rank not less than m if either m = 0, or m > 1 and
E[P(Y)f(Y)] =0 for all P € Pp,—1(RY) (2.17)

hold, where P,,,(R”) stands for the class of all polynomials P in variables y .y of degree m, that is,
P(y) = Eog\j\gm C(J)'!zl‘7 = Zju)zo ..... §) >0 .+ <m C(j(l)a e aj(u)) (y(l))j(l) e (y(y))j(v)-
Let X := X~12Y, f(x) := f(£/2x). Then X has a standard Gaussian distribution in R” and f € L2(X)
with
I71I* = EIf(X)I> = E[f(Y)[*. (2.18)

The following proposition is known, see Nourdin et al. (2011, Proposition 2.1), Soulier (2001, p.195), but
we include a proof of it for completeness.

Proposition 1 Let Y, X, f € L2(Y), fe L2(X) be defined as above and m > 0 be a given integer. f has

a generalized Hermite rank not less than m if and only if f has a Hermite rank not less than m.

Proof. The above proposition is true if Y = X has a standard Gaussian distribution; see Soulier (2001,
p.194). By definition
E[P(Y)f(Y)] = E[P(X)f(X)], (2.19)

where P(z) := P(X'/?xz). Clearly, P € P,,_1(R”) implies that P € P,,_;(R¥) is a polynomial of degree
m— 1. Therefore f having a Hermite rank not less than m implies by (2.19) that f has a generalized Hermite
rank not less than m. The converse statement again follows from (2.19), by taking P(y) = P(X~/2y), where
Pe Pm—1(R") is an arbitrary polynomial of degree m — 1. O

Let (Y1,...,Y,) be a collection of Gaussian vectors Y; = (Yt(l), ce Yt(l’)) € R” with zero mean EY; =0

and non-degenerated covariance matrices ¥ = (Cov(Y;(u), Yt(v))) , having a joint Gaussian distribu-

1<u,v<v
tion in R¥™. Let ¢ € [0,1] be a fixed number. Call (Y7,...,Y,,) e—correlated if |Cor(Yt(u), YS(U))| < ¢ for any
t#s,1<ts<nandany 1l <u,v<w. Clearly, if the Y;’s are standard, this is equivalent to (Y7,...,Y})

being e—standard.



We also use some elementary facts about matrix norms. Let |z| = (Y, (z(V)?) 2 denote the Euclidean
norm in R”, A = (a;;) a real v x v—matrix, AT the transposed matrix, I the unit matrix, and ||A]| :=
sup|z|—1 |Az| the matrix spectral norm, respectively. Then [|Al|lc := maxi<; j<u [ai;| < |A]] < v[|All and
lAB|| < ||A|l||B]| for any such matrices A, B. An orthogonal matrix O = (0;;) satisfies OOT = OT0 =1

and ||O] = ||OT|| = 1. Any symmetric matrix A can be written as A = OTAO, where O is an orthogonal
matrix and A is a diagonal matrix. In addition, if A is positive definite, then ||A|| = ||A]] = Amax, [|[A7Y] =
A=Y = )\;niln, where A\pax > Amin > 0 are the largest and the smallest eigenvalues of A. We shall also use

the facts that for any symmetric positive definite matrix A,
1AV = A2, AT = AT, (2.20)

since [|AY/2[| = OTAY20]| = [AY2]| = Aulz, [ A7H2] = |OTAZY/20] = [|A12] = AL
Corollary 1 Let (Y1,...,Y,) be an e—correlated Gaussian vector, Y = (Yt(l), . .,Yt(l’)) eERY (v > 1),
with zero mean EY; = 0 and non-degenerated covariance matrices 3y satisfying
o< :

max [ < Cmax (2.21)
for some constant cmax > 0. Let fjin € L2(Y),1 <j<p(p>2),1<t<n be some functions. For
given integers m > 1,0 < a < p,n > 1, let Q, denote the sum in (2.2) where Xt(u), Xs(v) are replaced by
Yt(u), YS(U), respectively. Assume that the functions fitm, ..., fatn have a generalized Hermite rank at least

equal to m for anyn > 1,1 <t <n, and that
1

-_ 2.22
(vp — 1)V2Cmax ( )

e<
Then

Z/}E[fl,tl,n(Ytl)'"fp,tp,n(Ytp)” < CKTJD?%Q%,

where K := H§:1 maxi<i<n E1/2[ j%t,n(Yt)} and the constant C' = C(g,p, m, a, V, Cmax) depends on e, p, m, a,

U, Cmnax ONY.

Proof. We will reduce the above inequality to that of Lemma 1, as follows. Let X; := E;l/QYt, fjtn(m) =
ijtﬁn(E;pm). The X’s have a standard Gaussian distribution in R” and the ijtﬁn’s satisfy Hfjth2 =
E[fj%t,n(Yt)], see (2.18). By Proposition 1, ijtﬁn,j =1,...,a have a Hermite rank not less than m. Next,
using (2.20), (2.21) and the fact that the Y;’s are e—correlated, for any ¢t s, 1 <t,s <n,1 <wu,v <wv

EXX] < STl £ 20 max [BY,YO] < |57 ST < efenan (2:23)

This implies that the Gaussian vector (Xi,...,X,) € R"" is é—standard, where & := ev?cyax. Then, in

view of (2.22), (2.4) of Lemma 1 applies, according to which
!/ !/ ~ ~
Z ’E[fl,tl,n(Ytl)"'fp,tp,n(Ytp)” = Z ’E[fl,tl,n(th)'"fp,tp,n(ti)”
S C(é’pa m,c, V)R?’Lpi%QE S C(E’pa m,o, v, CmaX)KnpngT%a

where K, Q,, are the corresponding quantities in Lemma 1 (2.4) satisfying K=K,Q, < (eV2Cimax)™Qn by
(2.18), (2.23), respectively. d

We remark that condition (2.22) is not optimal since it does not reduce to (2.3) in the e—standard case.

This loss of optimality is due to the use of robust inequalities for matrix norms in (2.23).



Remark 1 As mentioned in the Introduction, Lemma 1 and Corollary 1 can be used for proving the tightness
and the strong law of large numbers of various non-linear statistics from Gaussian observations. See Bardet
and Surgailis (2011, 2012) on application for roughness estimation and Csérgé and Mielnichuk (1996), Koul
and Surgailis (2002) for empirical process. The above-mentioned applications concern the 4th moment bound
M, :=E(X>;, ft,n(Yn(t)))4 = O(n™") for a suitable x > 0, where (Y, (t)), (ft.n) satisfy similar conditions
as in Corollary 1. Clearly, M, = Y7 tFlE[Hf:l ft.m(Yu(t;))] can be decomposed into four terms
according to the number of coinciding “diagonals” ¢; = ¢; in the last sum, where each term can be estimated
with the help of Corollary 1. Let us note that condition (2.22) in the above applications is guaranteed by a
preliminary “decimation” of the sum Y., | fi.n (Y, (t), see (Csorgd and Mielnichuk, 1996) and (Bardet and

Surgailis, 2012) for details.

3 A CLT for triangular array of functions of Gaussian vectors

Let (X(k)))<p<nnen Pe a triangular array of standardized Gaussian vectors with values in R, X, (k) =
Xk, ..., X (k)), EXP (k) =0, EXP (k)XY (k) = 6,,. Now define,

rP DG k) = EXP XD (k) (L<jk<n).

For a given integer m > 1, introduce the following assumptions: for any 1 < p,q < v,

(Pa) (5 m
sup max ) [rPO (k)| < oo, (3.1)
= 1<j<n
1 m
il (P9 (5 Lk ‘ 92
- 1<j,k<n
li -kl > K
VG K € {Ln PG| < oG- R with Y p(7)" < oo (3.3)
JEL

Note (3.3) = (3.1) and (3.3) = (3.2). Let L3(X) := {f € L*(X) : Ef(X) = 0}, where X € R” denotes a

standard Gaussian vector as above.

Theorem 1 Let (X, (k) <p<pnnen be a triangular array of standardized Gaussian vectors.

(i) Assume (5.1). Let fr, € L3(X) (1 <k < n) have a Hermite rank at least m € N*. Then there exists a
constant C' independent of n and fr,1 < k <n such that

E(n_l/Q,;fk (Xn(k)))2 < C max || fx]*. (34)

1<k<n

(ii) Assume (3.1) and (3.2). Let fr, € L3(X) (n > 1,1 <k < n) be a triangular array of functions all
having Hermite rank at least m € N*. Assume that there exists a IL3(X )—wvalued continuous function
or, 7 € [0,1], such that

2
sup Hf[m]yn—qbr||2: sup E(f[TnLn(X)—qu(X)) — 0. (3.5)
7€(0,1] 7€(0,1] n— 00
Moreover, let
n 2
2.—E(n"'? n (X (k 2 3.6
o == E(n 3 fun k)) — o (3.6)
where o > 0. Then .
n Y23 o (X (k) 5 N(0,07). (3.7)
k:l n— o0



(iii) Assume (3.3). Moreover, assume that for any T € [0,1] and any J € N*,

(Xl + ) ey 2 (We(@)_yeyesn (3.8)

n—oo

where (W, (j))jGZ is a stationary Gaussian process taking values in RY and depending on parameter
7€ (0,1). Let frn € L3(X) (n > 1,1 < k < n) satisfy the same conditions as in part (ii), with
exception of (3.6). Then (3.6) and (3.7) hold, with

o? = / Lar(SE B W) 6 (W, 0)). (3.9)

JET

We remark that parts (i) and (ii) of Theorem 1 are natural extensions of Theorem 2 of Arcones (1994)
(for instance, condition (3.1) is the same as condition (2.40) of Arcones (1994) in the case of stationary
sequences). We expect that parts (i) and (ii) can be also obtained following the method in Nourdin et al.
(2010). Part (iii) seems more interesting. In Bardet and Surgailis (2011), (iii) is applied when X,,(j) = Z,/,,

and (Z;); is a vector valued continuous time process.

Similarly to Lemma 1, Theorem 1 can be extended to nonstandardized Gaussian vectors. Corollary 2

below refers to the most interesting part (iii) of Theorem 1.

Corollary 2 Let Y, (k) = (Kf”(k),...,Yn(u)(k)) € R, 1 <k < n,n € N be a triangular array of
jointly Gaussian vectors, with zero mean EY,(k) = 0 and non-degenerate covariance matrices Xy, =
EY,. (k)Y (k)T. Assume that covariances ri? (J, k) = Cov(Yn(p) (), Y,S’”(/c)) satisfy (3.3), for some m > 1.
Moreover, assume that (3.8) holds with X, (-) replaced by Yn(-), where (Wr(j)) ez is a stationary Gaussian

R¥ -valued process with non-degenerate covariance matriz X := EW (0)W,(0)T such that

sup |27 < o0 (3.10)
7€(0,1]
and
sup || Eprpn — 27 — 0. (3.11)
7€(0,1] n—oo

Let frn € L3(Y,(k)), 1 <k <n,n €N be a triangular array of functions all having a generalized Hermite
rank not less than m and such that

sup B (firug o(X) —6:(X)) — 0, (312)

7€(0,1] n—00

where fin(x) = fkyn(Ei/Qa:) and where ¢, 7 € [0,1] is a L2(X)—valued continuous function, with X a

N

standard Gaussian vector in RY as usual. Then

n—oo

n V23 fon(Ya(k)) > N(0,02). (3.13)
k=1

where o2 is defined in (3.9), with ¢ (x) := J’T(ZT_I/%:),

Proof of Corollary 2. Similarly as in the proof of Corollary 1, let X,,(k) := E,;iﬂYn(k:). The X, (k)’s are

standardized Gaussian vectors in R” and the fkﬁn’s belong to L?(X) and have a Hermite rank not less than
. . : D = .

m. Assumptions (3.8) and (3.11) entail for any 7 € (0,1), (X, (j + [nT])))—JSjSJ v (WT(j))_JSjSJ,

where ‘A/I}T (j) = X7 Y 2WT(j)7 j € Z is a stationary Gaussian process having a unit covariance matrix

EW,(0)W,(0)T = I. Conditions (3.10) and (3.11) imply that maxi<x<, ||/l < C. The last fact to-

gether with condition (3.3) for covariances i (J, k) = COV(Yn(p ) (), Y,g’”(kz)) imply a similar condition for



COV(X,Sp)(j),Xr,(Lq)(k)): for all (j, k) € {1,---,n}? we have that maxj <y, <y ’EX,EH)(j)Xn(U)(k)‘ < Clp(j—k);
see (2.23). This way we see that the conditions of Theorem 1(iii) including (3.5) are satisfied and can be
applied to the families of Gaussian vectors (X, (k)) and functions (fkn), yielding (3.13). O

Proof of Theorem 1. (i) Using Arcones’ inequality (see Arcones, 1994, (2.44) or Soulier, 2001, (2.4)), one

obtains

E(n—1/2éfk (X (F) )2

LS IR = S B A () (X (0)
k=1

IN

2 2 Z (p,9) m
max [[full® +C((max [[fil])” max  max [P0 (k0]
1<0<n, 04k

where C' is a positive real number not depending on n or f;. Now, using assumption (3.1), (i) is proved.

(ii) We use the following well-known fact. Let (Z,),>1 be a sequence of r.v.’s with zero mean and finite

variance. Then Z, —2» N(0,0?%) if and only if for any € > 0 one can find an integer ng(e) > 1 and a
n—oo
sequence (Zy, ¢)n>1 satisfying 7, . 2, N(0,02) and Vn > ng(e), E(Z, — Zn,0)* < e.
n—o0

Let Z, :=n"Y23"0_ fin (Xu(k)). We shall construct an approximating sequence Z, . with the above
properties in two steps.

Firstly, by condition (3.5) and continuity of ¢,, for a given € > 0 one can find integers M, ng(e) and a
partition 0 =: 79 < 71 < ... < Tar < Tpr41 := 1 such that V n > ng(e),

(E(fin(X) — 6 (X)?)? < e (3.14)

max | | frn — &r;

max = maX max
0<i<M k/n€(Ti,Tit1 0<i<M k/n€(ri,Tit1]

Put
B M
Zne=n"'2Y"0 3" ¢ (Xa(k)).
1=0 k/nE(Ti,Ti+1]

Note for any 7 € (0, 1], the function ¥, has Hermite rank not less than m, being the limit of a sequence of

L3(X)—valued functions of Hermite rank > m. Therefore for the difference Z,, — Z,,  the inequality (3.4)
applies, yielding V n > ng(e)

7N < —h 12 2 .
E(Zy, — Zne)* < COISI%E%)J(W k/ng(lg),ii+1] | fen — & 1|7 < Ce (3.15)
in view of (3.14), with a constant C' independent of n, e.
Secondly, we expand each ¢, in Hermite polynomials:
Ji(k) .
or(@) = Y S Hg@), (=01, M) (3.16)

m<|k|

where
Ji(k) := Jy (k) = Bér (X)Hp(X),  |Ti(k)| < [[o-]I(K)">.

We can choose t(¢) € N large enough so that
H(bn _¢Ti,€|| <e (izoala---vM)a (317)

where ¢, . is a finite sum of Hermite polynomials:

brocl) = Y Ji}if)Hk(w), (i=0,1,...,M). (3.18)
m<|k|<t(e)

10



Note t(e) does not depend on i = 0,1,..., M, and € > 0 is the same as in (3.14). Put

M
Tne=n723" " b (Xa(R)). (3.19)

=0 k/n€(1i,Tit1]
Applying (3.4) to the difference ZM — Zn, and using (3.17) and (3.15), we obtain ¥V n > ng(e),
E(Zy — Zn)? < Cé (3.20)

where the constant C' is independent of n,e. Let o7 . := EZ7 . From (3.20) and condition (3.6) it follows
that Vn > ng(e),
a2 —Ce < 0721,6 < 0% 4 Ce, (3.21)

with some C independent of n, €. In particular, by choosing € > 0 small enough, it follows that lim inf,, 072176 >
0. We shall prove below that for any fixed € > 0,
Z R D
U, = ne _ Jn1€n1/2 Z Z ¢7‘i,6 (Xn(k)) — N(O, 1) (322)

[oF X n—00
e =1 k/n€(ri,Tit1]

As noted in the beginning of the proof of the theorem, the CLT in (3.7) follows from (3.22), (3.20), (3.21).

Indeed, write

EeiaZ71 - efa2c72/2 _ (EeiaZn . EeiaZn,E) + (Eeiadn,eUn o efa20i76/2)
—a?02 /2 —a?02)/2 -
+ (e nels —e ) = Zfi(n).
=1

Here, for some constant C' independent of n, a, ¢,

|61 (n)]
[£3(n)]

BY/2|eia(Zn=Zne) 1| < [a|EY?|Z, = Z, > < Clale,

2 2 2 2
Ca |O’n1€70'| < CaZe,

IN

IN

and therefore £;(n),i = 1,3 can be made arbitrarily small by choosing € > 0 small enough; see (3.20), (3.21).
On the other hand, the convergence in (3.22) implies uniform convergence of characteristic functions on
EeleUn —e=a°/2| 5 0 for any A > 0. This

n—oo

compact intervals and therefore sup, <4 [¢2(n)]| < sup|q<2a
proves (3.7).

It remains to prove (3.22). The proof of the corresponding CLTs for sums of Hermite polynomials in Ar-
cones (1994) and Breuer and Major (1983) refer to stationary processes and use Fourier methods. Therefore
we present an independent proof of (3.22) based on cumulants and the Holder inequality in (2.14). Again,
our proof appears to be much simpler than computations in the above mentioned papers.

Accordingly, it suffices to show that cumulants of order p > 3 of U, asymptotically vanish. In view
of (3.21) and linearity of cumulants, this follows from the fact that for any p > 3 and any multiindices
Ky = (k8 kY ez, u=1,.. . pwith ky = |ku| = K 4.+ k8 >m (1 <u < p),

n

Snot= Y leum(ty, ... 1) = o(n?/?), (3.23)
t1etp=1
where cum(?y, ... ,tp) stands for joint cumulant:

cum(ty,...,t,) = cum (Hkl(Xn(tl)),...,Hk (Xn(tp))). (3.24)

Split ¥, = X7 (K) + X7/ (K), where

n

SL(K) == > Jeum(ty, ... 1) 1(jt: — ;] < K Vi # )

t1,etp=1

11



and where K will be chosen large enough. Then for any fixed K, we have ¥/ (K) = O(n) = o(n?/?) as p > 3.

The remaining sum ¥7/(K) does not exceed >, ;45,27 ; (K), where

n

S K) = Y Jeum(ty, .. )| 1(Jt — 8] > K).

Therefore, relation (3.23) follows if we show that there exist 6(KX) — 0 and ng such that for any 1 < i #

K—oo
7 < pandany n > ng

limsup X/, (K) < 6(K)nP/2 (3.25)

n,i,j

n—oo
The proof below is limited to (¢,7) = (1,2) as the general case is analogous. It is well-known that the joint
cumulant in (3.24), similarly to the joint moment in (2.6), can be expressed as a sum over all connected
diagrams v € I'.(T") over the table T in (2.7). By introducing p(s, ) := maxi<p ¢<v

i (s, t)’, we obtain
jeum(ty, ..o t) < Y ] (Atuste) (3.26)
YED(T) 1Su<v<p
where we use the notation in (2.6). Therefore,
ShaaK) <Y Z I (twt) 1ty —to| > K) == > Inr(v),
YED(T) t1,--stp=11<u<v<p ~yeT(T)

Next, by applying the Holder inequality as in (2.14),

L,r(y) < min H Ruv, H Rou |- (3.27)

1<u<v<p 1<u<v<p

where (cf. (2.12))

(Srzeen Szt 0) ) o (w.0) # (1.2). (2.1,
L2/ k2

)kZ/kl ) (uav) = (172)5

Ry = (Z1<t<n (Zl<s<n P (s, t)1(|t — s| > K)

(Sicren (Srzec P20 00100 ] > K))’“”’”)én/kl L) = 20).

From assumptions (3.1), (3.2), there exists a constant C' and 6(K) — 0 independent of n such that for

K—o00
any k >m and any n > 1
sup (s,t) < Chn,
1<t<nzp
sup Zp (s,)1(Jt—s| > K) < 46(K)n

1<t<n

Therefore
Cntwlke,  (a,
Ruv < { 5Kt (u,
S(K)nh2/k1 (u,0) = (2,1),
with some S(K ) — 0 independent of n. Consequently, the minimum on the right-hand side of (3.27)

K—oo
does not exceed

CB(K ) min (nSrzucess ok nTrzucosy /b ) = (R ymn (UL ()

12



where the quantities L(T'), L*(T) introduced in (2.15) satisfy L(T) + L*(T) = p, see (2.16), and therefore
min(L(T), L*(T)) < p/2. This proves (3.25) and the CLT in (3.22), thereby completing the proof of part
(ii).

(iii) Let us first prove (3.6) with o2 given in (3.9) in the case when fi ,, = f do not depend on k,n (in such
case, one has ¢, = f, too). We have

o2 = 0t Y B[ (X)) f(Xa(K)] = / F, (r)dr, (3.28)
kk'=1 0
where
n—[nt]
Fu(r) =Y E[f(Xu(n7]) f (Xa(lnr] +5))]. (3.29)
j=1—[nT]

Condition (3.8) implies that

E[f (Xu([ln7])) f (Xu([n7] +5)) | = E[f (W-(0)) f (W-(j)) ]

for each j € Z as n — oco. From (3.3) and with the inequality of previous part (i), it exists C' > 0 such that

[E[f (Xa(ln])) £ (Xa(lnr] +3)]| < CloG)I™, (3.30)

and .., p(j)|™ < co. Hence, from Lebesgue Theorem,

Fn(T) = Z1j€{17[n'r],---,nf[n'r]}E[f (Xn([nT]))f(Xn([nT] +¢7))} - ZE[f (WT(O))f(WT(J))}

The dominated convergence theorem allows one to pass to the limit under the integral, thereby proving (3.6)
with o2 given in (3.9) in the case fx, = f.

To end the proof, consider the general case of fi , asin (iii). Let Z,, ¢ be defined as in (3.19). Note relation
(3.20) holds as its proof does not use (3.6). In part (ii), we used (3.6) to prove (3.21). Now we want to prove
(3.21) using (3.8) instead of (3.6). This will suffice for the proof of (iii), as the remaining argument is the
same as in part (ii).

Consider the variance 07 . = EZ? _ of Z, . defined in (3.19):

op. = n'| Y ED!+2 Y EDD;]|,

0<i<M 0<i<j<M

where

D, = Z Grive (Xn(k))-

k/n€[ri,Tity1)

Let us show that for e, M fixed, and as n — oo,

EDD; = o) (i # ), (3.31)
nEDE [ S B (Wa(0) dr (W (5) (332

Here, (3.32) follows from the argument in the beginning of the proof of (iii), as ¢, . does not depend on
k,n. Relation (3.31) is implied by the following computations. Using the Hermitian rank of functions ¢, e,
for i < j one obtains

B (XnlIn] + 8) 6ry e Kninr] 4 0)| < Cllbrell- Nryell, macx 109 ([mi] + b, fors] + )|
< Cllor el 16r, elllp(nrs] = fomi] + ¢~ k)|
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Therefore, for i < j, and € small enough,

[Tit1n]—[rin] [Tj+1n]—[T;n]

C max |l¢-|* Y Y o] = [om] + €= k)™

|[ED;D;|
Telo.1 k=0 =0

IN

IN

C max ||¢T|\22k\p<k>\’” — on)

7€[0,1]

since >, k‘p(k)|m < \/ﬁzlgkgﬁ|p(k)‘m + nzb\/ﬁ‘p(k”m = o(n). Thus, (3.31) is proved. From
(3.31), (3.32) it follows that for any € > 0

Tim o2, — Z/TWZE Dric (Wi (0)) br,c (W () ] d.

JEZ

Consider the difference 2 — 0% = .M LY en Onre(r, j)dr, where

Ore(T ) = [Er, «(Wr(0))¢r, «(Wr(j)) — E¢r(W:(0)) o7 (W-(4))]
< E (97, (W2 (0) = 67 (W7(0)) 67 e (Wr ()] + [E (0r:,e (Wr())) = &7 (W) 67 (W=(0))]
< N¢rie = b7l ([0l + M- 1) - (3.33)

Using uniform continuity of ¢,, 7 € [0,1] (in the sense of L2—norm continuity), we obtain that the right-hand
side of (3.33) can be made arbitrarily small by choosing M (= the number of partition intervals of [0, 1])
and t(e) (= the truncation level of Hermite expansion) sufficiently large, uniformly in 7 € [0,1] and j € Z.
On the other hand, |Oxr,c(7, )| < Csup, ¢ l16-[*[p(7)[™ by Arcones’ inequality, c.f. (3.30). Therefore
|Oa1,(7,7)| is dominated by a summable function uniformly in M, e. Now, (3.21) follows by an application

of Lebesgue theorem. This proves part (iii) and Theorem 1 too. O

4 A Berry-Esseen-type bound for nonstationary Gaussian subor-

dinated triangular arrays

This section obtains a Berry-Esseen-type upper bound in the CLT (3.7) for non-stationary Gaussian subor-
dinated triangular arrays following the method and results presented in Nourdin et al. (2011). We will refer
NPP to the last paper in the rest of this section. To simplify the discussion, we restrict our task to the case
when the functions fi , = f in Theorem 1 (iii) do not depend on k,n. As in NPP, our starting point is the

Hermite expansion (2.1) written as
F=Y"fw,  fuy= > Jp(k)Hg /K. (4.1)
t=m |k|=¢

Following NPP and using the Hermite expansion in (4.1), we first define the following quantities: for j € Z,
£>m, N>m,neN"and J € {1,...,n}:

0G) = o), K e=mi(keN:0G) < Vi 2K}, 0= 300", (42)
JEZ
0t = nt Y Cov(fuy (Xa(t), fo (Xn())), (4.3)
1 A e \l—e 1/2
R W(ze)zgm S o) ) (for 1<e<(—1), (4.4)
[71<n [71<n
Aoy = 20K+ (BlAX)] Y Bl x0) (45)
L=N+1
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4@1

A3 p N = %E[fQ(X)] i (%l ij ( ) V(20 — 2j) yngj) (4.6)

{=m
1 / Mme+0 e —1 1/2
Ay = FEIPX)] >0 /2\/57(61)(@’—6)!%,@/,@/_@) " (4.7)
m<L<l/' <N ’
-1 ’
E[f*(X)] N -1 vt vt
A = I—2 ' —_— T 1 pr_ g 4
5,n,N 2\/—W<Z;/<€v+€ J; j-1 (£+£ ]) (f! Tn,LL J+£/!’7n,é ¥ J)( 8)
Aoy = §|6f|§00§up1 > |EXa (i) X (1n7] + )] — EW WG] . (4.9)
STl s<g
1
A7y = 5E[fQ(X)}ym > 0m (k). (4.10)
|k|>J

Note that terms A, A3, n and As, v are the same as in NPP, A4, y is a minor improvement of the
corresponding term in NPP, and Ag ,, s reflects the “convergence rate” in (3.8). Term A; , of NPP (which
does not appear in our bounds) is “absorbed” in the term infi< <y A7 ; in the bounds (i)-(iii), below, due

to a somewhat a different approximation (see (4.15)).

Proposition 2 Let the assumptions of Theorem 1 (i) prevail, with frn = f for all1 <k <mn, n € N*
where f : RY — R is a Lipschitz function with |f(x) — f(y)| < |0f|co |x — y| for all x # y € RY. Define
S, = nT230  f(Xu(t) and let S be a zero-mean Gaussian random variable with a variance o% =

f01 EjGZ COV(f(WT(O)), f(W‘r(]))) dr < oo. Then:

(i) For any function h twice continuously differentiable with bounded second derivative and for every
n> K,

‘E[h(Sn)} —E[h(9)] ‘ <A |00 (]\}Izlf';n {Ao N + Az N+ Asn N+ As N} + 1§H}2n {An,+ A7,J})- (4.11)
(i) For any Lipschitz function h, and for every n > K,

Bh(s)] - BRS)]| < Wl (= int {Ag s+ Ary)

og 1<J<n
) 1 1 Asn N +Asn N+ Asn
+ inf {(2—+ 1/2)A27N+ BN T N Ty }) (4.12)
=mRNEOs (2K +vm)E[f2(X)]) (Xt=m %n)
(iii) For any z € R, and for every n > K,
2 2
[P(sn <2 ~B(S <2)| < (E Jnt { Ao+ Ar )

. 1 1 As o N +As N + A5 1/2

+ inf {(2—+ 1/2)A2,N+ N T DA N T N}) . (4.13)
=mRe0s (2K +vm)E[f2 (X)) (Xemmin)

Proof of Proposition 4. Let us introduce a similar notation to NPP. Consider the Hilbert space £ = R™ with
elements u = (u;,1 <t <n,1 <1 <wv) e fH and the scalar product (uy ;,up j/)5 = EXflj)(t)Xﬁj/)(t’) =
r,&j 77 (t,t’). The £—fold tensor product and the symmetrized tensor product of §) are denoted by H® and HO¢ ,
respectively. Let L?(X,,) denote the space of r.v.’s subordinated to the Gaussian vector X,, := (X, (t))1<t<n-
Any element ¢ € IL?(X,,) admits a chaotic expansion & = >°;2 ) I1s)(g(e)), where g, € $H®% and the linear map-
ping I(p) : H%° = L2(X,) satisfies [()(g) = L) (sym(g)), EI?@( ) = ¢!||sym(g )||fa®fv and E[I)(9)1(e)(9')] =
0, 0#1, gu € H® gy € .V)®e/, where sym denotes the symmetrization operator. In particular, for any
t=1,...,n, k€ Z,|k|=: £ we have Hy(X,(t)) = I(¢)(ge(k)), where

1) )
ge(k) = sym(u?{C R ® u?llf ) = Z b(v k) Uty ® -+ @ Uty
ve{l,..., v}t
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and where b(v; k) = sym[b(v; k)] is the symmetrization of the function {1,...,v}* 3 v = (v1,...,v) —
b(v; k) = 1o, 1(vi=rki+...+ k-1 <i<ki+...4+k). Thus, S, =n~Y237 | f(X,(t)) admits the

chaotic expansion

oo ) N 1
Sn=Y Iu(g!) with g} := NG S0 @) ur, ® - @ ur,,
l=m =

where by(v) 1= 37, _,(Jy(k)/k)b(v; k) depend only on f € L*(Xn(t)) = L*(X) and satisfy Eff,(X) =
O veq,.. oyt b?(v), as in NPP. It is important that here the g}’s are symmetric since the by(v)’s are
symmetric. Therefore EI2 © (g7) =2 g?H_%W. Next, for N > m consider the truncated expansion

N
Sun =Y I)(g7)-
{=m
Note that
N N
ES) y = Z EI%y(98) = D 971300
= {=m
1 N n
= E Z Vil Z Z bg(’v)bg(’vl) (uml (SR ut,waut’,v’l ®- - ut’,v2>ﬁ®f
l=m t,t'=1V,ve{l,...v}*
1 N n £
= Z 0y be(w)be(v') T ¢, 1)
(=m tt'=10,0e{l,. . v} =1

Using |r(“ J(t, )| < 0(t — t') similarly as in NPP we obtain

B(5)] = Bl(Sn)]| < 3 @K +0m0) 11 (BLPCOL 3 By (X)) < S s, (419)

2
=N+1

W~

For N > m, let Z,, n be a centered Gaussian random variable with variance ES?L N= Zévzm ol?,n, with ol?,n
defined in (4.3). (Note that the last variance is slightly different from the variance of Zy in (NPP, sec. 4.2).)
Let D denote the Malliavin derivative in IL?(X,), see NPP. Using £~ 'E|| DIy (g7)|13 = €!ll97 |50 = 07 ,,, see
(4.14), as in (NPP, (4.46)) we obtain

N

1
(B[ (Z0x)] = E[h(S0n)]| < 5k D2 S0t — DI, DIy (08,
0,0'=m
S |h”|oo(A3,n,N + A4,n,N + AS,n,N)- (415)
Next, using (NPP, (3.39))
1 N N
[E(Z0x)] ~ERE)]| < 50| S ota o] < 311 (|o2 - - at)
l=m l=m

To estimate the difference o2

— 0%, we use an interpolation identity from Houdré et al. (1998). Let
(X1,X2),(Wy1,W3) be two (2v)—dimensional Gaussian vectors with zero means and respective covari-
ance matrices E[X;X]] = EW,W]]| = 1,7 = 1,2, E[X ;1 X]] = ¥, EW,W]] = X,. For o € [0,1]
let (X1q,X2,) denote the “interpolated” Gaussian vector with zero mean and E[X ;o X = I,i =
1,2, E[X1,X7,] = (1—a)Zg+aX;. Let f € L?(X) be areal function satisfying the conditions of Proposition

4. Then from ([16], (1.1), (1.3)) we obtain

|Cov(f(X1),f(X2))—Cov(f(Wy), f(W2))| = ’/O E[0f(X1a)T (21 — £0)0f(X24)] da
0f 1% 11%1 = oll, (4.16)

IN
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")), T € [0,1]

where df = (9f/0xW), ..., 0f/9x)T € R”. Let Fo(r) := >_j_, Cov(f (Xu([n7])), f (X,u(t
J) 4+ Rz(n,J), where

so that 02 = fol w(7)d7. Using (4.16), for 1 < J < n we can write |02 — 02| < Ri(n, J) +

Ri(n,J) = /0 > [Cov(f(Xn(nr])), f(Xn(In7] + 7)) = Cov(f(W(0)), f(W(j)))|dr < 246,

\J\<J

Ry(n,J) < 2E[f Zem = 247
|k|>J

2 N 2 | _ oo 2 1 : N2 2
We also have ‘an - em Ue,n‘ = D eN41 opn < 742N, asin (4.14). Therefore, ‘Ze:m Oin = 05| <

2A6,n,7 + 2475 + 5 Az N, implying
‘E[h(znij)] — E[h(S)H < |h//|oo(A6,n,.] + A71J + i AQﬁN) for 1<J<n. (4'17)

Finally combining (4.14), ((4.15), and (4.17) results in

[E[A(s0)] — E[n(S)]|

IN

|h"| oo (AQ,N + Az N +Asn N+ As N + 1<1T]1f<n(A6,n,J + A?,J))

IN

|h”|oo(]\;121£n {A2,N + Az N+ Asn N+ As,n,N} + 1§H}f§n {AG,n,J + A7,J}),

proving the bound in (4.11).

(ii) Following (NPP, proof of Theorem 2.2-(2)) and the previous results, for a Lipschitz function h we obtain:

IE[A(S)] = E[h(Sun)]] < [F|e(K +v™E[2(X)])"* Ag v,
N
[B[A(Zun)] —E[R(San)]] < 20w (Y 020) " (Asmn + Aty + Asn)
{=m
7]
and [B[(Z0)] ~E(S)]| < T (At I (Ao + A7)
and therefore (4.12) is established.
(iii) Bound (4.13) is obtained exactly as in (NPP, proof of Theorem 2.2-(3)). O

5 Applications of Lemma 1 and Theorem 1

5.1 Application to the IR statistic

This application was developed in Bardet and Surgailis (2011, 2012). Let (X¢)¢cjo,1) be a continuous time
Gaussian process with zero mean and generally nonstationary increments locally resembling a fractional
Brownian motion with Hurst parameter H(t) € (0,1). Consider the Increment Ratio (IR) statistic

A2nX+A2n ‘
RQ,n = ‘ k+1

k+1 |

2
with Ai’”X = X(k+2)/n — 2 X(k+1)/n + Xk n and the convention % :=1. Let o%yn(k) = E[ (Ai’nX) } and

AQ,nX AQ’G
v O(k) = J; Ot Y P(k) = Tﬂzk)'

Then R>™(X) = L5 3020 f(Ya(k)), f(aM,2®) := |20 4+ 2@)|/(|aM| + |z?)]) can be written as the
sum of nonlinear function f of Gaussian vectors Y, (k) = (Y,gl)(k),Yn@)(k)) € R?,0 < k < n— 3. These
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Gaussian vectors can be standardized, leading to the expression R*"(X) = —L- ZZ;S fni (X5 (E)) of the
IR statistics as the sum of some functions f, , of standardized Gaussian vectors X,,(k), 0 <k <n—3. (It is
easy to check that the centered functions f,,  — E[fn.x(X)] have the Hermite rank 2.) If (X;) satisfies some
additional conditions (specifying the decay rate of correlations of increments and the convergence rate to the

tangent process), Theorem 1 can be applied to establish that /n(R*"(X) — fol A(H (t))dt) N N(0,02?)
n—oo
with an explicit function A and a variance ¢2. An application of Lemma 1 to bound the 4th moment

E(R*"(X) — ER*"(X))* provides a crucial step in the proof of the almost sure consistency of the IR

statistic, i.e. R>"(X) % fol A(H(t))dt. See Bardet and Surgailis (2011) for details. Local versions of
n—oo

the IR statistic for point-wise estimation of H(t) are developed in Bardet and Surgailis (2012). The study

of the asymptotic properties of these estimators in the last paper is also based on Theorem 1 and Lemma 1.

5.2 A central limit theorem for functions of locally stationary (Gaussian pro-
cesses

Using an adaptation of Dahlhaus and Polonik (2006, 2009), we will say that (X ,)1<t<n,nen+ is a locally
stationary Gaussian process if

Xim =Y arn(j)er—j,  foralll <t<n, neN, (5.1)
JEZ
where (g1 )rez 18 a sequence of independent standardized Gaussian variables and for 1 <t < n, n € N* the

sequences (at,, (7)) ez are such that there exist K > 0 and o < 1/2 satisfying for all n € N* and j € Z,

K
max |a¢n ()| < —, with w; := max(1,[j|*!) for j € Z (5.2)
1<t<n g

and such that there exist functions 7 € (0, 1] — a(7, ) € R satisfying the following conditions:

K
sup la(r,5)] < —, VjeZ, (5.3)
7€(0,1] U
and sup max_|(agn(j) —a(r,j)| — 0, VjeZ, VYL>O0. (5.4)

re(0,1] lInT]—kl<L

For 7 € (0, 1] introduce a stationary Gaussian process

Wo(t) =Y a(r,j)e—y, tEL
JEZL

with spectral density g-(v) = |a(7,v)[?, a(r,v) := (2m)"Y2 Yoy e va(r, §), v € [-m, 7. Let
Yo(k) = (Xt eoos Xiton)Ts  Wo(G) == (Wr(G+1),....,W,(j +v))".
Note (W, (j));ez is a R”—valued stationary Gaussian process. Let
Sk = EYaWYa(B)T], %, = B[W, ()W, (0)T].
Proposition 3 In addition to (5.1) - (5.4), assume that

sup [|Z71] < oo. (5.5)
7€(0,1]

Let frn € LE(Yn(k)), 1 <k <n,n>1 be a triangular array of functions all having a generalized Hermite
rank at least m > 1/(1 — 2a). Let there exists a 1L(X)—valued continuous function ¢, € (0,1] such that
relation (3.12) holds, with fy,(x) == fkn(Ellv,/jm) Then the CLT of (3.13) holds, with

o = / dr ST E[6r (W1 (0)) 6, (W, ()] (5.6)
JEZ

and ¢, (x) = (57(2;1/233) defined as in Corollary 2.
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Proof. We apply Corollary 2. Let us first check

sup Hz[n‘r],nfz‘rn — 0. (57)
7—6(0,1] n— o0
We have
‘U[n'r],n(pa Q) —O0r (pa q)’ = ‘ Z (a[n'r]er,n(p + j)a[n'r]Jrq,n(q + j) - G(T,p + j)a(Ta q+ .7))‘ < Tn,J + T7IL/,Ja
JEL
where
T’r/L,J = 2K2 Z Up+jUqg+js T7Iz/,J = Z ‘a[n‘r]er,n(p +j)a[n'r]+q,n(q +.7) - G(T,p +j)a(7-a q +]))‘
l31>J l71<T

according to (5.2) and (5.3). Clearly, T}, ; can be made arbitrarily small by choosing J large enough. Then for
any J < oo fixed, we have that sup, ¢ (1) 7, ; — 0 according to assumption (5.4). This proves (5.7). In a simi-
lar way, one verify that for any 7 € (0,1], 5,7 € Z, |[E[Yo([n7]4+) Y ([n7]4+5)T|-E[W,. (W)l — 0
n—oo
implying condition (3.8). The dominating condition (3.3) on cross-covariances is ensured by (5.2) and the

fact that (1 — 2a)m > 1. The remaining conditions of Corollary 2 are trivially satisfied. O

Remark 2 Dahlhaus and Polonik (2006, 2009) discussed the short-memory case (at,(j))jez € £*, 1 <t <n
only. On the other hand, condition (5.2) allows for the long-memory case (asn(j))jez € €%, 3 ¢z latn(4)| =
oo. The last case is also discussed in Roueff and von Sachs (2010), where similar conditions as (5.2) and
(5.3) are provided in spectral terms. It is not clear whether condition (5.4) allows for jumps of the parameter
curves T — a(7, ) as in Dahlhaus and Polonik (2006, 2009), in particular, for abrupt changes of the memory
intensity of Gaussian process (5.1). See also Lavancier et al. (2011) for a related class of nonstationary

moving average processes with long memory.

Remark 3 Note that 273,z = ["_g.(v)| >t eij”:n(j)fdv for any & = (2, ..., 2T € R”. Therefore
condition inf,e[_r ),re(0,119-(v) > v > 0 on the spectral density of (W-(t)) implies condition (5.5), since
TS,z > clz|?, ¢ :=2mvy > 0.

Remark 4 For stationary Gaussian long memory process, condition m(1 — 2a) > 1 was first obtained in
Taqqu (1975). Proposition 3 can be applied to prove the asymptotic normality of various statistics of locally

stationary processes, see, e.g., Roueff and von Sachs (2010).
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