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Abstract—Current understanding of reverberation chambers is Yet, both fields lacked a proper physics-based model capable
firmly funded upon their being operated as overmoded cavitis.  of explaining under what conditions a cavity can be consider
A proper definition of this condition has been lacking for a lng to allow a diffused field to establish. Acoustics, too, tetmls

time, while being regarded as automatically satisfied as sao . .
as a large (and unspecified) number of normal modes are set consider the idea of a threshold frequency [1], often referr

to resonate at the frequency of operation of the chamber. In t0 as Lowest Usable Frequency (LUF) in EMC. In a recent
a recent work, we have introduced in a formal way a proper paper [2], we have proposed such a model, establishing a
definition of the overmoded condition, showing how, from a direct link between the physics of an RC and the statistical
strict mathematical viewpoint, it is not related to any thresho!d properties of the field it supports. In this paper we recall
frequency, but rather requirs a statistical framework. In this th ti tant st d ti that h led t
paper we revisit the most important results from our analyss, _e most important s eps_an assump lons that have led to
and show how our theory can straightforwardly explain the this result, and show how it can explain another phenomenon
local non-compliancies sometimes observed for field statiss in ~ with an unsatisfying description, that of local statistioan-

what are deemed to be overmoded cavities. Partial overlappg compliancy of field-related quantities.

between the normal modes of the cavity are shown to lead to o gefinition of an ovemoded cavity (and thus of a diffused
an alternative and more physically-based explanation for his field) is based th f dal d ini f the field
phenomenon, without invoking the concept of an ineffective e _) IS gs_e on the use of a moda _es_crlp lon ot the Tie
stirring technique, nor the presence of unstirred componets. €xcited within an RC, coupled to a statistical approach. The
The proposed theory is finally applied for the assessment ohe interest of this approach is that it allows avoiding making
relationship existing between the actual confidence margibased non-physical assumptions on the need for a threshold on the
on the ideal properties of a reverberation chamber and those modal density, as apparently assumed on the EMC side, or on

predicted by our model, showing how there is a non-negligitd . .
probability of having a large number of samples outside the the sheer fact that a threshold frequency exists. Of paaticu

original confidence margin, i.e., a potentially erroneous stimate ~iImportance is the prediction that losses should not be degar
of the true variability of a field-related quantity. as a limitation or nuisance in the operation of RCs, but that
Index Terms—Statistics, Cavities, Losses, Error analysis. they rather lie at the heart of its functioning. Without less
an RC would never be capable of supporting a diffused field,
independently of the modal density it supports: hence, our
The way reverberation chambers (RCs) are commonly utegarding the use of the term overmoded as a potentially
lized in EMC radiated tests is based on a strong assumptitreacherous habit, as the mere availability of a high modal
that they are capable of providing a diffused field. Thidensity is not a sufficient condition. In the following, ithbe
property is never directly invoked in RC theory as developeshown that an overmoded RC is a cavity that supports a large
within the EMC community, though it is of fundamentahumber of overlapped modes, which is not the same as just
importance in the physics of cavities and the study of roosupporting a large number of modes, as estimated by looking a
acoustics [1]. Historical reasons are likely to blame fas thmodal density alone. This fact was unacknowledged in EMC,
mismatch, as well as the fact that electrical engineerslomge while well understood in acoustics and, as we will show in
preferred to have a more practical and test-driven apprtacithis paper, this misinterpretation can be regarded as otteeof
the understanding of these facilities. Still, the lack af thear reasons why the phenomenon of local non-compliancy is still
definition of a diffused field has been an invisible obstaitle, characterized by an unsatisfying explanation.
our opinion, to the cross-fertilization that should havéstd
between the EMC community and the acoustics one. Indeed,
EMC engineers could benefit from the deeper understandingTlhe common sense given to the concept of overmoded
and modeling tools developed in acoustics. In this respeet, cavity is tightly linked to the expectation of the following
will regard the concepts of overmoded RC and that of diffusgmtoperties: 1) field statistics are independent of the osit
field as synonyms, as both refer to a cavity that ensurés,space where they are tested, at least in a sub-volume of
asymptotically, to expect a very specific statistical bédrav the cavity; 2) the three orthogonal components of the elec-
for field-related quantities. tric (respectively, magnetic) field behave as independedt a

I. INTRODUCTION

II. DEFINING THE OVERMODED CONDITION



identically (iid) distributed random variables; 3) theyllbov 47 steradian, again as a consequence of the assumption of
a Gaussian distribution law, with zero mean-value. It has ideal stirring technique at work. It is important to netic
been shown that these hypothesis are met whenever the fiblat assuming a perfect stirring is actually sensible, asnge
distribution can be described by means of a continuous randmterested in assessing whether it is possible to explain th
plane-wave spectrum, with specific statistical properf8ds eventual non-compliancy of an RC even having enforced an
Although such type of model well approximates the behaviateal performance on the stirring technique.
of real-life RCs in their high-frequency range, it is wetidwn With this model at our disposal, we now aim at studying
that there might exist some frequencies where it is incapalthe first two statistical moments of the electric energy dgns
of predicting a drift from it [4]. These disagreements are 9
often explained through a stirrer inefficiency or a sub-ojpti W(r,f) = el E(r. O (3)
alignment for the sources [5], though we are quite skeptital with ¢, the dielectric permittivity of the medium filling the
these explanations [6], whereas in the lower frequencyeancpavity. The electric energy density can be described, icése
they are usually just fitted to alternative probability dimition of an ideally diffused field, as a random variable distrilute
functions [7]. as ayZ law, as a consequence of the features recalled at the
It is, in our opinion, by far more interesting and useful tdeginning of this Section. As opposed to this hypothesis, by
get back to the basics of the physics of cavities, while @kircomputing the first two moments &% (r, f) and employing
on a more statistical approach from the beginning. To thike previously introduced assumptions on the statistichef
end, we will consider a modal expansion for the electric fielshodal quantities should allow to check under what condgion
distribution observed at the positian within an RC at the the ideal behavior is actually met. The procedure for this

working frequencyf [8] calculation has been presented in details in [2], and leads t
. the following standardized variance
E('T',f): Z’Y’L(raf)wl(f)gl(raf) ) (1) 2
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where the~;(r, f) reflect the excitation of each mode, de-
pending on the nature of the source and its position relativéth M, = mB), the average number of modes overlapping
to the modal topographieg; (f) is the bell-shaped frequencywithin the average-3 dB bandwidthBy, = f/Q centered
response of each mode aggr, f) is the polarization of the around the working frequency, for a modal densityf) and
electric field contribution provided by each mode. The sugn average composite quality factQr The termsu,, refer to
in (1) is taken over the sew/ of modes that are effectively the moments of the modal weights; }
excited at the working frequency. A proper justification for tin = E[1il"] (5)
this model has been provided in [2]. Rather than attempting ’
to apply (1) in a deterministic way, we will regard all of tiees so thaty,/u3 = 2 for the case of normally distributed modal
modal quantities as random ones, with statistical progertiweights, which is the usual assumption applied for these
dictated (or suggested) by their physical properties. quantities. Other distribution laws do not have much of an
In this respect, the modal weightg);} can be expected effect on this ratio, so that the final result is weakly depenid
to behave as centered random variables, as they are dire@flyany assumption on the nature of the modal weights.
related to the scalar projection of the equivalent currentsComparing (4) to the standardized variange = 1/3
representing a source and the modal topographies, whigbtained for the ideal diffused field scenario shows what is
are standing waves, thus characterized by a pseudo-perigtieded for an RC to be as close as possible to the ideal case,
change in their sign over space. No further assumptioniig., presenting a large number of overlapped modl&s.
needed on the nature of the probability law for the The Whence, it is clear that there is no reason for assuming that
functions {;(f)} represent the responses of second-ordeny threshold frequency ensures an RC to support a diffused

systems, defined as follows field, as M, is actually a complex function of frequency,
1 with a non monotonous trend. As a matter of fact, both the
Vi(f) = = - <3 5 (2) composite quality facto€) and the modal density, are non-
FiA+3/2Qi)° — f monotonous; attention must be paid to the fact that the often

wheref; is the resonance frequency of thth mode and); its used Weyl's approximation is indeed a smooth fitting curve to
quality factor. As the presence of a stirring technique iegl the realm(f), which is generally not known. Local variations
from an ideal perspective, that the frequencies of resaararound this smooth function can be far from negligible, iegd

of the modes are thoroughly mixed and swapped about tttemodal depletion or excess: it can therefore be intuiivel
working frequency, it is reasonable to assume that thelimsa understood that\/,; follows a similar trend, whose range
{f:} be uniformly distributed. Moreover, the quality factorof variations is made further wider and unpredictable by the
{Q;} can be characterized by means of their average @wminant role of the composite quality factQr

composite) value, as will be shown later. This latter qugnti  As a result, the standardized variargecan get quite larger
can be experimentally assessed. Finally, the polarizatiah than thel/3 value expected in the ideal case. This value is
vectors{éi} will be assumed to be uniformly distributed overttained only asymptotically a&/y; — oo, a condition that



500 ' ' ' ' distributed random variable, with a degree of accuracy that
broadly increases with the number of terms involved. In othe
400} ’ 1 words, a large number of independent degrees of freedom are
needed. Here we can see two physical reasons that can put in
300} jeopardy the normal-distribution hypothesis: 1) theredsvay
3 of ensuring that the modes are excited as independent random
;{, 200} variables by a single source, even when applying a stirring
technique; 2) the number of degrees of freedom is actually
100} directly related to the number of modes effectively exciatd
the working frequency. The first point is hard to be assessed,
ol as the actual excitation of the modes is intimately related t
the modal topographies, which are hardly accessible i real
life configurations. We are convinced that a given amount of
_10%,5 1 1f5 2 2i5 3 residual correlation is always present, and that it can tead
Frequency (GHz) surprising results when neglected [6]. Concerning the rs&:co
(@) point, the advantage of a modal approach is that it makes
500 : : : : visible the intrinsical discrete nature of the degrees eéfiom
actually needed to describe the electromagnetic field withi
400} | a cavity. Even more importantly, it allows not getting out of

sight of a fundamental phenomenon, i.e., the bandwidthef th

300 . Empty RC frequency response of each mode is strongly dependent on the

N amount of losses associated to each modal topography. n suc
S ook \ | conditions, the central-limit theorem cannot be fully iked,
S . Y, LoadedRC so that disagreements with the ideal-scenario requiresment
should not come as a surprise.
100}
or Since My (f) can be reasonably expected to broadly in-
crease with the frequency, (4) predicts that the standeddiz
—108 5 1 15 2 25 3 variance of the energy density should converge to the asymp-
Frequency (GHz) totic value1/3 at high frequency. This fact is demonstrated
(b) in Fig. 1a, where experimentally determined estimates?of

are shown over a wide frequency range, as obtained with
Fig. 1. Estimates of the standardized variance of the engdeggity IV, as a 100-step mechanical Stlr_rer in-an RC with a VOIume .Of
assessed from experimental results obtained for : (a) atyerapity (apart for 13-8 m®. The RC was excited by means of a log-periodic
the excitation antenna) and (b) one loaded with a set of 4niigi@l absorbers dipole antenna pointed at one corner, while the field samples
about 30 em high. were measured with an electro-optical probe positionetiat t

center of the cavity. Fig. 1 confirms that indeed the error

€2 = ¢, — 1/3 broadly decreases with the frequency, while
can be thought as well approximated as the working frequerig)is far from negligible in the lower frequency range. The
increases, since the modal density will increase (on aggraghicker line in Fig. 1 has been obtained by applying (4), gsin
quadratically with the frequency, while the composite @yal a loose estimate fob/,,. This latter quantity was derived by
factor has typically a slower rate of growth. In any case, (4)sing the average modal density predicted by Weyl's formula
links the rate of convergence of the statistics 0f to the and a smooth majorant of an experimentally-derived esmat
average number of overlapped modés,: hence, by settling of the composite quality factor. This operation was aimed at
on an acceptable error between the real and id&alve can assessing whether (4) is capable of providing a loose upper-
come up with a threshold on the minimum number of modegund for the error observed in practice on the standardized
that should overlap on each other bandwidth, as a way J@riance;?,. Indeed, a good agreement between the prediction
ensure this maximum error. of the maximum error yielded by (4) and the experimental

In fact, the results here recalled are just sensible and eanrbsults is observed, with an envelop well identified by the

understood by recalling that any component of the elec#ld fi former. The case treated in Fig. 1b deals with the introducti
is actually made up by a discrete superposition of contribaf additional losses: in this case too our model predicts in a
tions, with a small number of them dominating the final resultairly good way the reduction of the variability . Further
If all of these terms are treated as random variables, igeatletails about the validity of (4) are provided in [2], pautiarly
independent, the central-limit theorem ensures that their, about the role of losses in the statistical compliance of the
even weighted, can be expected to converge to a normadlyergy density in an RC.



frequencies.

In order to assess the soundness of this explanation, we
have given a closer look at the field samples measured for an
empty cavity at two frequencies where our RC can be regarded
as behaving ideally or not; we have chosen38 GHz and
1.441 GHz to represent this phenomenon, with an ewar
about 0 % and 100 %, respectively. These frequencies are
almost three times higher than the LUF of our RC, intervening
at about 550 MHz, assessed as required in [9]. The stirring
paddle is about 5 wavelengths wide, and non-periodic, so tha
hardly any doubts can subsist on its effectiveness. At theesa
time, the likeliness of the presence of unstirred comp@ileas
. . . been minimized by orienting the excitation antenna in such a
-15 -1 -05 0 0.5 1 15  way as to have its main lobe of radiation pointing towards a

real,imag E/sqrtE(||E[|"] corner of the RC, as to be reflected over the stirrer and avoid
any direct path towards the probe.

The empirical cumulative distribution functions (cdfs)toé
real and imaginary parts of the three Cartesian componénts o
the samples are shown in Fig. 2, for the two frequencies chose
above. The first thing to notice is that fgr= 1.441 GHz the
statistical non-compliancy of our RC cannot be explained by
any unstirred component alone. As a matter of fact, it even
seems, on a qualitative level, that some field components is
actually more biased fof = 1.438 GHz, though in this case
the energy density presents a very good agreement with a
x2 law. A closer look suggests that the non-compliancy is
likely due to the higher kurtosis featured att41 GHz: 3.7
on average against 3.0 at 1.438 GHz, the latter correspgndin
_ to the kurtosis of a Gaussian law. This is clearly visible in
0 ST : : : the longer transitions from the central part of the cdf taigar
-15 -1 -0.5 0 0.5 1 15 . . ) .

realimag E/sqrtE[|E|] its e_nds. Recalling that the field is r_elgted. to the_ energy
density by a square power, the kurtosis is directly linked to
(b) the variance o#¥/, while the field variance is rather related to
average value of’. As predicted by (4), in the case of a low
Fig. 2. Empirical cumulati_ve distribution functions foralne_al a_nd ima_lginary modal overlapping, the standardized variance is to inereas
parts of the three Cartesian components of the electric, feddestimated . . .. .
from 100-sample populations for two frequencies: (a) 1.8z and (b) With respect to the asymptotic case: this is what is observed
1.441 GHz. in these results.

Hence, it seems likely that the non-compliancy is better
explained by a local limitation of the RC rather than the
stirrer or other phenomena. As a matter of fact, it is hard

In the present work we are rather more interested in utdizirto imagine why a stirrer and the positioning of the sources
the physical understanding brought by (4), for interpigtinshould work fine over a majority of frequencies, while leadin
why an RC can present a non-compliant behavior at sorttea bad performance just over a handful of frequencies. On
specific frequencies. As already recalled, the idea of uesti the other hand, the concept of low modal overlapping can
field components and ineffective stirring techniques aterof easily explain this disturbing phenomenon, as the comioinat
invoked in such cases. But another possibility is perhap$ high composite quality factor and local modal depletion
more likely: the fact that if at a given frequency the modalan indeed appear. Moreover, the fact that the insertion of
overlapping (represented b¥/,,) is not large enough, the losses yields an improved performance (see Fig. 1), i.e., a
number of degrees of freedom effectively involved in thewer incidence of non-compliant frequencies, supporis th
generation of the electromagnetic field is not high enough itwterpretation, as already pointed out in [2].
lead to a good approximation of a Gaussian law. Hence, aA higher statistical dispersion has a direct impact on the
larger variance for the electric energy density, with resperesults of compliancy tests required in international stan
to that expected in the asymptotic modeling. It is notewprtidards [9]. As a matter of fact, the upper-bounds defined for
to recall that this argument is based on the assumption of tue maximum acceptable spatial variability of the maximum
ideal stirring technique, thus involving a random excitati field intensity are based on an asymptotic model [10]. Hence,
of the modes and a random positioning of their resonanaehigher variability for the field samples implies a higher
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Ill. STATISTICAL COMPLIANCE



reproducibility of a test result.

To this end, let us consider a numbat of independent
samplesi¥; large enough as to have their arithmetic average
(W) converging towards a normal law, thanks to the central-
limit theorem. We aim at computing how a confidence margin
defined for a significance level under the hypothesis of an
asymptotic behavior, translates into another confidenagima
wheneverM ), happens not to be high enough. A good and
intuitive way of assessing the effect of a finité,, is to check

[

guantiles of <W>/E[W] (idea'l_)\
—

sl 7 how the quantiles of the asymptotic case relate to thoseeof th
0 05 1 15 2 modal description we have introduced. As we are dealing with
Quantiles of <W>/E[W] (non asymptotic) this problem under the approximation of a normally distiéal

(W) (central-limit theorem), the quantiles are given by [12]

Fig. 3. Theoretical quaqtile-quamile plot of the asymigtalistribution laws . \/5 f’1(2 B 1) (6)
for (W) in the asymptotic and non-asymptotic case, as based ono@}p f qp = b T OV €T P )
number of average overlapped modes,, = {1, 3, 10, 20, 50}. The dashed

line stands for the bisector, which is asymptotically apeted asM Wherep — P(<W> < q ) is the probability associated to
increases. The size of the sample population is not needekisintype of P

plots, as it only intervenes in setting the confidence imtlerwith no effect the quantlleqP’ while H ando are the eXpeCted mean-value

on the relationship between the two quantile distributions and the standard deviation foi"). The central-limit theorem
allows to compute a good approximation of the quantiles just
100 - by knowing these two moments, for the case of an idgal

distributediV; and for the more realistic case provided by (4).
The result of this operation is presented in Fig. 3, where any
confidence margin established on the asymptotic case for a
given significance levety is shown to lead to an inevitably
larger margin with the same significance level as soofas

is found to be finite. It is interesting to notice that the case
My, = 3, often regarded as a good compromise for a diffused
field in room acoustics, actually provides a more than twabfol
increase in the original confidence margin, whereas the case
Mpr = 20 suggested as a tentative threshold i, in [2]
settles to an about 50 % larger interval.

, The other way round, choosing the same interval margin for
1 10 100 the ideal and non-ideal cases, if this interval correspdnds

M a significance levet for the former case, this will lead to a
corresponding significance level in the latter, related as

Fig. 4. Apparent significance level’ associated to the one based on
asymptotic statisticse. As the number of overlapped modés$,,; decreases, ’ 1 ¢ <Q1a/2 Ms )
o =1—er

()

the statistical interpretation of the arithmetic mean ofexxmental samples
can be increasingly misleading, due to a higher varianchk vespect to the \/5 18/7T + My
samples mean.

This function is plotted in Fig. 4, for several values of
a. These results provide a direct feeling about the increased
probability for them to get closer to the upper-bound. Therobability of incurring into samples falling outside thag
context of this paper is not suitable for studying the stiaas inally intended confidence margin. The probability of this
properties of the extreme valuesdf and the related squaredevent increases not only whe,, is relatively low, but also
field components. Still, as shown in [11], there exists aafirewhen the significance level is reduced. Such relationship
relationship between the average value of the energy gensiais a potentially harmful impact, asis typically reduced in
components and their maximum value, as estimated fromoeder to improve the significance of the results of a staasti
finite population of samples. A similar reasoning applies fdest: when expecting asymptotic results from a realistic RC
the energy density}/, which is our case of interest in thisthis risks leading to a higher rate of rejection of eventual
paper. hypothesis tests, rather than the opposite. One straig¥efd
It is therefore interesting to assess how the increment why of reducing this eventuality is to increase the average
variability predicted by (4) could affect the probabilityf o modal overlapping for the RC, as suggested by (4): the most
having samples out of a given confidence margin. This latteractical approach is likely to slightly increase the agera
could be set, e.g., in order to ensure a minimum accuracy famount of dissipated power, as long as this procedure is not
a measurement or, as it is the case for industrial tests, tgainst minimum field intensity constraints.
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