
HAL Id: hal-00580682
https://hal.science/hal-00580682

Submitted on 29 Mar 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Open-shell explicitly correlated F12 methods
David P. Tew, Wim Klopper

To cite this version:
David P. Tew, Wim Klopper. Open-shell explicitly correlated F12 methods. Molecular Physics, 2010,
108 (03-04), pp.315-325. �10.1080/00268970903449388�. �hal-00580682�

https://hal.science/hal-00580682
https://hal.archives-ouvertes.fr


For Peer Review
 O

nly
 

 
 

 
 

 
 

Open-shell explicitly correlated F12 methods 
 
 

Journal: Molecular Physics 

Manuscript ID: TMPH-2009-0310.R1 

Manuscript Type: Special Issue Paper - In honour of Prof Werner 60th birthday 

Date Submitted by the 
Author: 

26-Oct-2009 

Complete List of Authors: Tew, David; Karlsruhe Institute of Technology 
Klopper, Wim; Karlsruhe Institute of Technology 

Keywords: 
Open-shell systems, Electron correlation, Geminals, Correlation 
cusp 

  

Note: The following files were submitted by the author for peer review, but cannot be converted 
to PDF. You must view these files (e.g. movies) online. 

TewKlopper.tex 

 
 

 

URL: http://mc.manuscriptcentral.com/tandf/tmph

Molecular Physics



For Peer Review
 O

nly

Open-shell explicitly correlated F12 methods∗

David P. Tew and Wim Klopper†

Institute of Physical Chemistry, Theoretical Chemistry Group,

Karlsruhe Institute of Technology—KIT,

Kaiserstraße 12, D-76131 Karlsruhe, Germany

(Dated: October 26, 2009)

Abstract

In calculations on open-shell systems, spin-flipped geminals must be used in explicitly correlated

F12 methods with spin-unrestricted or restricted open-shell Hartree–Fock reference wave functions.

We suggest to use the sp ansatz of Bokhan et al. [J. Chem. Phys. 131, 084105 (2009)] for calculations

with fixed F12 amplitudes, but to use a novel contracted geminal approach if the F12 amplitudes

are to be optimised. This new approach is denoted MP2-F12-o respectively CCSD(F12)-o. The

performance of the new approach is assessed by calculating the atomisation energies of a test set

comprising 106 molecules containing the atoms H, C, N, O and F, and by calculating the ionisation

energies and electron affinities of the atoms C, N, O and F.

∗ Dedicated to Prof. Dr. Hans-Joachim Werner on the occasion of his 60th birthday
† E-mail: willem.klopper@kit.edu. Fax: +49-721-6087225.
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I. INTRODUCTION

R12 explicitly-correlated electronic structure methods overcome the slow convergence of

orbital expansions by employing geminal basis functions that closely resemble the correlation

holes in electronic wave functions.1,2 These methods have developed rapidly over the last

seven years and are emerging as robust tools for computational chemistry, where small basis

sets may be used to obtain near basis set limit accuracy.3 The principal differences between

the early and modern R12 methods are the use of a complementary auxiliary basis set

(CABS) for the resolution of the identity approximation, employed to evaluate the many-

electron integrals,4,5 and the use of a Slater-type correlation factor for the geminal basis

functions.6 Methods that use non-linear correlation factors instead of the original linear

factor are commonly referred to as F12 methods. So far, the F12 approach has been combined

with MP2,6 CASPT2,7 and coupled-cluster wave function methods up to CCSDTQ.8–11 In

addition, many researchers have improved the efficiency of F12 methods through density

fitting,12,13 improved methods for evaluating Fock matrix elements for geminal functions,14,15

localisation techniques,16–19 and by constructing specially optimised basis sets.20–22

One further development is the rational generator approach of Ten-no.23 In this approach

the s- and p-wave coalescence conditions24,25 for the first-order wave function are used to

predetermine the F12 amplitudes instead of optimising them. The fixed-amplitude method

is computationally less demanding because only the diagonal elements of the spin-adapted

F12 matrix elements need to be computed and no equations for the F12 amplitudes need to

be solved. Moreover, the fixed-amplitude method is free from geminal basis set superposition

error, which arises if the amplitudes are optimised,26 and is free from the numerical problems

associated with inverting the geminal Fock matrix, which becomes non-positive definite in

some limits.27 The loss of accuracy due to the reduced variational degrees of freedom is

slight and the fixed-amplitude method is used increasingly in F12 calculations, particularly

for explicitly-correlated coupled-cluster singles and doubles methods (CCSD-F12).28–34

The extension of the fixed-amplitude approach to open-shell systems has been attempted

only recently27,30,32,35 and has led to a re-evaluation of the geminal basis used for open-shell

calculations.32 Bokhan et al. demonstrated that, contrary to the closed-shell case, it is not

possible to satisfy both the s- and p-wave UMP2 coalescence conditions using the functions

f(r12)|ij〉 alone. |ij〉 is the usual two-electron determinant of occupied spin-orbitals i and j
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and f(r12) is the correlation factor. To satisfy the s- and p-wave coalescence conditions for

open-shell MP2-F12 calculations, Bokhan et al. introduced a spin-flipped geminal basis and

have subsequently performed calculations at the UMP2-F12 level.35 They demonstrate that

the basis set convergence without the spin-flipped basis is limited by the X−5 behaviour

for the pair energies where one orbital is singly occupied in the HF reference, arising from

the unsatisfied p-wave derivative discontinuity. By including the spin-flipped basis, the

X−7 convergence behaviour of F12 methods for closed shell species is achieved for open-

shell species. For high spin ROHF references, Knizia et al. have also included spin-flipped

geminal basis functions in their RMP2-F12 and CCSD-F12x methods,30 noting improved

performance for atomisation energies, electron affinities and ionisation potentials compared

to their earlier open-shell fixed-amplitude approach.27

Nevertheless, a number of questions remain unanswered for open-shell F12 calculations.

For UHF references, the combined basis of normal and spin-flipped geminals contains many

near linear-dependencies and including both sets with full variational flexibility leads to se-

vere numerical problems. Indeed, Bokhan et al. only considered the diagonal orbital-variant

method and, even here, a singular value decomposition was necessary. We consider that

optimising coefficients for both the normal and spin-flipped geminals is undesirable since it

results in an unbalanced treatment of open- and closed-shell systems, favouring the open-

shell species. It is also numerically problematic and can lead to steps in potential energy

surfaces. In this work we suggest that a contracted geminal basis should be used, that is,

fixed linear combinations of normal and spin-flipped geminals with contraction coefficients

determined by the s- and p-wave coalescence conditions. Our approach can be unproblem-

atically combined with the original orbital-invariant ansatz, and can be extended to the

UCCSD(F12) level of theory, using ROHF or UHF references, with minimal changes to the

existing UCCSD(F12) program.

To properly assess the impact of spin-flipped geminals on the accuracy of a calculation,

it is necessary to compare to analogous methods without the spin-flipped geminals. When

optimising the amplitudes, the comparison is between the original orbital invariant formula-

tion of Ref 36 and the new methods presented here. However, no open-shell fixed-amplitude

method exists in the literature where the coalescence conditions are fulfilled as far as pos-

sible within the normal geminal basis, that is, without spin-flipped functions. In this work

we derive such a fixed-amplitude method for MP2-F12 with UHF and ROHF references,
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which is both orbital invariant and size extensive and reduces to Ten-no’s rational generator

method when the α and β orbitals are identical.

II. THE GEMINAL BASIS FOR OPEN-SHELL F12 CALCULATIONS

Stemming from the original ideas of Kutzelnigg,1 the geminal basis in F12 methods

is chosen such that the s- and p-wave coalescence conditions could be satisfied for every

spin-adapted first order pair function us
ij. The s-wave condition applies to the singlet pair

functions, u0
ij, and the p-wave condition to the triplet pair functions u1

ij .

u0
ij = u0

ij(r12 = 0) + 1
2
r12(|ij〉 + |ji〉)(2 + 2δij)

−1/2 + O(r2
12), (1)

u1
ij = r12 ·

∂u1
ij

∂r12

∣∣∣
r12=0

+ 1
4
r12|ij〉 + O(r3

12) αα, ββ, (2)

u1
ij = r12 ·

∂u1
ij

∂r12

∣∣∣
r12=0

+ 1
4
r12

(
|ij〉 − |ji〉

)
2−1/2 + O(r3

12) αβ. (3)

|ij〉 is a two-electron determinant of spin-orbitals i and j, where it is understood that the

first orbital has α spin and the second has β spin, for the spin-opposite case. We use

this convention consistently throughout this article. Introducing variational flexibility in an

orbital-invariant manner,36 the first order pair functions are expanded as

uij =
∑

a<b

tijab|ab〉 +
∑

k<l

cij
klQ̂12f(r12)|kl〉, (4)

where k, l run over occupied and a, b over virtual Hartree–Fock spin-orbitals. Q̂12 is the

strong orthogonality operator and ∂f(r12)/∂r12|r12=0 = 1. For restricted closed-shell systems,

equations (1) and (3) can be used to select fixed F12 amplitudes.

cij
kl =1

4
δi
kδ

j
l αα, ββ, (5)

cij
kl =3

8
δi
kδ

j
l + 1

8
δi
lδ

j
k αβ. (6)

Indeed, in the limit of a large orbital basis, variationally optimised F12 amplitudes tend

to these values. The derivation of equations (1–3) assumes that singlet and triplet pair

functions can be constructed and thus is only rigorous for closed-shell restricted first order

pair functions. For UMP2 using ROHF or UHF references, the coalescence conditions must

be re-examined in terms of spin-orbitals. Our derivation of the coalescence conditions for

open-shell MP2 is reported in the appendix and we consider both UHF and ROHF references.
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In complete agreement with the work of Bokhan et al., we find that equation (2) holds for

the same-spin pairs and for the αβ pairs

uij = uij(r12 = 0) + 1

2
r12(|ij〉 + |j̄ī〉)2−1/2

+r12 ·
∂uij

∂r12

∣∣∣
r12=0

+ 1

4
r12

(
|ij〉 − |j̄ī〉

)
2−1/2 + O(r2

12). (7)

The spin-orbital ī has the same spatial component as i, but the spin component is flipped

such that ī = (ŝ+ + ŝ−)i. Notably, both s- and p-wave coalescence conditions apply to the

opposite spin pair functions, even though it is not possible to construct singlet and triplet

functions from the corresponding pairs of occupied spin-orbitals. As concluded by Bokhan

et al., it is only possible to satisfy both s- and p-type derivative discontinuities if spin-flipped

functions are included in the geminal basis. Equation (4) thus becomes

uij =
∑

a<b

tijab|ab〉 +
∑

k<l

cij
klQ̂12f(r12)|kl〉 +

∑

k̄<l̄

cij

k̄l̄
Q̂12f(r12)|k̄l̄〉. (8)

Equation (7) is naturally also valid for closed shell HF references and in this case the spin-

flipped functions are obviously always present in the normal geminal basis and the functions

f(r12)|k̄l̄〉 are redundant. For ROHF references, the only spin-flipped functions missing from

the normal geminal basis are those where either k or l belongs to a singly occupied restricted

HF orbital and thus has no spin-flipped counterpart among the HF occupied orbitals.

A. Fixed F12 amplitudes in ROMP2-F12 and UMP2-F12

The coefficients in equation (8) may be selected using the coalescence conditions, which

gives

cij
kl =1

4
δi
kδ

j
l cij

k̄l̄
=0 αα, ββ, (9)

cij
kl =3

8
δi
kδ

j
l cij

k̄l̄
=1

8
δi
lδ

j
k αβ. (10)

This method is orbital invariant and size extensive and is also size consistent when com-

bined with a UHF reference. It yields X−7 convergence behaviour for both restricted and

unrestricted MP2-F12 calculations and thus gives a balanced treatment of open- and closed-

shell species. This spin-flipped SP ansatz has previously been implemented for ROHF based

MP2-F12 and CCSD-F12x by Knizia et al. (Ref. 30) and also for UHF based MP2-F12 by

5
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Bokhan et al. (Ref. 35). We will refer to MP2-F12 methods that use spin-flipped geminals

with this choice of fixed amplitudes as MP2-F12-sp.

To assess the effect of including the spin-flipped geminals, we must define a fixed ampli-

tude method where the geminal basis is restricted to that of equation (4). The best choice

of fixed amplitudes is to satisfy the derivative discontinuities as far as possible within the

basis available. For ROHF references and restricted orbitals, this corresponds to

cij
kl =1

4
δi
kδ

j
l αα, ββ, (11)

cij
kl =3

8
δi
kδ

j
l + 1

8
δi
lδ

j
k αβ, ”d”, (12)

cij
kl =1

2
δi
kδ

j
l αβ, ”s”, (13)

where ”d” denotes pairs ij where both i and j refer to orbitals that are doubly occupied

and ”s” pairs where either i or j is singly occupied in the ROHF reference. For ”d” pairs,

both the s- and p-wave discontinuities can be satisfied, but for ”s” pairs, only the s-wave

cusp can be satisfied. This choice differs from that of Ref. 27, where cij
kl = 3

8
δi
kδ

j
l was used

for the ”s” pairs. However, it is easily verified that in the limit of a large orbital basis,

the optimised amplitudes tend to our values. Upon rotating the orbitals, for example for

semi-canonicalisation or localisation, the αβ amplitudes become

cij
kl = 1

2
δi
kδ

j
l − 1

8

∑

mn

sinsknsmjsml + 1

8
silskj, (14)

where sil is the spatial overlap between the α spin-orbital φi and the β spin-orbital φl.

For calculations based on UHF references, we suggest that equation (14) is the best choice

within the constraints of the normal geminal basis, even though neither the s- nor the p-

wave conditions are rigorously met (the coefficients are based on the overlap and not on how

closely ϕlϕk matches ϕiϕj at r12 = 0). Such a choice is both orbital invariant, size extensive

and, importantly, size consistent, by virtue of the dependence on the overlap sil. We will

refer to this method as MP2-F12-s̃p.

As an aside, we note that the Quantum Monte Carlo community makes a different choice

for open-shell calculations,37 which when applied to MP2-F12 theory corresponds to

cij
kl =1

4
δi
kδ

j
l αα, ββ, (15)

cij
kl =1

2
δi
kδ

j
l αβ. (16)

6
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Here, only the s-wave cusp is satisfied for the αβ pairs. For restricted closed-shell systems,

this reduces to cij
ij = 1

2
for the spin-adapted singlet pairs, and cij

ij = 1

4
, 1

2
and 1

4
for the

ms = 1, 0,−1 components of the triplet excitations, respectively. Although this is both

orbital invariant and size consistent, it clearly introduces spin-contamination23 and we do

not consider it further.

Concerning the relative computational costs of the above choices, we make the following

observations, which apply to density fitted MP2-F12. For closed-shell calculations, we re-

mind the reader that the integral transformation steps scale as N4, that the contractions of

three-index integrals to build four-index quantities scale as N5 and that the contractions of

the four-index quantities to build the B and V matrices scale as N4, because only the diag-

onal of the spin-adapted matrices is required for the fixed amplitude ansatz. For open-shell

calculations:

• The N4 steps increase by a factor of two since integrals for α and β orbitals are

required. This is true for the Coulomb, exchange and Fock transformed integrals even

if restricted orbitals are used. For the spin-flipped method the prefactor is increased

by a further factor of two, since spin-flipped integrals are required. This further factor

of two is avoided if restricted orbitals are used (RMP2-F12).

• The N5 contractions are twice as expensive as the closed-shell case (again, this also ap-

plies to the most expensive contractions in RMP2-F12). For the spin-flipped method,

a further factor of two arises due to the spin-flipped geminals, but this is avoided for

RMP2-F12.

• For both the normal and spin-flipped fixed amplitude methods, N4 scaling can be

recovered for the final construction of the αβ B and V matrices by appropriately con-

tracting four-index quantities with the fixed amplitudes. For spin-flip this is trivial

and, for the overlap-based approach, due to the factorisability of the terms in equa-

tion (14) into separate transformations for α and β orbitals, this can be achieved by

four N5 contractions with a low prefactor (they scale at most as O3V 2, where O is

the number of active occupied orbitals and V is the maximum number of virtual or

CABS orbitals). We note that an analogous contraction has been utilised by Köhn to

simplify the equations for restricted closed-shell F12 methods.33

7
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To summarise, using spin-flipped geminals is approximately twice as expensive as using the

normal geminal basis with equations (11)–(14), unless restricted orbitals are used, in which

case the two methods have comparable cost. Numerical tests comparing the performance of

the two approaches are reported in section III.

B. Optimised F12 amplitudes in ROMP2-F12 and UMP2-F12

Equation (4) presents no special difficulties upon variational optimisation of the F12

amplitudes cij
kl, beyond those sometimes encountered for closed-shell calculations. Indeed,

this method has been employed for open-shell R12 calculations for the past 15 years. Equa-

tion (8), on the other hand contains large redundancies between the normal and spin-flipped

geminals for restricted open- or closed-shell HF references, which become severe near linear

dependencies when an unrestricted HF reference is used. Bokhan et al. have proposed to

delete geminals based on singular value decomposition to remove the linear dependence. For

ROHF-based MP2-F12, this is not necessary since the redundancies can be removed exactly

by constructing the geminal basis from the restricted orbitals. However, we consider that

a balanced treatment of open- and closed-shell species will only be obtained if the size of

the geminal basis is proportional to the number of correlated electron pairs. We therefore

propose that equation (8) should be replaced by

uij =
∑

a<b

tijab|ab〉 +
∑

k<l

cij
klQ̂12f(r12)(c|kl〉 + c̄|l̄k̄〉), (17)

where the contraction coefficients c and c̄ are determined using the coalescence conditions

c =1

4
c̄ =0 αα, ββ, (18)

c =3
8

c̄ =1
8

αβ. (19)

It should be noted that for same-spin pairs, the spin-flipped geminals always have exactly

zero contribution. Variational optimisation of the cij
kl is no more complicated than if equa-

tion (4) is used. Resticting cij
kl to the diagonal amplitudes cij

ij results in a non-orbital invariant

method and we do not consider it here, although it may be useful in combination with locali-

sation techniques. In section III we present results of calculations where the F12 amplitudes

are optimised with and without the flipped contributions. We will refer to the standard or-

bital invariant method, without spin-flipped geminals, as MP2-F12-õ and to the new method

8
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including the flipped functions as MP2-F12-o. For comparison, we also report ROHF-based

calculations where the non-redundant set of normal and flipped variational parameters are

optimised separately, which will be denoted MP2-F12-o+.

The relative computational cost of including or excluding spin-flipped geminals has been

discussed in the previous section for the fixed-amplitude MP2-F12 methods. If the coeffi-

cients in equation (4) or (17) are variationally optimised, then N6 contractions are required

for the construction of the B and V matrices, and also for the inclusion of coupling terms be-

tween tijab and cij
kl when solving the amplitude equations. Extending the approach of Bokhan

et al. to the invariant ansatz for UHF-based MP2-F12 would lead to a fourfold increase in

the N6 contractions for the αβ B matrix compared to neglecting spin-flipped geminals and a

twofold increase for the αβ V matrix. If an ROHF reference is used, this corresponds to the

MP2-F12-o+ method and only the spin-flipped geminals for the ”s” pairs need be computed

in additional to the the normal geminals, leading to a slight increase in the prefactor for the

N6 contractions compared to MP2-F12-õ. However, if the geminal basis is contracted as we

suggest, there is no additional computational cost for including the spin-flipped functions

for the N6 steps.

C. The geminal basis in open-shell CCSD-F12 calculations

At the CCSD level of theory it has been standard practice38 to use the geminal basis

appropriate for MP2 and also to use the MP2 coalescence conditions to define fixed F12

amplitudes,28,29,32 even though the MP2 and coupled-cluster coalescence conditions differ.39

Köhn has recently included additional geminals that amend this deficiency, demonstrating

that they are important for response properties.33 For ground state energies, however, select-

ing the geminal basis and amplitudes based on MP2 appears to be sufficient and we pursue

this approach here. Switching to second quantisation, the doubles cluster operator becomes

T̂2 = 1

4

∑

aibj

tijabτ̂
ab
ij + 1

8

∑

kilj

cij
kl

∑

µν

wkl
µν τ̂

µν
ij . (20)

where µ, and ν are orbitals in the complete basis and

wµν
kl = c〈µν|Q̂12f(r12)|kl〉 + c̄〈µν|Q̂12f(r12)|l̄k̄〉 (21)

The contraction coefficients are c = 1
4
, c̄ = 0 for like-spin pairs and c = 3

8
, c̄ = 1

8
for αβ

pairs, or simply c = 1 and c̄ = 0 if spin-flipped geminals are not to be included. For the

9
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fixed-amplitude method, equations (11) and (14) are recommended in the absence of spin-

flipped geminals and if spin-flipped geminals are included, then cij
kl = δi

kδ
j
l . If a UCCSD-F12

program is available that uses the normal geminal basis, all that is required to extend it to

employ the geminal basis is to replace the F12 integrals with the above linear combination

of normal and flipped integrals. In section IV we present results of spin-flipped calculations

at the ROHF-based UCCSD(F12) level of theory.

III. MP2-F12

Our focus is the effect of the spin-flipped geminals on the correlation treatment. For

ROHF-based MP2, contributions from both single and double excitations occur, but they

are uncoupled and the singles energy depends only on the Fock matrix elements. Since the

basis set convergence for the singles and doubles are thus very different, we partition the

MP2 energy into HF+ = EHF + fa
i tia and the doubles correlation contribution.

A. Atomisation energies

We have recently computed a set of basis set limit frozen-core (fc) MP2 energies for a set

of 106 molecules of H, C, N, O and F to an accuracy of 99.95%, which are intended as a

test set for F12 methods.40 Here we use these benchmarks to assess the relative performance

of the MP2-F12-s̃p, MP2-F12-sp, MP2-F12-õ, MP2-F12-o and MP2-F12-o+ methods for

atomisation energies using the cc-pVXZ-F12 orbital basis sets20 with X = D, T and Q. All

UMP2-F12 calculations are based on RHF or ROHF references and were performed using the

Turbomole program package using the default options, namely Ansatz 2, approximation

B, the specially optimised complementary auxiliary basis sets of Peterson and co-workers21

and the aug-cc-pwCV(X+1)Z MP2-fitting41 and aug-cc-pV(X+1)Z RI-JK basis sets42 for

density fitting. The Slater-type correlation factor was expanded in six Gaussians43 and the

exponents for the Slater function were 0.9, 1.0 and 1.1 a−1
0 for the cc-pVXZ-F12 basis sets, X

= D, T and Q, and 1.4 a−1
0 for the aug-cc-pVXZ basis sets. The integrals involving the single

commutator of f(r12) with the kinetic energy were computed from the matrix representation

of the Fock and exchange matrices. Furthermore, a singles perturbative correction was added

to the HF energy using equation (48) of Ref. 27 for ROHF (see Ref. 30 or 44 for the closed-
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shell case). In our previous work, the basis set limits for the atoms were computed using

the MP2-F12-õ method. The corresponding MP2-F12-o energies are slightly closer to the

basis set limit and we use these improved benchmarks (Table I) in this work.

In Table II we report the mean ∆ and standard deviation σ (sN) for basis set errors

of atomisation energies using MP2-F12 methods with and without the spin-flipped geminal

basis. Results for both the fixed amplitude (MP2-F12-s̃p, MP2-F12-sp) and optimised (MP2-

F12-õ, MP2-F12-o, MP2-F12-o+) approaches are presented. In all cases, the inclusion of

spin-flipped geminals decreases both the mean and standard deviation of the basis set errors

for the correlation energy contributions, which indicates that a more balanced treatment of

atoms and molecules has been achieved. For the triple- and quadruple-zeta quality basis

sets, the improvement is at least a factor of two.

Comparing the MP2-F12-s̃p and MP2-F12-sp results, we note that if the spin-flipped

geminals are excluded, the correlating basis set for the atoms is poorer than that for the

molecules, contrary to all experience with conventional MP2 calculations. As a result, the

basis set errors for the HF and correlation contributions have on average opposite signs,

which leads to a cancellation of errors for the total MP2 atomisation energies. By including

the spin-flipped geminals, the correlating basis set for the atoms is better than that of

the molecules, as usually expected, which reverses the sign of the errors and results in

a deterioration in the mean basis set errors for the total MP2 atomisation energies (not

reported in Table II). The improvement in the standard deviation, however, is retained.

For the methods where the cij
kl are variationally optimised, the mean basis set errors are

smaller in magnitude than for the fixed-amplitude methods, while the standard deviations

are similar. Since the errors for the spin-flipped and normal geminal calculations decrease

from opposite directions, this represents an improvement in the correlation description rather

than a cancellation of errors due to basis set superposition error, which would favour the

molecules over the atoms. The effect of fully optimising both the normal and spin-flipped

geminal amplitudes may be seen by comparing the results for MP2-F12-o and MP2-F12-

o+. We find that the basis set errors are fairly similar and conclude that the contraction

coefficients c and c̄ used in the MP2-F12-o method are close to optimal. The mean error

for MP2-F12-o+ is more negative than that of MP2-F12-o, which indicates that the geminal

basis is less balanced, favouring the atoms over the molecules. We therefore recommend the

MP2-F12-o approach.
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B. Ionisation potentials and electron affinities

The statistics for the atomisation energies in the previous section give an indication of

how balanced the method is for treating open and closed shell systems. Here we investigate

the effect of spin-flip on the relative accuracy of atoms and ions. In Table III we report

basis set errors of ionisation potentials and electron affinities of C, N, O and F, computed

using fc-MP2-F12/cc-pVXZ, X = D, T and Q, with and without spin-flipped functions. The

effect of spin-flip on the basis set error of the total correlation energy is largest for the s2p4

configuration, and the importance of spin-flip decreases monotonically when progressing to

either the s2p0 or the s2p6 configurations. Thus the IPs for C, N and O are improved with

spin-flip, while F deteriorates. Similarly, the EAs of O and F deteriorate. The mean absolute

basis set error over the seven energy differences does not improve upon incorporating spin-

flipped geminals into the wave function, but the errors do become more uniform.

Clearly, when computing electron affinities, the capability of the basis to represent the

diffuse electron cloud is an issue. The cc-pVXZ-F12 basis sets do not appear to contain

sufficiently diffuse functions for the correlation treatment of the anions. Moreover, our

investigations show that the aug-cc-pVXZ basis sets do not perform better than the cc-

pVXZ-F12 basis sets for the EAs computed here. It should be noted that the HF error

has been greatly reduced by the CABS singles correction. The necessity for more diffuse

functions is particularly important in F12 methods, which may be seen from the dependence

of the basis set errors on the exponent γ of the correlation factor. Figures 1–3 show the γ

dependence of the MP2-F12-sp and MP2-F12-o basis set errors of C, O and F, respectively,

together with their cations and anions, using the cc-pVTZ-F12 basis. The MP2-F12-o

curves for the anions differ strongly from those of the atoms and cations and lie far below

the corresponding MP2-F12-sp curves (for O and F) at low values of γ. The exaggerated

importance of off-diagonal (and diagonal for C) excitations into long-range geminals for the

MP2-F12-o method is due to the lack of sufficiently diffuse functions in the orbital basis

and leads to the undesirable γ dependence. Figures 1–3 also demonstrate that choosing γ

based on the neutral atom necessarily biases the geminal basis in favour of the atom. The

exponent γ is related to the extent of the correlation hole, which is naturally smaller for the

cation (larger γ) with a contracted electron density and larger for the anion (smaller γ). In

the case of the cations, however, this bias does not appear to be severe.
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IV. UCCSD(F12)

A. Atomisation energies

Benchmark fc-CCSD correlation energies for a subset of 30 of the 106 molecules of our

test set have recently been computed using the CCSD(F12) method with the same orbital

and auxiliary basis sets as for the fc-MP2 benchmarks.45 The corresponding benchmark

valence CCSD correlation energies for the atoms are reported in Table I, computed using

the UCCSD(F12)-o method with semi-canonical ROHF orbitals. We expect that just as

for the MP2 correlation energies, these benchmarks are accurate to 99.95% and we used

them to assess the effect of including spin-flipped functions in CCSD(F12) calculations. In

Table IV we present basis set errors for the CCSD(F12)-s̃p, CCSD(F12)-sp, CCSD(F12)-õ

and CCSD(F12)-o methods for atomisation energies using the cc-pVXZ-F12 orbital basis

sets. The same auxiliary basis sets and F12 ansatz and approximations were used as for the

MP2-F12 calculations discussed in section IIIA.

We find that the improvements obtained for MP2-F12 by including spin-flipped geminals

are mirrored in the CCSD(F12) results and the discussion for MP2-F12 applies equally

well to CCSD(F12). We note, however, that the standard deviation of the basis set error is

somewhat larger on average for CCSD than for MP2. One possible source for this additional

uncertainty is the incomplete basis for the singles contribution to the correlation energies,

which is more important for open-shell systems than closed-shell systems. Unfortunately, the

decomposition of the basis set limit fc-CCSD energies into doubles and singles contributions

is not available for the molecules and we are unable to examine these separately. This is

possible for our current calculations on atoms and ions and we investigate the singles and

doubles contributions separately for IPs and EAs in the next section.

B. Ionisation potentials and electron affinities

In Table V we present the basis set errors for ionisation potentials and electron affini-

ties for the CCSD(F12)-s̃p, CCSD(F12)-sp, CCSD(F12)-õ and CCSD(F12)-o methods,

computed using fc-UCCSD(F12) with semi-canonical ROHF orbitals. We partition the

CCSD(F12) energy into HF+ and the doubles correlation contribution, where HF+ is the

sum of the HF energy, the singles correlation, and the CABS singles correction. Just as for
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the atomisation energies, we find that the effect of spin-flip on the CCSD energies is very

similar to that of the MP2 energies, discussed in section IIIB. Comparing the HF+ and

doubles components of the CCSD energies with the MP2 equivalents, we find that the sin-

gles contributions converge at similar rates. The basis set errors from the doubles are larger

on average for CCSD than MP2 for the cc-pVDZ-F12 basis, but are similar to MP2 for the

cc-pVQZ-F12 basis. This is consistent with the effect of the singles basis set incompleteness

on the doubles, through the coupling which is present in CCSD but not MP2.

V. CONCLUSION

For closed-shell calculations, the geminal basis functions are chosen as f(r12)|ij〉, where i

j are spin-orbitals, occupied in the HF reference. These are sufficient to exactly satisfy the

s and p wave MP2 coalescence conditions and thus accelerate the basis set convergence from

X−3 to X−7. As first noted by Bokhan et al., spin-flipped geminal functions are required

to achieve this for open-shell calculations. In this work, we have defined a hierarchy of

open-shell F12 methods with and without spin-flipped functions which we have used to

investigate the numerical importance of the spin-flipped functions for atomisation energies,

ionisation potentials and electron affinities at the MP2 and CCSD levels of theory. In

particular, we have solved the issue of redundancy or near linear dependency in the normal

and spin-flipped basis by using contracted geminals with contraction coefficients determined

from the coalescence conditions. Furthermore, we have used an analysis of the spin-orbital

MP2 coalescence conditions to establish the correct choice of fixed amplitudes when no

spin-flipped functions are used in the calculation. All of the methods we present are orbital

invariant, size extensive and size consistent when combined with UHF references and reduce

to either the sp or original orbital-invariant ansatz for the closed-shell case.

Our calculations on a set of 106 molecules of H, C, N, O and F convincingly demon-

strate that spin-flipped functions are important for atomisation energies, where a balanced

treatment of open- and closed shell-species is necessary. The basis set errors are approxi-

mately halved by including the spin-flipped functions for both MP2 and CCSD calculations.

Furthermore, we find that our contracted geminal approach is superior to optimising the

amplitudes for both the normal and spin-flipped geminals, since the number of variational

parameters is then proportional to the number of correlated electron pairs. For ionisation
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potentials and electron affinities, we find that including spin-flipped geminals improves the

consistency of the energies, but that the accuracy is limited due to difficulties in selecting

an appropriate exponent for the correlation factor and the need for diffuse functions for

electron affinities.

In conclusion, we find that spin-flipped geminals are very important for open-shell F12

calculations and recommend that they be used. For the fixed amplitude approach, the sp

ansatz should be used as proposed by Bokhan et al. in Ref. 35 and if the F12 amplitudes

are to be optimised, our contracted geminal approach should be used. If the MP2 method

is desired and computational cost is an issue, then our s̃p method is recommended. For

coupled-cluster calculations, the additional cost of incorporating them in either the sp or

optimised amplitude methods is only at the level of the F12 integrals and is thus minimal.
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VI. APPENDIX: UMP2 COALESCENCE CONDITIONS

The exact solution to the Born-Oppenheimer, non-relativistic Schrödinger equation may

always be expressed as a sum of products of spatial and spin eigenfunctions. Correspond-

ingly, Kato’s proof of the cusp condition at electron coalescence24 and the subsequent analysis

of Pack and Byers Brown,25 were concerned with spatial eigenfunctions only. For approxi-

mate wave functions that are not eigenfunctions of spin, such as UMP2, the analysis leading

to the coalescence conditions must be repeated in terms of spin-orbitals. Fortunately, this

is relatively straightforward, at least at the level of UMP2, and follows the analysis in Refs.

32 and 39 for RHF references rather closely.

Consider canonical or semi-canonical orbitals, which are exact eigenfunctions of the

zeroth-order operator. The equation for the first-order wave function separates into equa-

tions for each pair,

V̂1V̂2

(
f̂ 0

1 + f̂ 0
2 − εi − εj

)
|uij〉 + V̂1V̂2

1

r12

|ij〉 = 0. (22)
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Here |uij〉 = (1 − P̂12)uij/
√

2 and |ij〉 = (1 − P̂12)φiφj/
√

2, where φi and φj are occupied

spin-orbitals and P̂12 is the permutation operator. V̂1V̂2 is the strong orthogonality projector

(1− Ô1)(1− Ô2), where Ô projects onto the space of occupied spin-orbtals. For the ROHF

case, f̂ 0 = f̂ − f̂ 1, where f̂ 1 = Ôf̂ V̂ + V̂ f̂ Ô and the f 1 terms drop out since they do not

connect the space V1V̂2 with |uij〉. For the UHF case, f̂ 0 is the usual Fock operator (f̂ 1 = 0).

The presence of f̂ 1 for ROHF leads to an equation for single excitations in addition to

equation (22), but this does not effect the nature of the first-order wave function at electron

coalescence and we do not consider it further.

The analysis of Pack and Byers Brown proceeds by transforming to centre of mass,

s = (r1 + r2)/2, and relative coordinates, r12 = r2 − r1 and equating powers of r12 as far as

possible. To manipulate equation (22) into a form amenable to such an analysis, we follow

Ref. 39 and introduce a pair function wij that has no orthogonality constraints, such that

uij = V̂1V̂2wij . For UHF, [f̂ , V̂ ] = 0 and we may drop the strong orthogonality projector

from the equation. For ROHF [f̂ , V̂ ] = Ôf̂ V̂ − V̂ f̂ Ô. Finally, we remove spin by left

projecting onto the spin function αα, ββ or αβ. In place of equation (22), we now have

(
f̂1 + f̂2 − εi − εj

)
ωij +

1

r12

Θij = 0, (23)

where f̂ is replaced by f̂ − f̂ Ô for ROHF. Note that for same-spin pairs, P̂12Θij = −Θij and

P̂12ωij = −ωij, but for spin-opposite pairs, Θij and ωij are just the spatial components of

φiφj and wij , respectively. Expanding the Fock operator f̂ in powers of r12, we obtain

f̂1 + f̂2 = −∇2
r12

+ O(r0
12)Y00 + O(r1

12), (24)

where Ylm are the surface harmonics for the angular dependence of r12 in spherical coor-

dinates. This differs from the closed shell case in that the O(r1
12) terms, which are angle

dependent, do not cancel. To obtain this, we have used

1

ri1

=
1

ris

+
r12

r2
is

cos θi + O(r2
12), (25)

1

ri2
=

1

ris
− r12

r2
is

cos θi + O(r2
12), (26)

where ris is the distance between s and the centre ri and cos θi is the cosine between the

vectors ris and r12. For ROHF, the presence of f̂ Ô does not change equation (24). The spa-

tial components of the zeroth- and first-order pair functions are now expanded in radial and
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angular functions of r12, with a Taylor expansion for the radial functions, whose coefficients

depend on s.

Θij(r12, s) =
∞∑

l=0

rl
12

{
ν∑

k=0

l∑

m=−l

rk
12f

k
lm(s)Ylm + O(rν+1

12 )

}
, (27)

ωij(r12, s) =

∞∑

l=0

rl
12

{
ν∑

k=0

l∑

m=−l

rk
12g

k
lm(s)Ylm + O(rν+1

12 )

}
. (28)

Note that for same-spin pairs, only terms with odd l survive, but for αβ pairs, all l are

present. Following Pack and Byers Brown, equation (23) becomes

v∑

k=0

(
k(k + 2l + 1)gk

lm − fk−1
lm + O(r0

12)g
k−2
lm

)
rk−2
12 = 0. (29)

Equating terms in r−1
12 gives the familiar s- and p-wave coalescence conditions (l = 0 and 1,

respectively),

g1
lm =

1

2(l + 1)
f 0

lm. (30)

For the same-spin pairs, the p-wave conditions apply. This result is of course well known.

For spin-opposite pairs, both the s- and p-wave conditions apply so that

ωij = g0
00 +

1

2
r12f

0
00 + O(r2

12) + r12

1∑

m=−1

(g0
1m +

1

4
r12f

0
1m + O(r2

12))Ylm. (31)

Since the Y00 terms are symmetric with respect to the operator P̂12, we may identify

ϕiϕj(0, s) = (ϕiϕj(0, s) + ϕjϕi(0, s))/2 = f 0
00(s), (32)

where ϕi is the spatial component of φi. Similarly, since the Y1m terms are antisymmetric,

we may identify

(ϕiϕj − ϕjϕi)/2 = r12

1∑

m=−1

f 0
1mYlm + O(r2

12). (33)

For the same-spin (triplet) pairs, the p-wave coalescence conditions are satisfied if

|uij〉 =
1

4
V̂1V̂2r12|ij〉. (34)

For the αβ pairs, the s-wave cusp conditions are satisfied if

|uij〉 =
1

2
V̂1V̂2r12|ij〉. (35)
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Both the s- and p-wave coalescence conditions are met for the αβ pairs if

|uij〉 =
3

8
V̂1V̂2r12|ij〉 +

1

8
V̂1V̂2r12|j̄ ī〉. (36)

where the second term is a spin-flipped determinant, for example, with the alpha spin-orbital

φj̄ = ϕjα, where ϕj is the spatial component of the beta spin-orbital φj. From equation (32)

it is clear that any linear combination of ϕi(r1)ϕj(r2) and ϕj(r1)ϕi(r2) can be used to satisfy

the s-wave cusp and equations (35) and (36) are not unique solutions. However, the above

choice for equation (36) corresponds to the correct formula for the case of identical α and

β spatial orbitals, where spin and space symmetry are properly coupled. The choice in

equation (35) does not require any spin-flipped functions.
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TABLE I: Basis set limit HF and valence MP2 and CCSD correlation energies for the atoms C, N,

O and F in Eh.

Atom EHF MP2 correlation CCSD correlation

C carbon −37.6886122 −0.0818650 −0.0980777

N nitrogen −54.4009236 −0.1138167 −0.1258611

O oxygen −74.8093817 −0.1792901 −0.1910343

F fluorine −99.4093241 −0.2477734 −0.2534840
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TABLE II: Basis set error statistics for the HF+ and doubles correlation contributions to fc-MP2-

F12 atomisation energies (kJ/mol per valence electron). HF+ refers to EHF + fa
i tia + f

p′

i tip′ .

cc-pVDZ-F12 cc-pVTZ-F12 cc-pVQZ-F12

MP2-F12 ∆ σ ∆ σ ∆ σ

HF+ −0.13 0.05 −0.02 0.01 0.00 0.00

s̃p 0.16 0.23 0.08 0.06 0.03 0.02

sp −0.34 0.11 −0.07 0.03 −0.02 0.01

õ 0.09 0.12 0.07 0.04 0.03 0.02

o −0.14 0.08 −0.02 0.02 −0.01 0.01

o+ −0.18 0.09 −0.05 0.03 −0.01 0.01
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TABLE III: Basis set errors in the fc-MP2-F12 HF+ and doubles correlation contributions to

ionisation potentials and electron affinities (meV). HF+ refers to EHF + fa
i tia + f

p′

i tip′.

IP EA

Basis MP2-F12 C N O F C O F MAD

cc-pVDZ-F12 HF+ 5.9 6.4 3.5 4.2 1.7 1.4 1.1 3.5

s̃p 10.6 10.8 59.0 2.3 40.1 24.1 −22.5 24.2

sp 8.4 8.3 40.1 39.4 40.8 52.1 45.7 33.5

õ 11.1 12.5 32.3 12.9 39.8 43.0 26.9 25.5

o 8.1 9.2 28.8 24.5 38.5 52.8 46.4 29.8

cc-pVTZ-F12 HF+ 1.6 2.0 2.3 2.9 0.7 1.4 1.7 1.8

s̃p 4.1 3.8 15.1 −1.8 28.9 21.6 4.8 11.4

sp 3.0 2.7 10.6 7.7 28.8 29.9 21.1 14.8

õ 4.3 4.3 11.1 2.0 29.1 26.4 13.9 13.0

o 3.2 3.1 8.9 6.2 28.5 30.5 22.4 14.7

cc-pVQZ-F12 HF+ 0.2 0.2 0.5 0.4 0.0 0.0 −0.4 0.2

s̃p 1.1 1.3 4.8 −0.4 12.9 22.5 9.4 7.5

sp 0.7 1.0 3.3 2.2 12.9 24.7 14.1 8.4

õ 1.2 1.4 4.1 0.3 12.9 23.4 11.0 7.8

o 0.7 1.1 3.2 2.0 12.7 24.8 14.3 8.4
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TABLE IV: Basis set error statistics for the fc-CCSD(F12) correlation contribution to atomisation

energies (kJ/mol per valence electron).

cc-pVDZ-F12 cc-pVTZ-F12 cc-pVQZ-F12

CCSD(F12) ∆ σ ∆ σ ∆ σ

s̃p 0.37 0.59 0.12 0.14 0.07 0.07

sp −0.24 0.33 −0.06 0.07 0.02 0.04

õ 0.23 0.43 0.08 0.07 0.09 0.04

o 0.04 0.37 0.03 0.04 0.07 0.03
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TABLE V: Basis set errors in the CCSD(F12) HF+ and correlation contributions to ionisation

potentials and electron affinities (meV).

IP EA

Basis CCSD(F12) C N O F C O F MAD

cc-pVDZ-F12 HF+ 6.5 6.5 11.7 4.8 0.9 1.7 −8.2 5.7

s̃p 13.3 20.6 83.5 16.5 42.3 30.3 −22.1 32.6

sp 7.1 11.5 69.2 59.4 38.6 64.0 51.6 43.1

õ 16.3 24.2 51.5 22.8 48.6 44.0 20.3 32.5

o 12.9 17.4 49.6 34.5 44.7 54.2 37.6 35.8

cc-pVTZ-F12 HF+ 1.7 2.1 2.6 3.2 0.4 3.1 0.6 2.0

s̃p 3.4 4.5 23.0 4.3 28.7 23.1 4.4 13.1

sp 1.5 2.1 19.0 15.0 27.7 33.0 22.4 17.2

õ 3.6 4.7 12.4 6.5 30.0 25.7 13.4 13.8

o 2.9 3.4 10.6 9.4 29.4 28.7 19.8 14.9

cc-pVQZ-F12 HF+ 0.3 0.3 0.9 0.5 −0.2 0.9 −1.0 0.6

s̃p 0.8 1.5 8.8 1.9 12.8 22.0 8.1 8.0

sp 0.2 0.7 7.4 5.0 12.5 24.6 13.6 9.1

õ 0.6 1.3 3.1 0.5 13.0 20.4 8.6 6.8

o 0.4 0.9 2.6 1.6 12.8 21.3 10.7 7.2
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FIG. 1 The γ dependence of MP2-F12-o (dashed) and MP2-F12-sp (solid) basis set errors

(meV) in the doubles correlation energies for C+ (×), C (•) and C− (⋄), using the cc-pVTZ-

F12 orbital basis.

FIG. 2 The γ dependence of MP2-F12-o (dashed) and MP2-F12-sp (solid) basis set errors

(meV) in the doubles correlation energies for O+ (×), O (•) and O− (⋄), using the cc-pVTZ-

F12 orbital basis.

FIG. 3 The γ dependence of MP2-F12-o (dashed) and MP2-F12-sp (solid) basis set errors

(meV) in the doubles correlation energies for F+ (×), F (•) and F− (⋄), using the cc-pVTZ-

F12 orbital basis.
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