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Abstract

First introduced in the study of the Sturmian words by de Luca
in 1997, iterated palindromic closure was generalized to pseudopalin-
dromes by de Luca and De Luca in 2006. This operator allows one
to construct words with infinitely many pseudopalindromic prefixes,
called pseudostandard words. We provide here several combinatorial
properties of the fixed points under iterated pseudopalindromic closure.

Keywords: Sturmian word, palindromic closure, pseudopalindrome, pseu-
dostandard word, fixed point, involutory antimorphism.

1 Introduction

The Sturmian words form a well-known class of infinite words over a 2-letter
alphabet that occur in many different fields, for instance in astronomy, sym-
bolic dynamics, number theory, discrete geometry, crystallography, and of
course, in combinatorics on words (see [22|, chap. 2). These words have
many equivalent characterizations whose usefulness depends on the context.
In discrete geometry, they are exactly the words that code the discrete ap-
proximations of lines with irrational slopes, using horizontal and diagonal
moves. In symbolic dynamics, Sturmian words are obtained by the exchange
of 2 intervals. They are also known as the balanced aperiodic infinite words
over a 2-letter alphabet. A subclass of the Sturmian words is formed by the
standard Sturmian ones. For each Sturmian word, there exists a standard
one having the same language, i.e., the same set of factors. A standard Stur-
mian word is, in a sense, the representative of all Sturmian words having
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the same language. All the words in this subclass can be obtained by a
construction called iterated palindromic closure [11]. This operation gives
a bijection between standard Sturmian words and non-eventually constant
infinite words over a 2-letter alphabet.

Some other fixed points of functions are famous in combinatorics on
words. As an example, the self-generating word introduced in [21], called
the Kolakoski word, is the fixed point under the run-length encoding func-
tion; it has raised some challenging problems. For instance, we still do not
know what are its letter frequencies, if they exist. The question of recur-
rence of the Kolakoski word as well as the closure of its set of factors under
complementation or reversal are other open problems.

In this context, it is a natural problem to try to characterize the fixed
points under the iterated palindromic closure operator, and more generally,
under the iterated pseudopalindromic closure operator, introduced in [12].
In this paper, we study these words and show some of their properties.
It is organized as follows. We first give the definitions and notation used.
Then we recall the definition of the iterated palindromic closure operator and
introduce the iterated pseudopalindromic closure operator, which generalizes
the first one using a generalization of palindromes. In Section 3, we prove
the existence of fixed points under the iterated pseudopalindromic closure
operator and we show them explicitly: there are 3 families of fixed points.
In Section 4, we give some of their combinatorial properties, while in Section
5, we characterize the prefixes of these fixed points.

Since the words in the first family of fixed points are standard Sturmian,
we use known results about standard Sturmian words in order to prove that
they are not ultimately periodic, not fixed points under nontrivial morphisms
and we also show some repetition properties like the greatest integer power
avoided. Since the other two families of fixed points are not Sturmian words,
proving their combinatorial properties is more difficult. We use a powerful
theorem of de Luca and De Luca [12] that links a Sturmian word and an
episturmian word to the fixed points of the respective second and third fam-
ilies, using a morphism. Thus, we first prove properties of their associated
Sturmian and episturmian words and then we apply them to the fixed points.

Notice that this paper is an extended and enhanced version of a paper
presented in Salerno during the 7-th International Conference on Words [17].

2 Some iterated closures

We first recall notions about words (for more details, see for instance [22]).

An alphabet A is a finite set of symbols called letters. A word over A
is a sequence of letters from A. The empty word ¢ is the empty sequence.
Equipped with the concatenation operation, the set A* of finite words over
A is a free monoid with neutral element € and set of generators A, and we



set AT = A*\ e. We denote by A“ the set of (right)-infinite words over
A. For the sake of clarity, we denote in bold character a letter denoting an
infinite word, to distinguish from a finite word. The set A is defined as the
set of finite and infinite words: A% = A* U A“.

If, for some words u,s € A*, v,p € A*, u = pvs, then v is a factor of
u, p is a prefiz of v and s is a suffiz of u. If v # u (resp. p =€ and s # ¢,
and p # € and s = ¢), v is called a proper factor (resp. proper prefix and
proper suffix). The set of factors of the word w is denoted by F(u). Two
words v and v are prefir comparable if u is a prefix of v or v is a prefix of w.
For v = vw, with v € A* and w € A®, v~ u denotes the word w and uw ™"
denotes the word wv.

As usual, for a finite word u and a positive integer n, the n-th power of u,
denoted u", is the word ¢ if n = 0; otherwise u™ = v 'u. A word v which
is a power of a letter a is called a block of a’s in u if u = pvs where p does
not end with a and s does not begin with a. If u # €, u“ denotes the infinite
word obtained by infinitely repeating w. An infinite word u is periodic (resp.
ultimately periodic) if it can be written as u = w* (resp. u = vw"), with
v € A* and w € AT. Given a finite or infinite word u, we denote by uli]
the ith letter of u and by uli...j] the word w[iu[i 4+ 1]---u[j]. Given a
nonempty finite word u = u[l]u[2] - --u[n], the length |u| of u is the integer
n. One has |e| = 0. The last letter of the word w is denoted by last(u). The
number of occurrences of the letter a in the word w is denoted by |u|,. The
frequency of the letter a in a finite word w is |wl|,/|w|. For an infinite word
w, the frequency of a letter a is defined as lim,, .o |[W[1...n]|,/n if it exists.
If |u|, = 0, then u is called an a-free word. If for some integer k > 2 the word
u € A% does not contain any k-th power, then w is called a k-th power-free
word. The rational power of a word w is defined by u? = ul%p, with ¢ € Q
such that ¢|u| € N and p is the prefix of u of length |u|(q— |¢]). The critical
exponent of an infinite word w, denoted by E(w), is the supremum of the
rational powers of all its (finite) factors. There exist words such that the
critical exponent is never reached. For instance, the Fibonacci word f has
critical exponent E(f) = 2 4 ¢, where ¢ is the golden ratio, but none of the
factors of f realize E(f) (see [24]).

The reversal of the finite word u = u[1]u[2] - - - u[n], also called the mirror
image, is R(u)= u[n]uln — 1]---u[1] and if v = R(u), then wu is called a
palindrome. The right-palindromic closure (palindromic closure, for short) of
the finite word u denoted by u(t) is defined by u(t) = u-R(p), with u = ps
and s is the maximal palindromic suffix of . In other words, u(t) is the
shortest palindromic word having u as prefix.

2.1 Iterated palindromic closure

Sturmian words may be defined in many equivalent ways (see Chapter 2 in
[22] for more details). For instance, they are the non-ultimately periodic



infinite words over a 2-letter alphabet that have minimal complexity, that is
the number of distinct factors of length n is (n 4+ 1), for each positive integer
n. They are also the set of non-ultimately periodic binary balanced words.
Recall that a word w over A is balanced if for all factors f, f' having same
length, and for all letters a € A, one has ||f|, — |f'|a] < 1.

The Sturmian words are also infinite words that describe discrete ap-
proximations of irrational slopes (see [22|). More precisely, an infinite word
s = s[0]s[1]s[2]--- is Sturmian if and only if there exist a,p € R, with
0 < a <1 and « irrational, such that s is equal to one of the following two
infinite words sq.p, ', € {a,b}*, defined by:

o= @ L= 1) 5 0] = ant )
@PEL 1 b otherwise,

and

oo ln] = aif [a(n+1)+p|] = [an+ p],
P b otherwise.

Note that p is the intercept and « is the slope of the line approximated
by the word s.

A Sturmian word is called standard (or characteristic) if p = a. All
Sturmian words considered in this paper belong to this particular class of
Sturmian words. Let us see how the iterated palindromic closure operator is
hidden in the structure of the standard Sturmian words.

Given a finite word w, let us denote by Pal(w) the word obtained by
iterating the palindromic closure:

Pal(e) = ¢;
Pal(wa) = (Pal(w)a)™), for all words w and letters a.

Note that the Pal operator is also denoted by %) in the works of de
Luca (see for instance [11]). By the definition of the iterated palindromic
closure Pal, for any finite word w and letter a, Pal(w) is a prefix of Pal(wa).
One can then extend the iterated palindromic closure to any infinite word
w = (a[n])n>1 as follows:

Pal(w) = lim Pal(a[l]---aln]).
n—oo
We then say that the word w directs the word Pal(w). From the works of
[11], we know that Pal gives a bijection between the set of infinite words
over {a, b} not of the form wa® or ub®, for some u € {a,b}*, and the set of
standard Sturmian words over {a, b}. The word w is then called the directive
word of the standard Sturmian word Pal(w). Note that words of the form
Pal(ua®) are periodic (see Lemma 4.1 below recalled from [13]).



The Pal operator is also well-defined over a k-letter alphabet, with k& > 3.
In this case, it is known [13] that Pal(.A%) is exactly the set of standard
episturmian words, a generalization over a k-letter alphabet, k& > 3, of the
family of standard Sturmian words (for more details, see [15]). When w is
a word over A containing each letter infinitely often, then Pal(w) is called a
strict standard episturmian word. The set of strict (standard) episturmian
words corresponds to the set of (standard) Arnoux-Rauzy words [3].

Example 2.1. The Fibonacci infinite word
f = Pal((ab)*) = abaababaabaababaabab - - -
is a standard Sturmian word directed by the word (ab)¥. Indeed:

Pal(a) =
Pal(ab) (Pal(a)b)") = aba
Pal(aba) = (Pal(ab)a)") = abaaba
Pal(abab) (Pal(aba)b)'™) = abaababaaba

IS

Example 2.2. The infinite word abcabaac- - - directs the standard epistur-
mian word

w = Pal(abcabaac- - -) = abacabaabacababacabaabacabaa - - - .

As we will do in what follows, we have underlined in the previous exam-
ples the letters corresponding to the letters of the directive words, for the
sake of clarity.

2.2 Iterated pseudopalindromic closure

A few years ago, de Luca and De Luca [12] extended the notion of palindrome
to what they call pseudopalindrome, using involutory antimorphisms. In
order to define it, let us first recall that a map ¢ : A* — A* is called an
antimorphism of A* if for all u,v € A* one has ¥(uv) = ¥(v)¥(u). Moreover,
an antimorphism is involutory if 92 = id. A trivial involutory antimorphism
is the reversal function R. Any involutory antimorphism ¢ of A* can be
constructed as ¥ = 7o R = R o7, with 7 an involutory permutation of the
alphabet A. From now on, in order to describe an involutory antimorphism
¥, we will then only give the involutory permutation 7 of the alphabet A.
The two antimorphisms E and H defined respectively over {a, b} and {a, b, c}
by
E = Ror with 7(a) = b, 7(b) = a,
H=Ror with 7(a) =a, 7(b) = ¢, 7(c) = b

will play, in addition to R, an important role in our study. The antimorphism



FE will be called, as usual, the exchange antimorphism. We propose to name
the antimorphism H the hybrid antimorphism, hence the notation, since it
contains both an identity part and an exchange part.

We can now define the generalization of palindromes given in [12|: a
word w € A* is called a ¥-palindrome if it is the fixed point of an involutory
antimorphism ¢ of the free monoid A*: ¥(w) = w. When the antimorphism
1 is not mentioned, we call w a pseudopalindrome.

Remark 2.3. Notice here that, when f is an antimorphism which is not
involutory, it is possible that f has a finite fixed point (for instance the word
ach is a fixed point of the antimorphism f defined by f(a) = ¢b, f(b) = a
and f(c) = €). Nevertheless we observe that a non-erasing antimorphism
f has a non-empty finite fived point w if and only if f is involutory on the
alphabet of w. Indeed if f(w) = w for a non-empty word w and a non-erasing
antimorphism f, then it is directly verified that w[i] = f(w[n —i+ 1]) for all
1=1,...,n.

Analogous to the palindromic closure (V). the 9-palindromic closure of
the finite word u, also called the pseudopalindromic closure when the anti-
morphism is not specified, is defined by u® = sqi(s), where u = sq, with ¢
the longest ¥-palindromic suffix of u. The pseudopalindromic closure of u is
the shortest pseudopalindrome having u as prefix.

Example 2.4. Over the alphabet {a,b}, since the longest E-palindromic
suffix of w = aaba is ba, w® = aaba - E(aa) = aababb.

Example 2.5. Over the alphabet {a,b, c}, let us now consider ¥ such that
7(a) = a, 7(b) = b and 7(c) = ¢, and let w = aacbeb. Since the longest
J-palindromic suffix of w is beb, w® = aacbeb - ¥(aac) = aacbcbcaa. Notice
that in this example, ¥ = Ro7T = Roid = R, i.e. ¢ is ordinary palindromic
closure.

Extending the Pal operator to pseudopalindromes, the Paly operator is
naturally defined by Paly(e) = & and Paly(wa) = (Paly(w)a)®, for w € A*
and a € A. Then, for w € A¥, Paly(w) = lim,,_,o Paly(w[1] - - - w[n]). This
limit exists since by the definition of Paly, for any involutory antimorphism
Y, w € A" and a € A, Paly(w) is a prefix of Paly(wa). The infinite word
obtained by the Paly operator is a 9-standard word, also called a pseudostan-
dard word when the antimorphism is not specified. This new class of words
is a general one that includes the standard Sturmian and the standard epis-
turmian ones and was first introduced in [12].

Example 2.6. Over A = {a, b}:

Palg(aab) = (Palg(aa)b)® = ((Palg(a)a)®b)®
= ((ab-a)®b)® = (abab - b)® = ababbaabab.



Example 2.7. Over A = {a,b, c}, the H-standard word directed by (abc)®
is
Paly/((abe)®”) = abcacbabcaabeacbabeabeacbabeaabcacbabea - - -

In Section 3, we are interested in the fixed points under the Paly operator:
we are looking for the words u € A“ and the antimorphisms ¢ such that
Paly(u) = u. Notice that the study of the fixed points under the operator
Paly includes the ones under the operator Pal, since Pal = Palg. Indeed,
one easily sees that the R-palindromes are exactly the usual ones, as we saw
in Example 2.5.

3 Existence of fixed points

In this section, we prove the existence of fixed points under the iterated
pseudopalindromic closure and we show which forms they can have. We
naturally set Pal)(w) = w and Pal}(w) = Palqg(Pals_l(w)), for any w €
A“ . involutory antimorphism ¢ and n > 1. Let us see some examples of the
iteration of the Paly operator over infinite words.

Examples 3.1. Over a 2-letter alphabet A = {a,b}, there are only two
possible involutory antimorphisms: the reversal antimorphism R and the
exchange antimorphism F. Let us consider the iteration of the Paly operator
over the word w = abx - - -, with x € A.

1. Using the antimorphism R:

Palg(abxr---) = abax---
Pal%(abz---) = abaabazx---
Pal%(abz---) = abaabaababaabaabaababaabaabas - - - .

2. Using the antimorphism FE:

Palg(abz---) = abbaabz - --
PalQE(abx --+) = abbaabbaababbaabbaababbaabbaab
baababbaabbaababbaabbaabx - - - .

In both examples, we see that the position of the letter x of the directive
word w in Palf;(w) and Palf,(w) grows with the value of k. We also observe
that the common prefix of Pal%(w) and Palgﬂ(w) also seems to grow with
k, either for ¥ = R or for ¥ = E. Lemmas 3.2 and 3.3 show that only a
short prefix of w is required to determine the word obtained by infinitely
iterating the Paly operator and from these two lemmas we get Theorem 3.4
(to follow).



Lemma 3.2. Let 9 = Ro T be an involutory antimorphism and let (ug)r>1
be a sequence of finite words defined by

u1={ ab if 7(a)

a if 7(a)

a}
b,
and for k > 2, up = Paly(ug_1), with a,b € A and a # b, n > 1. Then
limy,_, o up exists.

Proof. Let us first show by induction that for all & > 1, uy, is a proper prefix
of ugy1. If 7(a) = a, then uy = a™b is a proper prefix of ug = Paly(a™b) =
(Paly(a™)b)® = (a"b)® # a™b. Otherwise, T7(a) = b and then, u; = a is a
proper prefix of uy = Paly(a) = ab.

Let us suppose uy_1 is a proper prefix of uy for 2 < k < n. Then by induction
and using the definition of u,, we get

Unt1 = Paly(uy,) = Paly(Paly(u,—1)) = Paly(un_1w) = uzw’,

with w,w’ € AT. Thus, u, is a proper prefix of u,,1. Hence the sequence
(uk)k>1 tends to a limit. O

The limit of the sequence defined in Lemma 3.2 will be denoted by sy,
if 7(a) = a and sy otherwise.

Lemma 3.3. Let (ux)r>1 be the same sequence as in Lemma 3.2 and let us
consider an infinite word w having u1 as a prefix. Then for all k > 1, uy is
a proper prefix of Palf;_l(w).

Proof. By the hypothesis, u; is a proper prefix of w = Palg(w). Let us
suppose that for 1 < k < n, wug is a proper prefix of Palgfl(w). Let us
consider Palyj(w):

Paljj(w) = Pallg(Palg_l(w)) = Paly(u,v) = Paly(up)v' = upi1v/,

for v,v' € A“. Then, u,4; is a proper prefix of Palj(w). This shows that
the sequence Pal{‘;(w) converges to sy or sy, depending on 7. O

Theorem 3.4. Over a k-letter alphabet, with k > 2, there are exactly 3
kinds of fixed points of Paly having at least 2 different letters, only depending
on the first letters of the word and the involutory antimorphism v = RoT
considered.

1. When 1(a) = a and 7(b) = b, with a,b € A and a # b, Paly has a
unique fized point beginning with a™b, for all n > 1, denoted SR pap,
which equals

SRnab = lim Pal’(a"b) = a"ba™(aba™)" T b(a™ b)) M a"a - - -

1— 00



2. When 1(a) = a and 7(b) = ¢ for pairwise different letters a,b,c € A,
Paly has a unique fized point beginning with a™b, for alln > 1, denoted
by S na.b,c; Which equals

SH.m.abc = ilirgo Pal%i(a”b) = a"bea"cba"bea" (abca cba™bea™ )" ¢ - - -

3. When 7(a) = b and 7(b) = a, with a,b € A, a # b, Paly has a unique
fized point beginning with a™b only if n = 1. It is denoted by sg qp and
equals

SE.ab = zli>rlolo Palﬁ.;(a) = abbaabbaababbaabbaababbaabbaabb - - - .

Proof. The proof is obtained by combining Lemmas 3.2 and 3.3. O

Theorem 3.4 characterizes all possible fixed points of Paly except the
trivial fixed point of the form a“, which is a fixed point of Paly using any
antimorphism ¢ = R o 7 with 7(a) = a. This trivial fixed point corresponds
to the words obtained in parts 1 and 2 of Theorem 3.4 with n = co.

Remark 3.5. In [12], it is mentioned that the number of involutory antimor-
phisms of a k-letter alphabet A equals the number of involutory permutations
over k elements, which is known to be

Lk/2] )
| - -
B 2i(n — 2i)lil"

=0

Even if there exist many involutory antimorphisms for arbitrary k-letter
alphabets, fixed points over the Paly operators contain at most three letters.
More precisely, the fixed points under a 3-letter alphabet {a,b, ¢} starting
with a can only be obtained by the antimorphism H (we recall that H = Ror,
with 7(a) = a and 7(b) = ¢). Indeed, 7(a) = b yields sg 45 and 7(a) = a and
7(b) = b yield sppqp. Moreover, for the antimorphism E, the fixed point

cannot start with a2, since a? is not a prefix of Palg(a?) = abab.

Examples 3.6. For the first few values of n and for the antimorphisms R
and H, we obtain the following fixed points:

SR,1,ab = abaabaababaabaabaababaabaabaababaabaababaabaabaabab - - -
SR2.ab = aabaaabaaabaaabaabaaabaaabaaabaaabaabaaabaaabaaaba - - -
SR3,ab = aabaaaabaaaabaaaabaaaabaaabaaaabaaaabaaaabaaaaba - - -
SH1,abec = abcacbabcaabcacbabecacbabeaabcacbabcabcacbabecaabeacbabe - - -
SH2,abec = aabcaacbaabcaaabeaacbaabeaaabcaacbaabcaacbaabeaaabea - - -



4 Combinatorial properties of the fixed points

In this section, we consider successively the fixed points Sg . ap, SEqp and
SH,n,a,b,c Of the Paly operator and we give some of their combinatorial prop-
erties. We will see that words sg 4 are Sturmian and sg 4 is related to
a Sturmian word, whereas the words s, 5. cannot be such, since they
contain the three letters a, b and c¢. This explains why we consider the
word sg 4 before words 834, 4.5 contrary to their order of introduction in
Theorem 3.4.

4.1 Study of the fixed point sz, .5

Here, we consider the first fixed point of the Paly operator, with ¥ = R.
Thus, in what follows, instead of writing Palp, we will write Pal, since it is
equal.

Before stating our first property, we need the following lemma.

Lemma 4.1 ([13], Theorem 3). An infinite word obtained by the Pal operator
is ultimately periodic if and only if its directive word has the form wa®, with
u € A* and a € A.

Proposition 4.2. For a fized positive n € N, S, o5 15 not ultimately peri-
odic, and consequently Sg . qp s a standard Sturmian word.

Proof. By definition of the word sg . 4.5, (Pal’(a"b));>o forms a sequence
of prefixes of sg, 4. The sequence of lengths of these prefixes is strictly
increasing by the definition of the Pal operator. Since ba™ is a suffix of
Pal’(a"b), both letters a and b occur infinitely often in SRn,ab- Hence s, qp
is not of the form ua® for a word u and a letter a. Since by its definition,
SR,n,a,p €quals its directive word, Lemma 4.1 implies that sg ; 44 is not ulti-
mately periodic. O

Proposition 4.2 is very useful, since it allows us to use properties of
standard Sturmian words in order to characterize the fixed points sg , 4.
Let us recall some of them.

Theorem 4.3 ([14], see also Section 2.2.2 in [22]). Let A(w) = a®1b%2aq%pd4 . ..
be the directive word of an infinite standard Sturmian word w, with d; >
1. Then the slope of w has the continued fraction expansion o = [0;1 +

di,d, d3, dy, .. ].
Recall that the slope of a Sturmian word s € {a,b}“ is
a= lim [s[l...n][s/n
n—oo

and refers to the geometric interpretation of a Sturmian word.

10



Theorem 4.4. (9] The standard Sturmian word of slope « is a fixed point of
some nontrivial morphism if and only if a has a continued fraction expansion
of one of the following kinds:

1. a=[0;1,a0,ar, .-, ag), with ay > ao,
2. a=[0;1+ag, a1, ag, with ax > ag > 1.

Recall that a morphism (endomorphism if A = B) f from A* to B*, A, B
alphabets, is a mapping from A* to B* such that for all words w,v over A,
f(uw) = f(u)f(v). Given an endomorphism f and a letter a, if lim,,_,~ f™(a)
exists, then this limit is denoted f“(a) and is a fixed point of f. (Morphisms
f™ are naturally defined by f is the identity and f* = f"~!o f)

In the past, some fixed points of nontrivial morphisms, that is mor-
phisms different from the identity, showed interesting properties such as
the Fibonacci word f and the Thue-Morse one T [26] (see also for instance
[2, 4, 8]). The first one is obtained by lim; ... ¢%(a), with ¢(a) = ab and
©(b) = a, while the second one is defined by lim; .. u‘(a), with u(a) = ab
and p(b) = ba. The computation of the Fibonacci word using morphisms
yields

o(a) = ab, p*(a) = aba, p*(a) = abaab, ¢*(a) = abaababa, ...,

f = abaababaabaababaaba - - -

as in Example 2.1, and the one of the Thue-Morse word yields
p(a) = ab, p?(a) = abba, p(a) = abbabaab, ...,

T = abbabaabbaababbabaababbaabbabaab - - - .

A wide literature is devoted to the study of these fixed points and the
known results about their generating morphism are often used in order to
find some of their properties. It is thus natural to wonder if the fixed points
of the Pal operator are also fixed points of some nontrivial morphisms. The
answer is:

Proposition 4.5. For a fized n, Sgyqp @5 not a fivzed point of a nontrivial
morphism.

Proof. From Theorem 4.4, a standard Sturmian word which is a fixed point
of a nontrivial morphism has a slope with an ultimately periodic continued
fraction expansion. If its period has even length, then it implies, using
Theorem 4.3, that its directive word is also ultimately periodic and hence
SR.n,ab itself, which is impossible by Proposition 4.2. If the period of the
continued fraction expansion has odd length, then the same argument holds,
using twice the period. O
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Let oy, 4 denote the slope associated to Sg . q.p-

Lemma 4.6. The continued fraction expansion of au, qp has bounded partial
quotients.

Proof. One can easily see that, for the continued fraction expansion [0;1 +
di,da,...] of oy qp, €each d; belongs to {1,n,n + 1}. Indeed, the 0 appears
only once, as the first value of the expansion. Since sg, qp is standard
Sturmian, there is one letter having only blocks of length 1 and the other
letter has blocks of two consecutive lengths, n and n + 1, with n the length
of the first block prefix of sg j, 4 5. Thus, using Theorem 4.3, we get di = n,
dor = 1 and dogy1 € {n,n + 1} for k > 1. Since n is fixed, the conclusion
follows. O

Lemma 4.6 in itself is not that interesting, but we will see that it will be
useful to state repetition properties of the fixed point sg , 41 in Proposition
4.8. Notice that the first part of Lemma 4.7 is due to [23| and the second is
due to [10].

Lemma 4.7 ([27], Theorem 17). Let a > 0 be an irrational number with
do = [do;d1,da,...], its continued fraction expansion. Then the standard
Sturmian word of slope o denoted by wy, is k-th power-free for some integer k
if, and only if, d, has bounded partial quotients. Moreover, if d, has bounded
partial quotients, then w, is k-th power-free but not (k—1)-th power-free for
k=3+ max;>o dl
Combining Lemmas 4.6 and 4.7, we directly get:

Proposition 4.8. sp .5 s (n + 4)-th power-free, but contains (n + 3)-th
powers.

By direct computation, we easily obtain arbitrarily large prefixes of the
word SR pqp for a fixed n. The continued fraction expansion of ag, qp is
then obtained. For the first values of n, we get:

alqy = [0;2,1,2,1,2,1,1,1,2,1,2,1,2,1,1,1,2,1,2,1,2,1,1,1,2,1,2,1,1, .. ]
= 0.366095116093540422949960571470577467087211123077286 . . .
asey = [0;3,1,3,1,3,1,3,1,2,1,3,1,3,1,3,1,3,1,2,1,3,1,3,1,3,1,3,1,2,.. ]
= 0.263762936248362388488733270234476572992585105341587 . . .
azqp = [0;4,1,4,1,4,1,4,1,4,1,3,1,4,1,4,1,4,1,4,1,4,1,3,1,4,1,4,1,4,.. ]
= 0.207106782338295017398506080110904477388983761913715 . . .
as0p = [0;5,1,5,1,5,1,5,1,5,1,5,1,4,1,5,1,5,1,5,1,5,1,5,1,5,1,4,1,5, .. ]

= 0.170820393253126826628272040633095783457508409253431 . ..
0;6,1,6,1,6,1,6,1,6,1,6,1,6,1,5,1,6,1,6,1,6,1,6,1,6,1,6,1,6,.. ]
0.145497224367909729164797535715036805731190553212987 . ..

Q5 .a,b

A problem that naturally arises is whether «,, 3 is transcendental. The
answer is positive as shown in Proposition 4.10 whose proof uses the following
result of Adamczewski and Bugeaud [1].
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Theorem 4.9. [1] Let a = (ag)¢>1 be a sequence of positive integers. If
the word a begins with arbitrarily long palindromes, then the real number
a=[0;a1,a2,...,ay4,...] is either quadratic irrational or transcendental.

Proposition 4.10. For any n > 1, oy s transcendental.

Proof. By Proposition 4.2, sSg ,, 45 is not ultimately periodic. Consequently,
there are infinitely many occurrences of a’s and b’s in Sg 4. Let

P={ieN\O|sSrnasli+1] =a} and P' = {Pal(sgpas[l...i]) | i € P}.

Both sets are infinite. Moreover, by its construction, any palindrome in the
set P’ is followed by an a at its first occurrence in sg, 4. By Theorem 4.3
and since Sg , .5 equals its directive word, if a’1b’ - .. b2¢" is a palindromic
prefix of sg j, 4., then the continued fraction expansion of its slope begins by
[0; 14i1, 42, . .., d2,11+E, . . ], for some integer . Moreover by Proposition 4.2,
SR.n,a,b is standard Sturmian which implies that £ = 0 or £ = 1 depending on
the next letter occurring in sg , 45. By the construction of the palindromes
in P/, we know that they all are palindromes such that £ = 1. That implies
that for any n, the continued fraction expansion of the slope of sg ,, 4, begins
by infinitely many palindromes. We conclude using Theorem 4.9: since the
continued fraction expansion of the slope is not ultimately periodic, it cannot
be quadratic (see [20]); hence, it is transcendental. O

Notice that the previous proof works since sg, .5 equals its directive
word. Otherwise, the result it not necessarily true.

Notice also that the standard Sturmian words whose slopes have con-
tinued fraction expansions beginning with arbitrary long palindromes are
harmonic (see |7]). So the fixed points sg . 45 form a special class of har-
monic standard Sturmian words.

4.2 Study of the fixed point sg,;

We have seen in the previous subsection that since the sy, .5 are standard
Sturmian words, some properties follow directly. Here, we study the fixed
point

SE,a,p = abbaabbaababbaabbaababbaabbaab - - - .

Recall that Sturmian words are known to be balanced. It is sufficient to
consider the factors bb and aa to be convinced that sg . is not balanced,
and consequently, that it is not a Sturmian word.

We now recall a powerful result of de Luca and De Luca. For ¢ =
7o R an involutory antimorphism over an alphabet A, with 7 an involutory
permutation of A, py is the morphism defined for all a in A, by py(a) = a
if a = 7(a) and by py(a) = ar(a) otherwise.
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Theorem 4.11 (|12], Theorem 7.1). For any w € A and for any involutory
antimorphism 9, one has

Paly(w) = py(Pal(w)).

Since we cannot use the known results about Sturmian words in order
to prove combinatorial properties of the fixed point sg , 5, the idea here is
to first consider the word Pal(sg 45) that will further appear to be standard
Sturmian, and then to extend the properties to pg(Pal(sg,qp)) which is the
fixed point sg 4p, by Theorem 4.11.

In what follows, wg will denote Pal(sg q ), that is

wg = ababaababaabababaababaabababaababaababa - - - .

Notice that here, pg is the Thue-Morse morphism, that is pug(a) = ab
and pp(b) = ba. Note also that sg,p = pp(wg), and so sgqp € {ab, ba}“.

Proposition 4.12. wg is not ultimately periodic, and consequently wg is
a Sturmian word.

Proof. By Lemma 4.1, wg is ultimately periodic if and only if sg 4 = ua®,
for v € A* and a € A. By its construction, sg 4 has infinitely many FE-
palindromes prefixes having the form Pal%,(ab) = abu;ab, with u; € {a,b}*,
for ¢ arbitrarily large. Analogous to the proof of Proposition 4.2, we conclude
that sg 4 7# ua” and hence, wg is not ultimately periodic: it is a standard
Sturmian word. O

Lemma 4.13. Let ¥ be an involutory antimorphism over an alphabet A.
An infinite word w over A is ultimately periodic if and only if pg(w) is
ultimately periodic.

Proof. The “only if” part is immediate. Assume puyg(w) = wv® for words
u € A* and v € AT. When v begins with a letter a such that uy(a) = a,
then a occurs in no word py(b) with b # a, implying that v = pg(u'),
v = py(v') for some words v/, v'. Then py(w) = py(u'v™). Tt is quite
immediate that the morphism py is injective on infinite words (and also on
finite ones). Hence w = u/v™ is ultimately periodic. Assume now that v
begins with a letter a such that a # 7(a). Let b = 7(a) with b # a. We have
wy(a) = ab, py(b) = ba and neither a nor b occurs in py(c) for ¢ € A\ {a, b}.
Possibly replacing v by v?, we can assume that |v|, + |v], is even. Depending
on the parity of |u|q,+|ulp, two cases are possible: u = py(u’) and v = py(v'),

or, ua = py(u') and a tva = py(v'). Once again py(w) = py(u'v'*) and so

w = u/v'¥ is ultimately periodic. O

Since sg 45 = E(Wg), Proposition 4.14 is a direct corollary of Proposi-
tion 4.12 and Lemma 4.13.
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Proposition 4.14. sg . is not ultimately periodic.
Another way to prove Proposition 4.14 uses the following proposition.

Proposition 4.15. Let ¥ be an involutory antimorphism over an alphabet
A. An infinite word obtained by the Paly operator is ultimately periodic if
and only if its directive word has the form ua®, with u € A* and o € A.

Proof. Assume t = Paly(w) is ultimately periodic. By Theorem 4.11, t =
py(Pal(w)). Thus Proposition 4.15 appears as a direct corollary of Lemmas
4.1 and 4.13. 0

Proposition 4.15 is interesting by itself, since it generalizes a well-known
useful result of Droubay, Justin and Pirillo to pseudostandard words (see
Theorem 3 in [13]).

We now consider the following corollary of Proposition 4.14.

Corollary 4.16. wg is not a fized point of some nontrivial morphism.

Proof. By Theorem 4.3, the continued fraction expansion of the slope of wg
is ultimately periodic if and only if its directive word, which is sg 5 by
definition, is ultimately periodic. Hence by Proposition 4.14, the continued
fraction expansion of the slope of wg is not ultimately periodic which implies
by Theorem 4.4 that wg is not a fixed point of a nontrivial morphism. [

In what follows, we denote by @ the complementary letter of the letter o
over the 2-letter alphabet {a,b}, that is @ = b and b = a.

Proposition 4.17. sg . is not a fived point of some nontrivial morphism.

Proof. Let us suppose by contradiction that there exists a nontrivial mor-
phism ¢ such that sg 4, = ¢(Sg,ep). Four cases can hold:

Case 1, |¢(a)| and |¢(b)| are odd. Since ¢(a) is a prefix of sg 45 which
belongs to {ab,ba}¥, ¢(a) = pg(u)a for a word u and a letter o €
{a,b}. Since ¢(a)p(b) is a prefix of sg 4p, there exists a word v such
that ¢(b) = a@ug(v). Since ¢(abba) = pg(uav)aup(vu)a is a prefix of
SE,a,b, there exists a word w such that pp(w) = app(vu)a. Necessarily
w € @* and there exist integers k and £ such that ¢(a) = (a@)*a and
$(b) = a(a@)t. Since abb is a prefix of SE,a,b, We have k =/ = 0, and
thus ¢(a) = a, ¢(b) = b which contradicts the fact that ¢ is not the
identity.

Case 2, |¢(a)| is odd and |¢(b)| is even. Since ¢(ab) is a prefix of sg 4,
we deduce that ¢(a) = pp(u)a and ¢(b) = aug(v)s for words u,v
and letters o, 3. Since ¢(abba) = pp(uav)fapg(v)Bup(u)a is a pre-
fix of Sgap, b = a and fpp(u)a = app(u)a € {ab,ba}* which is
not possible since any word in {ab,ba}* contains the same number of
occurrences of a’s as b’s.
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Case 3, |¢(a)| is even and |¢(b)| is odd. Acting as previously, we deduce that
o(a) = pp(u), ¢(b) = pr(v)a for words u,v and a letter o. Moreover
app(v)a must belong to {ab, ba}* which once again is impossible.

Case 4, |¢(a)| and |p(b)| are even. In this case, ¢ = pug on for a mor-
phism 7 that maps the letters a and b to words of even length. From
PE(WE.ap) = SEap = HE ©N(SEep) = pE(n o pp(wr)) and from in-
jectivity of pp over the set of infinite words, we deduce that wg . is
the fixed point of 1 o g, contradicting Corollary 4.16.

O

Lemma 4.18. The length of the blocks of sg.qp are 1 and 2 for both letters.

Proof. By Theorem 4.11, sgqp = pp(wg). Thus, sg.p € {ab,ba}* and
aa, bb, bab, aba are all factors of sg 4, which implies that the maximal length
of a block is 2. O

Proposition 4.19. wg contains 4-th powers, but is 5-th power-free.

Proof. By Theorem 4.3, the partial quotients of the continued fraction ex-
pansion of the slope of wg correspond to the blocks’ lengths of sg 44, and
so by Lemma 4.18 they have value 1 or 2. The statement is then a direct
corollary of Lemma 4.7. 0

It is known by [25] that, for all rational ¢ > 2, a word w in a two-
letter alphabet avoids repetition u? if and only if pg(w) also avoids them.
Proposition 4.19 then has the following corollary:

Corollary 4.20. sg . contains 4-th powers, but is 5-th power-free.

Since sg 45 is not a Sturmian word, it does not have a known geometrical
interpretation. Thus, the notion of slope does not apply here. However, since
SEab € {ab,ba}”, we observe that the frequencies of the letters in sg 4 are
both 1/2.

4.3 Study of the fixed point s, 4.

Let us now study the properties of the last kind of fixed points. Since the
words Sy 5,4, do not have a separating letter (a letter a that precedes or
follows each other letter b # a), they are not episturmian. As in the previous
subsection, let ws , denote the episturmian word associated by Theorem
4.11 to the fixed point s34, 4., that is:

Wi = Pal(spnape) = a"ba"ca"ba" aba"caba™ - - -

As in the proofs of Propositions 4.2 and 4.12, one can see that the three
letters a, b, ¢ occur infinitely often in s37,, 4. Thus by Proposition 4.15 and
by their construction, the ws,, satisfy:
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Proposition 4.21. The words wyy, are not ultimately periodic, and conse-
quently they are strict standard episturmian words.

Since by definition, sy 4.bc = 1 (W), Lemma 4.13 implies:
Proposition 4.22. The words Sy 4, are not ultimately periodic.
Let us recall a useful result from Justin and Pirillo.

Proposition 4.23. [19] A strict standard episturmian word is a fized point
of a nontrivial morphism if and only if its directive word is periodic.

From Propositions 4.22 and 4.23, we get:

Proposition 4.24. For a fized n, the word wy,, is not a fived point of a
nontrivial morphism.

To go further, we need to recall basic relations between so-called epis-
tandard morphisms and palindromic closure. For any letter a, we denote by
L, the morphism defined by L,(a) = a and L,(b) = ab when b is a letter
different from a. We extend this notation to arbitrary word:

L. is the identity morphism,
Lyqo = Ly o L, for any word u and letter a.

Morphisms L, are known to be the pure standard episturmian morphisms,
or pure epistandard morphisms for short (see [19]).

The Pal operator is strongly related to epistandard morphisms by the
following formula [19]:

Pal(uv) = L, (Pal(v))Pal(u), for all words u,v and letter a. (1)
Also when at least two letters occur infinitely often in w,

Pal(w) = lim Ly, a4, (Gnt1)- (2)
n—oo
Now we come to repetitions in Wy ,,. In [19], Justin and Pirillo provided
important tools about fractional powers in episturmian words. In particular
they proved the following result which is a slightly different version of the
original one. The equivalence between the two formulations is discussed in
the Appendix.

Theorem 4.25 ([19], Theorem 5.2). Let A be an alphabet containing at
least two different letters. Let s be a strict standard episturmian word over
A directed by A. Assume that A = v¥ (in particular A is periodic and s is
the fized point of a morphism) with v € A% and let:

o {=max{i| ' is a factor of A with o € A},
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o L be the set of all 3-uples (x,a,y) such that zaya® is a prefix of A,
a €A, Jv| <|zay| < [v¥], y # ¢, a & alph(y).

The critical exponent of s is

{+2+ sup {llim |Pal(va:a)]}.
(z,a,y)eL (P77 ‘Lvizay(a”

With the notation of the previous result, one can observe that L, (a) =
Liyiyay (ba), where y = 3'b begins with Pal(v'wa), b # a € A. Indeed ba
contains two different letters and Lemma 4.21 in [16] states that for any
word u containing at least two different letters and for any other word w,
there exists a word wu, containing at least two different letters such that
Ly (u) = Pal(w)u,. Hence in the situation of the previous theorem, the
critical exponent lies between ¢ + 2 and ¢ + 3. In particular s is (¢ + 3)-rd
power-free but contains an (¢ + 2)-nd power. This can be extended to a
larger class of episturmian words, as follows.

Proposition 4.26. Let s be a strict standard episturmian word directed by
a word A and let ¢ denote the greatest integer i such that o is a factor of
A with o a letter. Assume A contains at least one factor auatva with a a
letter and u,v non-empty words that do not contain the letter a. Then s is
(¢ + 3)-rd power-free but contains an (¢ + 2)-nd power.

Proof. Let (v;)i>1 be the sequence of prefixes of s having a first letter different
from the last letter (it is infinite since s is a strict standard episturmian word).
For 7 > 1, let s; denote the standard episturmian word directed by v;’. It
is straightforward that s = lim; . s; (since s and s; share as prefix Pal(v;)
whose length grows with ). By choice of v;, we know that

max{j | o € F(v¥),a € A} < L.

Hence by Theorem 4.25 each s; is (¢ + 3)-rd power-free (see the discussion
before the proposition). Consequently s is also (¢ 4 3)-rd power-free.

Now by the hypotheses, A = waua‘vaA’ with a € A and u,v € A"
such that |ul, = |v| = 0. Let s’ be the standard episturmian word di-
rected by vaA’. The letter a occurs in s’ and considering b the first letter
of v, we see that b # a and ab is a factor of the infinite word s’. Since
Pal(w) = limy oo Lay..a, (an+1) (by Eq. (2)), s contains as a factor the
word Lguat(aD) = Luyau(a’™'h) and so s contains Liq(Ly(a) T Pal(u)b).
By [19], since a does not occur in u, L, (a) = Pal(u)a. Consequently

Lua(Ly(a) T Pal(u)b) = Lye((Pal(u)a) ™ Pal(u)b)
= Ly(La(Pal(u)a) ™ Ly(Pal(u))ab)
= Ly(Lau(a)™?).

Hence s contains the (£ + 2)-nd powers (Lyqqu(a)) 2. O
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The previous proposition can be viewed as a generalization of Lemma 4.7.
As a direct consequence, we have:

Corollary 4.27. The words Wy, are (n+4)-th power-free but contain (n+
3)-rd powers.

We now deduce from what precedes properties of the words s3 . 4.p.c-

Proposition 4.28. Let S3/4,.4.,c be a fized point of the Paly operator, for a
fized n. Then Sy qp.c Satisfies the following properties:

1. It is not an episturmian word, but is a pseudostandard word.
2. It is not a fixed point of some nontrivial morphism.

3. It is (n + 4)-th power-free but contains (n + 3)-rd powers.

4. The frequencies of the letters b and ¢ are equal.

Proof. 1. By its construction, $3;,. 4. is a pseudostandard word, but is
not episturmian as already said at the beginning of the subsection.

2. Let ¢ be a morphism such sy, 4bc = O(SHnabe). We are going to
prove that ¢ is the identity. Notice that since sy papc = (Wi n),
the word 83/, 4.pc can be uniquely factorized over {a, be, cb}.

We now prove that words ¢(a), ¢(bc) and ¢(cb) all belong to {a, bc, cb}*.
First assume that ¢(a) = . Then by Proposition 4.22, S/, 4., is not
ultimately periodic which implies ¢(b) # ¢ and ¢(c) # . Then ¢(b)
begins with a. Moreover since ¢(bca™b) and ¢(bca™cba™b) are factors of
SH.n.abes We deduce that ¢(bc) and ¢(cb) both belong to {a,be, cb}t.
Assume now that ¢(a) # €. Then ¢(a) begins with a. Since ¢(a)¢p(a),
d(a)p(be)p(a) and ¢(a)p(chb)d(a) are factors of sy, 40, We deduce
that all words ¢(a), ¢(bc) and ¢(cb) belong to {a, be, cb}T.

We denote by ug, Upe, tep the words such that ¢(a) = pup(ug), ¢(be) =
i (upe), ¢(cb) = pr(uep). We denote by n the morphism from {a, be, cb}*
to {a,b,c}* defined by n(a) = ug, n(bc)= upe, n(cb) = ue. We have
HH(WHn) = SHnabe = HH © N(SHn,abe) = 1 © 10 1 (Win). The
injectivity of p over the set of infinite words implies that wy, =
no pur(Wnn). By Proposition 4.24 this implies that 1o p5 is the iden-
tity morphism over {a,b, c}*. Thus n(a) = a, n(bc) = b, n(cb) = ¢ and
so ¢(a) = a, ¢(bc) = be, p(cb) = cb which implies that ¢ is the identity
morphism.

3. By Theorem 4.11, S3(pp.a.p = p (W3 ). Here pyy is defined by py(a) =
a, pur(b) = be, pp(c) = cb. We let the reader verify that, for any
integer k£ > 2, a word w (finite or infinite) contains a k-th power if
and only if gy (w) contains a k-th power. Then this item follows from
Corollary 4.27.
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4. This is once again a direct consequence of Sy, q.pc = (W n), since
i is a morphism such that for every letter o, |un(a)|y = |pr ()l
O

5 About prefixes of fixed points

Theorem 3.4 shows that the fixed points sg .45 and Si p.abc (TeSP. SE.ap)
of the Paly operator are the limit of the sequence of finite words u; = a™b
(resp. uy = a), up, = Paly(ug—1) for k > 2. In particular, we can observe the
following property:

For any prefiz p of a fixed point of the Paly operator, p is also a
prefiz of Paly(p).

Before proving the converse (which leads to a characterization of prefixes
of fixed points of the Paly operator), let us observe a property that follows
directly from the definition of the Paly operator.

Fact 5.1. For a finite word w and an involutory antimorphism ¥ = Ro T,
the following assertions are equivalent:

1. Paly(w) = w;
2. [Paly(w)| = [wl;
3. w = al"! for a letter a such that 7(a) = a.

Proof. The only difficulty concerns 2 = 3 and this can be proved by in-
duction on |w| using the immediate property “|u| < |Paly(u)| for any word

’U,”. D

Fact 5.2. Let w be a finite word starting with a letter a and 9 = Ro T be
an involutory antimorphism such that T(a) = b, with b # a. Then |w| <

[Paly(w)].

Proof. For w = a, Paly(w) = ab and then, |w| < |Paly(w)|. Since Paly(wa) =
(Paly(w)a)® and |wa| = |Paly(wa)| if and only if |w| = |Paly(w)|, we con-
clude. O

Proposition 5.3. Let A be an alphabet of cardinality at least 2, and let
¥ = RoT be an involutory antimorphism over A. A finite word w over A is
a prefiz of Paly(w) if and only if w is a prefix of a fized point of Paly not of
the form a*, with a € A.

Proof. As mentioned at the beginning of the section, we just have to prove
the “only if” part. We act by induction on |w|. The case |w| = 0 is trivial.
If w=a" for an > 1 and a letter a, since w is a prefix of Paly(w), 7(a) = a
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orn =1and 7(a) =0, for a #b. If 7(a) = a, w is a prefix of sg 44 or
SH,n,ab,c for distinct letters a, b, ¢, otherwise w is a prefix of sg 4.

Assume now that w = a”b with a # b and n > 1. If 7(a) = a and
7(b) = b, then w is a prefix of sg 4. If 7(a) = a and 7(b) # b, then w is a
prefix of sy, o5 r)- If T(a) # a, then since w is a prefix of Paly(w), n =1
and w is a prefix of sg 4.

The remaining case is w = w'z, with x a letter and w’ containing at
least two different letters. Since w'x is a prefix of Paly(w'z), then w' is
a prefix of Paly(w'z). By the definition of the Paly operator, Paly(w’) is
also a prefix of Paly(w'z). From |w'| < |[Paly(w’)|, we deduce that w' is a
prefix of Paly(w’) and so by induction w’ is a prefix of a nontrivial fixed
point s of Paly. Facts 5.1 and 5.2 imply |w’| < |Palyg(w’)| and consequently,
|w'z] < |Paly(w’)|. Using this last inequality and the fact that w'z is a
prefix of Paly(w'z) = (Palg(w’)x)(*) and that Paly(w’) is a prefix of s, we
conclude: w'z is a prefix of s. O

We now continue exploring links between fixed points under the iterated
palindromic closure Pal and their prefixes. Thus, we consider here only the
first kind of fixed points, denoted sg, 4. We will use pure epistandard
morphisms (defined before Theorem 4.25) and their relations (1) and (2)
with Pal.

The next proposition provides a second characterization of prefixes of
fixed points of Pal using morphisms.

Proposition 5.4. For any finite word w over an alphabet of cardinality at
least two, the following assertions are equivalent:

1. w is a prefiv of a word SRy . p for different letters a,b and an integer
n>1;

2. there exists a letter a such that w is a prefix of Ly (a);

3. w is the power of a letter or w is a prefic of Ly () with « a letter
occurring in w such that o # last(w).

Remark 5.5. In the second assertion of Proposition 5.4, one cannot replace
“there exists” by “for all” as shown for instance by the word abaa which is a
prefix of sp 1,45 but not a prefix of Lapeq(a) = aba.

In order to prove Proposition 5.4, we need the next lemma.

Lemma 5.6 (|18], Lemma 2.4 1). Let w € A*,y € A. If w is not y-free,
then we write w = v1yve with vo y-free and the following holds:

Lu(y) = Pal(w)y if w is y-free;
wi¥) = Pal(w)Pal(v)~! otherwise.
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Proposition 5.7. Let p € A* and a € A. Then the following are equivalent:
1. Ly(a) = Pal(p);
2. |pla =1 and p[1] = a.
Proof. 1= 2.
i) If p[1] # a, then Ly(a)[1] = p[l] # a and last(Ly(a)) = a: contradic-
tion, since Ly(a) is palindromic.

ii) If p[l] = a and |p|, > 2, then p can be written as p = apiapa, with
Ip2|la = 0. By Lemma 5.6, we have: L,(a) = Pal(p)Pal(ap;)~!. Since
Pal(ap) is not empty, we get a contradiction: L,(a) # Pal(p).

Thus, the only possibility is p[1] = a and |p|, = 1.

2=1. If |p|, = 1 and p[1] = a, then p = ap/, with |p’|, = 0. By Lemma
5.6, Ly(a) = Pal(p)Pal(¢)~! = Pal(p). O

Proposition 5.8. Let p € A* and a € A. If L,(a) is palindromic, then
1. either L,(a) = Pal(p);
2. or Ly(a) = a.

Proof. We have seen in the proof of Proposition 5.7 (see i)), that Ly(a)
palindromic implies p[1] = a. If |p|, = 1 and p[l] = a, then by Proposition
5.7, Ly(a) = Pal(p). Assume |p|, > 2 and p[1] = a. Then there exist words

p1 and py such that p = aprapa, |p2|e = 0. By Lemma 5.6 and Eq. (1) (for
the second equality), we have:

Ly(a) = Pal(p)Pal(ap1) ™" = Lap, (Pal(ap2))Pal(ap;)Pal(ap;) "
Lap, (Pal(apy)). (3)
a. If po # e. Then Pal(aps) = axiazs...azxga, k > 1, with z; € A\ {a}
for 1 <i < k, and consequently,

Lyp(a) = Lap, () Lap, (21) - - Lap, (2k) Lap, (@)-

Since L,(a) is a palindrome, Lgp, (21)[1] = last(Lqp, (z%)). Moreover,
Lap, (21)[1] = a and xy, # a implies last(Lqp, (z5)) # a: contradiction.

b. If po = € and p is not a power of a, then let us rewrite p = p11api2a”,
for some n > 0 and words p1; and pjg such that |p1a|, = 0 and p12 # €.
We have Ly(a) = Ly, aproan (@) = Lp, ap1» (@) which is not a palindrome
(by case a.)

c. If pp = ¢ and p = a” for some n, we easily see that L,(a) = a and
Pal(p) = a".
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O

Proof of Proposition 5.4. 1 = 3. By Proposition 5.3, if w is a prefix of a
word SR p qp for different letters a,b and an integer n > 1, then w is a prefix
of Pal(w). Assume w is not a power of a letter and let « be a letter occurring
in w such that « # last(w). Then one can verify by induction on the length
of w that |w| < |Ly(av)|. Since by Lemma 5.6, L, () is a prefix of Pal(w),
we deduce that w is a prefix of L, ().

3 = 2 is immediate except if w is a power of a letter. But in this case,
a being the letter such that w = /! and a being any other letter, w is a
prefix of L, ().

2 = 1. If @ occurs in w, then by Lemma 5.6, L, («) is a prefix of Pal(w)
and so by hypothesis, w is a prefix of Pal(w). When « does not occur in
w, Lemma 5.6 implies L, (o)) = Pal(w)o and consequently w is a prefix of
Pal(w). In both cases, it follows from Proposition 5.3 that w is a prefix of a
word Sg p p for different letters a,b and an integer n > 1. O

Here is a third characterization of the prefixes of fixed points of Pal.

Proposition 5.9. Let w be a word which is prefiz comparable to a™b where
a, b are two different letters and n > 1 is an integer. The following assertions
are equivalent:

1. w is a prefiv of SRy ab;
2. w is a prefix of Ly (w);
3. w is a prefix of Ly, (a™b);

4. there exist letters ¢ and d and an integer m > 1 such that w is a prefix
of Ly (c™d).

The proof needs the next lemma.

Lemma 5.10. Let a,b € A be two different letters and let n be a positive
integer. For all words u, there exist letters ¢ and d and an integer m > 1

such that Pal(u)c™d is a prefix of L,(a™b).

Proof. We proceed by induction on the length of u. When u = ¢, the result
holds with ¢ = a, d = b and m = n. Assume Pal(u)c™d is a prefix of L, (a"b).
Let a be a letter. The word L, (Pal(u)c™d) is a prefix of Lay,(a™b). When a =
¢, Lo(Pal(u)e™d) = L.(Pal(u))cc™d and so by Eq. (1), Ly (Pal(u)c™d) =
Pal(au)c™d. When a # ¢, Lo(Pal(u)c™d) begins with L, (Pal(u))aca =
Pal(au)ca. Thus the property holds for au. O
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Proof of Proposition 5.9.

1 = 2. When w is a prefix of s, 45, since sg . qp is a fixed point of Pal,
Pal(w) is a prefix of sgpqp. Since |w| < [Pal(w)|, w is a prefix of Pal(w).
Moreover by Eq. (1), Ly, (Pal(w)) is a prefix of Pal(ww), and by definition
of Pal, Pal(w) is a prefix of Pal(ww). Since |Pal(w)| < |L(Pal(w))|, Pal(w)
is a prefix of L, (Pal(w)), and so w is a prefix of L, (Pal(w)). Finally from
w prefix of Pal(w), we deduce that L, (w) is a prefix of L, (Pal(w)). It is
straightforward that |w| < |L,(w)]| so that w is a prefix of L, (w).

2 = 3. One can easily verify that |w| < |L,(a™b)|. When a™b is a prefix
of w, w and L, (a"b) are both prefixes of L, (w), and so w is a prefix of
L,,(a™). Otherwise, since w and a™b are prefix comparable, w is a power of
a, and Ly, (a™b) = wa™b.

3 = 4 is immediate with ¢ =a, d = b and m = n.

4 = 1. By Lemma 5.10, Pal(w) is a prefix of L,,(¢"™d). Since |w| < |Pal(w)|,
w is a prefix of Pal(w). Hence by Proposition 5.3, w is a prefix of a fixed
point of Pal. Since w and a™b are prefix comparable, we can deduce that w
is a prefix of sg  4.p- O

6 Conclusion

Let us summarize three problems raised by the content of this paper.

It is easy to see that any infinite word which is k-th power-free for an
integer k has a critical exponent. This is the case for all words studied in
this paper. An open question is to find closed formulas of the values of the
critical exponent of words Sg a6, SH,n,an a0d SE gp-

Another direction of research would be to find a geometric interpretation
of palindromic closure. It may help to find further properties of the fixed
points of the operation we considered here.

Finally since the study of the pseudostandard words which are fixed
points of the Paly operator raises numerous intriguing questions, it might be
interesting to also work with the more general families of words introduced
in [12] and [6] (see also [5]). The first one is called the generalized pseudo-
standard words, that is the pseudostandard words directed by 2 words: the
usual directive word and a word describing the antimorphism to use at each
iteration. The second one is the pseudostandard words with seeds, that is the
words obtained by iteration of the @y operator starting with a non-empty
word, called the seed.

We gratefully thank the referees for a careful reading of the paper and
for their valuable suggestions.
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Appendix: More on Theorem 4.25

We have already mentioned that Theorem 4.25 is Theorem 5.2 in [19]. Nev-
ertheless our formulation is slightly different from the original one which
is:

Theorem 6.1 ([19], Theorem 5.2). Lets be an A-strict standard episturmian
word generated by a morphism and let q be the period of its directive word
A = (8;)i>1 (with each &; a letter). Letf € N be mazimal such that y* € F(A)
for some letter y. Let L ={r,0 <r < q| 041 =0r42 ="+ = 0dp1¢} and let
dir)=r+q+1—P(r+q+1) for 0 <r < q. Then the critical exponent for
S 18
v =€+ 2+ sup{ lim (|tyig11-d(r)|/|hr+iql) }-
rel v

Moreover for any letter u in s the limit above can be obtained as a rational
function with rational coefficients of the frequency ow, of this letter.

To understand this statement, it is useful to recall that for n > 0:

e P(n) = sup{p < n | §, = d,} if this integer exists, (P(n) being
undefined otherwise),

o u, = Pal(d;---9,) and

o h, = L51L52 cee L(;n (5n+1) = L51..,5n ((5n+1).

Note also that in this statement, A must contain at least two letters to allow
the definition of £, and that in this statement and from now on let §; denote
the i-th letter of A instead of A[i].

We now explain the equivalence between the statements of Theorems
4.25 and 6.1. First note that symbols A, s and ¢ denote the same objects,
and ¢ = |v|. In the next formulas, the subscripts 4.25 and 6.1 refer to the
statements of Theorem 4.25 and Theorem 6.1 respectively. Let us define :

Lass = {(w,a,y) | zaya’ is a prefix of A, a € A, o] < aay| < [v2],y #&,a & alph(y)},

Le1 = {7“70 <r<gq ‘ 57’—1—1 = 57‘—}-2 == 5r+€}>
Pal (v
(z,a,y)€Lg.05 17 |Lvi:my(a)|

u i _
be1 = sup {hm ""‘“q“d(r)‘}_
reLle1 (V77 |h7“+iQ|

We have to show that: by o5 = bg1.

Let (z,a,y) € Lygs. Taking r = |zay| — |v|, we get r € [0,q) and
Opp1 = -++ = dpy¢ = a, that is, x € Lgi. Observe that by definition
of r, zay = vé1---6, = d1---6g4r. Since dy1r4y1 = a and a ¢ alph(y),
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we deduce that P(¢ +r + 1) = |za| and d(r) = |y| + 1 (or equivalently
|za| =1+ q+1—d(r)). We also have v lra =6 O(i—1)g+r+q+1—d(r) and
SO Uppighi—d(r) = Pal(v*~'za). Moreover v lzay = d; - “0(i—1)q4q4+r and

Pal(viza .
Pzl gy,

|u'r+iq+17d(r) I
|Lviway (a‘)

and
|hr+iq|

80 hyyig = Lyi-144y(a). Thus lim;
consequently by o5 < bg.1.

Let 7 be an integer in Lgi. We consider the word A[l...r + ¢q] =
01 - -5ra£5r+g+1 -+ 0p4q. Since ¢ is a period of A, dppgq1-Oppgpe = at
and so by definition of ¢ we have d,,4 # a. Let y be the word such that
a ¢ alph(y) and ay is a suffix of ad,1¢41 - - 0y44 and let x be the word such
that &1+ 0,44 = way. Observe that by construction |v| < |zay| < |[v?|
and so (7,a,y) € Lyos. Hence for i > 1, Ui igr1—d(p) = Pal(vi~'za) and
[Urtig41—d(r)l [Pal(viza)| .

[Prtiql ILyipay (@)
be1 < b4o5. This ends the proof of the equivalence between Theorems 4.25
and 6.1.

Rryiq = Lyi-10y(a) showing that lim; = lim;_, 0o
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