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Abstract

We consider blow-up solutions for semilinear heat equations with Sobolev subcritical power nonlin-
earity. Given a blow-up point @, we have from earlier literature, the asymptotic behavior in similarity
variables. Our aim is to discuss the stability of that behavior, with respect to perturbations in the
blow-up point and in initial data. Introducing the notion of “profile order”, we show that it is upper
semicontinuous, and continuous only at points where it is a local minimum.

Résumé

Nous considérons des solutions explosives de I’équation semilinéaire de la chaleur avec une nonlinéarité
sous-critique au sens de Sobolev. Etant donné un point d’explosion a, grace a des travaux antérieurs,
on connait le comportement asymptotique des solutions en variables auto-similaires. Notre objectif
est de discuter la stabilité de ce comportement, par rapport a des perturbations du point d’explosion
et de la donnée initiale. Introduisant la notion de “I’ordre du profil”, nous montrons qu’il est semi-
continu supérieurement, et continu uniquement aux points ou il est un minimum local.

1 Introduction

We consider the parabolic problem

up = Au+ |ulP~lu

(1.1)

u(z,0) = up(x)
where u(t) € L®(RY), u : RV x[0,T) — R, the exponent p > 1 is subcritical (that means that p < -2
if N > 3) and A stands for the Laplacian in RY.
Given ug € L>(RY), by standard results, the parabolic problem (1.1) has a unique classical solution
u(x,t), which exists at least for small times. The solution u(z,t) may develop singularities in some finite

*This author is supported by a grant SSHN from the French Embassy in Tunis and the Tunisian Ministry of Higher
Education, Scientific Research and Technology, Numéro d’affaire d’Egide 626836F'.

TThis author is supported by a grant SSHN from the French Embassy in Tunis and the Tunisian Ministry of Higher
Education, Scientific Research and Technology, Numéro d’affaire d’Egide 531119E.

$This author is supported by a grant from the French Agence Nationale de la Recherche, project ONDENONLIN,
reference ANR-06-BLAN-0185.



Khenissy-Rebai-Zaag-3.tex Aug 21 2

time, no matter how smooth ug(x) is. We say that u(x,t) blows up in a finite time 7" if u(x,t) satisfies
(1.1) in RN x [0,7T) and

lim || w(t) ||pe= +o00.

t—=T

T is called the blow-up time of u(z,t).

A point @ € RY is a blow-up point if and only if there exist (a,,t,) — (a,T) such that |u(an,t,)| — +oo
as n — +oo. We know from [30] that an equivalent definition could be a point a € RY such that
|u(z,t)| — +o0 as (x,t) = (a,T). The blow-up set S, C RY at time T is the set of all blow-up points.

Problem (1.1) has been addressed in different ways in the literature. A major direction was developed
by authors looking for sufficient blow-up conditions on initial data (cf. Levine [23], Ball [3]) or on the
exponent (cf. Fujita [10]). The second main direction is about the description of the asymptotic blow-
up behavior, locally near a given blow-up point (cf. Giga and Kohn [14], Bricmont and Kupiainen [4],
Herrero and Veldzquez [20], Veldzquez [35], Merle and Zaag [30]). It happens however that most contri-
butions concern the case of isolated blow-up, which is better understood (see Weissler [39], Bricmont and
Kupiainen [4], Fermanian, Merle and Zaag ([5] and [6])), and much less the case of non-isolated points.
In this paper, we make contributions to the asymptotic behavior question, in particular in the much less
studied case of non-isolated blow-up points.

Consider u(zx,t) a solution of (1.1) which blows up at a time 7" on some blow-up set S,. The very first
question to be answered is the blow-up rate. According to Giga and Kohn [13] and Giga, Matsui and
Sasayama [15], we know that

Ve 0,T), |lu(t) llz~< (T — )77, (12)

This fundamental step opens the door to the notion of blow-up profile which has been initiated by Herrero
and Veldzquez in [17] and [20], Veldzquez in [35] and [36], Filippas and Kohn in [8] and Filippas and
Liu in [9]. The following selfsimilar change of variables is particularly well adapted to the study of the
blow-up profile.

Given a be a blow-up point of u(x,t) (a solution to (1.1)) at time T', we set
wz,t) = (T —t) " Twar(y,s) where z—a=y(T—1)?2, s=—log(T —1t) (1.3)

so that the selfsimilar solution w, 7(y, s) satisfies for all s € [~log T, +00) and for all y € RV,

1 1
8swa,T = A'wa,T - 52/ : VU}a,T - ﬁwa,T + |wa,T|p_1wa,T~ (14)
p—

The study of w in the neighborhood of (a,T’) is equivalent to the study of w, p for large values of the
time s. We note that, considering —w, r if necessary, we have by [14],

1
wa,T(y7 8) sjoo K= (p - 1) r=1

uniformly on compact sets. Moreover, we know that the speed of convergence is either |log(T — ¢)|~!
(slow) or (T —t)* (fast) for some p > 0 (see Veldzquez [36] for example).

To learn more about the way w, r approaches &, it is natural to linearize the equation (1.4) about x. If
we set

rUayT(:% S) = wa,T(y7 S) — R, (15)

then v, 7 (or v for simplicity) satisfies the following equation

8811:Av—%y-Vv—i—v—i—f(v)EEv—i—f(v), (1.6)
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_ i p
where f(v) = [v+ &P H v+ k) - — —
(0) = o+ R o) = =

TV We easily see from (1.2) that |f(v)| < C|v|? for some

positive constant C.
It is natural to consider (1.6) as a dynamical system in the weighted Hilbert space

2

yl

P‘

L2(RY) = {g(y) € L, (RY): /RN > (y)p(y)dy < +OO}, with p(y) =

(4m) ¥’
endowed with the norm defined by
9 183=<9.9>0= [ () elw)d,
]RN
since the operator L is self-adjoint on Li(RN ) and has eigenvalues
)\mzl—%, m=0,1, 2, - (1.7)

If N =1, then all the eigenvalues of £ are simple and to 1 — % corresponds the eigenfunction

)= 3 i D (1)

If N > 2, the eigenfunctions corresponding to 1 — 3 are

Hy(y) = hay (Y1) - hax(yn), with a=(aq, -+ ,an) € NV and |a| = m. (1.9)

Since the eigenfunctions of £ span L%(RN ), we expand v as follows

v(ya 5) = Z vk(ya S)a where Uk(y, S) = Pk(”)(ya 8) (110)
k=0

k

is the orthogonal projection of v on the eigenspace associated to A\, =1 — 3

With these new notations, we know from Veldzquez [36] that if v(-, s) is not equal to the null function
for some s > 0, then, it holds that

[ v(s) = Pm(v)(s) 2= o(ll v(s) lz2) as s — +oo, (1.11)

for some even number m = m(ug,a) > 2.
Moreover, the following possibilities arise according to the value of m(ug, a):

e If m(ug,a) = 2, then there exists an orthogonal transformation of coordinate axes such that,
denoting still by y the new coordinates

v(y,s) = —& Z(y,% -2)+ 0(%) as s — +oo, (1.12)

and then for all Ko > 0,

sup (T—t)ﬁu<a+z\/(T—t)|log(T—t)|,t)—fla(z)‘—>0 as ¢ T, (1.13)
|2|<Ko

la 1
(=12 e\~
Wherela:1,~-~,Nandfla(z):(p—l—i-410;21'2) T
o If m(ug,a) > 4 and even, there exist constants ¢, not all zero such that

oly,s) = =D N e Ha(y) o0 TE) a5 o, (1.14)

|a|=m(uo,a)
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and then for all Ky > 0,

1
sup (T—t)Tilu(a—kz(T—t)%,t) — (p— 1+ Z Cazo‘) 50 as t— T, (1.15)
lz|<Ko |al=m(ug,a)

where Co = — 5260, 2% = it -2}y and |of = o + -+ an if @ = (a1,--- ,an) and

By(x) = Z Coz® >0 for all z € RV,

|a|=m(uo,a)

We recall that in (1.12) and (1.14), convergence takes place in L2(RY) as well as in Clko’z(RN) for any
keNand e (0,1).

In our paper, we call the even number m(ug,a) the profile order at the blow-up point a. One may
think that this description of Velazquez is exhaustive, since it gives a “profile” near any blow-up point
a € S,. In our opinion, this description lets two fundamental questions unanswered:

e Question 1: Are the descriptions (1.11)-(1.15) uniform with respect to the blow-up point and
initial data?

e Question 2: What about the geometry of the blow-up set? In other words, is it possible to sum-up
the local information given in (1.12)-(1.15) for all a € S, N B(a,d) for some a € S, and § > 0, in
order to derive global information about the geometry of S, N B(a, d)?

In this paper, we address the first question. The second question was the very first motivation of our
work. Indeed, we initially wanted to extend the work done in [40] in the case m(dg,d) = 2 to the
case m(tg,a) > 4. In fact, in [40], the author could successfully use local information to show a global
information. Namely, he proved that the blow-up set is a smooth manifold, assuming only continuity of
the blow-up set. Unfortunately, we feel far from obtaining an analogous result when m(ag,a) > 4, which
is a much more complicated case. Thus, we leave the second question open.

In the following, we give various answers for Question 1 in subsection 1.1. In subsection 1.2, we discuss
the difficulty of answering Question 2.

1.1 Uniform convergence to the blow-up profile in selfsimilar variables

We address Question 1 in this subsection. Up to our knowledge, Question 1 was first addressed by Zaag
in [40] in the case m(ug,a) = 2, under the assumption that S, locally contains a continuum. In [40], the
author proves that the profile remains unchanged and that the convergence is uniform with respect to the
blow-up point. This uniform estimate allowed to derive local geometrical information on the blow-up set,
namely that it is a C! manifold, and if its codimension is 1, then, it is of class C? (see [43]).

The result of [40], [41] and [43] relies on a dynamical system formulation of equation (1.4) and on the
following Liouville theorem by Merle and Zaag [28] and [30].

A Liouville theorem for equation (1.4) Assume that w is a solution of (1.4) defined on RY x R
such that w € L®(RN). Then w = 0 or w = +k or w(y,s) = £0(s + s9) for some sy € R, where

O(s) = w(1+e*) 71,

In this paper, we want to see if the uniform convergence to the blow-up profile proved in [40] can be
extended in a double way:

e to the case where m(ug,a) > 4.

e by allowing perturbations, not only with respect to the blow-up point, but also with respect to
initial data.

Our first result states that the profile order m(ug, a) is upper semicontinuous with respect to perturbations
in the initial data and the blow-up point. More precisely, we prove the following:
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Theorem 1 (Upper semicontinuity of the profile order) Let @ be a solution of (1.1) associated to
the initial data 1o and blowing up at a point a and at the time T' such that @(z,t) # +r(T — t)_ﬁ.
Then, there exists Va, a neighborhood of iy in L>°(RY) and § > 0 such that for all ug € Vies U, the
solution of (1.1) with initial data ug, blows up at T and we have this alternative:

1) either S, N B(a,8) =0,

2) or for all a € S, N B(a,6), m(ug,a) < 1 = m(ig,a).

Moreover, we have

3

| va,r(s) =Y Pi(var)(s) Iz

=2

sup sup
w0€Vag aeS,NB(a,0)

— 0 as s— +o0. (1.16)

1> Pilear)(s) Iz

Remark Case 1) may occur as one can see from the example constructed by Merle in [26]. Indeed, given
a and b in R, Merle gives a family of blow-up solutions wy(x,t) to (1.1), where A > 0, with initial data
up,x (continuous in A) such that for a critical value A* > 0, the following occurs:

e If A = \*, then uy- blows up exactly at two points, @ and b with m(uo, x+,a@) = m(ug, -, b) = 2.
o If A < X*, then uy blows up only at a point ay with m(ug x,ax) =2 and ay — @ as A — \*~.

o If A > X*, then uy blows up only at a point by with m(ug x,bx) =2 and by — bas A — AT,
Since ugx — ug,x+ as A — A*, we see that for some ¢ > 0, 6> 0, we have the following:

o If \* < A < A\* +¢&, then S, N B(a, )

= ®'
o If \* —g5 < A < A\*, then S, N B(a,) = {ay}.

Thus, this example illustrates the alternative in Theorem 1.

Remark The existence of the blow-up profile order for (ug,a) means that u(z,t) is different from the
trivial solution £k (7T — t)_ﬁ (see the line before (1.11)). Since the profile order is by definition greater
or equal to 2, when m(ag,a) = 2, we get m(ug,a) = 2 for all ug € Vg, and a € S, N B(&,S). In other
words, the profile order is continuous near its minimal value 2. Theorem 1 was already obtained when
m(tg, @) = 2 by Fermanian Kammerer, Merle and Zaag [5] (for [; = N) and Zaag [40] (for [ < N —1).

Remark Unlike Zaag [41], [40] and [43], there is no need to assume that S,NB(a, ) contains a continuum.

™

Theorem 1 gives the uniform predominance of || Z P;i(va,r)(s) ||Lz with respect to the initial data uo in
=2

a neighborhood of 7y and with respect to the singular point a in a neighborhood of a. It also provides the

upper semicontinuity of the profile order m(ug,a). In order to get the continuity (in fact, the property

of being locally constant, since m(ug, a) € N), we give in the following theorem a necessary and sufficient
condition:

Theorem 2 (Necessary and sufficient conditions for the continuity of the profile order) Under
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the hypotheses of Theorem 1, the following statements are equivalent:
(i)  For some & >0 and some neighborhood Vi, of 1o,
forall wo €V —and a€S,N B(a,8"), m(ug,a) =mig,a).
(i) For some g >0 and some neighborhood Vy of ‘o,

M0 8) = v, a0 ™0 )

(iii) For some & >0 and some neighborhood Vi, of o,

| va,7(8) — Pa(va,r)(8) |12
—0 as s — +oo.

sup sup
uOEV,’aO a€S,NB(a,8") H Pﬁl(va,T>(S) HL;‘;

Remark Since m(ug, a) € N, the set {(uo, a)|ug €Vy and a€ S,NB(a, 60)} # () (it contains (g, a)),
the minimum in (4¢) is realized for some (i1,a1). Up to replacing (g, a) by (@1,a1) and shrinking the
neighborhoods, (i7) is satisfied. Thus, Theorem 2 is not an empty statement.

Remark Taking ug = 4y in Theorem 2, we obtain a new version of Theorem 2 given in the next subsection
(see Theorem 2°).

Following Veldzquez [36] and Filippas and Kohn [8], we find the asymptotic behavior (uniformly in ug
and a) in the following

Proposition 3 (Asymptotic behavior and blow-up profiles uniform in uy and a) The assertions
of Theorem 2 are equivalent to the following: For some &' > 0 and V{lo a neighborhood of @y in L™= (RY),
o If1n =2, then for some C' >0 and s' € R, we have for all ug € V; , a € S, ﬁB(&,S’) and s > s'

1 C
s Slhvar(s) llzz< —. (1.17)

o If 1 >4, then for each o € NV with |a| = 1, there exists co(ug,a) € R such that

| va,7(s) — e(1-%)s Z ca(uo,a)Hy ||L%

|a]=m

6(17%)5

sup sup —0 as s— 4oo,

W€V, a€S,NB(a,8")

and for all Ky > 0,

(T—t)plju(a—l—z(T—t)%,t)—(p—H- Z C’Olzo‘)7ﬁ

lee|=rn

sup sup sup —0 as t—1T,

w0 €V, a€S,NB(a,8") [21<Ko

where C,, = fﬁca and the multilinear form Z Coz® >0 forall xzeRN.
la]=1m

Moreover ¢ (ug, a) is continuous with respect to ug and a.

Remark Proposition 3 has already been obtained by Herrero and Veldzquez [38] [20] and Filippas and
Liu in [9] (when 7 > 2) , with no uniform character in (ug,a). Our contribution is exactly to prove this
uniform character. In fact, when 7 > 2, one has to slightly adapt the argument of [20] and [9] to get the
uniform character. See the proof of Proposition 3 in section 3.3.

Remark Unlike the case m > 4, we don’t have a uniform convergence to some profile when m = 2
systematically. The situation is indeed more complicated.
Indeed, if [z = N, then we know from Theorem 2 page 350 in [5] that for all ug € V; , uo has a single
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blow-up point a(ug) in B(a, & ). Moreover, we have the uniform convergence to the profile, in the sens
that

2
K Yy
Sup 8 || Va(ug),r — (N — u)

— lL2— 0 as s — +oo. (1.18)
uo €V, 2ps 2 ’

If l; < N —1, then the uniform convergence to some profile is known only under the additional hypothesis
that the blow-up set of @ contains a continuum going through a of codimension /5. The question remains
open without this hypothesis.

Remark Since we expect from the announced result of Herrero and Veldzquez [21] that m(up, a) = 2 is
the generic behavior, the minimum in (4¢) of Theorem 2 should be 2, hence the case 7 > 4 in Proposition
3 is an empty case.

If N =1, we know from Herrero and Veldzquez ([19],[18]) that the situation m(ug,a) = 2 is generic, in
the sense that: given initial data g € L>(RY) such that the corresponding solution of equation (1.1)
blows up at some time 7" at some point @ with m(tg,a) > 4, then any neighborhood of 4y contains initial
data wug such that the corresponding solution of equation (1.1) blows up at some time 7" at only one point
a with m(ug, a) = 2.

Therefore, the minimum in (#4) of Theorem 2 is equal to 2 and our Theorem 2 reads as follows:

Corollary 4 If N =1 and under the hypotheses of Theorem 1, the following statements are equivalent:

(i)  For some & >0 and some neighborhood Vi, of o,

forall wo €V —and a€S,N B(a,8"), m(ug,a) =m(ig,a).

(iv) m(Gg,a) = 2.
Moreover, they are both equivalent to (i) and (iii) in Theorem 2.

Remark Following the third remark after Proposition 3, if the result of [21] is confirmed, then Corollary
4 becomes true for N > 2 too. From [19], one would derive that all the behaviors where 17 > 4 or 1 = 2
with [; < N — 1 are unstable.

1.2 Discussion of the geometry of the blow-up set
Regarding the blow-up set, two questions arise:

e The description: Given a blow-up solution u(z,t) of (1.1), what can we say about its blow-up set
Su? The only general answer available with no restriction on initial data is due to Veldzquez who
proved in [37] that S, is closed and that its Hausdorff dimension is at most equal to N — 1. Our
Question 2 stated before the section 1.1 is a description question, to which we devote the following
subsection.

e The construction: Given a closed set S whose Hausdorff dimension is at most equal to NV — 1, is
there a blow-up solution u(z,t) of (1.1) such that S, = S? The answer is yes when S is one of the
following cases

— a finite number of points from Merle [26];
— a sphere thanks to Giga and Kohn in [14] (see (1.15) page 848 and Corollary 5.7 page 877);

— a finite number of concentric spheres, as suggested by Matano and Merle in Theorem 1.11 page
1499 in [25]. To prove the existence of such a solution, one has to adapt the method used by
Merle in [26].

Note that the solution is radial in the two last cases. No other geometries for the blow-up sets are
known (except those artificially generated from the above cases by adding irrelevant space variables
to the domain of definition of the solution, giving rise to affine subspaces, cylinders, etc ...). The
question remains open in the other cases, in particular when S is an ellipse in 2 dimensions.
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As we said above, this subsection is devoted to Question 2. Unfortunately, we don’t give any answer,
apart from recalling the results of [40], [41] and [43] proved in the case where m(dg,a) = 2. Indeed, the
case m(tg, @) > 4 is much more complicated. Our goal is to give the reader a flavor of the complexity of
Question 2.

In the following, we fix initial data ug = 4y and allow a to move in S; near some a € S, a non-isolated
blow-up point.

Question 2 asks whether one can derive any information on the geometry of the blow-up set near a, from
local information in (1.12)-(1.15) on the blow-up profile near a € S;, where a is close to a.

Knowing that é is a non-isolated blow-up point, we remark that two cases in (1.12)-(1.15) cannot hold
since they lead to an isolated point:

e when m(ig,a) = 2 with I, = N: we locally have a bump, see (1.18),

e or when case (1.14) occurs with a definite positive B,(z): in that case, we know from Veldzquez
[36] that a is an isolated blow-up point, i.e. Sy N B(a,d) = {a} for some § > 0.

Therefore, we either have (m(d,a) = 2 with [; < N — 1 or m(dp,a) > 4 with a non definite positive
Ba(x)).

- When m(dg,a) = 2 and l; < N — 1, Zaag assumed in [40] (see also the note [42]) that Sy contains
a continuum going through a. He shows that Sj is locally a C' manifold. In [43], he shows that
when l; = N — 1, 93 is locally a C? manifold. The proof relies on two steps:

e Step 1: Stability of the blow-up profile with respect to perturbations in the blow-
up point ¢ and uniform convergence to the profile
The author proves the stability of the blow-up profile and the uniform convergence to the
profile with respect to the blow-up point a near G. The Liouville Theorem in [28] and [30],
stated in subsection 1.1 of our paper, is the key tool in this step.

e Step 2: A covering geometrical argument

From Step 1, the author derives an asymptotic profile for u(z,t) in every ball B(a, Kov/T —t)
for some Ky > 0 and a a blow-up point close to a. Most importantly, these profiles are
continuous in a and the speed of convergence of u to each one in the ball B(a, KovT — 1) is
uniform with respect to a. Now, if @ and b are in Sy and 0 < |a—b| < Ko/ T — t, then the balls
B(a, Kov/T —t) and B(b, Ko/T — t) intersect each other, leading to two different profiles for
u(x,t) in the intersection. Of course, these profiles have to coincide, up to the error terms.
This makes a geometric constraint which gives more regularity for the blow-up set near a.
The fact that the rate of convergence of the expansion of u(z,t) in B(a, Kov/T — t) is uniform
in a is "essential”. By the way, Veldazquez, Filippas and Liu obtain those profiles, with no
uniform character with respect to a (see [9], [35] and [36]).

This two-step technique was successfully used by Nouaili in [33] for the case of the semilinear wave
equation
Upp = Ugq + |u|p_1u (1.19)

where u = u(z,t), ¢ € R, 0 < ¢ < T(x) and p > 1. More precisely, in [33], the author started
from the C! regularity of the blow-up set proved by Merle and Zaag in [32] and could prove the
Che regularity using this two-step technique. Note that for equation (1.19), non global solutions

blow up on a graph I' = {(:c,T(:n))| x € R}, where x +— T'(x) is 1-Lipschitz (see Alinhac [1], [2] or
Lindblad and Sogge [24]).

- When m(dg,a) > 4 and Ba(z) is not positive definite, our ambition was to adapt the two-step

technique of [40] here. We could obtain the first step provided that m(io, G) = < mligr% ) m(tg, a).
acSyNB(a,do

More precisely, let us write the following two versions of Theorem 2 and Proposition 3 that we obtain
taking Uy = ﬁo.
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Theorem 2’ (Stability of the profile order near a local minimum) Under the hypotheses of
Theorem 1, the following statements are equivalent:

(i) For some & >0, forall aecSynBa,d), mig,a)=mlio,a).

(16)"  For some g >0, m(ig,a) = aesﬁwlg%a,ég)m(ﬂo’a)'

~ Va,T\S) — Pm Va,T)\S 2
(#i7)"  For some ¢ >0, sup | ) (Wa,7)(s) ll3

—0 as s — +oo.
a€SzNB(a,d’) | P (va,)(s) ||Lg

We also have the following equivalent statements to those of Theorem 2’:
Proposition 3’ (Asymptotic behavior and blow-up profiles uniform in a) The assertions of
Theorem 2’ are equivalent to the following: For some &' > 0,

o If i =2, then for some C >0 and s’ € R, we have for all a € Sz N B(a,8') and s > s

[ < C
o <lvar(s) lig< <.
e If 1 >4, then for each o € NN with |a| = 1, there exists co(a) € R such that

| var(s) ="~ 37 ca(a)Ha |z

|a|=rh

1—12)s

sup -0 as s— +oo,

a€SaNB(a,8") el

and for all Ky > 0,

_ 1
sup sup (T—t)ﬁu(a—i—z(T—t)%’t)—(p—1—|— Z Caza) S0 as to T,

aESaﬂB(d,g’) |2|< Ko la|=1m

where Cy, = —ﬁca and the multilinear form Z Coz®>0 forall zeRN.
la]=m

Moreover, c,(a) is continuous with respect to a.

Thanks to Theorem 27, it is enough to choose a such that m(ag,a) = min  m(lp,a) in order
a€5anB(a,80)

to get the stability of the blow-up profile and the uniform convergence to those profiles. This achieves
Step 1 in the technique of [40].

As for the geometrical covering argument of Step 2 of [40], we could not do the same, since the profiles
for m > 4 are much more complicated to describe than for m = 2.

Step 1 revealed to be a fundamental step towards the regularity of the blow-up set in the case m = 2
treated in [40] and for the semilinear wave equation treated by Nouaili [33]. Similarly, we believe that in
the case m > 4 for the heat equation (1.1), we made a step towards further geometrical results for the
blow-up set.

Remark Unlike in Theorem 2 (see the third remark following Proposition 3), we may have here m(dg, a) >
4 and the assertion in Proposition 3’ is totally meaningful. More precisely for any even integer m € N*|
there exists a blow-up solution u such that for all a € Sy, m(ug,a) = m. Indeed, one has just to adapt
the method of Bricmont and Kupiainen [4] to the radial version of (1.1):

N -1

U = 0MU + —— 00U+ Pt
to find a solution blowing up for r = 1 with:
P (p—1)% 5o
o Ifm=2VKy>0, sup |(T—-t)rtU(14+2vT—tt)—(p—1+-——2°)" 71| 50ast—1T.

|Z|<K0 4p
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e If m >4 and even, VK, >0, sup [(T — t)ﬁU(l +2(T — t)%,t) —(p-1 —I—CZmO)WJ%l — 0 as
|2|<Ko
t—T.

In fact, Bricmont and Kupiainen [4] did the work in one dimension and in higher dimensions, the term
#&U can be controlled as a lower order term in selfsimilar variables.

Remark As we said in the first remark after Proposition 3, the estimate in the case m = 2 has already
been proved in [9] with no uniform character.

Since m(ig,a) € N, the mapping a — m(dg,a) has local minima. In particular, it realizes its global
minimum at some a € S; and we have the following:

Corollary 5 Let @ be a solution of (1.1) associated to the initial data Gy and blowing up at some time
T. Then, there exists & € Sy such that (i)', (i7)" and (iii)" of Theorem 2’ are satisfied.

Remark Following this corollary, we conjecture that the profile order (for fixed initial data tg), is constant
on the connected components of Sy, and that the convergence in (ii)" is uniform on the connected
component.

Remark This corollary is meaningful when a is a non isolated blow-up point. Note also that we don’t
prove the stability of the blow-up profile with respect to the blow-up point and that we only prove that
the order of the multilinear form B,(z) is locally constant (hence, is stable).

Remark If m(ig,a) = 2, then it is automatically a local minimum and (é¢)" of Theorem 2’ is satisfied.
Moreover,

e If [; = N, then a is an isolated blow-up point as written earlier.

o If]; < N—1, then with the additional hypothesis that S; contains a continuum of dimension N —1[;
going through @, we know from [40] that the profile is stable with respect to the blow-up point.

The proof of our results relies on the Liouville Theorem of [28] and [30], and on a dynamical system
formulation in selfsimilar variables. Note that we don’t prove Corollary 4 and 5 since they are immediate
consequences of Theorem 2, Theorem 2’ and the results of Herrero and Veldzquez [18] and [19].

This paper is organized as follows: In Section 2, we prove uniform estimates in the study of the equation
(1.6) satisfied by v. In Section 3, we give the proof of Theorems 1, 2 and 2’ as well as Propositions 3 and 3.

We note that in the remaining of this paper, we will denote by C' all positive constant.

2 Uniform estimates and dynamical study in selfsimilar coordi-
nates

Let @(x,t) be a solution of (1.1) with initial data @g(x) and blowing up at some point @ and at time 7'
and R )
w# k(T —t) 71, (2.1)

From Giga and Kohn [14], and up to replacing @& by —i, we assume that

W, 7(y,s) = K as s— +oo in LQP(RN) and in  CP7(RYN) (2.2)

loc

for any k € N and v € (0,1). From (2.1), as mentioned in the introduction, the blow-up profile of @ near
(a,T) is given according to the value of some even parameter m = m(dp,a) > 2 defined in (1.11).
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From now on, given initial data ug, we denote by u the solution to (1.1) corresponding to ug and blowing
up at some time T'. If a € S, we denote by w, 1 the corresponding selfsimilar variables solution given
by (1.3) and by v, r the function given by (1.5).

We first derive the following uniform L* bound in a neighborhood of %y and a constant sign property of
u(z,t) for x close to the blow-up point a:

Proposition 2.1 (Uniform L bound and ODE localization) Fermanian Kammerer, Merle and
Zaag [5]:
There exist Vi a neighborhood of iy in L=(RY), C > 0 and {C.}. such that for all initial data ug in
Vl;
(i) u(t) blows up in T and T — T as ug — G in L°(RN).
(i1) ¥t € [0,7), || u(t) |1~ < C(T —1)"77,
(iii) Ve > 0, Vt € [, T), |9yu — |u|P~1u| < elulP + C..
(iv) There exists 61 > 0 such that

Vie [T —6,T), Vjr—al <26, u(x,t) >0.
(v) For all a € S,, N B(a, 1),

Va,r(y,8) =0 as s— +oo in CEVRNY  forany keN and ~ € (0,1).

loc

Proof.

e For (i) to (iv), see Lemma 2.2, Proposition 1.7 and Corollary 1.8 page 358 and 355 in [5]. Note
that those results of [5] are valid without the assumption made in [5] about the blow-up profile.
For the reader’s convenience, we show how to derive (iv) from (iii). Let us consider Vi a neighbor-
hood of @y in L>(R¥) such that for any ug € V}, points (i), (i4) and (iii) hold.

Applying (ii1) for e = %, we get the existence of a positive constant C 1 such that

T 1
Vug € Vy, Vo € RN, Wt € [g,T)7 Opu > |u|p71uf§\u|p—0%. (2.3)
We now choose A > 0 such that )

Using (2.2), we deduce the existense of § > 0 and &’ > 0 such that for all |z —a| < §, @(x, T—0") > 2A.
Then, from continuity arguments applied to the equation (1.1) and the continuity of the blow-up
time (cf. (¢) of this Proposition), there exists V4 a neighborhood of g such that V; C V] and

Yug € Vi, V|z—a|l <6, u(z,T-179)> A. (2.5)

Therefore, thanks to (2.4), we can prove from (2.3) and (2.5), by a priori estimates, that u(z,t) >
A>0foralluyg € Vy, t€[T—¢,T) and |z — a| < 6. Taking 6; = 3 min(d,d’) concludes the proof
of (iv).

e For (v), we just remark that thanks to Giga and Kohn [12], we know that we have the convergence
of we,r to £k and that since we have the positivity of the solution locally near (a,T") (see (iv)), we

deduce that w, r converges to .

This ends the proof of Proposition 2.1. |

Note that at this stage, we don’t know if the convergence in (v) is uniform with respect to uo and a or
not. Using the Liouville theorem of Merle and Zaag [28] and [30], we can show that uniform character.

We then have:
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Proposition 2.2 (Uniform smallness of v, 1) There exists a neighborhood Va of iy in L (RY) and
a positive constant do such that as s — +00,

(i)  sup sup | va,r(s) lLz— 0,
uo€V2 a€S,NB(a,d2)
(#d) VR>0, sup sup sup |ve,r(y,s)| | — 0.
u€Vs a€S,NB(a,62) \ |y|<R

Proof.

We only prove (i), since (ii) follows from (i) by standard parabolic regularity arguments. Let us assume
that we cannot find a neighborhood of %y and a constant d2 > 0 such that (i) holds. Then there exists
ng > 0, s, — 400, ug,n, — g and a, — @, a, € Sy,, when n — +oco such that

Vn €N, || wna,.r,(5n) — K ||L?,> To- (2.6)

By Proposition 2.1, we know that wy, 4, 1, (y,s) = Kk as s = +oo in Clko’Z(RN) for any k € Nand vy € (0,1).
Then E(wyq,.1,(5)) = E(k) as s = +00, where

1 1 1
E = = 2y _ - L pFl 2.
)6 = [ | (GIV0 9P + g ol = = lelP ) pwdy (27
is a decreasing function in time. Therefore we have
E(wn.a,.1,(5)) 2 E(K). (2.8)

Since s, — +00, the point (iv) of Proposition 2.1 implies for n large,
Wnoa, 1, (0, 82) = € 7 Tuy (an, Ty — ) > 0. (2.9)

We introduce
Wy, ) = wn,a, 1, (Y, S + Sn)- (2.10)

Then W, satisfies equation (1.4), and estimates (2.8), (2.9) and (2.6) yield for n large
E(W,(0)) = E(k), W,(0,0) >0 and || Wa(,0) =& 12> no. (2.11)
By (i%) in Proposition 2.1, (2.9) and (2.10), there exists C' > 0 such that
Vs € [—log T, — $n,+0), || Wa(s) ||Le=< C. (2.12)

By the parabolic regularity and a compactness procedure, and since s,, — +00, there exists W (y, s) such
that up to a subsequence

W,—=W as n—+oo in C2HRY xR). (2.13)

loc
Moreover, W satisfies (1.4), and we have from (2.11) and (2.12),
[WL=<C, EW(0)) = E(x), W(0,0)=0 and [ W(0)—=r [2> no. (2.14)
Therefore, by the Liouville theorem, we get
W=+4k, W=0 or W(y,s)==0(s+sg), forsome sg€R. (2.15)

This is in contradiction with (2.14). Indeed, W = —& contradicts W(0,0) > 0, W = k contradicts
| W(0)—F [[z2> no and W = 0 or W(y,s) = £0(s+so) contradict E(W(0)) > E(x) (for E(0) = 0 < E(k)
and Vs € R, E(+0(s)) < E(x)). This concludes the proof of (i) of Proposition 2.2. [ |

Note that Proposition 2.2 gives the uniform smallness in time and space of v, r(y,s) with respect to
the initial data ug(x) in a neighborhood Vy of g in L>(R™) and a € S, N B(a,d2). From the result of
Veldzquez [36] stated in (1.11), we know that ve 7 (s) ~ Ppn(var(s)) in L2 as s — +oo, for some even
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m(ug,a) > 4, with no uniform information with respect to uy and a. If 7 = 2, we have already the
uniform character from [5] and [40]. When 7 > 4, we believe that we can get the uniform character if

m

we consider the block Z P;(vq,1)(s). Accordingly, we decompose v, 7 with respect to the spectrum of
i=2

L as follows:

1
(expanding modes block) z.(s) =|| ZPk(va)(s) 22
k=0

(low frequency block) Ym(s) =|| Z Pe(va,r)(s) |2 (2.16)
k=2

(high frequency block) Zm(8) =|| va,r(s) — Z Py (va,1)(5) ||Lg,
k=0

where the projection Py is defined in (1.10). Since the nonlinear term in (1.6) is not quadratic in L2, we
need to estimate an additional variable

1
Inl) = ([ Joar o)l ptwdy) " (= k(m) (217)
RN
where k(m) > 0 will be fixed in Lemma 2.5 below as an increasing sequence. We need also to introduce
Zm (8) = Zim () + I (). (2.18)
When (ug,a) = (G, a), we add a “ " ” to the notation (&4, §n, and 2,,).

Using the notation (2.16), we claim that estimate (1.11) yields 24 (s) + zm(s) = 0(ym(s)) as s = 400
which we write more precisely in the following:

Lemma 2.3 If u is a solution of (1.1) blowing up at time T and some point a with the profile given in
(1.12) or (1.14) according to the value of m = m(ug,a), then

Ve >0, Fsole,up,a), Vs> sole,up,a), eym(s) > x1(8) + 2m(s). (2.19)
Proof.
Using (1.11), (1.12) and (1.14), we see that
| v(s) = Pm(v)(s) 2= o(l[ v(s) lz2) as s — +oo (2.20)
and o
either m(ug,a) =2 and || v(s) |2~ —2 as s — +oo,
©s (2.21)
or m(ug,a) =24 and || v(s)|lrz~ Coe'=%3)% as 5 — 400.

Since we have from (2.18), x4 + 2z, = T4 + Z1, + Jim, we first show that x4 + 2, = o(y,, ), then we show
that J,, = 0(ym)-
Since we have from (2.16), || v(s) |22 < C(z4 +Ym +Zn)(s) and 24.(s) + Zn(s) < C || v(s) = Pn(v)(s) |22
as s — 400, we use (2.20) to get

Ta + Zm = 0(Ym)- (2.22)

Now, we recall from Herrero and Veldzquez [20], the following regularizing effect for the operator £:

Claim 2.4 (Herrero and Veldzquez [20]) There exist positive s, and C* such that for s large enough, we

have: )

(/RN Iv(y7(<>‘)\8p(y)dy)g < C*(/RN [y, s — 8*)|2p(y)dy)%-
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Proof.
See Lemma 2.3 in [20], page 142. Note that the result holds for sign-changing solutions with the same
proof. |

Using (2.17), the Cauchy-Schwarz inequality and Claim 2.4, we write

1

I < ([ wws)Powin) ([ witewin)” <o( [ ows-sowdy).  (223)
RN RN RN
We claim that for s large enough, we have:
[ vs =Pty <€ [ o5 o). (2.24)
RN RN

Indeed, if m(ug,a) = 2, then we write from (2.21), for s large enough

2Cy 3Co

s — s*

/ v(y, s — s*)p(y)dy <
RN

and the same proof holds when m(ug,a) > 4.
Using (2.23), (2.24), (2.16) and (2.22), we write

In@) < C( [ wlys =5 Vo) <C [ o9 plu)dy < O 42, + () < O (o)
R R
Hence Jp,(s) = o(ym(s)) as s = +oo. Using (2.22), we conclude the proof of Lemma 2.3. |

In order to prove the stability of the block Z Pi(vg,1)(s) , we use the decomposition (2.16) and (2.18)
i=2
to project equation (1.6) in the following:

Lemma 2.5 (Differential inequalities on the components of v, r(s)) For all i > 2, there exist
k = k(i) > 0 an increasing sequence, a neighborhood V3(i) C Vo of 4o in L®(RY) and 63(i) > 0
such that for all € > 0, there exists s3(e,i) € R such that for all s > s3(e,1), for all ug € V5(i) and
a € S, NB(a,ds(i)), we have

ey (5) > 2 (s) — (a4 (5) + wils) + 2:(5)) (225)

(4 (5) + 9ils) + 2009)) 2 wi(5) = (1= Shuis) — (4. (5) + 9ils) + 70(5)) (2.26)

() < (1= ) zs) (w4 (5) + 31l + 25)) (227)

Proof. See Appendix A. m

With these inequalities, we are in a position to prove that for ¢ = m, y; dominates z, and z; as
s — +o00, uniformly with respect to ug and a. In the following, we start by neglecting x with respect
to y; + 2;.

Lemma 2.6 (Uniform smallness of the expanding modes block) For all i > 2, ug € Vs(i),
a €S, NB(a,ds(i), e >0 and s > s3(e,1), we have

x4 (s) < e(yils) + zi(s)). (2.28)
This Lemma is an immediate consequence of the following:

Lemma 2.7 Consider s, € R and Y, Z € C([s4, +00),RT) such that
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1) for all e > 0, there exists s5(e) such that

Y > —e(Y+2)
for all s> s5(e) {

Z' < —3Z+eY.
2) If for some § > s., we have Y (§) + Z(8) = 0, then for all s > §, Y(s) + Z(s) = 0.

Then, either Z = o(Y) or Y = o(Z) as s — +00. Moreover, in this latter case, we have

Ve >0 and s>ss(e), Y(s) <CeZ(s).

Indeed, let us first derive Lemma 2.6 from Lemma 2.7 and then prove this latter.

Proof of Lemma 2.6.

Let Y(s) = e3z(s) and Z(s) = e3 (yi(s) + zi(s)). Using Lemma 2.5, we see that Y and Z satisfy condi-
tion 1) of Lemma 2.7. It also satisfies condition 2). Indeed, if we assume that Y () + Z(8) = 0 for some
§ > —logT, then from the definitions (2.16) and (2.18) of =4, y,, and z,,, we have || v 1 (8) ||L%: 0,
hence v, 7(+,§) = 0. From the uniqueness of the solution to the Cauchy problem of equation (1.6), we
get v, 7(-,s) =0, hence Y (s) + Z(s) = 0 for all s > §. Therefore, the conclusion of Lemma 2.6 directly
follows from Lemma 2.7 |

Let us now prove Lemma 2.7.

Proof of Lemma 2.7.
Part 1: Let € > 0, we prove in this part that

either Jsi = si(e) such that Vs> si, Z(s) < CeY(s), (2.29)

or Vs>s5(e), Y(s)<CeZ(s). (2.30)
We set y(s) = 6eY (s) — Z(s). Two cases arise:

Case 1: st > s5(e) such that y(s5) > 0.
If for all s > sk, v(s) > 0, then (2.29) holds.
If not, then we have v(s,) = 0 for some s, > s; where s, is the smallest s satisfying vy(s) = 0. Therefore
v'(s4) < 0. We then compute v'(s.). We have from the hypothesis 1)
1 1

v (8x) = 6eY(85) — Z'(5,) > Z(5,)(—€ — 6 + 6) > ?Z(s*) for ¢ small enough.
Knowing that 7/(s.) < 0, we deduce that Z(s.) = Y (s.) = 0. By hypothesis 2), we have Z(s) =Y (s) =0
for all s > s, and (2.29) follows with st = s..

Case 2: ¥s > s5(¢), v(s) <0, that is
6eY (s) < Z(s). (2.31)

Then, we have from hypothesis 1)
1
Vs > s5(e), Z'(s) < —EZ(S) and Z(s)+Y(s) >0 as s— +oo. (2.32)

Using (2.31) and hypothesis 1), we then deduce that Y’ > —(§ +¢)Z > (1 + 6¢)Z’. Integrating between
s and 400, we get Y < (14 6¢)Z. Writing again hypothesis 1) using this last inequality and (2.32), we
get

Y' > (—e(1+6¢e) —e)Z > 6e(2 + 6¢)2".

Integrating again between s and +o00, we get

Y(s) < 6e(2+ 6e)Z(s),
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which gives the second case.

Part 2: Let € < %, then either (2.29) or (2.30) occurs.

Assuming that (2.29) occurs, it is clear from Part 1, that for any ¢’ < ¢, (2.29) occurs as well. Hence
Z =0(Y) as s — 4o00. If (2.30) occurs for ¢, then we are lead to Y = o(Z) as s — +oo. This ends the
proof of Lemma 2.7. |

Using Lemmas 2.5 and 2.7, we get the following:
Corollary 2.8 (Either the high or the low frequency block of v, dominates) For all i > 2,

ug € V3(i) and a € S, N B(a,03(i)), we have either z;(s) = o(y:(s)) or y;(s) = o(z;(s)) as s = +o0.
Moreover, in this latter case, we have

forall €e>0 and s> s3(e,i), uyi(s) < Cezs). (2.33)

Proof. ‘ »
Just apply Lemmas 2.5 and 2.7 with Y (s) = e(1=2)%y,(s) and Z(s) = e172)%2,(s). |

Remark: Unlike the case where y; = o(z;), when z; = o(y;), the inequalities (2.26) and (2.27) alone do
not yield an estimate like (2.33), uniform with respect to ug and a. As a matter of fact, when i = i, we
will use other ideas to derive such a uniform estimate. That will be the heart of our argument.

We now establish the following result giving the uniform stability of the dynamic where y,, is predominant.

Lemma 2.9 (Uniform stability of the dynamic where the low frequency block is predomi-
nant) For all i > 2 and C* > 0, there exists s*(i,C*) € R, such that for all initial data ug in Vs(i),
a € S, NB(a,ds(i)) and sg > s*,

C; zi(8). (2.34)

if yi(s0) > C"zi(s0), then Vs>sg, wi(s)>

Proof.
Consider ¢ > 2. Following closely the proof in [5], (Lemma 3.3 page 375) and considering Lemmas 2.5
and 2.6, we have for all € € (0, 3), uo € V3(i), a € S, N B(a, d3(i)) and s > s3(e, i)

yi(s) = (1= %)ui(s) — 3e(yi(s) + zi(s))

2}(s) (1- %)zl(s) + %E(yl(s) + zl(s))

We argue by contradiction. Suppose that there exists C' > 0, sg > s3(&,%) where ¢ = W, ug € Vs(i)
and a € S, N B(a, d3(7)) such that

(2.35)

IN

C
yi(s0) = Czi(sg) and 3s§ > so, wi(s)) < gzi(sg).

Let v(s) = yi(s) — $zi(s), then y(so) > 0 and ~(sf) < 0. Therefore, there exists sy € [sg, s§[ such that
Y(s2) =0, 7(s) <0 forall s€ [sg,s), hence ~'(s2) <0 (2.36)

on the one hand. On the other hand, we have from (2.35)

7' (s2) = yi(s2) — %21(52) 2 %21(52) +(1— %) (yv(s) - %%(52)) - %6(1 + %)(yz(@) + 27(52)> (2.37)

Using (2.36) and (2.37), we obtain

c 3 C
V(s2) 2 [7 = S+ )2 ls2) > wilse), (2.38)
since € = WLC)Q and z;(s2) > 0 (in case z;(s2) = 0 it follows that for all s > s2, v, = 0 and v(s) =0

which contradicts y(sfy) < 0). This contradicts (2.36) and concludes the proof of Lemma 2.9. |



Khenissy-Rebai-Zaag-3.tex Aug 21 17

3 Proof of the main results

Our aim in this section consists in proving Theorems 1, 2 and 2’ as well as Propositions 3 and 3’.

3.1 Proof of Theorem 1

We claim that it is enough to prove (1.16). Indeed, assuming (1.16) true and taking a € S, N B(a,d), we
see from the definition of m(ug,a) that ve7(s) ~ Pr(ug,a)(Va,r(s)) as s = +oo in L2 on the one hand.

On the other hand, from (1.16), v, 7(s) ~ ZB‘(%,T(S)) as s — 400 in L2, Thus, m(ug,a) < m and
i=2

the alternative 1), 2) in Theorem 1 holds. Therefore, we only prove (1.16).
We proceed in three parts. In Part 1, we prove that z,(s) < y(s) uniformly in ug and a. In Part 2, we
prove that z5(s) = o(ym(s)) as s = 400, with no uniform character (with respect to a and wug). Finally,
in Part 3, we prove the uniform character of zs(s) = o(ym(s)) as s = +o0.

Part 1: We claim the following:

Lemma 3.1 There erists 39 € R, a neighborhood V4 C V3(1m) of g in L>=°(RYN) and &, € (0,83(1n)),
such that for all ug € V4 and for all a € S, N B(a,d4),

Vs > 80, ym(s) > zm(s). (3.1)

Proof.
Rewriting Lemma 2.9 with C* = 2, we have the existence of some s* such that
Yug € Vs, V(ZESUOB(d,(gg)7
(3.2)
if dsg > s* such that ym(s0) > 22m(s0), then Vs> so, vym(s) > zm(s).
By Lemma 2.3 applied to (g, a) with € = %,

1 . . 1 . . R A
380(§7U0,a) : VsZso(g,uo,a), Im(8) > 32m(9).

We set
. T .
80 := max (So(g,uo,a),s )

Then, using continuity arguments at s = §p, applied to equation (1.1), we obtain the existence of a
neighborhood V4 of 4o in L>(RY) and 64 > 0 such that

Vug € V§ Va € S, NB(a,65), ym(80) > 22m(50).
Finally, by (3.2), we obtain for all ug € V4 = VsNV4 and for all a € S,,NB(a,d4) (where §, = inf(d3, %)),
Vs > 80, ym(s) > zm(s).

This ends the proof of Lemma 3.1. |

Part 2: We claim the following:

Lemma 3.2 For alle >0, ug € V4 and a € Sy, N B(a,04), there exists sk(e,up) € R such that

Vs > s5(e,up,a), 4eym(s) > zm(s). (3.3)
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Proof.
Let € > 0, ug € V4 and a € S, N B(a,0d4). We shall restrict € to small ones in the following. Using
Lemmas 2.5, 2.6 and 3.1, setting

s4(e) = sup (§0, s (e, m)), (3.4)
we have for all s > s4(¢), the inequalities (2.35) and (3.1) hold. Using Corollary 2.8, we see that:

either s (s) = o(2.(8)) or z4(s) = o(ym(s)) as s — +oo and in view of (3.1), we must have z;/(s) =
o(Ym(s)) as s = 400 and Lemma 3.2 follows. [

Part 3: From Lemma 3.2, we can introduce for all £ > 0, ugp € V4 and a € S, N B(a, 04)
s5(g,ug, a) := inf {s > s4(e): Yo>s, deyp(o) > zm(cr)}. (3.5)
We claim the following:

Lemma 3.3

s5(e,up,a) — s4(g) is bounded only in terms of € independently from ug and a.

Proof.
If s5(e,up,a) = s4(€), then the answer is trivial. Hence, we assume in the following that ss(e) <
s5(g,up,a). We note that in this case, by minimality, there exists a sequence (s,,) such that

Sn n;)oo s5(e,up,a), with s, € [s4(€), s5(e,up,a)] and  4eyp(sn) < zm(Sn)- (3.6)

Step 1: We prove that
Jeg > 0:Ve € (0,e0) 1 Vs € [sa(€), s5(g,up,a)], 4eym(s) < zm(s). (3.7)

We argue by contradiction. If (3.7) does not hold, then we can construct from (3.6) o*(= o*(n)) €
[s4(€), sn) such that

deym(07) = zm (o) and Vo € (0%, s,], 4deym(o) < zm(0). (3.8)

By minimality, this yields
Z(0") — dey, (07) 2 0, (3.9)
on the one hand. On the other hand, using (2.35), there exists €9 > 0 such that for all € € (0,gp), we

have .
7 (07) — ey (o) < (1= "5 )20 (0%) + 52 (ym (o) + 2 (07))

—4e[(1= $)yn(0") = 3e(un(0) + 2a(0") (3.10)
< Zm(a*)[— 3 +3€+652} <0.

Using (3.9) and (3.10), we see that z;(c*) = 0. Therefore, v, r(y,s) = 0 for all s > ¢*, by uniqueness
in the Cauchy problem of (1.6). By definition (2.16) and (2.18) of ¥ and z;,, we see that for all s > o*,
zm(8) = ym(s) = 0, hence s5(e,up,a) < o* from (3.5). This contradicts the fact that o* < s, <
s5(€,ug, a). Thus, (3.7) holds. Finally, using (3.5) and (3.7), we are led to

2 (85(g, w0, @) = deyp (s5(g, up, a)). (3.11)

Step 2: We prove that
s5(g,up,a) — s4(e) < 10[logel. (3.12)

In fact, using (3.1), (3.4) and (3.7), we have :

Vs € [s4(€), s5(g,u0,a)], 4eym(s) < zm(s) < ym(S). (3.13)
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If for some 5 € [s4, s5], ym(5) = 0, then, ¥ (5) = 24 (5) and v, r(y,s) = 0 for all s > § by uniqueness in
the Cauchy problem of (1.6). This implies s5(e, ug, a) = s4(€) and (3.12) follows.
If for all s € [s4(e), s5(g,u0,a)], Ym(s) > 0, using (3.13), (2.35) becomes : Vs € [s4(€), s5(¢, ug, a)],

Yr(s) > (1 - % —3e)ym(s) and zj(s) < (% — # + ga)zm(s)

Therefore,

i 1 1. .
[log(zf)]/ < ~3 +5e < ) if e is small enough

m

and by (3.13), we have
2 (84)

(85 — s4)
oo (51) exp[(————],

9

which yields
55(57 Uo, a) - 54(6) < 9| log 45‘7

and Lemma 3.3 is proved. n

As a conclusion : for all & < &), ug € V' = Vy, a € S, N B(0,8,), we have from (3.5) and (3.12):

Vs > s(e) = sa(e) + 10| loge| > s5(e,up,a),  4eym(s) > zm(s). (3.14)

Therefore, from (2.18) and (2.28), we have
for all s > max(sg(€),s3(e,m)), Zm + 24 < Ceyp,.
Using (2.16), we get

Il va,r(8) = D Pevar(9)) lzz < Ce || var(s) llz2
k=2

which concludes the proof of (1.16) and Theorem 1. [

3.2 Proof of Theorem 2 and Theorem 2’

We only prove Theorem 2, since the proof of Theorem 2’ is quite similar. Indeed, in order to get the
proof of Theorem 2, just follow the proof of Theorem 2 and take Vo = Vg, = {o}.

Proof of Theorem 2.
(#91) = (i): this follows by the definition (1.11) of the profile order.
(1) = (41): trivial.
(i1) = (idi):
Let Vg = V4NV (m)NV1NV3(m—1)NV, (hence, for Theorem 2, Vs = {40 }) and d¢ = min(d3(m), d4, d3(rh—
1),d0) and introduce
Pin(s) =l Pa(v)(s) |z - (3.15)

We claim that the (¢i7) follows from the following:

Lemma 3.4 For all & > 0, there cxists s¢(c) such that for all s > s(<), uo € Vs and a € S, 1 B(@, &),
we have

(@) x4(s) < (Y1 + P + 2m)(5),

(0)  zwm(s) < e(ym—1 +pm)(s),

(©)  ym-1(s) < e(@s + Ym—1 + P + 2i)(5).
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Indeed, considering € € (0, 1), s > sg(¢), ug € Vs and a € S,NB(4a, §) and summing the three inequalities

in this Lemma, we get:
T4.(8) + 2 (s) + ym—1(5) < 3epm(s) + 2e(24 + 2 + Ym—1)(5).
Hence, using the definition (2.18) of Z;,, we get
24 (8) + 2 (s) + ym—1(s) < 24 (s) + 2m(s) + ym-1(s) < Gepim(s).
Using the definition (2.16), (3.15) of 24, Zs, ym—1 and pys, we get
[ 'v(s) = Pa(0)(s) [|2< 6e || Pau(v)(s) l|2,

which is the desired conclusion in (7).
It remains to prove Lemma 3.4 to conclude the proof of Theorems 2 and 2’.

Proof of Lemma 3.4.
Consider € > 0, ug € Vg and a € S, N B(a, dg).

(a) From Lemma 2.6, we have for all s > s3(g,m),
21 (8) < (Ym + 2m)(s).
Since we have the definition (2.16) of ¥,
Yin(s) < pm(s) + ym-1(s) (3.16)

and (a) follows.
(b) This is a direct consequence of (3.14) and (3.16).

(¢) Since by (i7) of the Theorem 2, we have m(ug,a) > m, we have from the definitions (1.11), (2.16),
(2.18) and of m(ug,a), Ym—1, Zm-1 and zz_1

Ym—1(8) = 0(Zm-1(5)), hence ym—_1(s)=o0(zm-1(s)) as s— +o0, (3.17)

(with no uniform character with respect to ug and a).
Applying Corollary 2.8 with ¢ = m — 1, we see then that the second estimate in (3.17) holds uniformly
in the sense that

forall e>0 and s>ss3(e,m—1), yYm-1(5) < Cezp_1(s).
Using the definitions (2.18), (2.16) and (3.15) of z3—1, Zm—1 and py;,, we write
Zin—1(8) = Zm-1(8) + Jsn-1(5), (3.18)

Zin—1(5) < () + Zm—1(5) < pi(s) + 2w (s). (3.19)

Since || v ||L~< M + & from (i%) of Proposition 2.1, and knowing that the sequence k() is increasing, we
write from the definitions (2.17) and (2.18) of J;;, and z:

Tl = (/|y<1 |U(y’S)|4|y‘k(m_1)p(y>dy)% + (/

ly|>1
M(/y<1 \v(y,S)IQP(y)dy)% + (/

ly|>1
M| o(s) 12z +in(s)

v(y, s)|4|y|’“(m‘”p(y)dy) ’

IN

oy, ) Iy ply)dy)

IN
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which gives
Jin—1(8) < M || v(s) [|rz +2m(s). (3.20)

Since we have from the definition (2.16), (3.15) and (2.18) of x4, Ysm—1, P, Zm and 2z,
[ v(s) 2 < (24 + Ym—1 + P + Z0) () < (T4 + Yrin—1 + P + 2 ) (8),

(c) follows from (3.18), (3.19) and (3.20).
This concludes the proof of Lemma 3.4 as well as (i4) = (4¢7). This concludes also the proof of Theorems
2 and 2. n

3.3 Proof of Propositions 3 and 3’

We only prove Proposition 3 since Proposition 3’ follows by the same argument.
Proof of Proposition 3.
We will prove that the assertion in Proposition 3 is equivalent to assertion (¢) in Theorem 2.

Assertion of Proposition 3 = (i) of Theorem 2: If the assertion of Proposition 3 is true, then by definition
of m(uo, a), for all ug € Vi , a € S, N B(a,d"), m(ugp, a) = 1 and (i) of Theorem 2 follows.

(7) of Theorem 2 = Assertion of Proposition 3: Here, we redo the analysis of Herrero and Veldzquez
[20] and Filippas and Liu [9], paying attention to getting the uniform character with respect to up and
a. We will distinguish two cases: m > 4 and even and m = 2.

If /» > 4 and even: For a multi-index o in NV, we introduce v, the projection of v over H,. It is
defined by

vals) = [ vlws) ol (3.21)
RN I Ha 72
Note that for any m € N, P,,(v) defined in (1.10) satisfies

P (v)(y,s) = Z Va(8)Ha(y).
lal=m
Taking || = 7 and projecting equation (1.6) on the eigenfunction H,, we write:

/ _ m H,(y)
Vo (s) = (1 - 5)%(5) + o f(v(y, 5))@0@)@-

Since |v] < C and |f(v)| < CJv|> < C|v|2, we use the Holder inequality to write

3
1

f(v(y78))Ha(y)p(y)dy’ < C/RN o(y, 8)|2 (1 + [yI™)p(y)dy < C(/RN \v(y78)l2p(y)dy)

‘ RN
Therefore, from (iii) of Theorem 2, we know that for all |a| = m and s > sg for some sg € R,

g () — (1 — 5

patsl| < ([ 1ot o)Potons) < Col o), (322)

with 3, (s) = Pa(0)(s) 7= D (vs(s))* | Hp |75 and
|B|=rn

) pin(s) + Cp2,(s),

Pan(s) < (1= 3
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since || v(s) ||z— 0, hence py,(s) — 0 as s — +00, uniformly in ug and a (see Proposition 2.2 and (i) of

Theorem 2). Therefore, this yields py(s) < Ce(1=3)s for s > S10, for some si1g, and for all ug € Vig and
a € S, N B(a,810). Injecting this in (3.22), we get the existence of Cy (ug, a) such that v, ~ Cpelt=2)5.
More precisely, for all s > s19, up € V1o and a € S, N B(a, d19),

[va(s) — C’ae(l_%)s\ < Ced(1=%)s

and C,, is continuous with respect to ug and a.

If i = 2: This case has been treated by Filippas and Liu in [9] and Veldzquez in [36], with no uniform
character. Our contribution is to prove this uniform character.

From (1.8) and (1.9) (with m = 2), we know that the eigenvalue A2 = 0 is of multiplicity w and
that its eigenspace is generated by the orthogonal basis
. . 2 .
{vwili<jbuo{y—2li=1, N} (3.23)
Therefore, defining the N x N symmetric matrix A(ug,a,s) (or A(s) for simplicity) by
1 1
Alug, a, s) = A(s) = o Va,r(y, )M (y)p(y)dy where M;;(y) = 1YY — 5%‘7 (3.24)

we see that the coefficients of A(s) are (up to a multiplicity factor) the projections of v, r(y, s) on the
eigenspace generated by (3.23). Moreover, we have the following nice expression for Ps(v)

1 Pa)(s) ez

Py(v)(y,s) = }yTA(S)y —trA(s) with o s

5 < Cy. (3.25)

A I~
We have the following result:
Lemma 3.5 (An ODE satisfied by the matrix A(s)) There exist Vio a neighborhood of ug in

L>® (RN xR) and a constant 519 > 0 such that for all € > 0, there exist s10(¢) satisfying for all s > s10(e),
ug € Vig, and a € S, N B(&,(Slo),

1
| A'(s) = ZA(s)? < e | A(s) P with = (3.26)
B 2p
Proof.
As for Proposition 3.2 page 514 in [40], there is no difficulty in adapting the proof of Filippas and Liu [9]
to this uniform context. |

In the following Lemma, we define eigenvalues for A(s) and project (3.26) on the eigenvectors:
Lemma 3.6 (Eigenvalues for the matrix A(s))

(i) There exist N real functions l;(ug,a, s) = l;(s), eigenvalues of A(s) C! in terms of s.
For any (tg,a,3) € Vig X Sz N B(a,010) X [~logT,+00) and € > 0, there exists n > 0 such that if
(ug,a,8) € Vig x Sy N B(a,010) X [~log T, +00) and ||ug — tio|| L @ny + |a — a| + |s — 5] <, then
for all i € {1,...,N}, |l,5)(uo,a,s) — li(to, a,5)| < e for some permutation o of {1,...,N}.

(i) The eigenvalues of A(s) satisfy for all s > s10(€), ug € V1o, and a € S, N B(a, d19) (where s19(g),
Vio and 619 are defined in Lemma 3.5),

1 (s) — %ui(s)\?‘ < E(Z L)), i=1-,N. (3.27)
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N

Z |1:(s)|* as a norm of A(s) depending on the convenience.
i=1

N
Remark: We take Z |;(s)| or

=1

N
We note that Z [I;(s)| is always different from zero. Indeed, if we assume that there exist a time so,

=1
N

up and a such that Z |I;(so)| = 0, then A(sg) = 0. Using (3.25) and (4i7) of Theorem 2, we see that

i=1
v(y, 89) = 0. This yields v(y, s) = 0 and A(s) = 0 for all the times thanks to the uniqueness of the initial
value problem for equation (1.1). Consequently, we get

u= k(T —t) 77, (3.28)
Since Proposition 3 holds under the hypotheses of Theorem 1 and (3.28) is excluded by the hypotheses
N
of Theorem 1, we get a contradiction. Thus, Z [1;(s)| is always different from zero.
i=1

Proof of Lemma 3.6.

(i) As for Lemma 3.1 page 514 in [40], from the regularity of w, 7, it is clear that for each a € RY,
the symmetric matrix A(s) is a C* function of s. Therefore, according to Kato [22], we can define
N C! functions of s that we denote by I;(uo, a,s) = l;(s), 1 <i < N, eigenvalues of A(s).
Since A(s) is a continuous function of (ug,a, s) and the eigenvalues of a matrix vary continuously
with respect to the coefficients, the eigenvalues [;(s) are continuous in terms of (ug,a,s), after
appropriate renaming.

(ii) The ODE (3.27) follows from (3.26) by projection on the eigenvectors. We refer to [9] and [36] for
more details.

Since we have from (#i7) in Theorem 2, (3.25) and the remark after Lemma 3.6 that for some Cy > 0 and
some s13 large enough, for all s > s13, ug € V1/10= a €S, N B(a,d),

v S 2
1 Nwr@le

0 N
o luts)

clearly (1.17) follows from the following Lemma:

Lemma 3.7 There exist Cy > 0 and s11 such that for all s > s11, up € Vio, a € Sy N B(a,d1p),

. 1
(4) ; ()l 2 7 (3.29)
5 Co &

(i) - < > li(s) <. (3.30)
N
(i) 2 M) < % (3.31)

Therefore, our proof reduces to the proof of Lemma 3.7.

Proof of Lemma 3.7.
The proof of this fact follows from the argument of Filippas and Liu for the proof of Proposition 3 page
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324 in [9] and Veldzquez for the proof of Lemma 3.2 page 458 in [36].
(i) Consider uy € Vig and a € S, N B(a, 619). Thanks to (3.27), we know that for all s > s19(52x),

28
N 1 N N 3
(Zz?(s)) =2 Li(s)li(s) > *C(Zl?(s)) 3
i=1 i=1 i=1

for some positive constant ¢ independent of ug, a and s. Integrating this inequality, we get the inequality
(3.29).

(79) Consider uy € Vip and a € S, N B(a,010). From (3.27), we know that for all s > slo(ﬁ)

o1 X
(; (s ) 2 z:: (3.32)
N
Therefore, knowing that Zl — 0 as s — +00, we must have
i=1
N
;li(s) <0 foral s> le(QﬁN). (3.33)
Then, by (3.32), we get
1 N I N 2
> ; > ;
Vs > 5105537 (;;l(s)) _c(;ll(s)) ,

for some ¢ > 0, which gives (3.30) by integration.

(#i7) Introducing

n(s) = min Li(s), (3.34)

we see from (ii) of Lemma 3.6 that n : s — n(s) is absolutely continuous on [s19(g),+00). Hence, 7 is
almost everywhere differentiable on [s19(¢), +00). Moreover, for any € > 0 and almost every s > s19(e),

we have
SEWIE

n'(s) >

QM—‘

Since we trivially have

N
L > Jli(s)] where N, =max{N,2(N - 1)}, (3.35)

*

it follows

N N 9
>l < (Zm(sn) < N2p(s).

Hence for £ = 5=~ and for almost every s > s19(¢),

2,(3N
1 1
/ 200 (L a2 .
() 2 07(s) (5~ eN?) = 550 (s)
Since n(s) < 0, from (3.34) and (3.33), we get by integration for all s > s1; = max (sm(ﬁ), 810(2,3%))
-2
25 n(s) <0.

S

Using (3.35), we conclude the proof of (ii7) of Lemma 3.7, which gives the conclusion of Proposition 3. B
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A Proof of Lemma 2.5

Let Pi(v) = zi:Pl(v). Applying P; on the equation (1.6) satisfied by v, 7 (y, s) (v(y,s) for simplicity),
multiplying bl; QEU and integrating with respect to p(y)dy, we get

y(5)yi(s) = /R  Pi(L) Prupdy + /R Bf(@)Popdy =1y + I,
By definition of £ and P;, we have

o ! l : l
L= / Pi(Lv)Popdy = > (1 5)/ PwPopdy =» (1 - 5)/ (Pw)?pdy,
RN RN RN

1,j=2 1=2

from the orthogonality of the eigenspaces of £ in L%.

Since y?(s) = Z/ (P)?pdy, it follows that
1=2 /RY

0> 11 > (1= 2)yi(s).

Using the Cauchy-Schwarz inequality and the fact that |f(v)| < Clv|?, we have
I < C | v(5) 12 wils):

So, we get .

i

Clv*(s) lz> wi(s) 2 (1 - 5

Jyi(s) = C [ v*(s) llzz - (A1)

Similarly, we have

1 . i+ 1,
2 (5) 2 5o () = C | 02(s) oy and 2i(s) < (1=

Ja() + Ol 0%(s) e . (A2)

In order to estimate || v? || L2, we follow an idea of Filippas and Kohn in their paper [8]. Using Proposition
2.2, we have: Yug € Vo, a € S, N B(a,d2), € >0, and § > 0, Jsz(e) such that Vs > sa(e)

1260 liz= [ ey + [

o w9)p(y)dy < | v(s) Iz +6°T7(s)
.

where k € N (later, we will choose k large and depending on m). Then,
102(s) Iz < €[l v(s) o2 +02Ji(s) < ey +yi+Z)(s) +62i(s), Vs > sa(e). (A.3)

In order to get an estimation on .J;, we multiply the equation (1.6) by v3(y, s)|y|*p(y) and integrate by

parts. Writing £(v) = %V(va) + v, we then have

1d
4ds
where, using the fact that |f(v)| < Clv|,

([, v olulo dy) = 725 + 1a+ 1 (A4)

Iy = . Fu(y, s)v*(y, s)lylFp dy < CJIL(s),
and
Lo= | V(p(y)Vo(y, $)v*(y, )|yl p(y) dy
= g+ sl ) dy -3 [ I Vota. )Pl olo) dy
k

IA
|
[
<
[\

s+ M [ st
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Then, going back to (A.4) and using Cauchy-Schwarz inequality, we obtain

T <= -1- 0@+ M ae ([ vl a)’ @)

Now, using the uniform convergence to zero of v over the compact subsets of RY when s — +oo given
by Proposition (2.2), we have

(/RN v (y, 9)[yl**p(y) dy)%

IN

(/|y|<51 vy, 8)ly[*p(y) dy)% + (/|y>al vy, 8)yFo(y) dy)%

6275 || v(s) |12 +02Tm(s).

IN

Thus replacing in (A.5), we get the following integral inequation satisfied by J,:
Ji(s) < =0Ji(s) + & [ v(s) I|z2, (A.6)

where Wk 1 )
g(ﬁ and & =¢&'(g,0,k) = §k(k — 1)ed? 3.

eze(k,a)zg—z—w— :

Given i > 2, by first choosing k = k(i) large, then § = (i) small, we can always make 6 > “£1 — 1. Note
that by a trivial induction on i, it is possible to choose k(%) as an increasing sequence of i. Note also that
choosing € small enough, we can make ¢ as small as we want. Hence, from (A.6), we obtain

i+1 1+1
J! < (1-—
i(s) < (1= 5

Finally, using (A.3), (A.1) and (A.2), we have for all s > s3(e):

)i(s) +&" Jv(s) Iz < (1= —=)Ji(s) + & (wg Ty + 7)(s5), Vs> sa(e). (A7)

yi(s) > (1—2)wi(s) — Ce(wy +yi + Zi)(s) — Co% Ji(s)

Z(s) < (1—L)5(s) + Ce(zg +yi + 2)(s) + C8% Ji(s),
as z; = Z; +J;. Taking € > 0, then by choosing k large enough, ¢ small enough and finally € small enough,
we can make §2C < eC + &’ < &. Therefore, we get the desired result for some s3(2) > s5(c) and some
neighborhood V3 C V5 of initial data . |
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