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ESTIMATE OF THE PRESSURE WHEN ITS GRADIENT
IS THE DIVERGENCE OF A MEASURE. APPLICATIONS

MARC BRIANE! AND JUAN CASADO-DiAz?

Abstract. In this paper, a W-LN" estimate of the pressure is derived when its gradient is the
divergence of a matrix-valued measure on RY, or on a regular bounded open set of RY. The proof is
based partially on the Strauss inequality [Strauss, Partial Differential Equations: Proc. Symp. Pure
Math. 23 (1973) 207-214] in dimension two, and on a recent result of Bourgain and Brezis [J. Eur.
Math. Soc. 9 (2007) 277-315] in higher dimension. The estimate is used to derive a representation
result for divergence free distributions which read as the divergence of a measure, and to prove an
existence result for the stationary Navier-Stokes equation when the viscosity tensor is only in L.
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1. INTRODUCTION

The estimate of the pressure is crucial for the mathematical analysis of incompressible fluid flow. We refer
to [14,15,17,20,21], for a general study of the problem. In particular, applying the distributional de Rham’s
theorem [10] to the framework of Sobolev spaces, one has the classical result (see, e.g., [20] for the case m = 1,
r = 2, and its extension in [1]):

Theorem 1.1. Let Q be a bounded Lipschitz-continuous connected open subset of RN, N > 2, let m be a

nonnegative integer, and let r € (1,00), with conjugate exponent r' := —L=. Then, for any distribution F €

r—1
W=mr ()N satisfying
(F,®) =0, YV&cCxX(Q)Y, with div(®) =0, (1.1)
there exists a unique p € W-"+tL7(Q)/R such that F = Vp. Moreover, there exists a constant C > 0 which
only depends on 2, m, r, such that

[pllw—m+1.r@)r < ClIVPllw-mr @~ (1.2)

For instance, the previous estimate is a straightforward consequence of the fact (see, e.g., [3]) that any function
m—1,r

p e W, (Q) (L(Q) if m = 1) with zero Q-average, is the divergence of a vector-valued function ® e
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W ()N satisfying
1900y < C lellnsor - (1.3

These estimates are strongly connected to the Calderén-Zygmund inequality (see Thm. 1.2) which only holds
for r € (1,00). Then, the natural question is to know if estimate (1.2) remains valid for » = 1. In this critical
case, the (badly defined) space W—11(2)"V has to be regarded as the set of the divergence of the matrix-valued
Radon measures on 2.

This question is motivated by the study of the pressure for the Stokes or Navier-Stokes equation (see Sect. 3),
respectively for the incompressible elasticity, in a multi-fluid with high-contrast viscosity u, respectively in a
multi-phase material with high-contrast rigidity, which is assumed to be only in L!. Under this assumption the
stress tensor (i.e. the product of p by the strain tensor) also belongs to L', which makes delicate the estimate
of the pressure since its gradient is expressed as the divergence of the stress tensor. Note that in the framework
of homogenization theory the heterogeneous media with high-contrast phases may have various degenerate
macroscopic behaviors (see, e.g., [2,8,9,13,16,18] and the references therein). For example, the homogenization
of the Stokes problem [7] is partly based on a pressure estimate for a very specific bi-fluid arranged along very
thin cylinders with high viscosity, which leads to an effective nonlocal Brinkman law.

In a more general context our purpose is to give an estimate of the pressure p when Vp is the divergence
of a matrix-valued measure u € M(Q)V*N. To this end, taking the Curl operator to eliminate the pressure p
we are led to estimate the measure p assuming that its divergence is curl free. We then obtain an estimate
of the measure y — + tr (1) Iy in the space W-LN(Q)NXN - This provides an estimate of V (p— % tr(p)

in W*Q’N'(Q)N. Therefore, using the classical estimate (1.2) with » = N’, we get an estimate of the pressure
p— & tr(p) in W-LN(Q).

First, the estimate of the pressure is obtained in the whole space RY (see Thm. 2.1). Then, interior estimates
are derived in the case of a bounded open set of RV (see Thm. 2.7). Finally, boundary estimates are proved
in the case of a regular bounded open € of RY (see Thm. 2.8). Contrary to the classical estimate (1.2) which
holds if €2 is only Lipschitz-continuous, here we need a C3-regularity of €2, due to the change of variables we use
in the second-order operator Curl (Div) around the boundary 92 (see Lem. 2.11 whose proof is thereby rather
delicate).

The proof of the pressure estimate in the whole space is very sensitive to the dimension. In dimension two the
key ingredient is the Strauss inequality [19] which permits to bound the LY "_norm of a vector-valued function
by the L'-norm of its symmetrized gradient. However, since the algebra of the kernel of Curl (Div) is much
more complicated in dimension three, we use an alternative approach which avoids partially tedious algebraic
computations. This approach is based on a result due to Bourgain and Brezis [4], which states that there exists
a constant Cy only depending on N, such that any divergence free vector-valued function f € L*(RY)¥ satisfies

1D (T f) |l on @ovywxw < On [l fll i@y, (1.4)

where I is the fundamental solution of the Laplace operator in RY. Estimate (1.4) and various extensions [6,22)]
have remarkable applications to linear elliptic pde’s. In particular, they allow to obtain generalizations of the
Strauss inequality (see [4], Thm. 25), which establishes a connection with our two-dimensional approach of the
pressure estimate. In higher dimension we use another extension of estimate (1.4) (see inequality (2.19)).

Therefore, the previous analysis can be regarded as a new application of [4] for dimension greater than
two, the two-dimensional case being treated by a more elementary approach. As a consequence of the pressure
estimate we can also answer to the starting question. Indeed, we obtain an extension of the classical Theorem 1.1
tor = 1, m = 1. More precisely, we prove a representation result for any distribution F € D’(Q)Y which is
the divergence of a measure € M(Q)NV*N and satisfies (1.1) (see Thm. 2.2 if @ = RY, and Thm. 2.9 if
is a regular bounded open set of RY). Actually, the representative pressure p such that F = Vp, splits into a
distribution in W~1N'(Q) and a measure in M (£2), the norm of each one of the two components being bounded
by the norm of .
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Finally, we give an application of the W—1 N ' pressure estimate to fluid mechanics. We prove the existence
of a solution of the Navier-Stokes equation in a C®-regular bounded open set Q of R, when the symmetric
tensor-valued viscosity only belongs to L'(€2)N XN Moreover, we get an estimate of the stress tensor in the
space WLN' (Q)N*N (see Thm. 3.1).

Notations and recalls

e (e1,...,en) denotes the canonic basis of RN, N > 2.

e B(0,7) denotes the ball in R centered at the origin and of radius r, and |B(0, )] its Lebesgue measure.

e Iy denotes the unit matrix of RV*Y and tr denotes the trace of a matrix in RV*¥,

e The first-order derivative with respect to the variable z; is denoted 0;, and the second-order derivative
with respect to the variables x;, x; is denoted 03]

e For any u: RN — R™, u = (uq,...,u,), Du := (6j“i)1gi§n,1§j§N7 E(u) := & (Du+ Du"), D*u =
(8]2kui) _ _ , and for n = N, Curl (u) := Dul' — Du.

1<i<n,1<j5,k<N
. N

e For any p : RNV — RV*N Diy (1) = (Zj:l ajuij)lgigN'

e For any integer k > 1 and any r € (1,00), W=F"(RN) denotes the subspace of the dual space
W=k (RY) = (W’”' (RN))/, consisting in sums of partial derivatives of order k of functions in L"(R"),
and endowed with the norm

1Al ey o= i0f {[(F, )] 5 0 € C2(RY), with [ D*e] L aays =1}

Note that for a bounded open set Q of RN, the corresponding space W=7 () and W %" (Q) agree as
a consequence of the Poincaré inequality (see, e.g., [5], Chap. 9).
e ¢ denotes a positive constant which may vary from line to line.

Along the paper we will use convolutions with the fundamental solution of the Laplace equation I' defined by

1 '
— ~— HN>2
r):=4 YW 2)1|B(0’ DIzl for = € RV \ {0}. (1.5)
log || if N =2,
2

First of all, recall the Calderén-Zygmund inequality (see, e.g., [11], Thm. 9.9):

Theorem 1.2 (Calderén-Zygmund inequality). Let  be a bounded open set of RN, and let v € (1,00). Then,
for any f € L™ (RN), with compact support in Q, there exist two constants Cq > 0 and C > 0, such that T * f
belongs to W27 (Q), with

I fllwzr) < Callfllpr@yy and ||D*T « fllpr@yyvxn < Clfll L@y, (1.6)

and C does not depend on Q.

From the second inequality of (1.6) (the so-called Calderén-Zygmund inequality), we deduce that for any
f € L"(RY), with r € (1,00), and any sequence f,, with compact support and strongly converging to f in
L"(RY), the convolution DT * f is well defined by the limit

D?Tx f := lim D' * f, strongly in L"(RM)N*N (1.7)

n—oo
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which is independent of the sequence f,. In particular we have AT« f = f. The definition (1.7) combined
again with the Calderén-Zygmund inequality provides the following Calderén-Zygmund estimates in the spaces
W=k (RN):

Corollary 1.3 (Calderén-Zygmund estimates). Let k be a nonnegative integer and let r € (1,00). Then, there
exists a constant C' > 0 such that the following estimates hold

||D2F * f”v‘vfk,r(]RN)NXN < C Hf”v”vfk,r(RN) 'Lf k> 0,
VfeWw kRN, IDT s fllyy-rsrr@ayy < Cllflly-rr@ny k=1, (1.8)
IT* fllyy-rszr@yy < Cliflly-rr@yy ¥k=2.

Actually, estimates (1.8) will be used for distributions f with compact support (see the proofs of Lem. 2.5
and Thm. 2.7) so that the equalities DT« f =T« Df = D (T * f) hold.

2. THE MAIN RESULTS

2.1. The case of the whole space

In this section we prove that any matrix-valued measure on R, with zero trace, the divergence of which is
curl free belongs actually to W-LN (RNV)NXN " This result has an interesting consequence on the representation
of vector-valued distributions which vanish on the set of divergence free functions of C°(R™)Y. The main
result is the following:

Theorem 2.1. Let p be a matriz-valued measure in M(RN)N*N which satisfies

Curl (Div () =0 in D'(RV)N*N, (2.1)

Then, there exists a constant Cy > 0 only depending on N, such that p — ]{, tr () In belongs to W*LN(RN)
and

1= 2 0 0) I s gy < O il (2:2)

As a consequence of Theorem 2.1 we obtain the following result which can be used in fluid mechanics to
prove the existence of the pressure when the viscosity term is known to be the divergence of a measure.

Theorem 2.2. Consider a distribution F € D'(RN)N such that

(F,p) =0, YoeCRY)N, with div(e) =0, (2.3)
and such that there exists M > 0 satisfying

(F,p) < M| Dol poe(anyn=n, Vo€ CFRY)Y. (2.4)

Then, there exist a distribution p € W1V (RYN), a measure ¢ € M(RY) and a constant C > 0 such that

F=V(p+q) inD R, (2.5)
IPll—1. v vy + lall ey < CM. (2.6)

Moreover, if F' satisfies
(F,9) < Minf {|Dp = hIn| L@~y : h € CRRY)}, Ve e CF(RY), (2.7)

then we can take g = 0.
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Corollary 2.3. There exists a constant C' > 0 such that for any distribution g € D'(RY) satisfying Vg = Div (1)
in D'(RN), with p € M(RN)N*N " there exists a constant R € R such that

9= % tr (:u) —-Re Wby (RN)v with Hg - % tr (:u) - RHW—I,N/(RN) <C H:U’”M(]RN)NXN' (28)

Proof of Theorem 2.1. Using a regularization argument we can assume that p belongs to C°°(RN)N*N _ We
distinguish the case N = 2 from the case N > 2.

The case N = 2. By (2.1) there exists p € C°°(R?) defined up to an additive constant, such that
Div (u — %tr (1) I —pIg) =0.

Therefore, there exists a current function z = (21, 22) € C*°(R?)? such that

- %tr (u) Iy —pla = DzJ, where J:= ((1) 01), (2.9)
which can read as L
pi1 —str(p) —p = Oz
Hi2 = - 1
H21 = 0222
po2 — gtr(p) —p = —0iz,
or equivalently,
1
—H12 3 (Mu - M22) 1
E(z) = 2 and = = (01290 — Op21) . 2.10
( ) <%(u11u22) H21 > p 2( 1=2 2 1) ( )

The matrix-valued E(z) belongs to L'(R?)?*2 and its norm is bounded by that of y. Hence, by the extension
of the Korn inequality due to Strauss [19] there exist a constant ¢ > 0 independent of z and a z-dependent rigid
motion 7(z) = aJx + a, with a € R and a € R?, such that
2 = Pl 2oy < cIEE@zyee < C lull ey (2.11)
On the other hand, since Dr J = —« I, we have by (2.10)
pla+DzJ =1 (01(z—7)2—02(z—1)1) I+ D(z—1) J.

This combined with (2.9) implies that

p—str(p) =3 (0(z—r)2—0(z—7)1) 2+ D(z—r) J. (2.12)
Finally, (2.12) and (2.11) yield the desired estimate (2.2) for N = N’ = 2.

The case N > 2. Assumption (2.1) can read as

N N
Vi,je{l,...,N}, & (Zak pik> — 9, (Zakpjk> =0 in D'(RY),
k=1 k=1
or equivalently,
Vi,je{l,...,N}, div [(@ pik — 0; pjk)lngN} —0 in D'(RY). (2.13)

At this point we need the following result which is a simple adaptation to second-order derivatives of an estimate
due to Van Schaftingen [23] (Thm. 1.5). For the reader’s convenience it is proved in Appendix A.1.
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Lemma 2.4. Let g € LY(RN)N*N the first column of which is zero, i.e. g1 = 0 for anyi =1,...,N, and
define the distribution f := Div (g). Assume that f is divergence free. Then, there exists a constant C > 0 only
depending on N, such that

/ f1 (5% dx

Let 4,7, ko be three distinct elements of {1,...,N}. Define g = (g1,...,95) € L} RN)N*N by g =
pir €5 — pjk €, and f = (f1,..., fx) by fr := div(gr) = 0j ptix — O pji, for k = 1,..., N. We have ggr, = 0
for any k = 1,..., N, and by (2.13) div(f) = 0. Hence by Lemma 2.4 (replacing 1 by ko) fi, belongs to
W-2zN l(RN ), and there exists a constant ¢ > 0 only depending on N, such that

Vu; € w2 N(]RN <C ||g||L1(RN)N><N ||D Ul”LN(]RN)NXN (214)

| fro ||W*2wN’(RN) < cllpllpr@nyvxn.

Since fx, = div (gk,) with gr, € LY (RY)N*N we deduce from Theorem 4’ of [4] that there exists a constant
¢ > 0 only depending on N, such that

ol s sy < € (lgmallr gy + 1 ol sy ) < e lill vy
Recall that gr, = pik, €5 — Lk, €i, the integers ¢, j, ko being distinct. Then, noting that (since N > 3) for any
indices i # k there exists an index j which is different from ¢ and k, the previous estimate implies that there
exists a constant C' > 0 only depending on N, such that

Vi 7é ke {1, .. .,]\7}‘7 HuikHW*LN’(RN)N < CH/,[/HLI(RN)NXN. (2.15)

Now, let us estimate p;; — pj; for ¢ # j. By (2.1) we have

Zak ' ik — z:ujk)

N

= 0; (05 prii — O juji) + 05 (0 pij — Oy pujs) + Z Ok (05 pik — Oi pjk)
k#i,j

= ai2j (s — ,Ujj) + 8 G Mg — :u‘J’L + Z _]k‘ ik — O, Myk)

k#i,j

This combined with the estimate (2.15) satisfied by py; for any k # [, implies that there exists a constant ¢ > 0
only depending on N, such that

H a’?j (,U'M - :u‘jj) HVV—B,N/(]RN) <c ”,u'”Ll(]RN)NXN' (216)

On the other hand, making the change of variables

x = +
w(x') == p(x), with Tl = — g
x) =g if k #£1,7,

and 0, denoting the derivative with respect to the variable z}, we obtain that

0 (was — 1) = Oy (piy — 1) — 0 (wia — 1) Z py U (2.17)
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where

= =

!/
o=y il (2.18)
Uy, = if k#14,j.

By (2.18), (2.17), (2.16) we have v/ = (u},...,uly) € L*(RM)N and Zi\le Ay s € W3N(RN). Then, by
virtue of the Corollary 24’ of [4] there exists a constant ¢ > 0 only depending on N, such that

: (2.19)

N
-y < ¢ (Il + | 20 0t )

which combined with (2.16) and (2.17) gives

HUIHVV*LN'(]RN)N <cllpllpr@nyvxn.

Therefore, taking into account the definition (2.18) of u’' the previous estimate implies that there exists a
constant C' > 0 only depending on N, such that

Visg € (Lo s NV, i — siglhow vy < C il ey, (2.20)
Finally, noting that
1 1 o
Wi — Ntr(u) = N;(Nii — Hjs)
estimates (2.15) and (2.20) yield the desired result (2.2) O

Proof of Theorem 2.2. If F' = (F,...,Fn) is a distribution which satisfies (2.4), then an easy application of
the Hahn-Banach theorem shows that there exists u € M(RY)V*N gsuch that

F=Div(p) in D'RM)N, with |[ulsmgeyyvsy < M. (2.21)
If F also satisfies (2.3), then for any ¢ € C°°(RY) and any i,j € {1,..., N}, we have

<(Cur1(F)) <p> = (F,®) =0,

i’
where ® = (®1,...,®x) € C(RN)V is the divergence free function defined by
®; =050, Pj:=—-0;p, Pp:=0ifk#1,j.
Thus, condition (2.3) implies that Curl (F') = 0. Moreover, by (2.21) we get that
Curl (Div () =0 in D'(RY)V*N,
Therefore, applying Theorem 2.1 it follows that v := y — < tr (1) In belongs to W-LN'(RN) and satisfies
vy < € Il aagamyn (2:22)

On the other hand, taking into account that

Div (v) = Div (p) — V (% tr (1))
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we get that, analogously to u, v satisfies
Curl (Div(v)) =0 in D/(RV)V*N, (2.23)

We need the following result which is proved at the end of the section:

Lemma 2.5. Let k be a positive integer and let r € (1,00). Then, there exists a constant C' > 0 which only
depends on k, r and N, such that any distribution F € W=7 (RN)N can be decomposed as

F=Vp+G inD RN, (2.24)
where p € WFHLT(RYY) and G € W=7 (RN satisfy
div(G) =0 in D'(RY), (2.25)

{ HpHW*IHN‘(]RN)N < C||div (F) HW*’V*“‘(]RN)

(2.26)
HG”Wfk,r(RN)N < C ||Curl (F) ||W—k—1,7’(RN)N><N-

Applying Lemma 2.5 to F := Div(v) € W=2N(RN), by (2.23), (2.22) there exists a distribution p €
W-LN'(RN) such that

Vp = Div (v) in D'RV)N,  with [Pl 137 @y < €l llp—1vr @y < O llpll paayn <.
Then, using that
F=Div(p) =Div(r) + V(& tr(0) =V (p+ & tr () in D'(RY)Y,

and by (2.21)
H% tr (/J/)HM(]RN) < HMHM(RN)NXN < M7
we obtain (2.6) just taking ¢ := % tr ().

In order to conclude the proof of Theorem 2.2, we remark that condition (2.7) is equivalent to say that the

functional
F: {D¢ : @ECEO(RN)N}/{hIN : heCS(RN)} — R
defined by
F[Dy] :=(F,¢), VyeCZRY),
(where [D¢] denotes the class corresponding to D) is well defined and it is continuous with { Dy:p e C2°(RM)N }
endowed with the uniform topology. By the Hahn-Banach theorem F can be extended to a continuous functional
defined in
CORN)N*N/IhIn + he CYRM)},

still denoted by F. Then, the functional defined by

@ € CoRMNN s Fly],

is a continuous linear mapping which vanishes on the space {hI N : heCYRY )} Hence, there exists p €
M(RN)NXN, with tr (1) = 0, such that

(F,u}z/ w:dp, Yue CYRN)N*N
RN

which, by construction of F, implies that F = — Div (u). Now, applying the first part of the proof and taking
into account that tr (u) = 0, we get that ¢ = 0, which concludes the proof of Theorem 2.2. (|
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Proof of Corollary 2.3. Tt is enough to remark that the equality Vg = Div (u) implies that the distribution
F = Div (p) satisfies the conditions of Theorem 2.2. The proof of the theorem then shows that there exists
p e WLV (RN) such that

V(p+ £tr(p) =Div(y) in D'(RY), with [Pl -8 vy < Cllpll mgaryvxw. (2.27)

On the other hand, the equality
Vp++tr(p)=Vg inD RV

implies the existence of a constant R € R such that
p+ +tr(p) =g+R. (2.28)
From (2.27) and (2.28) we deduce (2.8). O

Remark 2.6. Lemma 2.5 proves in particular that a distribution F € W~=5"(RN)N such that Curl (F) = 0 in
D' (RN)N*N (this holds if F satisfies (2.3)) is the gradient of a function in L"(R™). This classical representation
permits to estimate the pressure in fluid mechanics. Theorem 2.2 extends this result to the case r = 1. The
proof of Lemma 2.5 below shows how the classical result is derived from the Calderén-Zygmund estimate, which
does not hold for r = 1. Some of the computations of this proof will be used in the next section.

Proof of Lemma 2.5. Let F be a distribution in W57 (RY)N. By definition (see Sect. 1) F read as

F= > 9ifr, withfreL"(RV)Y
Ie{l,...,N}*

Consider a sequence of functions pf* € C2°(RY) such that ¢ =1 in B(0, R), ¢ = 0 outside B(0,2R) and

Vji>0, VR> 1.

CJ
D7 ey <

Then, the distribution F defined by

PR o= Z o (o fr),

has support in B(0,2R) and strongly converges to F in W"“’“(RN)N as R tends to infinity.
Define the distribution p* by

N
Bi=Txdiv(F7) =Y 0; (T« FfT), (2.29)

J=1

where I is the fundamental solution of the Laplace operator defined by (1.5). Then, since A ('« F®) = F
the vector-valued distribution G := FF — Vp® satisfies

N
GR Z( (P ) = 02 (T« Ff) )

N
=Y 9T« (Curl (F1)), . 1<i<N.
j=1

(2.30)
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Hence, by the Calderén-Zygmund estimates (1.8) we get

(722 | o < C|div (F5) [l s
{ W—k+1r(RN)N (F5) i+ (RN) (2.31)

||GR||W—1€,7‘(]RN)N < C ||Curl (FR) ||W7k71,r(]RN)N><N-

Moreover, by linearity the strong convergence of F'% to F in Wkr (RM)N ensures the existence of the limit p
of pf in WF+LT(RN) and the limit G of G in W=7 (RN)N | which satisfy (2.24) and (2.26). Finally, it is
easy to deduce from the first equality of (2.30) that G¥ is divergence free, and hence that G satisfies (2.25). O

2.2. The case of a bounded open set

In this section we consider the case of a bounded open subset © of RY. Thanks to the results of the previous
section we will prove local and global estimates for a measure u € M(Q)N* satisfying Curl (Div (u)) =0in
D' (Q)N*N_ The corresponding results are given by the following theorems:

Theorem 2.7. Consider two bounded open sets w, Q of RN, such that @ C Q. Then, there exists a constant
C > 0 which only depends on w and Q, such that any matriz-valued measure p € M(QN*N with
Curl (Div (p) ) = 0 in D'(Q)N*N, satisfies

p— 2 tr(p) In € W LN ()N XN
with
HM - % tr (:u) IN||W—1,N’(w)NxN <C ”/-‘HM(Q)NXN' (2'32)

Theorem 2.8. Consider a bounded open set Q1 of RN, of class C3. Then, there exists a constant C > 0 such
that any matriz-valued measure pp € M(Q)N*N  with Curl (Div (p) ) = 0 in D' (Q)N*N | satisfies

j— ) Iy € WLV (@) V<N
with
||N - % tr (‘LL) INHW—LN’(Q)NXN <C ”:L"HM(Q)NXN (233)

Theorems 2.7 and 2.8 imply the following local versions of Theorem 2.2 and Corollary 2.3, which provide
estimates for a distribution whose gradient is the divergence of a matrix-valued measure. For the sake of
simplicity we just state the global estimates which hold for a smooth open set. Local estimates are quite
similar. Since the proofs of the corresponding results follow the same ideas as the ones of the whole space case,
we do not give them. In particular, we use the classical result of Theorem 1.1 for » = N’, which can be also
deduced from Lemma 2.5.

Theorem 2.9. Let Q be a bounded connected open subset of RN, of class C3. Consider a distribution F in
D' ()N such that

(F,p) =0, Yoe ()N, with div(e) =0, (2.34)
and such that there exists a constant M > 0 satisfying

(F,¢) < M | Dgl|poe@yvxn, Vo € CE(Q)N. (2.35)
Then, there exist a distribution p € W1V (), a measure ¢ € M(Q), and a constant C > 0 such that
F=V(p+q) inDQY, (2.36)

ol 187 ) + llall m) < CM. (2.37)
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Moreover, if F satisfies
(F,p) < M inf {|Dp — hI| 1) : h€CH(Q)}, Ve CXI(Q), (2.38)

then we can take ¢ = 0.

Corollary 2.10. Let Q be a bounded connected open subset of RN, of class C°. There exists C > 0 such that
for any g € D'(Q) satisfying Vg = Div (u) in D' ()N, with u € M(Q)N*N | there exists a constant R € R such
that

g — %tr(u)—RE W_l’N (Q), with Hg——tI‘ _RHW*LN’(Q) SCHMHM(Q)NXN

Proof of Theorem 2.7. Along the proof we denote by C' > 0 a generic constant which can change from line to
line and which only depends on w and ).
Take two functions ®, ¥ € C2°(Q) such that

d=T=1 inw, /(I)dx;éo, /\ydx:o. (2.39)
Q Q

Let g € M(Q)N*N under the assumptions of the theorem, and set

/CIDdu
=2 and g:=®(p—ja)+ V. (2.40)

=
/CIDd:E
Q

We can assume that the matrix-valued measure fi is defined in the whole space R, by taking fi = 0 in RV \ Q.
Then, we have

ARY\Q) =0, f=pinw, [ilaeveo < Clullp@ven, Q)= 0. (2.41)
Moreover, taking into account that Curl (Div (u)) = 0, a direct computation yields
Curl (Div (7)) = Curl ((u — i) V@) 4+ V& ® Div () — Div (n) ® V@ + VU i — VU, (2.42)

Since M(Q) is continuously embedded in W~7(Q) for r € (1, N), we deduce from (2.42) that Curl (Div () )
belongs to W27 (RN)NXN_ More precisely, thanks to (2.41) it is easy to check that there exists a constant
C > 0 such that for any o € W27 (RN)N*N

(Curl(Div (1) ),¢) < Cllilaaoys»s [@llweo @y

< Clllancays<v (Il @ywen + 1Dl o gy ) -

This implies that

g € L"(RN)NxN supp(9) CQCU

. _ 2.43
he W27 (RN)NXN" supp (h) Cc Q C U, ( )

Curl (Div (7)) = g +h, with {

where U is a ball in RV centered at the origin such that © C U, and the norms of ¢ and h are bounded by
[ el pa @y
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Now, using that I is the fundamental solution of the Laplace operator we can check that the distribution p
and the vector-valued distribution u defined by

N N
p=7 9« (Div(i)), = > 5L * i, and (2.44)
j=1 k=1
N
wi =y 9 (T D) x (Curl (Div (1) )),;, 1<i<N, (2.45)
j=1

are solutions of the Stokes problem

—Au+Vp=Div(i) inRY
P (i) e (2.46)
div(u) =0 in RV.
Taking the Curl operator in (2.46) we get that Du satisfies
Curl (Div(Du+fi)) =0 in D'(RV)V*N, (2.47)
Moreover, we deduce from (2.45) that
N
Opui = Y 03 (T*T) * (Curl (Div (1)), (2.48)
j=1

Therefore, by the inequality (2.43) combined with the Calderén-Zygmund estimates (1.6) (for g) and (1.8)
(for h), we obtain that Du belongs to L™(U)N >N with

HDU”LT(U)NXN S C ||/J/||M(Q)N><N. (249)

On the other hand, since I is a radial function, so is I'*I". Then, using the definition (1.5) of I and the Laplace
operator in cylindrical coordinates, we can solve the equation A (I'*T') = I' in RY as a first-order ordinary
differential equation of the variable |z|, which leads us to the following explicit formula for T" % I":

1
if N#2,4
NN (N - D BO. a7 N
2
(I'*T) (2) = |§—| (log |z| — 1) N =2 for z € RV \ {0} (2.50)
T
— 1 if N =4.
61B0.1] %! '
The expression (2.50) of I« I" allows us to derive the inequality
L it N >2
|| N+ N
|D?(I ) ()| < for x € RY \ {0}. (2.51)

C .
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This combined with the first, third and fourth assertions in (2.41), implies that for any « ¢ U,

| (afjkl (L'*T) * ﬂmn) (30)‘ ‘/Q (6z4jkl (L*T)(x—y) - 614]'1@1 (L% T) (35)) fimn (y) dy

CHMHM(Q)NXN
(L+[z)N+t

CHMHM(Q)NXN
(14 |z])3

if N> 2 (2.52)
log(2+|z|) if N=2.

Therefore, by (2.49) and by applying (2.52) to the expression (2.48) of Du, we get that Du belongs to
LI(RN)NXN, and

HDU”LI(RN)NXN < C”M”M(Q)NXN. (253)
By virtue of (2.47), the third assertion in (2.41) and (2.53), we can apply Theorem 2.1, which gives

Du+ji— & tr (Du+ ) Iy € WL (RV)NN

with
HDU +p— % tr (Du + ﬂ) In HW—I,N’(RN)NXN <C HMHM(Q)NXN'
This combined with & = p in w, (2.49) and the inequality (recall that 1 < r < N”)

||DUHW—1,N’(Q)N><N S C HDU”LT(Q)NXN’

yields finally (2.32). O

Proof of Theorem 2.8. It is a simple consequence of Theorem 2.7 and the following result which provides esti-
mates near the boundary:

Lemma 2.11. Let Q a bounded open set of RN and let xy € 0. Assume that there exist r > 0, an open set ©
of RN with xy € O, and a C3-diffeomorphism 1 from a neighborhood of B(0,r) onto an neighborhood of ©

such that

$(0) = 2o, (B(0,r)) =0, ¢(BO,r)")=6n2% e

where B(0,r)T denotes the upper half ball. Then, denoting ©1 = (B(0,r/2)T), there exists a constant C' > 0
such that for any p in M(OFT)N*N “with Curl (Div (p) ) =0 in ©F, we have

- % tr (M) Iy € w-LN (éJr), with H,u - %tl‘ (M) INHWflvN'(é+) <C ||,LL||M(@+)N. (254)

The proof of Lemma 2.11 which is rather technical is given in Appendix A.2. (I

3. THE NAVIER-STOKES EQUATION WITH A VISCOSITY IN L'

In the section we consider a C®-regular bounded connected open subset €2 of RV, and a fourth-order tensor-
valued function A € Ll(Q)N4 such that for a.e. = € Q, A(r) maps the set of symmetric matrices RY*" into
itself, it is symmetric, a-coercive for a given a > 0, and preserves the set of zero trace matrices, i.e.

A(@)€:n=Alx)n: ¢

A(z)€: € > alé)?, tr(¢) =0=tr(A(x)€) =0, ae ze. (3.1)

Ve me RN, {
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Then, we have the following result:

Theorem 3.1. Let f € H-1(Q)YN, N < 4. Then, there exist a velocity u € HE(Q)N, with

/ AE(u) : E(u)dz < oo, AE(u) € W=EN (@)NXN n LY Q)N XN (3.2)
Q

and a pressure p € W=EN'(Q)/R (defined up to an additive constant) solutions of the Navier-Stokes equation
in the distributions sense

{ —Div(AE(u)) + (u-V)u+Vp=f inQ 53)

div(u) =0 in Q.

Moreover, there exists a constant Cq > 0 only depending on €2, such that the pressure p and the viscosity term
AE(u) satisfy the estimate

Pl @y + IAB @)1 @y < Cor o (@7 IAIZ, g we + a2 [ Flm-iopn +1) . (3.4)
Proof of Theorem 3.1. The proof is divided into three steps.

First step: Existence of the velocity. Let H be the functional space defined by
H:= {’U € H}(Q)N : div(v) =0in D'(Q) and / AE(w) : E(v)dz < oo} ) (3.5)
Q

endowed with the norm

o], = (/Q AE(v) - E(v)dx) Y rven (3.6)

Let us prove that (H,| -||,) is a Hilbert space. It is enough to check that H is complete for its norm. Let v,
be a Cauchy sequence in (H, || - ||,;). Then, for any € > 0, there exists N. € N such that

¥m,n > N., /QA(E(Um) ~ B(vn) : (E(vm) — E(vn)) de < <. (3.7)

Thanks to the a-coercivity of A (3.1) combined with the Korn inequality the sequence v,, strongly converges
to some divergence free function v in H}(Q)N. This implies in particular that for any fixed m € N, there
exists a subsequence of n still denoted by n, such that A (E(vy,)— E(vy)) : (E(vm) — E(vy,)) converges to
A(E(vm) — E()) : (E(vm) — E(v)) a.e. in Q. Since this sequence is nonnegative, from Fatou’s lemma we
deduce that

/ A(E(vm) — E()) : (E(vm) — E(v)) dx
@ (3.8)
< liminf/ A(E(vm) — E(vy)) : (E(vm) — E(vy))dz <e, ¥Ym > N..
n—oo o)
Due to the arbitrariness of ¢ estimate (3.8) implies that both v € H and the sequence v,, converges to v in H.
Since the set of divergence free functions in C°(Q)" is clearly contained in the space H, the closure V of
this set in H:

H
Vi={veCxQ)N : div(v) =0inD'(Q)} , (3.9)

also defines a Hilbert space.
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Now, replacing the usual space of divergence free functions in H} ()" by the new Hilbert space V (3.9), we
can easily repeat the classical construction of a solution of the Navier-Stokes equation thanks to the Galerkin
method (see [12,14,15,20,21]) to obtain a velocity u € V satisfying the variational formulation

/Q(AE(u) LE(p) + (u-V)u-p)de = (f, Oy a-1@N i @N, VeV (3.10)

More precisely, the function u is the weak limit in H of a divergence free sequence u, in C2°(Q)" which by
virtue of the Galerkin construction satisfies

/QAE(un) : E(un) dx = <f, Un>H—1(Q)N’H(%(Q)N.

This combined with the lower semi-continuity of the Hilbert norm || - ||,, in H, yields

/QAE(U) . E(u) dz < <f, U>H71(Q)N7Hé(Q)N. (3.11)
Moreover, since the symmetric bilinear form

(&) € (RT?)? —— A&

is associated with a nonnegative quadratic form, the Cauchy-Schwarz inequality implies that for any symmetric
matrix ¢ € R2*2 with [¢] =1,

|ABE(u) : €] < (A€: €)% (AB(u) : B(w))? ac. in Q.
This combined with the inequality A& : & < |A| [€]?, yields
|AE(u)| = sup |[AE(u) : €| < |A|%(AE(u) : E(u))% a.e. in Q.

{eer®: jg|=1}

Now, using the Cauchy-Schwarz inequality for the integral and (3.11) we get

/Q|AE(u)|d:c < </Q |A|olgs)é </Q AE(u) : B(u) dz>é < o0, (3.12)

hence AE(u) € LY (Q)N*N,

Second step: Estimate of the pressure. We take z € H} () solution of Az = f in . By Theorem 2.9 and
div (u) = 0 in €, there exists r € W~V (Q) 4+ M(Q) such that

Div (AE(u) — u® u + Dz) = Div (AE(u)) — (u-V)u+ f = Vr in D'(Q)". (3.13)

Moreover, since the assumptions on A and the fact that div (u) = 0 imply that tr (AE(u)) = 0, we can apply
Corollary 2.10 to deduce the existence of a constant ¢ > 0 only depending on €2 and a constant R > 0 such that

Hr + % (|u|2 — div (z)) — RHW,LN/(Q) <c||AE(u) —u®u+ Dz| prqyvxn. (3.14)

On the other hand, by (3.11), (3.12), the a-coerciveness of A, the Korn inequality, and the Sobolev embedding
of L2(Q) into W~V (Q) and of HL(Q) into L*(Q) (recall that N < 4), we have for another constant ¢
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which only depends on 2,

1div () [y -1v @y + 1 D2l sy < ellfllm-2y (3.15)

el [l =187 () + 1w @ ull L2@yven < ca™ || 71w, (3.16)
_1 1

IAE(u) || Lr@nxv < ca™2 A7, o e [ 1@ (3.17)

Then, taking p :=r — R, we get that (3.3) is satisfied and that

_1 B _
Ipllw—s.57(@) < Ca lfllm-r@y (72 IAIZ, g e + 2 lir-1@y +1). (3.18)

Third step: Estimate of AE(u). A straightforward consequence of (3.13) is that
Curl (Div (AE(u) —u®u+ Dz)) =0 in D'(Q)V*V.

Therefore, by virtue of Theorem 2.8 combined with estimates (3.15)—(3.18) we obtain (3.4), which concludes
the proof. 0

A. APPENDIX

A.1. Proof of Lemma 2.4

The proof is based on the one of Theorem 1.5 in [23] (see also [22] for related results).

Using a regularization argument we can assume that g = (g1,...,gn) € C°(RN)N*N where g; denotes the
j-th column of the matrix-valued g.

Let u = (u1,...,un) € CZ(RM)N. We have

. f1(@)uy(z)dz = /}R/]RNi1 fi(z1, 2" ) v (21, 2") do’day .

Consider p € C°(B(0,1) NRV~1), and define the mollifier p. in RV~ by

/

pe(z') =e"Np (%) , fora’ = (zo,...,xn5) € RVTL (A1)

where the parameter € > 0 will be chosen later as a function of the variable x1.
We have for a fixed x1 € R,

/ f1 ($1, x’) ul(xl, x’) da’ = Ay + As, (AQ)
RN-1

where

A = / Ji(z1,2") (pe * uy) (21, 2") da’,
]RN—l

A2= /Rw,l fi(zy, ') (wa(z1,2") = (pe * ur) (21, 2")) da’.

In order to estimate A;, note that for any x; € R, we have

N .
0= Z/ / d; (gj(t,:c’) < (pe x Vprup)(xq, :L'/)) da’ = By + Bo,
j=2 RN-1J -0
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where

N x1
By = Z/ / 95 95(t,2") - (pe * Vprur) (a1, 2") da’,
=2 RN-1J -0

N
B::/

Let us estimate B;. Integrating by parts, and using that f; = div (g;) = diva (g;), we have

/ g;(t, ") - 0j (pe * Vruy) (x1,2") da’.

N-—1

N o1
Bl - Z/ / aj g](t,l'/) 'Vz’(pE*ul)(xlax/) dl'/
e RVN-1 J _ oo

N 1
= ;/R]M [m 95 (divar (g5)) (t, 2")(pe * ur) (21, 2") da

N

o Jz:; /RN,l /a:; aj fj(t’ 1'/) (pe * Ul)(l'l,x/) dxla

and since f is divergence free, we get

= :/]R / 1 O fl(tvxl) (pe*ul)(ml,:ﬂl)dl‘/
Mot e (A.5)

= [ ) e s ) a as'
RN—l

Let us now estimate Bs. By using the Holder inequality in RV ~! with the exponents N, N’, we have for any
j=2,...,N,

/ / 95 (t, ') - 0j (pe * Varur) (21, x') dt dz’
RN-1J _ o

1
< [ 1] e 105 o s T o, ey
RN-1J -0

1-N
<ce N ||gj||L1(RN)N ||D926,u1(:£1, ')”LN(]RN—l)(N—l)X(N—l). (AG)

This combined with (A.4) implies that

2

1-N
|BQ| <ce N Z ||gj||L1(]RN)N><N||D§/’U/1(I1, ) ||LN(]RN—1)(N—1)><(N—1). (A.7)
=2

Since By + By =0, and A; = B; by (A.5), we deduce from (A.7) the following estimate for A,

N
|A1] < ‘/ fl(xl,x’) (pe *ul)(xl,x’) do’ | < ce ™ ||g||L1(RN)N><N ||D926,u1(x1, ')HLN(]RN—l)(N—l)X(N—l). (A.8)
RN -1
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It remains to estimate Ay. To this end, by the Morrey-Sobolev embedding in RV ! with Hélder exponent 1/N,
we have

|[As] = ‘/RNI (diver (1)) (21, 2) (wi(z1,2") = (pe * ur)(z1,2")) da’

= ‘ /}RN?1 g1(z1,2") - (Vo (z1,2") = (pe * Vorur)(zq,2")) da’ (A.9)

1
< cenN ||g1(:c1, ')”Ll(RN—l)N HDizul(lL'l, ')HLN(RN—I)(N—I)X(N—I).

Taking into account (A.2), (A.8), (A.9), we have thus proved that for any z; € R,

‘/N fi(z1, 2" uq (21, 2") da’
RN-1

1-N 1
<c (ET ||gHL1(RN)N +eN Hgl(xl, ')”Ll(]RN—l)N) HDilul(Jcl, ')HLN(]RN—I)(N—I)X(N—U. (AlO)

If lg1(z1, )| L1 ey -1y~ # 0, we take
_ ”gHLl(]RN)N
g1 (21, ')||L1(RN—1)N

Hence, we deduce from (A.10) that for any 27 € R,

(A.11)

L 1
<c ||9H271(RN)N><N ||gl(1'1; ')”gll(RN—l)N HDilul(fEl; ')HLN(]RNfl)(N*I)X(N*l)-

(A.12)

Otherwise, we have | gi(z1,)||L1@~-1y~ = 0. Then, making ¢ tend to infinity in (A.10) we obtain that (A.12)
still holds true.

Therefore, integrating (A.12) with respect to 1 and using Holder’s inequality in R with exponents N', N, it

follows that
/ fruydz
]RN

A.2. Proof of Lemma 2.11

/N fi(zy, 2wy (21, 2") da’
RN-1

§ C ||g||L1(]RN)N><N ||D2U1HLN(RN)N><N, (A].?))

which concludes the proof.

In the sequel any point of R reads as # = (', zy), with 2’ € R¥~! and 2 € R. The proof is divided into
three steps:

First step: Extensions by reflection. Consider a tensor-valued p € C*(B(0,7)*)¥*" such that
N
(Curl (Div (u) ))” = Z O gijki,  in D'(B(0,r)T),
k=1
where the fourth-order tensor-valued function g is defined by
gijk € C(B(0,7)%),  gijkt = — gjam,  for i, j,k,le{l,...,N}.
We now extend u and g to B(0,7) thanks to reflections so that the transmission conditions hold through the

boundary of B(0,r)*. This needs to define the extended values to B(0,r)~ by a three-points interpolation
(here, xn /3, xn/2, xy) of the values in B(0,7)". A tedious computation we omit leads us to the following
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expressions of the extensions of p and g for (a/,2y) € B(0,7)” and 1 <i,5,k I < N —1,

pij (@', on) o= 3 pi(a’, —an/3) — 8 pij(2', —n /2) + 6 iy (2, —aN),
pin (2, 2n) = =9 pin (2", —2n /3) + 16 pin (27, —2n /2) — 6 pin (27, —2 )
pnj(a' on) = — png (@', —on /3) + 4w (@', —2n /2) = 6 pvj(2), —2N)
punn (@ on) =3unn(@, —axn/3) — 8unn(x', —zN/2) + 6 pnn (2, —zN)
gijr (2, xn) = 3 giju(x’, —xn/3) — 8 gijr (2, —zN /2) + 6 gijm (2, —zN)
gijni(@' an) == —9gin (2, —an/3) + 16 gijni(2', —xn /2) — 6 gijni (2, —zN)
gijen (&', 2n) = =9 gijen (', =N /3) + 16 gijrn (2, =N /2) — 6gijrn (2, —2N)
gijnn (@' an) =27 gijni(2’, —an/3) — 32 gijni(2', —an/2) + 6 gijni (2, —xN)
gine (@', xn) = — ginn (2, —2n /3) + 4 ginm (2, —xN /2) — 6 ginia (@, —2 )
ginni(@',zn) =3 ginni( ) —8ginni(x', —xn/2) + 6 ginni (2, —2 )
ginven (@', 2n) = 3ginkn (2, =N /3) = 8ginven (2, 2N /2) + 6 ginen (27, —2N)
ginnN (@ xn) = —9ginnn(z', —an/3) + 16 ginnn (2, —2n/2) — 6 ginvn (2, —2N).
Then, the matrix-valued measure p and the functions g;;; satisfy

', —xn/3

N
(Curl (Div (u) ))” = Z 0% gijr  in D'(B(0,7)).
k=1

Second step: A WLV _estimate in the upper half ball. Let us prove that for any s > 1 and any
r > 0, there exists a constant C' > 0 such that for any p € M(B(0,r)")V*V satisfying Curl (Div (p)) €
W=25(B(0,r)"), we have

p—xtr(p) Iv € W (B(0,r/2)T) VN,
with

e = tr () In[ly v 302y ey < C llaesomoywen + [Curl (Div () lw-2c (o) - (A14)

To this end, given p € M(B(0,7)")V*N with Curl (Div (p)) € W=25(B(0,7)")N*N we consider functions
Gijki € L5(B(0,7)%), 1 <4,5,k,l < N, such that

gijkl = — gjie in D'(B(0,7r)T),

N
(Curl (Div (u)))m = Z O giju in D'(B(0,7)"),
k=1

B

Lesonn | = ||(Curt (Div ),

N
> llgigul

k=1
For 0 < h < r/8, define the regularizations u” and gfjkl in C°°(B(0,3r/4)%) of p and g5, by

W2 (B(0,r)*)

1 r N h B
u'(z) = —N/ p <x YN UN T ) dpu(y), forz € B(0,3r/4)",
Y JB((2' mn+h),h) h h

1 -y zn—yn+h _
(@) = 7 [ p (T PR ) )y, o € BO.30/4)7,
B((z',xn+h),h)
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where p denotes a mollifier in C2°(B(0, 1)), with integral 1. Then, p” and the functions gfj w1 are related by the
equality

N
(Curl (Div (u")) )ij = Z R gl i D'(B0,3r/4)").
k=1
Using the first step with r replaced by 3r/4, we can construct extensions of " and gfjkl to B(0,3r/4), still
denoted by u/ and gfjkl, such that

1" mB©,3r/2) < ClEM I MmB 0309+ < ClEllmBom)+H)

nghjkl|

Ls(B(0,3r/4) < C ||gzhjkl| £o(B(0,3r/4)+) < CllgijillLs(B(0,r)+)s

N
(Curl (Div (,uh)) )ij = Z Fore g?jkl in D'(B(0,3r/4)).
k=1

Using the linearity and the continuity of the regularization and of the extension operators, we obtain extensions
of p and g;j. to B(0,3r/4), still denoted by p and g;j, such that

el meso,3r/ay) < Cllpllmeso,mtys  NgikllLaso,sr/ay) < CllgigrllLs(B0,r) )

N
(Curl (Div (1)), = > O gigm in D'(B(0,3r/4)).
k=1

Now, consider ¢ € C°(B(0,3r/4)) such that ¢ = 1 in B(0,7/2). Given ¢t € (1, N') with ¢ < s, the matrix-
valued function pu satisfies Curl (Div (¢p)) € W=24(B(0,3r/4))V*N | with

||Curl (DiV (go,u)) HW—2,t(B(O73T/4))N><N S C (|‘/,[/HM(B(O77.)+)N><N + ||Cur1 (DiV (,u) ) ||W—2,S(B(O7T)+)N><N) . (A15)

On the other hand, consider the solutions v and p of the Stokes problem

— Au+ Vp = —Div(pp) in RV
div(u) =0 in RV,

which are given by
N N
p=— > 04T x (o), wi=y 0;(+T)x(Curl(Div(ppn)),, forie{l,...,N}.
7,k=1 j=1

Then, proceeding as in the proof of Theorem 2.7 for deriving (2.49) thanks to the Calderén-Zygmund esti-
mates (1.6) and (1.8), and using (A.15) it follows that Du is in L!(B(0,3r/4))N >N with

| Dulle(B(0,3r /4y v xn < Cl|[Curl (Div (o)) [[w-2.0(B(0,3r/a)) N x N
S C (||N||M(B(O,7')+)N><N —|— ||Cur1 (DiV (/,[/))||W—2,S(B(O,7.)+)N><N) . (A16)

Moreover, by the Stokes equation pu — Du clearly satisfies
Curl (Div (¢ — Du)) =0 in D'(B(0, 3r/4)) V.

Therefore, applying Theorem 2.7 with the open sets Q := B(0,3r/4) and w := B(0,r/2), and using that ¢ = 1 in
B(0,7/2), tr (Du) = div (u) = 0 and (A.16), we get that p—Du— % tr (1) Iy belongs to W-LNY(B(0,r/2))N*N,
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with

It = D = 5t () I [l s.v g0, poyy o < € lom = Dl vio,arayy e
< C (llullmcso.m ) + [|Curl (Div (1) ) lw—2.s (B0,r)+) <) -

Finally, using the embedding of L*(B(0,r)) into W1 (B(0,7)) (t < N'), we deduce estimate (A.14) from the
last inequality again with (A.16).

Third step: Proof of Lemma 2.11. Let 1 be in M(0)Y, with Curl (Div (1) ) = 0in D'(©7)V*". Denoting
by pi, 1 <i < N, the rows of p, consider the matrix-valued measure fi € M(B(0,7)") with rows fi;, defined by

R Z [ B B @) (D) de (D) (@), (417
for any & € CY(B(0,7)*)N. Note that if x € L' (), we simply have
N
v) = 3 0,5(0) (D) W) (), ae. y € BO.)*

Thanks to the C3-regularity of 1) and to the assumption on p, an easy computation leads to
Curl (Div () = A(y) o + B(y) D,

where A € CO(B(0,7)")N"*N* and B € CY(B(0,r)")N**N°. Therefore, for any s € (1,N'), Curl (Div (i)
belongs to W~25(B(0,7)"), with

|Curl (Div (1)) [l 2.5 (B0, +yvxv < Cllll pmeso,ryryn<n-

Then, from the second step we deduce that 2 — + tr (72) Iy belongs to W-LNY(B(0,r/2)"), with

:[l‘ % ( INHW LN'(B(0,r/2)+)NxN <C HMHM(B (0,7) )N XN . (Alg)

Finally, similarly to (A.17) we have
[ O(x) - d (i — 3 pies) ()
o+
N
-3 / D)) - 0, (0 ), (b)) (D)) det (D) d (1 — & fugse;) (w).
= JBor/2)*

for any ® € CJ(©%)N. This combined with (A.18) implies that y — < tr (u) In belongs to W1 (@+)NxN
and that (2.54) holds. O
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