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A uniform Berry-Esseen theorem on M —estimators for
geometrically ergodic Markov chains

Loic HERVE? James LEDOUX*, Valentin PATILEA*
September 7, 2010

Abstract

Let {X,},>0 be a V-geometrically ergodic Markov chain. Given some real-valued
functional F, define M, (a) := n= !>} F(a, Xp-1,Xx), @« € A C R. Consider an
M —estimator &, that is as a measurable function of the observations satisfying M, (a,,) <
minge 4 M, (a) + ¢, with {¢,}n>1 some sequence of real numbers going to zero. Under
some standard regularity and moment assumptions, close to those of the i.i.d. case, the
estimator @, satisfies a Berry-Esseen theorem uniformly with respect to the underlying
probability distribution of the Markov chain.

AMS subject classification : 62F12, 62M05, 60F05, 60J05
Keywords : spectral method

I Introduction

Let (E,€) be a measurable space with £ a countably generated o-field, and let {X,,},>0 be
a Markov chain with state space F and transition kernels {Qp(z,-) : z € E} where 0 is a
parameter in some general set ©. The initial distribution of the chain, i.e. the probability
distribution of Xy, is denoted by p and may or may not depend on 6. Although {X,}n>0
does not need to be the canonical version, we use the standard notation Py , to refer to the
probability distribution of {X,,},>0 (and Eg,,, for the expectation w.r.t. P ,). We consider
that {X,}n>0 is a V-geometrically ergodic Markov chain, where V' : E —[1,400) is some
fixed unbounded function. This class of Markov chains is large enough to cover interesting
applications (see [MT93, §16.4,§16.5]).

The parameter of interest is ag = ap(f) C A, where ag(+) is a function of the parameter 6
and A is an open interval of R. To estimate ay, let us introduce the statistic

M (a) = %ZF(@,Xk_l,Xk), (1)
k=1

where F is a real-valued measurable functional on A x E2 We define an M—estimator! to be
a random variable &,, depending on the observations (Xo, ..., X,) such that

M, (@) < min My (a) + cp,
acA
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!This is slightly more general than the usual definition of M —estimators or minimum contrast estimators,
where ¢, = 0, see [Arc98|.



where {c, }n>1 is a sequence of non-negative real numbers going to zero to be specified later.
Assume that for all § € ©
My(a) := nlggo Eg . [M,, ()]

is well defined everywhere on A and does not depend on y. In addition, assume that there
exists a unique “true” value « of the parameter of interest, that is My(ap) < My(a), Ya # ap.
We want to prove the following uniform Berry-Esseen bound for a,

o)

where I' denotes the standard normal distribution function, and 7(0) is some positive real
number defined in Theorem 3.

To derive (BE), we use Pfanzagl’s approach |[Pfa71|. Besides technical assumptions, this
approach relies on several ingredients. First, we need the uniform consistency condition:

sup sup
0O ueR

Py.,, {;{QE) (Qn — ) < u} —I'(w)

(UC) Vd > 0, suppee P u{|an — ao| > d} = O(1//n).

Second, consider the following two convergence properties: if Sy, (ag) = > p_; E(oo, Xp—1, Xk)
with &(ap, Xk—1, Xj) centered,

(a) the sequence {Eq,[Sh(ao)]/n}, o, converges to a real number o(6);

(b) there exists a positive constant B(§) such that for any n > 1

B(§)

Si

T

sup sup
0cO ueR

The properties (a) and (b) will be required for certain &(«,x,y) defined as linear combi-
nations of some functionals related to F'. To obtain (a) and (b) for such &(ap,z,y)’s with
V-geometrically ergodic Markov chains, a natural moment (or V' —domination) condition is
used: there exist positive constants C¢ and m such that

V(z,y) € B, Va € A, [€(a,z,y)[" < Ce (V(2) + V(y)). (2)

The paper is organized as follows. In Section II, an extended version of Pfanzagl’s theorem
[Pfa71, Th 1] is stated for any sequence of observations, not necessarily markovian. Sec-
tion III is devoted to a Berry-Esseen bound for the additive functional Y ,_; &(c, Xg—1, X&)
of a V-geometrically ergodic Markov chain {X,, },>0 with ¢ satisfying Inequality (2). In Sub-
section 1.2, we prove that the properties (a) and (b) are fulfilled when Inequality (2) holds
with the (almost expected) order m, namely: m > 2 = (a), and m >3 = (b). These results
follow from the weak spectral method based on the theorem of Keller and Liverani [KL99].
This approach, introduced in [HH04], is fully described in [HP10] in the Markov context (see
also [GL06, Gou08| and other references given in [HP10]). It is important to notice that Pfan-
zagl’s method requires the precise control of the constant B(€) in Property (b) as a function
of the size of {. The present operator-type approach shows that B({) depends only on the
constant C¢ in Inequality (2). Thanks to these preliminary results, in Section IV we prove
our main statement, that is:



(R) wunder some technical assumptions and the uniform consistency condition (UC), if two
functionals F' and F" related to F (in the basic case F' and F" are the first and second
order derivatives of F with respect to «) satisfy Inequality (2) for some m > 3 and
constants Cgr, Cpn that do not depend on «, then &y, satisfies property (BE).

To the best of our knowledge, the result (R) is new. It completes the central limit theorem for
{@n}n>1 proved in [DY07| when Inequality (2) holds with m = 2. The domination condition
(2) required by (R) is almost optimal in the sense that we impose m > 3 in place of the best
possible value m = 3 obtained in the i.i.d. case. In Section V, our results are applied to the
AR(1) process with ARCH (AutoRegressive Conditional Heteroscedastic) of order 1 errors.
The paper ends with a conclusion section.

Let us close the introduction with a brief review of previous related work in the litera-
ture. In [Pfa7l], {X,}nen is a sequence of i.i.d. random variables and Pfanzagl proved a
Berry-Esseen theorem for minimum contrast estimators (which are special instances of M-
estimators) associated with functionals of the form F'(«, Xj). In [Pfa71|, the moment condi-
tions on F' := OF /0c, F" := 9> F/0a? are the expected ones since the property (b) is fulfilled
under the expected third moment condition [Fel71, Chap. XVI|. Using convexity arguments,
Bentkus et al. [BBG97| proposed an alternative method for deriving Berry-Esseen bounds for
M —estimators with i.i.d. data. In the Markov context, the method proposed by Pfanzagl is
extended, first by Rao to cover the case of uniformly ergodic Markov chains [Rao73], second in
[MRS9] to the case of the linear autoregressive model. However, their assumptions to get (BE)
include much stronger moment conditions involving both the functional F' and the Markov
chain. Here, as already mentioned, the weak spectral method of [HP10| enables us to have an
(almost) optimal treatment of (a) and (b), and hence an improved Berry-Esseen result (BE).

II The Pfanzagl method revisited

We state and prove a general result that allows to derive uniform Berry-Esseen bounds for
M —estimators. This result is an extended version of Theorem 1 in [Pfa71]| and is applied to
our Markov context in Section IV.

I1.1 The result

Consider a statistical model (Q,f APy, 0 € @}), where © denotes some parameter space,
and let {X,, },>0 be any sequence of observations (not necessarily Markovian). Let us denote
the expectation with respect to Py by Ey.

For each n, let M, (a) be a measurable functional of the observations Xj, ..., X, and the
parameter of interest o € A where A is some open interval of R. Let {¢; },>1 be a sequence of
non-negative real numbers going to zero at some rate to be specified later. An M —estimator

is a measurable function a,, of the observations (Xo, ..., X,) such that
M, (&) < min My, (@) + cp. (3)
acA

This is the usual definition of minimum contrast estimators as soon as ¢, = 0.



Assumptions. Suppose that for alln > 1 and o € A, there exist M) («), M)/(«) some
measurable functions depending on Xg, X1, ..., X, and on the parameter of interest such that
the following properties hold true:

(A1) VO € O, there exists a unique og = ap(#) € A such that My(ag) = 0 where Mpy(c) :=
limy, 00 Eg[M], ()] (the limit is assumed to be well defined for all (6,a) € © x A);

(A2) 0 < infgee m(0) < supgee m(#) < oo where m(6) := limy, .o Eg[M, (av)] (the limit is
assumed to be well defined for all 0);

(A3) for every n > 1, there exists r, > 0 independent of 6 such that r, = o(n=?) and

sup Pg {|My,(@,)] =} = O(n™"?);
6co

(A4) forj = 1,2, there exists a function o;(-) such that 0 < infycg 0;(6) < supgee 04(0) < 00
and there exists a positive constant B such that for allm > 1

Voo, B
sopsupl o X5 o) <}~ < 5
\/ﬁ 1 B ‘
sy B3| V(70— mi0) < o} -0 < 2

(A4’) forn >1, |u| <2VInn, and § € O, there is a positive number oy, ,,(0) such that

Tul

’Un,u(e) —01(0)| < A’

)

Pof 50 (Mnte) + S (0t an) @) ) < up — Pl <

with some positive constants A’, B' independent of n,u,0;

3

(A5) for any (a,a’) € A2, let Ry(a, ') be defined by the equation
My (o) = My () + [My/(a) + Rn(a, &) (] = ).

For each n, there exist wy, > 0 and a real-valued measurable function W, depending on
Xo, ..., Xn, both independent of 0, such that w, = o(1) and

V(OZ,O/) € A2> |Rn(a7a/)‘ < {|OZ—O/’ +wn} Wna
and there is a constant cyy > 0 such that

sup Pg{ew < Wy} = O(n~1/?).
0cO

(A6) a, is assumed to be uniformly consistent, that is there exists v, = o(1) such that

SupPG{ ’an - 040‘ > d} < Vi,
0O

where d = infgpce m(0)/8cyw with cywy and m(6) defined in (A5) and (A2) respectively.



Let us comment on these assumptions. Condition (A1) identifies the true value of the
parameter. In Conditions (A1) and (A2), the expectations Eg[M/ (a)] and Eg[M] ()] may
depend on n, like for instance in the Markovian framework considered in the sequel when
the initial distribution is not the stationary distribution. Condition (A3) ensures that the
estimator (approximately) satisfies a kind of first order condition. Such a condition allows to
take into account the numerical errors we are faced when computing @,,. It may also be useful
when the estimator of the parameter o depends on some “nuisance” parameters (see the
example in the second part of Section V). Conditions (A4) and (A4’) are the uniform Berry-
Esseen bounds for M/ (ag), M)/ (ap) and for some of their linear combinations. The identity
defining R, (o, ') in Condition (A5) is guaranteed by a Taylor expansion when the criterion
M, () is twice differentiable with respect to a.. In this case M/, and M)’ are nothing else but
the first and second order derivatives of M,, with respect to a. The reminder R,,(c, ') must
satisfy a Lipschitz condition. For instance, when w,, = 0, this holds true if o — M, («) is
three times continuously differentiable with a bounded third order derivative. Condition (A6)
is a standard consistency condition (e.g. see [BBG97]). General sufficient conditions for (A6)
with v, = O(n~!) have been proposed in the case of i.i.d. observations or uniformly ergodic
Markov chains (see [MP71, Lemma 4| and [Rao73, Lemma 4.1] respectively). Such general
arguments can easily be adapted to the geometrically ergodic Markov chain framework. In
specific examples, like the one investigated in Section V, Condition (A6) can be checked by
direct arguments.

The proof of Theorem 1, which adapts the arguments of [Pfa71], is given in Subsection II.2.

Theorem 1 Under Conditions (A1-A6), there ezists a positive constant C' such that
Vn >1, supsup |Py {\/ﬁ (Qn, — ap) < u} —T'(u)
0c6 uck 7(0)

with 7(6) := o1(0)/m(0).

< C<\/15+\/ﬁrn+wn+%> (4)

To obtain the classical order O(n~/2) of the Berry-Esseen bound, one needs v, = O(n~/?),
rm = O(n~') and w, = O(n~Y?). Note that this usually requires that the sequence {c, }n>1
in (3) decreases at the rate n~3/2. This is to be compared to the rate n~' that is usually
required to obtain the asymptotic normality of M —estimators (see [Arc98]).

Remark 1 A close inspection of the proof of Theorem 1 below , shows that the constant C' in
inequality (4) can be tracked provided that the O(-) and o(-) rates in Assumptions (A3)-(A6)
are more explicit. For the sake of brevity, we only consider the case where ¢, = 1, = wy =0,

X

a(f) = 0 and (A3) is: for any n > 1, |M]}(0,)] = 0. The constants C in the various

inequalities of Assumptions (A4)-(A6) are denoted by C1,Cs in (Ad), C3,Cy in (A4"), Cs in

(A5) and we choose vy, < Cgn~'? in (A6). Then, we can obtain from Propositions 1-2 that
Vn>1, sup

S N
where C' 1= % + \/% +2C1 + 205 + e)(p(_aﬂ + C5 + Cg when |u| > 2vInn;

n
ol 1 exp(—a?/2) 16e~H(C3+52cw)
or C._2[m+201+402+27a +2C5+O6]+C4+—g1\3/ﬂ w

when |u| < 2v/Inn provided that \/n/Inn > max (8cwo?,4) /oy;

with a == infgece (m(8)/402(0)), T := suppee 01(8)/m(0), o = infgce 01(6).



I1.2 Proof of Theorem 1.

The hypotheses of Theorem 1 are assumed to hold. For the sake of brevity, the sequence

{rn}n>1 in (A3) is supposed to be such that r, = o(n~'/2), and |M/,(a,)| < r, for every

n > 1. In the general case, it suffices to work on the event {|M/ (a,)| < r,} and to bound

the probability of the event {|M/ (ay,)| > r,} using (A3). From Conditions (A2) and (A4),
1(9)

T(0) := ()’ m:= gg(gm(H), m = Sg;@)m(&), o= (}ggaj(ﬁ), 0= zggaj(ﬁ) (j=1,2)

are well defined. Recall that 0 <m <m < oo and 0 < g; <0 < oo, Note that the function
7(+) is positive and bounded. In the following, C' denotes a positive constant whose value may
be different from line to line.

Inequality (4) is proved, first for |u| > 2vInn, second for |u| < 2vInn. In fact, for
|u| > 2v/Inn, the bound in Inequality (4) does not involve ,, and w,.

Proposition 1 There exists a positive constant C' such that for each n > 1 and all u € R

such that |u| > 2vInn

sup
6cO

Py {T{Z) (@ — a0) < u} ()

fﬁ Y (5)

Proof. For |u| > 2VInn, it is easily checked that

Py v (@n —ap) <ugp—T(u)| <Py Vn |G — ag| = 2VInn p + T(—2VInn).
7(0) 7(0)
Now,
1 1 +00 2 1 1 1
I'(—2vinn </ ve 2 dv= — ——.
( )< 2vInn V27 Jovinn 2vInn 2m n?
Finally, the proof is complete if there exists C' > 0 such that (see [MP71, Lem. 6])
N C
Vn>1, supP { Qn —ag| > 2VInn p < — 4 vy 6
veo L 7(0) | o vn ©)
It follows from (A5) and (A3) that | M, (ao)|+rn > |0n —aol | M, (o) + Ry (Qn, ap)|. Then,
vno . Vinn vn , Vinn " ~
— |ap — ap| > 2 — M, ()| +7n) >2 M, (ag) + Ry (0,

provided that M}, (@) # M} (ap). Next, introducing the event {2|M}/(ap) + Ry (G, a0)| >
m(6)} and its complement (which includes the event {M,(a,) = M}, (a0)}), we obtain

PG{T(\/Z@—QO\MM} < PG{O%{\M;L(aO)yMRpM}

+ Po{2| M (ct9) + Ron(@n, )] < m(6)}.

It is easily checked from (A4) and 7, = o(n~1/2) that

{0 - )0 (5) o (v 355) -0 ()

6



Finally, to obtain the bound (6), it remains to justify the use of the following bound:

sup Py{ 2| M (a0) + Ru(Gns 00)| < m(0)} = O(n2) + 7. (7)
0cO

Using elementary inequalities and Assumption (A5),

Py{2[M;) (c0) + Bn(@n, a0)| < m(0) }

< Py {|M;/(a0) —m(0)] = m(0)/4} + Py {| R (Gn, )| = m(0)/4}
< Py {[M;/(c0) —m(0)] = m(0)/4} + Py {[|an — c0)| + wn] Wy = m(0)/4}

= Pl,n,@ + P2,n,9~

It follows from (A4) that a := infoce (m(6)/402(0)) is well defined and positive, and

sup Py 9 < O(nil/z) +2T(—av/n) = O(ni/l/z)- (8)
0cO

Now, let d(0) := m(0)/4cw with ¢y defined in (A5) and notice that d = infgcg d(6')/2 in
(A6). Use the event {|an, — ()zo’ < d(f) — wy} and its complement to write

6
PQ’n,g < Py {mi) < Han — a0| —|—wn] W, < W, d(@)} + Pg{‘an — a0| > d(@) — wn}
< supPyp{ew < W,} + supIP’g{|&n — ap| > d} = O(n_1/2) + Yn,
0cO (4SS
from (A5-A6) and provided that w, < d. Therefore, Inequality (7) holds true. O

Now, it remains to investigate the case |u| < 2v/Inn.

Proposition 2 There ezists a positive constant C such that, for any |u| < 2vInn,

sup
0cO

gC(\/lﬁ+\/ﬁrn+wn+vn>- (9)

Proof. We just have to prove that (9) holds true for all n > ng, for some ny € N. Let us
introduce some sets and derive their probability bounds:

— Eng = {v/n|a@n — ag|/7(0) < 2vInn }. From (6), supyeg Po(ES 5) = O(n~/% + ).

— Ay, = {0 < W, < cw} where the r.v. W,, and the constant ¢y are defined in (A5). Then
supgee Po(AS) = O(n=1/2).

P, {“wﬁ) (@n — a0) < u} - T(w)

— Dpy = {2M]/(a0) > m(0)}. We have Py{D;, 4} < Py {|M; (a0) —m(8)| >m(f)/2} <
Py {|M7’L’(ozg) - m(9)| > m(#)/4}. We know from (8) that supgcg Py(Dy, 9) = O(n=1/?).

Then, we obtain from the previous estimates that the following set
Bmg = Enﬁ NA,N Dnﬁ.
is such that

sup Py(B5 5) < O(n™2 4 7). (10)
[<C)



Now, if Dy, 4, := {v/n(@n — ag)/7(0) < u}, then we can write from (10)
‘PG(Dn,G,u) _F(u)‘ < “P)0< nOuHBnO ‘ +O 1/2+7n)' (11>
From (A2) and (A4), 0 < T := supyeg 7(0) < 0o. Define the piecewise quadratic functions

g (v)i=c +bv+a v gt (v) :=ct +btu+ato?
where ¢ 1= n[M) (ag) £ 1), b == 7(0)vn[M](ap) £ sign(v)ew wp), o = £5%ew,

and sign(v) denotes the sign of v when v # 0 and sign(0) = 0. Notice that g~ and g are
continuous on the whole real line. To bound the term ’]P)Q(Dnﬁ,u N Brg) — F(u)} in (11), let
us introduce the events

E,p., = {97 (u) 20} (12)

It follows from Lemma A.2 in Appendix A that, for n large enough and |u| < 2vInn,

Py(E-

n,0,u

N B, 9) < ]P)G( n,0,u N Bn,@) < P@( N By 9)

n,0,u

so that

[Po(Dngu 11 Bag) = T(w)| < max { [Po(Eyr,, N Buo) = ()], [Pa(Efy, 0 Bug) = T(w)|}

<max{|P9( n@u)_ ( ) ( nﬁu)_r( )‘}+P9( nG) (13)

Then, the proof of Proposition 2 is easily completed using (10) and the following estimate:
there exists a constant C' such that for n large enough and |u| < 2vInn

glelp‘]pg neu) F(u)‘ < C(\}ﬁﬁ—\/ﬁrn—l—wn) . (14)
Indeed, Enie = {g*(u) > 0} with g% defined in (I.2). We can write
Erjbtﬂ,u = {n[M; (o) £ ry] + ur(8)v/n[M) (0) £ sign(u)ew wy] + u*e? ey > 0}
_ {an\{(a) (M’( 0) + \“;;5(2) (M}(ao) — m(e))) > —“"(“’2:(2;(“’ 0)}

where the positive real number oy, () is that of Condition (A4’) and

an(1,0) = u {01(9) <1 4 Signg();)ww") 4 “‘ij%w]  bu(u,0) = £/,

From the second statement of (A4’) it follows that there exists a constant B’ such that we
have, for n large enough and |u| < 2vInn

) — F(an(U,G)"‘bn(u’H))‘ 3 B

on,u(f) B ﬁ

Py(E*

sup n,0,u

0cO




Now, from ¢g; = infpcg 01(f) > 0 and from the first property of oy, ,,(6) in (A4’), it follows
that, for n large enough and |u| < 2v/Inn, and for all § € ©, we have 0,,,,(0) > ¢;/2, and

aAwey_4 .l Omww)_mw”+cwwp+mb%w>

n,u(0) ~ onu(0) m(6) Vin )
< 2 (o) o] e o

where €’ is independent of n, u, 8. We obtain from estimates on the characteristic function
of the standard Gaussian distribution reported in [Pfa7l, p.89| that, for n large enough,

|lu| < 2vInn, and 0 € O,
an(u, 0) 1
r -T <Ci|— n
() | <e (5 )
for some C; > 0. We deduce from similar arguments that, for some constant Cs,

I (220) _p (w0 g

Since C1, Cy only depend on A’, oy, m, @ and ¢y, the proof of (14) is complete. O

IIT A Berry-Esseen bound for an additive functional of geomet-
rically ergodic Markov chains

The main focus of the paper is to apply the general Berry-Esseen result of Theorem 1 to
the case of M —estimators as defined in the introduction when the observations come from
a geometrically ergodic Markov chain. To check Conditions (A4) and (A4’) in Theorem 1,
we need the next probabilistic results based on a recent version of the Berry-Esseen theorem
derived by [HP10| in the geometrically ergodic Markov chain setting.

ITI.1 The statistical model

Let (E, &) be a measurable space with a countably generated o-field £ and © be some general
parameter space. Let {X,}n>0 be a Markov chain with state space E, transition kernels
{Q¢(z,-), x € E}, 0 € ©, and an initial distribution p which may or may not depend on 6.
Throughout Section III, we assume that 71(V) := supycg pu(V) < 0.

Assumption (M). Let V : E—[l,+00) be an unbounded function (independent of 0). For
each 6 € ©, there exists a Qg-invariant probability distribution, denoted by g, such that

(VG1) by :=sup mp(V) < +o0 .
0coO

(VG2) For all v € (0,1], there exist real numbers k < 1 and Cy, > 0 such that we have, for
any €O, n>1andx € E,

sup { |Qp f(x) = mo(f)], f : E—C measurable, |f| <V } < Cy kL V().



Notice that (VG2) with v = 1 implies the following property: for any measurable real-
valued function f defined on E such that |f| < DV for some constant D > 0,

V21, sup [Bo,lf(Xa)] = mo(f)] < DOV (V). (15)

Moreover, Conditions (VG1) and (VG2) imply that, for any v € (0,1] and 6 € O, Qg is V-
geometrically ergodic, but it is worth noticing that the constants C, and s, do not depend
on 0. In the following remark, the properties (VG1) and (VG2) are related to the so-called
drift condition w.r.t. the function V for each Q.

Remark 2 Assume that for each 6 € ©, Qg is aperiodic and -irreducible w.r.t. a certain
positive o-finite measure ¢ on E (which may depend on 0).

1. For~v =1 and any fized 0, the properties (VG1)-(VG2) follow from the drift condition :
QoV < 0V4<1lg, with o < 1,6 > 0 and S some set® satisfying the minorization condition
Qo(x, ) > cv(-)1g(x), where ¢ > 0 and v is a probability measure concentrated on S
(see [MT93, Th. 16.0.1]). In addition, the constants Cy and ki can be bounded by a
quantity involving o, <, ¢, the measure v and the set S (see [MT94]). To obtain the
uniformity in 0, it suffices to check that all these elements do not depend on 6.

2. For any v € (0,1], we have mp(V7) < mp(V) and thus Condition (VG1) implies that
supgce mo(V?) < oo. Furthermore, under the drift condition, it follows from Jensen’s
inequality that QoV7 < 0"V + ¢V 1g. Using again [MT94] one obtains (VG2).

II1.2 A preliminary uniform Berry-Esseen statement

Let ap = ap(f) € A be the parameter of interest for the statistical applications we have in
mind (see Condition (Al) page 4), where 6 is the parameter of the Markov chain model and
A is an open interval of the real line.

Let £(a, x,y) be a real-valued measurable function defined on A x E? such that the random
variable (o, Xj_1, Xi) is (integrable and) centered with respect to the stationary distribution
g, that is

Eg,ry [ (0, X0, X1)] = 0,

and let .
Sn(e) = &(a, Xp—1, Xp).
k=1

We investigate the following uniform Berry-Esseen property

(S} -] ()

where 2(0) will be defined below as the asymptotic variance associated to the random vari-
ables &(ov, Xx—1, Xk). When {X,, },>0 are i.i.d. and (o, Xp—1, Xi) = (o, X), this property
follows from the Berry-Esseen theorem [Fel71|, provided that &(c, Xo) has finite third order
moment, uniformly bounded in «, and a variance greater than some positive constant which
does not depend on a.

sup sup
0O uelR

29 is the so-called small set.
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In our Markov framework, the following moment (or V —domination) condition is natural
for the functional £. In the sequel, this condition will be required for mg = 1,2 or 3.

Condition (D,,,). There exist real constants m > mg > 1 and C¢ > 0 such that

Vo€ A, Y(z,y) € B2, [¢(a,z,9)|" < Ce (V(z) + V(y)). (Do)
This domination condition implies that

Ee,w[!f(a,Xo,Xl)!m]Z/lé(a,m,y)\er(fB,dy)dﬂe(m) < C¢ (mp(V)+m9(QpV)) < 00, (16)
and since m > 1, observe that Eg -, [ [£(6, X0, X1)|] < oo.

Proposition 3 Suppose that Assumption (M) holds true and that £ is centered and satisfies
Condition (Dy). Then, we have supgeg Sup, > |Eg,u[Sn(ao)]| < co. In particular, for each
6 € ©, lim, Eg ,, [Sn(a0)/n] = 0. If in addition £ satisfies condition (D3), then for each 6 € ©,
the non-negative real number

Egu[Sn(0)’]

2 .
0) =1
o°(0) im -

is well-defined and does not depend on u. Furthermore, the function o2(-) is bounded on ©,
and there exists a positive constant C, only depending on C¢ and [i(V'), such that

_ EgulSn(e0)’]] _ C
n - n’

V€O, Yn>1, a2(0)
Now, we are ready to state our uniform Berry-Esseen statement for Sy, (a).
Theorem 2 Let us assume that :
1. Condition (M) holds true;
2. the functional £ is centered and satisfies Condition (Ds);
3. o2 := inf o%(# .
oy = inf o (0)>0

Then, there exists a constant B(§) such that

Furthermore, the constant B(&) depends on the functional £, but only through oy and the
constant Ce¢ of Condition (Ds3).

Vn >1, supsup
0€O ueR

The fact that we look for a Berry-Esseen bound with a constant B(£) independent of 6
is natural given our main purpose, that is prove a uniform Berry-Esseen theorem for M-
estimators.

There are several methods for deriving Berry-Esseen bound for the functionals of Markov
chains (e.g. see [Bol82, Jen89|). But to prove Proposition 3 and Theorem 2, we use the weak
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spectral method developed in [HP10].> This method allows to control the constant B(¢) as
a function of C¢ for checking Assumption (A4’) of Theorem 1 (see the arguments following
equation (31) in Section IV). This follows from the next key technical result. Although the
proof of the Berry-Esseen theorem only requires Taylor expansions up to the order mg and
condition (Dp,,) with mg = 3, for the purpose of possible further applications, Lemma 1
below is stated for any mg € N*.

Lemma 1 If  is centered and satisfies Condition (D) with mo € N*, then there exists
B > 0 such that

VO €O, Yn>1, Vte [-B,0], Ep,le"@] = N)" (14 Lo(t)) +ro0(t),  (17)

where Ag(-), Lg(-) and rgpn(-) are some mq times continuously differentiable functions from
[—8, 0] into C satisfying M\g(0) = 1, A\p(0) = 0, Lg(0) = 0 and 19,(0) = 0. Furthermore,
there exists p € (0,1) such that we have for £ =0,...,mq:

Gy i=sup {p " [rg (D], 1t < B, 0 €0, n>1} < oo,
Finally, the constants 3, p, Gy and the following ones (for £ =0,...,mg)
Eo=sup{ A\ @), 1t/ < B, 0 €O} <00,  Fypi=sup{|L{(1)], |t| < B, § €O} < o0,
depend on &, but only through the constant C¢ of Assumption (D).

Lemma 1 is proved in Subsection II1.3. The definition of Ly(t) and rg,(t) (see (24) and (25))
shows that the constants Fy and Gy also depend on fi(V') (see Remark 3). Now, Lemma 1
allows us to derive Proposition 3 and Theorem 2.

Proof of Proposition 3. Assume that £ is centered and satisfies (D,,,) with mo € N*.
Proceeding as in (16) and using (15), (VG1) and fi(V') < oo, we obtain that

supsup Eg [ [£(a0, Xp—1, X)|™] < oo for some m > my. (18)

0cO k>1
Now assume my = 1, and let ¢(t) = Eg ,[e9(20)], t € R. Then ¢'(0) = i Eg,[Sn(ap)], but
Lemma 1 also gives gZ) (0) = Ly(0) + 7‘9”( ). Hence supycg sup,,>1 [Eg . [Sn(ao)]| < F1 + G1.
Next, assume mg = 2. From (18) we have Eg,[Sn(a0)?] < oo, and thus we can write
¢"(0) = —Eg . [Sn(a0)?], and ¢"(0) = nAj(0) + Ly (0) +7,,(0) by Lemma 1. Thus we obtain
[A5(0)+Eo,.[Sn(a0)’]/nl < (ILG(0)|+ g, (0)))/n < (Fa+Ga)/n. Set 0®(6) := —A§(0). Then
Suppee 02(0) < E2 (by Lemma 1), and the proof is complete with C' := Fy + Gs. O
Proof of Theorem 2.. Recall that £ is centered and satisfies Condition (D3). To prove the
result, we use Lemma 1 with mg = 3 and we adapt the arguments of the i.i.d. case. Recall
that 02(0) = —\;(0). According to the classical Berry-Esseen inequality (e.g., see [Fel71]),
we must prove that for some suitable positive constant ¢, supyeg An(f) = O(n~"1/2) where

3 A Berry-Esseen theorem is established in [Her08] for sequences of the form {£(X%)}x>0 under the conditions
u(V) < oo and [¢* < CV. However, the case of sequences of the form {¢(Xx—1, Xx)}r>o is not a direct
corollary of this work since the Markov chain {(X%—1, X%)}r>0 may not be geometrically ergodic.

Sn( 0) +2
[e U(e)f]—677
t

dt.
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For the moment, we just assume that 0 < ¢ < Bop, where 3 is the real number in Lemma 1.
Notice that |t| < ¢ implies [t/o(6)] < 5 for all § € ©. Using Lemma 1, we have

ev/n
A(0) < /
—eyn

n _i2
el =t e o)

ev/n Ton p L n
+/ —( o) ‘ dt == 1,(0) + Jo(0) + K (0).
—ey/m t
By a Taylor expansion, for all § € © and |v| < ¢,
v v? Es
Ml —<) -1 < = |v?
(o) 1+ 5] = s

where Ej is defined in Lemma 1. Hereafter, set ¢ := min{B0, 303 /2E3, v/2}. From the last
inequality, deduce that for any |v| < ¢

v v2 02 v2
Ao | —— <1l—— 4+ —<e 1.
9@@>k 2 =

Therefore, for any t € R such that [t| < ¢y/n,

M(dé%)

<e T. (19)

Let us write

=0
Notice that |[Ag(t/c(0)y/n) — exp(—t?/2n)| < (a + E3/603) [t/v/nf® if a := SUP|y|<c |G (v)]
with ¥(v) := 6 exp(—v?/2). Moreover,

(7o)

where b := sup|,|<, exp(v?/4). Hence

t " _ 2 ‘Eg _1 3 _t
)\9< > —e 2 §<a+>bn 2 |t]Pe 4
o(0)v/n 603
which yields supgeg In(6) < bn~1/? (a+ E3/603) [ t* exp(—t?/4)dt. Next, using (19) and
Ly(0) =0,

5|

k=0

n—k—1 2

— t2(n k 1) _g 2
E an <bne 4,
k=0

M‘W
\/\

sup Jp,(6)

T dt.
0cO O’of /

Finally, using 79,(0) = 0, we have supycg |r9.n(t/0(0)vn)| < (|t|/o0v/n) Gip™, so that
supgee Kn(0) < (2¢G1/09) p". Gathering the results we deduce that

A 2
supA, < — + <Gi

gpco \/n o)

13
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where the constants A, p,Gi and ¢ depend on C¢ of Condition (D3). The Berry-Esseen
inequality [Fel71| then yields

Po,. {Gfg)(f/)ﬁ < u} _T(u)| < % <\‘/45 N 226011 P+ fj%) ,

where 7 = sup,,cg |I"(u)|. The proof of Theorem 2 is complete. O

sup
ueR

I11.3 Proof of Lemma 1

For 6 € O fixed, Lemma 1 follows from [HP10, sect. 10]. Here we must prove that all the
constants in Lemma 1 are uniform in 6 and depend on ¢ as claimed. For this purpose, the
weak spectral method is outlined below (in the V-geometrical ergodicity context) and we
give the main statements by paying special attention to the constants. For convenience, the
technical proofs are postponed in Appendix B.

o Geometrical ergodicity of Qp. Let 0 < v < 1. We denote by B, the weighted supremum-
normed space of measurable complex-valued functions f on E such that

e ()]

< 00

(By, | - |ly) is a Banach space. The space of bounded operators on B, is denoted by L(B),
and the associated operator norm is still denoted by || - ||. We have from (VG1)

sup mp(V7) < by = sup mp(V) < o0, (20)
0cO 0cO

so that 7 is a continuous linear form on B,. Define the following rank-one projection on B.:

VfEny, Iy f = 7T9(f)1E.

Then Condition (VG2) in (M) can be rewritten as follows: Qg € L£(B,) and there exist Ky < 1
and C, > 0 such that

V€O, Vf € By Yn 1, [|QFF —Taflly < Cynl ] (21)

From (20) and (21), [|Qp]ly = sup,ecp(Q3V7)(x)/V ()Y is uniformly bounded in n € N* and
6 eco.

e The Fourier kernels associated with Qg and &. Assume that, for all o € A, &(«,-,-) is
measurable. The Fourier kernels associated with @y and £ are denoted by {Qy(t)(z, dy),t € R}
and defined by

Vo € B, Qot)(w,dy) = e 0T Qy (. dy).

Let us recall that Sy,(ap) := > 51 &(c0, Xk—1, X). The following link between Qg(t) and the
characteristic function of Sy, (ap) is well-known in the spectral method:

Vn>1, VteR, Eg,[e5( 0] = 1(Qp(t)"1E). (22)

In fact, we have Eg ,[e?5(20) f(X,,)] = u(Qq(t)" f) for any real-valued measurable bounded
function f on E. This can be easily checked by induction using the Markov property and the
following equality

Vn > 2, EG,M[eitSH(aO) f(Xn)] = EG,M [eitsnil(ao) (QG(t)f)(anl)] .

14



e Spectral study of Qy(t) on B, (for t near 0). It can be easily seen that, for all t € R, we
have Qy(t) € L(By). For k € (0,1), we set

D,:={2€C: |z| >k, |z—1] > (1 —kr)/2}.

Lemma 2 Let v € (0,1). For all k € (ky,1), there exists 3, > 0 such that, for 6 € O,
|t| < By and z € Dy, we have (z — Qg(t))_l € L(By) and

-1
Ry i=sup {||(z = Qo(1)) ||, : 0 €6, [t| < By, 2 €Di} <cc.
Moreover, the constants 3, and R . depend on &, but only via the constant C¢ of (D).

For 6 fixed, Lemma 2 is established in [HP10, Prop. 10.1| thanks to the theorem of Keller
and Liverani [KL99, Liv04|. Here we only have to prove that the constants 3, , and R, are
uniform in # and depend on ¢ as stated above. According to [KL99, Rk. p. 145], it is enough
to check that so are the constants involved in the hypotheses of the Keller-Liverani theorem.
This is due to Lemmas B.1-B.2 in Appendix B.

e Proof of Formula (17). Now assume that £ satisfies Condition (D,y,,) for some my € N*.
Let 7o € (0,1) be fixed such that v9 + mo/m < 1. For any k € (k,,1), denote by I, the
oriented circle centered at z = 0, with radius «, and by I'1 ,, the oriented circle centered at
z = 1, with radius (1 — k)/2. Note that both I'g ,, and I'; ,, are contained in D,. From (21)
and Lemma 2, one can deduce that we have, for all n > 1, 6 € ©, and t € [—3, x; Byo.x), the
following equality in £(B.,):

Qo(t)" = Aa()" Lp(t) + No(t)", (23)

where \g(t) is the dominating simple eigenvalue of Qy(t), Ilp(t) and Ny(t)™ are the elements
of £(B,,) defined by the following line integrals:
1 — —
Iy(t) = — (z— Qo(t)) "dz and Ny(t)" := 7{ 2" (2 — Qp(t)) .
FO,N

- 2im Jr,
Note that we have \g(0) = 1 and IIp(0) = IIy from (21). Also observe that, from Lemma 2
and the definition of I'g ,;, we have |[Ny(t)"||, = O(k™). Since 1 € B,, and p(V) < oo (p is
a continuous linear form on B.,), the equalities (22) and (23) give:
Eg,,[e™5@0)] = N (t)" u(Tlp(t)15) + u(Np(t)"15).
Therefore formula (17) holds true with
Lg(t) = M(Hg(t)lE) —1, 7"97,1(25) = ;L(Ng(t)nlE) (n € N*)

We have Ly(0) = M(H@lE) —1 =0 and r9,(0) = ,u(Ng(O)"lE) = ,LL(QZlE — HglE) = 0.
Finally, to make easier the link with Lemma 3 below, let us observe that

|+ Lo(t) = % 7? u((z = Qo(t) 1) d, (24)
ron(t) = % 7€ (= — Qo(t) 1) de. (25)

e Regularity properties of A(-), Lg(-), To.n(-). Let 4 be such that vo + mo/m < v5 < 1. We
denote by L£(B.,,B,;) the space of the bounded linear operators from By, to By, and by
A the associated operator norm.

707
I Tlon
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Lemma 3 We have the following reqularity properties:

(a) The map Qo(-) is mo-times continuously differentiable from R to L(B,, B,;), and we have
{4
Qp := SUPseR geo HQé )(t)HWOWS < oo forl =0,...,my.

(b) There exist some real numbers Kk € (kq,,1) and 0 < B < [y, such that, for all § € ©

and z € Dy, the function Ry, : t — (z — Qg(t))_l 18 mo-times continuously differentiable
from [—3, 8] into L(Bs,, B’Yé)’ and we have for £ =0,...,mg:

sup { [ R (Dllog © | < B, 2 €Dy, 0 €0} <00,

The scalars 3, k and all the bounds in (a) (b) depend on & only via the constant C¢ of (D).

For 0 fixed, Lemma 3 is established in [HP10, Prop. 10.3]. It can be also derived from
[Gou08] which relaxes the assumptions used in [HH04, GLO6] to obtain Taylor expansions?
of the resolvent maps. However, a fine control of the constants is still required. Using either
|Gou08| or [HP10, sect. 10|, this control is derived from Lemma 2 and from Lemma B.3 in
Appendix B.

Since 1p € By, and p is a continuous linear form on B, (use (V) < c0), Lemma 3 (b)
gives that, for any z € I'g,, UT'1 4, the C-valued function ¢ — u((z — Qa(t)) "11g) is mo-times
continuously differentiable on [—/3, ] and that its myq first derivatives are uniformly bounded
inf and z € I'g ,UI'g . The regularity properties (and the related bounds) for Ly (-) and 7., (-)
then follow from (24) and (25), while those concerning the function \g(-) follow from both
Lemma 3 (a) and Lemma 3 (b), according to a formula given in [HP10, sect. 7.2|. Finally the
property Ay (0) = 0 can be proved as follows. By deriving (17) (applied with = 7g) at t =0
and by using the fact that £ is centered, we have: 0 = i Eg ,[Sn(ao)] = n Xy(0)+Lj(0)+rp . (0).
Hence \(0) = 0. ’

Remark 3 Notice that, according to (24) (25), the constants Fy and Gy in Lemma 1 also
depend on the supremum in 0 of the norm of u in B’%, namely supgcg M(V'Y(/)).

IV A Berry-Esseen theorem for )M-estimators

Consider a Markov chain satisfying the condition (M) of Section III.1. Let us introduce the
statistic
1 n
My (a) =~ > F(a, Xj—1, Xp) (26)
k=1
where « is the parameter of interest, F' is a real-valued measurable function on A x E? and
A is an open interval of the real line.
Assume that F' satisfies Condition (D) and let
Mp(a) := lim Eg,[My(a)] = Egx, [F(a, Xo, X1)],

n—oo

which is well defined by Proposition 3. Assume also that, for each 8 € ©, there exists a
unique a9 = ap(f) € A, the so-called true value of the parameter of interest, such that

4 As observed in [Gou08]|, the passage to the differentiability properties can be derived from [Cam64].
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Mpy(a)) > Mp(ap), YVa # ap. To estimate ag = ap(f) we consider an M —estimator @, as
defined in Section II, that is M, (@) < mingea My (a) + ¢, where {¢,}n>1 1s a sequence of
non-negative real numbers going to zero.

Let F' and F" be real-valued measurable functions defined on A x E? and let

n n

1 1
My (a) = - > Fla, Xpo1, Xi),  M(a):= - > (o, Xpo1, Xe). (27)
k=1 k=1

The functionals F’ and F” could be the first and second order partial derivatives of F' with
respect to «, but this is not necessary to deduce our next result. Consider the following
assumptions on F’ and F” (and implicitly on ¢,, see (V3)).

Assumptions.

(VO) F’' and F" satisfy Condition (Ds);

(V1) V9€0, Ep,[F'(an,Xo,X1)] =0 and ag = a(0) is unique with this property;

(V2) m(0) :=Egr, [F" (v, X0, X1)] satisfies aig(gm(é) > 0;

(V3) M/ (an) satisfies Condition (A3), that is ¥n > 1 there exists rn, > 0 independent of 6
such that ry, = o(1/y/n) and supgee Po,u{|ML(@n)| > 10} = O(n=1/2).

Notice that (V0) ensures supgeg m(6) < oo (see (16)). Now, as a consequence of Propo-
sition 3 applied to F’ and F”, the conditions (V0)-(V2) enable us to define the asymptotic
variances:

1 -
o) = h};nnEgvu[(ZF’(ao,Xk_l,Xk))z]
k=1
1 -
3(0) = h?gnnEe,u[(ZF"mo,Xk1,Xk>—nm<e>)2}
k=1

Moreover, Condition (V0) and Proposition 3 ensure that supgcg 0;(6) < oo for j =1,2. The
following conditions are also assumed to hold.

(V4) infgco 0(0) >0 for j =1,2.
(V5) There exist n € (0,1/2) and C > 0 such that
V(a, ) € A2, V(z,y) € E?, ‘F”(a,x,y) — F”(o/,m,y)‘ < Cla—d (V(x) + V(y))n.
(V6) Set d:=infgcg m(0)/8mp(V") with n defined in (V5). There exists v, = o(1) such that
zlelgpg#{ |y, — ap| > d} < Yn.
Theorem 3 Assume that the condition (M) holds true, that F' satisfies Condition (Dy), that

Conditions (VO) to (V6) are fulfilled. Let 7(0) := 01(0)/m(0). Then there exists a positive
constant C' such that

Vn >1, supsup
0e© ueR

Py, {7-\(/05) (Qn, —ap) < u} —I'(u)

§C’<\}ﬁ+\/ﬁrn+%> .
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The statement in the above theorem corresponds to that of the i.i.d. case in [Pfa71] up to few
changes: first the variances of the i.i.d context® are replaced by the above asymptotic variances
02(0) and o3(6) (this is natural in a general markovian context); second the uniform (in 6)
third-order moment conditions® on both F’, F" are replaced by the domination condition
(Ds3) for F', F"; third, even when F' = 0F/0«, here we allow for a positive sequence 7,
n > 1, provided it decreases to zero sufficiently fast. The second point is specific to the
geometrically ergodic Markov chain case. Indeed, in the same statistical model, Dehay and
Yao [DY07] proved a CLT for maximum likelihood estimates under a second-order domination
assumption on the two first derivatives of the functional which corresponds to Inequality (D, )
with mg = 2. Here the previous second-order assumption is replaced by the (almost) optimal
condition (D3) for deriving the Berry-Esseen theorem for M —estimators.

Proof of Theorem 3. It suffices to check the conditions (Al) to (A6) of Theorem 1. The
limit M)(«) := lim,, Eg ,[M] (c)] is well defined by Proposition 3 and Condition (V0), the
uniqueness of «q is guaranteed by (V1), hence (A1) holds true. One more application of
Proposition 3 ensures that Eg , [F" (ao, Xo, X1)] = lim,, Eg ,[M]/(a0)], hence (A2) is satisfied.
Condition (V3) is nothing but (A3). The Berry-Esseen properties in (A4) are associated to
the functionals F'(ag,z,y) and F"(«ag,x,y) respectively, so that they directly follow from
Theorem 2.

Now, let us check that (A5) holds true with w, = 0. Define W := V" where n € (0,1/2)
is the scalar in (V5) and notice that Eg ., [W(Xo)"/7 = (V). Next, since V > 1 and
n € (0,1/2), we have 1 < W < W2 < V so that 1 < mp(W) < mg(W?) < mp(V) < by
by Property (VG1). Deduce that supgeg mp(W) < oo, and by Proposition 3 applied to
£0,z,y) =W(y)

1 & 2
supsup — Eg ,, [(Z W(Xg) — n7r9(W)> } < 0.
n>10e0 1 1
Now, Condition (A5) is guaranteed by the properties (M) and (V5) with w, = 0, ey =
supgee mo(W) and Wy, := (1/n) > ") _ (W (Xk_1) + W(X})) provided that
sup Py, {8mg(W) < W, } = O (n_l) . (28)
e

To prove (28), set S, := > p_; W(X}). Since W,, < 25,/n+ (W (Xo)+ W(X,)) /n and
W@(W) Z ]-7

Py, {8mg(W) < W} Py {Sn = 2nme(W)} + Po { W (Xo) + W(Xy) = 4nmg(W)}

<
< Pg#{sn—nW@(W) > n} + IP)QM{W(X()) +W(X,) > 4n}.

Equality (28) is then obtained by Markov’s inequality

1/
Pou{Smo(W)SWa} < 5By, [(Sn—”WO(W))2]+<41n> B W (X0) + W)V

= O(nil),

®Namely, Eq[F'(6, Xo)?] and Eo[(F" (0, Xo)—m(0))?] for an i.i.d sequence { X, },>0 and a functional F (6, z).
SNamely, sup,ce Eol |F (0, Xo0)|* + |F" (0, Xo)|*] < oo.
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since

sup sup By, [(W(Xo) + W (X)) V7] < 271 [V + Cy (V) + b |,

f0cO n>1
using (a + b)Y/7 < 2Y/1=1(g!/" 4 b1/7) for any a,b > 0 and (VG1)-(VG2). Notice also that
now Condition (V6) is identical to Condition (A6).

The difficult part is to check the Berry-Esseen-type property (A4’). For this purpose, let
Z:={&(-,,-),i € I'} denote an arbitrary family of real-valued functionals defined on A x E2.
Suppose that each &; is centered, i.e. Eg r,[&(a0, X0, X1)] = 0 for all i € I and 6 € ©, and
that Condition (D3) is fulfilled uniformly in ¢ € I, that is

Im>3,3C >0, Viel, Vae A, Y(z,y) € E? |&G(a,z,9)|" <C(V(z)+V(y). (29)

For each i € I, set Sy (av,i) = > &(ao, Xk—1, X}), and using Proposition 3 associate the
corresponding asymptotic variance denoted by 01-2 (0). Moreover assume that

0 < inf{o;(0),0 € ©,i € I} <sup{o;(f),0 € ©,i € [} < 0. (30)

Then, we deduce from Theorem 2 that, under Conditions (M), (29), (30), and (V) < oo,
there exists a constant B such that

Sn(a()a 7’) B
Vn > 1, supsupsup [Py {gu —I'uw)| < —. 31
icl 6couek | | 0i(0)v/n (u) vn (31)
This allows to establish the two conditions in (A4’). Indeed, for (p,v) € N* x R with v such

that |v| < 2+y/Inp, let us introduce the functional &, , defined by

0
€polon, ) i= P, ) + == D (Fw..) = m(0).
Set Sn(a()’pv U) = ZZ:l 5;0,1)(0507 Xk—la Xk)v and
6 n n
0l )= TG S1(0) = Yo Xica, X, S4(0) = Yo, Xics, Xe)=nm(0),
k=1 k=1

so that Sy (a0, p,v) = S}, () + a(p,v) S; (). Notice that Eg r,[&p (o, Xo, X1)] = 0 by
(V1)-(V2). We have

B, [Sn (00, p, v)*] = Bo s [Sp(0)°] = ct9(p, v)*Eo,m, [S71 (00)* 142 a9 (p, v)Eo,r, [S7, (00) Sy (0)].

From (V2) and the fact that oy(-) is bounded, we have |ag(p,v)| < Alv|/\/p for some A > 0
which does not depend on 6. Besides, as already mentioned in this section, one can define the

asymptotic variances o?(f) and o3(6) associated to the functionals F’ and F" by

1

1 / 1
o2(0) := hﬁn - Eo .y [ Sp(a0)?]  03(0) := hgn - Eg o[ Sy (0)?].

Similarly, the asymptotic variance o]%’v(H) associated to &, can be defined by:

o1
012),”(0) = hﬁn - Eg x, [ Sn(co,p, v)z].
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Then, it follows from | Eg x,[ S} (c0) Sp(co)]| < Eg,x, [ S (cr0)? Y2 B 1y [ S” ()2 ]2 that

02
2 2V |v|
}O'pﬂ)(e) — o (9)} < A°— ’ (0) +2A % o1(0) o2(0).
Since o;(+) is bounded (j = 1,2) and |v| < 2y/Inp < 2,/p, the previous inequality shows that
there exists C’ > 0, independent of #, such that

2 2 ;v
‘Upﬂ)(e) — 0'1(0)‘ S C %
Set 01 = Supgeg 01(0) and 01 := infpee 01(f) (we have gy > 0 from (V4)). Using |v|/\/p <
Inp/p and /Inp/p = o(1), the above inequality implies that there exists Py € N such
that we have, for all p > Py and v such that |v| < 2y/Inp

C.O

1
V9 S @7 igl S me(g) 5

In particular, under the same condition on (p,v), this gives o, ,(0) + 01(68) > 3cg,/2, hence:

lop,w(0) — o1(8)] < 2C"|v|/3a;+/p. This proves the first assertion in (A4’).
Now, let us define

I:{(p,v)EN* xR:p> Py, |v| §2\/lnp}.

It follows from (VO0), (V2) and &1 < +o00 that the family = := {&, ., (p,v) € I} satisfies (29).
Besides, the above bounds of ¢, ,(0) give the property (30). Then Equation (31) shows that
there exists B’ > 0 such that we have for all n > 1, (p,v) € I, 0 € ©, and u € R:

Pou { o <) -] < o

Finally, let us fix any integer n > Py and any real number u such that |u| < 2v/Inn. Then, the
previous Berry-Esseen property, applied with p := n and v := u, exactly provides the second
property of (A4’). Indeed, we obtain from S/ (ag) = n M/ (ap) and S!(ag) = n (M) (o) —

B/

m(0)) that
Sp(ao,n,u) 1 , Lo 1(0) o
2 r = e (Shew) + gy Sew))
. \/> / uo(0) ") —m
= (e + 2 (i) - m) )
Now the proof of Theorem 3 is complete. O

V  An example: AR(1) process with ARCH(1) errors

Let us apply our theoretical results to an AR(1) process with ARCH(1) errors that belongs to
the class of ARMA-GARCH models (see |[FZ04| and the references therein). The observations
are generated by the process

Xn = poXn-1+ O'(anl; ag, bo) En, n=12 ... (32)
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where X has some probability distribution u, o%(z; a,b) := a+bz? and |po| < 1, ag, by > 0 are
the true values of the parameters. {e,},>1 is a sequence of i.i.d. random variables with zero
mean and variance equal to 1, with finite pth order moment for some p to be specified below
and (unknown) density f; that is continuous and positive on R. {ey,},>1 is independent of Xj.
For simplicity, hereafter y is assumed to be the Dirac distribution dg. The “true” parameter 6 in
the associated statistical model is the vector (po, ag, bg) € © C [—p, p] X [Mma, M| X [mp, M| C
R3, where p € (0,1), 0 < my, < M, < oo and 0 < mp < M, < 1 are given such that
P+ /My < 1. For illustration, we apply our results to estimate py and by.

First, let us check that the Markov chain defined by (32) satisfies Assumption (M) of Sec-
tion III.1 with V' (z) = (1+|z|)P. To check (VG1)-(VG2) and the existence of the Qy—invariant
probability measure 7y, by [MT94|[Th. 2.3] it suffices to prove that there exist constants
0€(0,1), ¢,s > 0, a Borel subset S of the real line and a probability measure v concentrated
on S such that the following two conditions hold true (see also Remark 2): for all § € ©,

VeeR, QyV(z)<oV(z)+csls(x) and Qg(x,-) > cv(:)lg(x). (33)

In our setting the transition probability of { X, },>¢ is given by
Qo(z.B) = [ La(puz + e, a0, b)) ()

for any Borel set B C R. As a consequence, for all # € © and x € R,

1+ plz| + (vVMy +vMylz|)|y|
( L >f8<y>dy.

QoV(z) [V (pox + o(x,a0,bo)y)
var = ) fwdrs [

< QoV (z)

By Fatou’s Lemma,

limsup | sup
2| > oo \oco V(2)

Next, fix o € (p+ /My, 1). There exists s > 0 such that for each |z| > s, QyV (z) < oV (x)
for all 0 € ©. Set S :=[—s;s]. Forallz € S and 0 € ©,

>§p+ M, < 1.

QV(@) < si= [ (1475+ (VA + V) ) Foo) dy < o
so that the first condition in (33) is guaranteed. To check the second condition in (33), define

0 <d(u) = xegnefGG fe (0_1(ac,a0, bo)(u — poz)), u€R.

Then, for any z € S, Borel set B C R and 6 € O,

_1(x,ao,b0)(u—p0x)) du >/5(u) du
U(xaaﬂab()) o B Mg '

Qe(%B):/RlB(Pin+U($aao,bo)y) f=(y)dy :/Bfa(a

Define the measure m(du) := m; '§(u) du and notice that m(S) > 0. We deduce from above
that all 6 € ©, x € S and Borel set B C R,

Qo(z, B) =2 m(B) =2 m(BNS) =m(S)v(B),
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where v is the probability measure v(B) = m(B N S)/m(S). Hence the second condition in
(33) is fulfilled and Assumption (M) is satisfied for {X,, },,>0 defined in (32).

Second, to estimate pg, one can use the least squares estimator

~ > k=1 Xk Xk Ly
Pp = =22l T — argmin — F(p, Xp—1, Xx),
K > =1 Xi pon ;

where F(p, X1, Xz) := (Xz — pXi_1)2. We show that the assumptions of Theorem 3 are
satisfied so that we have an uniform Berry-Esseen bound for p,. Fix some p > 6. More-
over, assume that [p |z|P fo(x)dz < co. Take F'(p, Xj_1, X}) := —2Xj_1 (X}, — pXjp—1) and
F"(p, Xg-1, Xx) :== 2X? . The conditions (V0) and (V1) are obviously fulfilled. Next, define
m(0) := Eg ,[F"(po, Xr—1, Xx)] and notice that m(0)/2 = ag + (bo + pZ)m(0)/2. It follows
that m(0) = 2ao/(1 — p2 — by) > 2m, and thus (V2) holds. Condition (V3) is satisfied with
r, = 0. From Proposition 3, we can use the QQg—invariant probability measure my to check
Condition (V4). Notice that lim, Eg -, [X2] = m(0)/2 > m, and recall that {e,},>1 is i.i.d.
We deduce that

A G :
o) = lim — > Eom (X710 (X1, 00, bo)er] > 4ag lim Egr, [X2] > 4m2.

n a
k=1

To derive a lower bound for o3 (), let us decompose

n

2 n
Eg x, [Z (F”(po,qu,Xk) — m(g)) ] = Z’Uk,k +2 Z V1
k=1

k=1 1<k<i<n

where vy ; = Eg 1, [(F”(pg,Xk_l,Xk) - m(@)) (F”(po,Xl_l,Xl) — m(@))], k <. It is easily
checked that vi; = (pg + bo)vg—1 for k < I. In particular, this implies vg; > 0, & < 1. Next,
by elementary inequalities, we can obtain infy Eg x, [(F”(po, Xo, X1) — m(6))?] > K for some
positive constant K depending on the variance of €. Deduce that o3(6) > K, hence (V4)
holds true. Condition (V5) is trivially satisfied. To check the consistency condition (V6) we
take advantage of the explicit form of p,,. Indeed, we have

R n 3 p (X Xe—1 — poBor, [XE]) — pon ' Yo psy (X2, — Eo.r, [XF])
n~1 ZZ:I (XI%—I - E9,7T9 [X12]) + E9,7T9 [X12]
At1n — polan

o Ao + Et‘)ﬂm [Xlz} .

By Chebyshev’s inequality, for any d > 0, Py s, {|A1n] > d} < d72n"'Eg45,[nA2,]. Proposi-
tion 3 guarantees that Eg s,[nA%, ] is uniformly bounded (with respect to ). Similar arguments
apply for Ag,. Since Eg ,[X7] > m, for all 0, we deduce that (V6) holds with v, = O(n™1).
Finally, by Theorem 3, there exists C' > 0 such that

P 5, {(W\/ﬁ(@)_l (Pn — po) < U} —T'(u)

Third, let us now turn to the estimation of by. For this purpose, assume that the ¢,’s have
a moment of order p for some p > 12. Recall that ag = m(6)(1 — p2 — bo)/2 and notice that

C
Vn > 1, supsup —
(ISSENSIN n

<. (34)
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78 :=m(0)/2 is easily estimated by 72 :=n~"1 Y 7_, X2. Next, define
n(b; 7, v) an (b,r,v)* with (b, 7,v) := (X — rXp_1)? —v(1l — 72 —b) —bX}?_|,
oT, 2 O °T, 2 O
with gm0 = 2 S0 XE o Gt ine) = 2 (0= Xy

If po and ag were known, one could easily estimate by by least squares, more precisely by
minimizing T, (b; po,Tg) with respect to b. With this idea in mind, our feasible estimator of
by is defined as follows

~

by :=arg min My,(b) with My (b) := T,(b; pn, 7o)
be[my, My

Define F’(b, Xj—1, Xg) = 2(7¢ — X?_1) mi(b, po, 78), F" (b, Xp—1, Xi,) := 2(7¢ — X?_,)? and
M},(b) := 0T,,/Ob(b; po, 78), M} (b) := 0T, /Ob*(b; po, 72). Let us point out that in this case
M;,(-) and My/(-) are only approximations of the derivatives of M,(-). Checking Assumptions

(V0) to (V2) is obvious and therefore we skip the details. To check Condition (V3) for M, (b )
we use the decomposition M;l(b )= An + Ap = Ay + Ay + Aoy + Agy, with

n

n
~ . 2 ~ ~
Z(Tg_Xlzfl)nk(bnameg)v Ay = *Z(Tg—X%A)(??k(bmpoﬁo) nk(bmpm '3))
k=1 k=1

2
A, = —
n

4(Pn—po)
Ay 1= 4Pn=po) (76 = X7_ 1) (X — poXp—1)Xk—1

2 —
) DU P
k=1
Ago = 2{72(1 = B — bn) = 70 (1 = p§ = bu) } (76 — 75 + X3/m).

We check that each term satisfies Condition (V3) with a suitable r,. First, we can write

OM,, ~ . 27 — )N~ 5 o 2
0= ab( w) = An + B, with B, .—Tan(bn,pn,Tn).

By elementary algebra B, = 2(72 — TO)(b + p2)X2/n. Using the Berry-Esseen bound for

72 (see Theorem 2) and Markov’s inequality for X2*% for some small a > 0, we can prove
that Py s,{|Bn| > n~'} = O(n~/2) so that Py s, {|An| > n~'} = O(n~'/2). By the bound in
Equation (34), we have supy Pg 5, {|pn — po|’ > n=9/2 log’/?n} = O(n1/2), j = 1,2. Use this
with j = 1 and our Theorem 2 for the centered functional &(Xg, Xp—1) = (18 — X2_)(Xk —
p0X1_1)Xg_1 to deduce that Pgs {|A1n| > n~'logn} = O(n~'/?). Next, the bound on
\ﬁn —po|? and Theorem 2 applied to the centered functional &(Xy, Xp—1) = (18— X2_) X2 | —
70 + Eg.r, [X2_,] allow us to deduce that Py.s,{|A2n| > n"'logn} = O(n~/2). Finally, use
the Berry-Esseen bounds for p,, and 72 and Markov’s inequality for X2** with some a > 0 to
deduce that Py s,{|Asz,| > n~'logn} = O(n~/2). Combining these facts gives that M, (b )
satisfies Condition (V3) with 7, = n~!logn. Condition (V4) can be checked using similar
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arguments like those used for p, and therefore the details are omitted. Condition (V5) is
trivially satisfied. Finally, let us notice that

SRR XE ) melbo, P 7)
Sia G -XE 2

and thus Condition (V6) can be checked by arguments that we already used in this example.
We deduce from Theorem 3 that, for some suitable 7(6),
logn
=0 .
< vn )

The log factor in this Berry-Esseen bound is the price we pay for estimating by by a simple
two-step procedure, easy to implement, where we first estimate p,, and 72 and then we use
the least squares criterion M, (b) = Ty, (b; pn, 72). We feel that the log factor could be removed
by using a direct approach where the three parameters are estimated simultaneously, but the
investigation of this idea with Markov chain data is left for future work.

/b\n_bO

Yn >1, supsup
0O ueR

Po.s, {T(\/Z (bn — bo) < u} —T(u)

VI Conclusion

In this paper, we study Berry-Esseen’s theorem for M-estimators (or minimum contrast es-
timators) of some parameter ag on the real line. The estimators are defined from a criterion
based on a functional F(«a, X,_1,X;) of the observation process {Xp}n>0. Our approach
to derive such bounds relies on Pfanzagl’s method originally proposed for i.i.d. observations
[Pfa71l]. In a first step, Theorem 1 in [Pfa7l] is extended to obtain Berry-Esseen bounds
for M-estimators based on any sequence of observations satisfying suitable conditions. In a
second step, the specific case of V-geometrically ergodic Markov observations is considered.
We show that such Markov framework allows to apply our general result provided that F
and related functionals F’, F” satisfy suitable domination conditions. This result covers those
reported in [Rao73, MR89| which are proved under much stronger moment conditions. We
argue that the domination conditions used in the present paper gives an almost optimal treat-
ment of Berry-Esseen bounds for V-geometrically ergodic Markov chains. This is possible due
to the operator-type procedure developed in [HP10].

There are several possible extensions of our results. A straightforward one is to follow
the lines of the proof [Pfa7l, Th 2| and to consider an estimator of the standard deviation
in the Berry-Esseen bounds when this standard deviation depends on # only through ag.
The details are omitted. Next, for more effective bounds, we need to carefully evaluate the
constants involved throughout the paper. This is a direction of future work. Finally, there
is no doubt that the operator-type procedure in [HP10] could be further used in statistical
applications with Markov models, in particular with strongly ergodic Markov chains. This is
under investigation.

A Complements for the proof of Theorem 1.

The reader is referred to Proposition 2 and its proof for the notation and the definitions used
throughout this part. The following lemma gives key properties of the random functions g .
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Lemma A.1 The following properties hold true.
1. If vpg = /n(a, —ag)/7(0), then A, C {g_(yn,g) <0< g+(1/n7g)}.
2. Forw € Dy, gt are increasing on the interval (—2vInn,2vInn) provided that

2 4572 m /1
\/772 cw | 40°m nn+

m g1

Vnwn|. (35)

Proof. We can write from Assumptions (A5) and (A3)

‘anqj(ozo) + (ay, — ozo)nMT/L/(ao)‘ = |nMT/L(@n) — (ap — ag)nRy(ap, @n)l
< nTn"‘n’an_aOHRn(aDaan)‘
< nrn—i—n’&n—ao‘ H&n—ao}—kwn] W,.

If w e A, then
|nM} (a0) + (G — ag)n M, (ag)| < |, — ao‘zcw + nwn |G — aolew + nry.
This last inequality is rewritten as
n[M) (ao) — ] + 7(0)v/n [M,'L'(ao) — sign(vpg)ew wn] Ung — 7'(9)2CWI/72Z’9 <0
and  n[M; (ao) + ra] + 7(0)v/n [M;/(00) + sign(vn,e)ew wn] vng + T(0)*cwvy g > 0,
with v, ¢ := v/n(@, — ap)/7(6). Since 0 < 7(f) < 7, then we obtain that
g (np) <0 and g+(un’9) > 0.

The second statement is proved as follows for g*. Notice that a™ > 0 and ¢g* is continuous.
If we restrict v < 0, the minimum of this quadratic function g*(v) is achieved at

bt T(0)vn M (o) — cw wy]

Vimin =
e 2at 262 ey ’

or at the origin if vymin > 0. Now, if w € Dy, g and n satisfies the condition (35), it is easy to

check that
Umin < —2VInn

and g* is strictly increasing on (0, c0). Hence, g" is increasing on (—2vInn,2vInn). Similar
arguments apply for g—. O

Lemma A.2 We have for n large enough and |u| < 2v/Inn
B0V B C Dnpau 0 Brg C E;F,G,u N Bpp. (36)

Proof. It is understood below that w € B,, 9. Since B, g C E;, 9 N Dy g and |u] < 2VInn,
the second statement in Lemma A.1 guarantees that for n large enough

Vi(@n — ag)/7(0) < u==g" (Vn(@n — a0)/7(0)) < g™ (u).

Since B9 C Ay, the first assertion in Lemma A.1 yields g™ (v/n(d, — ag)/7(0)) > 0 so that
g (u) >0 when /n(&, — ag)/7(0) < u. This proves the second inclusion in (36).
Next, assume that g~ (u) > 0. Since ¢~ is increasing, we have

Vn(@n — ag)/7(8) > u =g~ (vVn(@ — ag)/7(0)) > g~ (u) > 0.
Since Bpg C Ay, we know from Lemma A.1 that g~ (v/n(a, — ag)/7(0)) <
contradiction with the above inequality. Thus, g~ (u) > 0 gives \/n(a, — ag)/T

which is in

0
0)<wu O
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B Complements for the proof of Lemma 1

A first step to control the constants in Lemma 2 is to study the resolvent map (z — Qg)~* of
the transition kernel )y acting on B,.

Lemma B.1 Let d,r be such that k, <r <1 and 0 < <1—r. Then, for any z € C such
that |z| > r and |z — 1| > 6, the operator z — Qg is invertible on B, and we have:

Hy(8,r) :==sup{|(z — Qp) |4, 0 €O, |2z >r, |z —1] >3} < 0.

Proof. Let g € B, and let us write hg = g — mg(g) 1g. Since my(hy) = 0, it follows from
(VG2) that [[Qphell, < Cy kL [|hglly. Now assume |z] > r. Then

C o\ K41 C
DOk By I, < 2 il holls < —2— |lhg|l-.
> 1 E | Qboll, < Mé(r) Iolly < == llhall,

K
k>0 v

Thus, g := Zkzo 7 (k+1) Q’ghe is absolutely convergent in B, we have (2 — Qg)yp = hy and
lYolly < Cy ||holly/(r — k). Besides, if z # 1, then we clearly have

=) (™D 15) = molg) 12

z—1

Now assume |z| > 7 and |z — 1| > §. Then the function fy := (me(g9)/(z — 1)) 1g + vy is
such that (z — Qp)fg = g. Thus (2 — Q) ~tg = fp. From (20), we obtain |my(g)| < me(|g|) <
7oV llglly < b ligly and [Iholly = llg — mo(g) Lelly < (1+b1) llglly. This gives: [[folls <
(b1/6)llglly + Co (1 + b)llgll /(= &), hence Hy(8,r) < [b1/6 + Cy (1 4+ b1)/(r — )] < +o0.
]
Second, the constants involved in the Doeblin-Fortet inequality and the weak continuity
condition of the Keller-Liverani theorem are proved to be uniform in # and to depend on &
only via the constant C¢ of (Dyy,). We appeal to [KL99, Rk. p. 145] and to the improvements
given in [Liv04]. In the context of strongly ergodic Markov chains, the hypotheses resulting
from [KL99, Liv04] are stated in [HP10, sect. 4] and used here with the auxiliary norm
| flli == sup|f|/V on B,. In the sequel, for 0 < v < 7' < 1, we denote by L(B,,B,/) the
space of the bounded linear operators from B, to B/, and by || - ||,/ the associated operator
norm (with the convention || - ||y = - ||,y when v =~).

Lemma B.2 Let v € (0,1). We have:

(a) V9 €O, VtER, Yn>1, Vf € By, [|Qo(t)"flly < Cy || flly + b1l fll1;

(b) V9 €O, Vi € R, [Qpt) — Qolloa < 2277 Ce " (Ey + E) (=7 |1,

where E. := supycg ||Qolly, 1 := supgep [|Qsll1 and C, k., b1 are defined in (20) (21).

Proof. By using the inequality ||Qq(t)"f|ly < || Qylf] |y, Assertion (a) easily follows from
(21) and (20). To establish (b), let us recall that we have from (D,,,) (use V > 1)

€0,2.9) 77 < M (V) + V)T <2 e (Vi) + Vi)
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Let f € B,. From the definition of Qy(t)f and the inequalities |f| < V|| f]|,, e — 1] <
2|a|'~7, we obtain that
11 |
E

2271 e [t £l [V(@) T (QeV7) (@) + (QeV)(2)]

from which we deduce (b). O

For the next lemma (used to prove Lemma 3), we introduce the following notations. For
any § € ©, k € N, t € R, let us denote by Qg x(t) the operator associated to the kernel:
Qo (t)(z,dy) = i*¢(ag, z,y)ke 0"V Qy(x, dy) (z € E).

Lemma B.3 Let 0 <y <+ <1l andk=0,...,mp:

IN

[(Qo(t)f)(x) — (Qaf)(x)]

ez’tg(ao,z,y) _ 1‘ V(y)“Y Qo(% dy)

IN

(a) If v+ k/m <~ <1, then the map t — Qg () is continuous from R to L(B,By).

(b) If k <mo—1 and v+ (k+ 1)/m <+ < 1, then the map t — Qg (t) is continuously
differentiable from R to L(By,By), and for all t € R, (dQg/dt)(t) is the operator in
L(B.,By) associated to the kernel Qg p+1(t).

Finally, we have Qy ~ := sup{||Qox(t)||ly,1,0 € O, t € R} < 00, and Qy ., depends on &
but only via the constant C¢ of (D).

Proof. Set Agj := Qor(t) — Qox(to), and let 0 < e < 1 be such that v+ (k +¢)/m < 4.
Using |e — 1| < 2|al® and (Dyy,), we obtain for f € By:

Bosf @] < 20t~ tof I [ Iéan2.0) Vo) Qal.dy)
< 2 =t 7l (VI (@) QoY (@) + QoV (@)

Since the functions V=7 QpV7" and V=7 QyV"" are bounded on E uniformly in 0 € O, we
deduce that [[Ag i flly < D¢ |t —to|* || f]|ly, where D¢ is a positive constant depending on Cg
(but independent of #). This gives (a). The proof of (b) is similar by using the operators
Qo1(t) — Qox(to) — (t —t0)Qox+1(to) and the inequality | — 1 —ia| < 2[a|'**. O
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