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Abstract – In this paper we compare the cascade mechanisms of signal amplification in 

biological and electrical engineering systems, and show that they share the capacity to 

considerably amplify signals, and respond to signal changes both quickly and completely, 

which effectively preserves the form of the input signal. For biological systems, these 

characteristics are crucial for efficient and reliable cellular signalling. We show that this 

highly-efficient biological mechanism of signal amplification that has naturally evolved 

is mathematically fully equivalent with some man-developed amplifiers, which indicates 

parallels between biological evolution and successful technology development.  

 

 

Key Words: Multi-Stage Amplifier, Protein Cascade, Cellular Signalling, Laplacean 

transformation.  
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1. Introduction 

Cellular signalling is one of the crucial processes enabling normal functioning of 

biological systems. The complexity of cellular signalling depends on the complexity of 

living organisms and on the cell type. In prokaryotes, for example, simple one- and two-

component systems link external signals with cellular responses [1, 2]. In plant and 

animal cells, signalling networks can be highly complex, some networks comprising of 

60 or more proteins [3]. The cell appears to use complex biochemical networks, in 

particular intracellular signalling cascades, to regulate multiple functions [4]. The control 

of gene expression, for example, typically involves the integration of many signals and 

employs complex enzymatic networks, which effectively implement logical functions [5, 

6, 7]. In contrast, olfaction and photoreception involve simpler enzymatic cascades which 

may be thought of as adaptive amplifiers or transducers [8-10] that detect an extracellular 

stimulus and convert it into an intracellular signal that can effectively control the 

information content of the cellular output signal, i.e., neurotransmitter release [11].  

Signal amplification is an important issue concerning inter- and intra-cellular 

signalling. The notion that a protein cascade could amplify signals was understood at 

least as far back as the 1960’s [12, 13], particularly in relation to blood clotting [3]. 

Cascades have been classically viewed as signal amplifiers [14-16]. The amplification 

can be achieved in an enzymatic pushpull loop [17, 18]. Signalling pathways are made up 

of a complex web of enzyme cascades, some of which are known to be highly conserved 

across living systems [19]. Depending on their regulatory design, protein cascades have 

been shown to exhibit signal amplification [17, 18, 20-24]. The common view is that the 

multi-step protein kinase cascades allow large signal amplification, in the same way that 
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a photo-multiplier tube converts a small pulse of photons into a large photocurrent, for 

example [14]. It has been proven mathematically that the overall sensitivity of a linear 

cascade is the product of the sensitivities at each level of the cascade [15, 25].  

Protein cascades as amplifiers have been extensively studied. Not only the factor of 

amplification was of interest, but also how fast the signal arrives at its destination and 

how long the signal lasts [26-29]. For linear kinese-phosphatese cascades, Heinrich et al. 

[26] have shown that phosphatases have a more pronounced effect than kineses on the 

rate and duration of signalling, whereas signal amplitude is controlled primarily by 

kinases. Marhl and Grubelnik [30] show that protein kinase cascades enable converting 

oscillatory signals into sharp stationary step-like outputs. One of the most known 

properties of the signal cascade cycle is ultrasensitivity [17, 21, 23, 31, 32], that is, the 

property of both species in the cycle to switch rapidly in opposite directions in response 

to a change in the input signal. This behaviour is the resemblance to a man-made device, 

the transistor [3]. 

Several studies have been devoted to comparing biological cascade cycles with 

electronic circuits. For example, metabolic pathways have been compared with electronic 

circuits by Balaji [33]. Enzymatic amplification was analyzed in engineering terms of 

gain, bandwidth, noise and power [11]. Basic logic gates were constructed from single 

cascade cycles [3]. It has also been found that a protein cascade can function as a low-

pass filter [34, 35] and as a band-pass filter [36, 37]. The cascades also play important 

role in filtering out noise [38].  

In this paper we compare biological cascade cycles with electronic circuits. We 

analyse the effectiveness of protein cascades as amplifiers and compare their properties 



AC
C

EP
TE

D
 M

AN
U

SC
R

IP
T

ACCEPTED MANUSCRIPT

 5 

with those of electrical amplifier consisting from a series of electrical amplifier wired in a 

cascade. We compare two main characteristics of the amplifiers: the factor of 

amplification and the preservation of the form of the amplified output signal. It is not 

only important that the output signal is strongly amplified but the form of the amplified 

output signal should be preserved in order to follow the input signal. As criteria for an 

optimal response we take the high amplification in the sense of high effectiveness and at 

the same time the highly preserved form of the input signals. In particular, we are 

interested in the amplification of non-harmonic signals, like for example, in biological 

systems calcium oscillations are. For these non-harmonic oscillations the preservation of 

the signal form is analysed mathematically by comparing the corresponding frequency 

spectra.  

In electrical engineering, several active electronic elements are known, which are used 

as amplifiers. Well-known amplifiers are uni- and bi-polar transistors. The problem of 

these amplifiers is that their factors of amplification are rather low and do not usually 

exceed a factor of 100. Higher amplification factors can be obtained by appropriate 

wiring of these basic elements. One of most known examples of such combination of 

transistors is the differential amplifier, which is an integrative part of every operational 

amplifier. The term "operational amplifier" goes all the way back to about 1943 where 

this name has been coined by Ragazzinni and Philbrick [39]. 

Today the operational amplifier is almost indispensable part of any electronic circuit. 

Its factor of amplification depends on the frequency, since it acts as a low-pass frequency 

filter [40]. This is very similar to basic enzymatic amplifiers [11]. For protein cascades, 

e.g., MAPK cascade [34, 35], it has been shown that they act as low-pass frequency filter. 
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If an amplifier acts as a low-pass frequency filter, it means that higher frequencies are cut 

off and the output signal is deformed. The extent of the signal deformation depends on 

the frequency spectrum lost in this process. 

Operational amplifiers can further be combined into cascades in order to get larger 

amplifications. This is known as multi-stage amplifier. In the present paper multi-stage 

electrical amplifier are compared with multi-step protein cascades acting as biological 

amplifiers. We show that a direct analogy between the electrical and biological amplifiers 

exists. Moreover, mathematical evidence is given that the dynamics of both amplifiers is 

identical if for protein cascades linearised equations are considered. Our results show that 

cascades play crucial role in both electrical and biological amplifiers in order to achieve 

high amplification factors and fast response to input signals, which preserve the form of 

input signals. This characteristic of amplifiers is very important and highly appreciated in 

different technical systems. In the field of telecommunication and optical communication, 

converting optical into electrical signals, for example, a large amount of data with high-

speed conversion needs to be transferred (high data capacity transfer) which can only be 

provided by broad pass frequency data transfer. The amplifiers must work in a very broad 

pass frequency regime. It is important that the information does not go lost; the signals 

must be amplified without or with minimal deformation. With cascade amplifiers (the so-

called broadband frequency response amplifiers) the highest upper-frequency limits of 

more than 10 GHz, in some cases more than 100 GHz, can be reached [41-43].  

The paper is organised as follows. First, signal amplification in biological cells is 

analysed by using a simple mathematical model for 1-step and multi-step protein 

cascades. In particular, frequency characteristics of the cellular amplifiers are analysed. 



AC
C

EP
TE

D
 M

AN
U

SC
R

IP
T

ACCEPTED MANUSCRIPT

 7 

In Section 3 multi-stage electrical amplifiers are studied. In the last two sections a 

detailed comparison between the biological and electrical amplifiers is provided. We 

mathematically confirm the analogy between the linearised set of model equations 

describing the dynamics of the biological amplifier and the equations for the multi-stage 

electrical amplifier.   

 

2. Signal amplification in biological cells 

In biological cells, protein cascades act as signal amplifiers. Here a simplified model of 

protein cascades is considered in which each kinase has only one phosphorylation site, as 

it can be found in several previous studies; for example, it has been applied for studying 

time courses of signal transfers through cascades [26, 28, 29], selective decoding [37] and 

smoothening of cellular signals [30]. The scheme of the protein cascade used in our 

analyses is shown in Figure 1. It can be considered as a minimal model of cascade 

amplifiers with basic mechanisms providing signal amplification in biological cells. The 

model is general in the sense that different input signals can be amplified; however, as an 

example of typical non-harmonic signals we take Ca2+ oscillations, usually observed in 

experiments as spiking oscillations [43]. According to this, at the first level the proteins 

are activated by Ca2+ binding, than the activated first-level proteins further activate the 

proteins at the second level, etc. The concentration of the free cytosolic Ca2+ in the cell is 

denoted by x , active forms of proteins at i-th level by iz , ni ...,2,1= , and the kinetic 

constants for binding and dissociation by onk  and offk , respectively.  

 

Figure 1 



AC
C

EP
TE

D
 M

AN
U

SC
R

IP
T

ACCEPTED MANUSCRIPT

 8 

 

2.1. Mathematical model of cellular amplifier 

The dynamics of the protein activation at the i-th level is gained by the following 

differential equations:  

1off1toton
1 )( zkzzxk

dt

dz −−= .   (1a) 

iii
i zkzzzk

dt

dz
offtot1on )( −−= − ,   ni ...,3,2= .  (1b) 

For simplicity reasons, onk , offk , and totz  have the same values in all cascade levels. This 

also seems to be of some physiological importance since for the steady-state responses of 

protein kinase networks it has been shown that the most efficient cascade design for 

generating sharp signals has equal on rates, and to achieve the highest amplification and 

the shortest duration response, the cascade should have equal off rates [28]. In all 

calculations M100tot µ=z , whereas values for onk , offk  changes and are specified in the 

text and figure captions for particular calculations. 

 

2.2. Results for cellular amplifiers 

We analyse responses of the protein cascade amplifier to a step-like input signal, which 

can be mathematically described as:  



 <<

=
else,

if,
)(

min

max

x

dttx
tx init , (2) 

where minx  and maxx  are the minimum and maximum of the input signal, respectively, 

initt  is the initial quiescent time, and d  is the duration of the signal. We take M1max µ=x  

and M0min µ=x  in all calculations. 
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2.2.1. Responses of the 1-step cascade amplifier 

First we analyse responses of the 1-step cascade (Eq. (1a)) to the step-like input signal 

(Eq. (2)). The maximal amplification of the signal depends on the maximal steady-state 

value of 1z :  

tot
max

max
ss1,

max

z
xK

x
z

xx +
=

=
,  (3) 

where K  is the dissociation constant defined as onoff kkK = . The maximal 

amplification, ss1,A , is defined as the quotient between the 
max

ss,1 xx
z

=
 and the maxx :  

  tot
maxmax

ss1,

ss1,

1
max z

xKx

z
A xx

+
== =   (4) 

Equation (4) shows that for a given value of maxx  and totz  the amplification is uniquely 

determined by K . For M1max µ=x  and M100tot µ=z  the amplification ss1,A  is presented 

in dependence on the dissociation constant K  in Fig. 2. It is evident that for large 

amplifications small values of K  are required.  

 

Figure 2 

 

Although the signal amplification is uniquely defined by the dissociation constant K, the 

form of the amplified output signal depends on the rate constants onk  and offk . Figure 3 

shows three amplified signals for a fixed value of onk  and three different values of offk . 

The problem, demonstrated in Fig. 3, is that at high amplifications the form of the input 
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signal is deformed and the question arises if high amplifications are possible with a well-

preserved form of the input signal.  

 

Figure 3 

 

A simple mathematical analysis shows how the form of amplified signals depends on the 

rate constants onk  and offk  (see also [37]). When the input signal turned on, i.e., 

maxxx = , the protein dynamics is determined by the following function:  

( )txkkezz )(
ss1,1

maxonoff1 +−−=  . (5) 

When the input signal turned off, i.e., M0min µ== xx , the protein dynamics can be 

described as:  

tkezz off
ss1,1

−= . (6) 

By using Eqs. (5) and (6) the times of switch-on, ont , and switch-off, offt , can be 

calculated. The ont  is defined as the time in which 1z  changes its value from 10% to 90% 

of the ss,1z :  

maxonoff2

1
on

1
-1
-1

ln
xkk

t
+








=

γ
γ

,  (7) 

where 9.01 =γ  and 1.02 =γ . The switch-off time, offt , is defined as the time in which 

the 1z  changes its value from 90% to 10% of the ss,1z :  

off1

2
off

1
ln

k
t 








=

γ
γ

.   (8) 
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Equations (7) and (8) show that for sharp step-like responses large values of onk  and 

offk  are required; then ont  and offt  are small. If at the same time the signals should be 

highly amplified, the ratio onoff kkK =  has to be small according to Eq. (4). This means 

that for high amplified sharp step-like responses we need small values of K and large 

values of onk  and offk . If offk  needs to be large, and at the same time K should be small, 

then the onk  has to be very large, i.e., offon kk >> . The problem is that for sharp step-like 

and highly amplified signals very large values of onk  would be needed, which mostly 

exceed the physiological values (e.g. [45]). One can conclude that for physiologically 

relevant values of the rate constants signal amplification, in which signals would be 

highly amplified and their form preserved, is not possible with 1-step protein cascades. 

The signal either preserves its form and is weakly amplified, or the input signal is highly 

amplified but changes its form (see Fig. 2). In the next paragraph we show that the 

problem can be solved by n-step protein cascades.    

 

2.2.2. Responses of the n-step cascade amplifier 

Similar to Eq. (3) the maximal steady-state concentrations of activated proteins at each 

cascade level are given by: 

tot
ss1,

ss1,

ss,

max

max

max
z

zK

z
z

xxi

xxi

xxi

=−

=−

= +
= , ni ...,3,2,1= ,  (9) 

where maxss0,
max

xz
xx

=
=

. The steady-state concentrations of activated proteins depends 

recursively on each other:    

maxss,ss1,ss,
maxmax

xAzaz ixxiixxi ==
=−=

, (10) 
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where 




 +=

=−
max

ss1,tot xxii zKza  and ii aaaA ...21ss, = . Taking into account relations 

iii aAA ss1,ss, −=  and maxss1,ss1, xAz ii −− = , the maximal signal amplification at the i-th cascade 

level, ssiA , , is given by the following expression:  

tot
i

i
i z

xAK

A
A

maxss1,

ss1,
ss,

−

−

+
= ,  ni ...,3,2,1= ,   (11) 

where 1ss,0 =A . In Fig. 4a the maximal signal amplification ss,iA  is presented in 

dependence on the dissociation constant K . The results, given for five different cascade 

levels, indicates the convergence of the amplification for ∞→i . When ss,iA  converges to 

a limit value, then ss,1ss, −≈ ii AA  for ∞→i , and by using Eq. (11) the limit ∞→ss,nA  can be 

estimated by the following expression (dashed line in Fig. 4a):   

max

tot
ss, x

Kz
An

−=∞→ . (12) 

Figure 4a shows that multi-step cascades with increasing i  enable large amplifications 

also at higher values of K . This solves the previous problem of the 1-step cascade, where 

due to the condition offon kk >> , very large values of onk  were needed in order to obtain 

small values of onoff kkK =  and hence large signal amplifications. Figure 4b 

demonstrates the effectiveness of a multi-step cascade amplifier for the same parameter 

values as taken in Fig. 3, i.e., -1-1
on sM1µ=k  and -1

off s10=k . It is evident that the output 

signal is efficiently amplified and the form of the input signal is well preserved. The 

switch-off of the output signal is characterised by a time delay, the so-called memory 

time, appearing as a consequence of the chain-protein-deactivation (see [30]).  
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Figure 4 

 

2.2.3 Frequency characteristics of cellular amplifiers 

A comparison of Figs. (3) and (4b) shows that signal amplification is possible both with 

1-step cascade and multi-step cascades. However, the signal amplification with multi-step 

cascades is much more useful since the form of the signal is better preserved. To quantify 

mathematically in how much extent the form of the input signal is preserved by the signal 

amplification, we analyse the frequency characteristics of the amplifiers.  

In Fig. 5a the frequency characteristics of the 1-step cascade amplifier is shown for 

exactly the same parameter values as taken in Fig. 3. The characteristics was obtained by 

inserting )sin()( max txtx ω= , where fπω 2= , into Eq. (1a) and plotting the ratio between 

the amplitudes of output and input signal, maxmax1,1 xzA = , vs. f . The results show that 

the amplifier acts as a low-pass frequency filter, which means that higher frequency are 

cut off and the output signal is correspondingly deformed. The extent of the signal 

deformation depends on the frequency spectrum lost in this process. We see that the 

smallest portion of the high-frequency spectrum is cut off for -1
off s10=k , which is fully 

in accordance with the best preserving form of the signal in Fig. 3. It is also evident that 

ss1,1 AA →  for 0→f , which is in accordance with Eq. (4).  

How the frequency characteristic of a 1-step amplifier is improved by higher levels of 

cascades, is shown in Fig. 5b for the case of amplification 50ss, =iA , as obtained in Fig. 

5a for -1
off s1=k . It should be noted, however, if we would like to preserve the same 

amplification 50ss, =iA   (see Eq. (11)) for all i , the values of offk  have to be accordingly 
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modified; in our case: -1
off s1=k  for the 1-step cascade amplifier, -1

off s51.9=k  for the 2-

step cascade amplifier, and -1
off s7.19=k  for the 3-step cascade amplifier. The 

characteristics in Fig. 5b were calculated in the same way as in Fig. 5a, by inserting 

)sin()( max txtx ω=  into Eq. (1a) and plotting the corresponding maxmaxi, xzAi =  vs. f .  

 

Figure 5 

We also made some calculations with double phosphorylation as well as with integrated 

feedbacks from the last level of the cascade back to the first level. We didn’t observe any 

considerable changes in the above presented results. Furthermore, we also made 

additional calculations taking into account different values of ztot at different cascade 

levels. As usually stated in the literature [46, 47, 48], we take lower ztot at the first level 

and larger values of ztot at the second and third level. Also in this case we didn’t observe 

any considerable changes in our results. 

 

3. Cascade amplifiers in electrical engineering 

Cascade amplifiers are also well-known in electrical engineering [40]. In Fig. 6a a 

cascade of three non-inverting operational amplifiers is presented. The U0 is the voltage 

of the input signal, and U1, U2 in U3 are the voltages of the amplified output signals at the 

1st, 2nd, and 3rd cascade step, respectively. The amplification is defined by resistors R1 and 

R2.  

 

Figure 6 
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First we analyse signal amplification for only one operational amplifier TL082. We take 

)sin()( 0 tUtU ω=  as the input signal and measure the amplified output signal. We 

simulate the experiment with the computer program “Electronics Workbench – Multisim 

9” [49]. The results are presented in Fig. 7a. The maximal amplification of the 1-stage 

amplifier, 1u,A , is defined as the quotient between the maxima of the output, 1U , and the 

input signal, 0U , i.e., 011,u /UUA = . The simulation was carried out for three different 

values of 2R , while R1 is constant, Ω= k11R . Figure 7a shows that larger amplifications 

are obtained for larger values of 2R . However, despite the larger signal amplifications for 

larger values of 2R , the maximum operating frequency of the amplifiers are higher for 

smaller values of 2R . This resembles the situation observed for cellular amplifiers in Fig. 

5a.  

When simulating the signal amplification by the three-stage amplifier (using TL082), 

the results (Fig. 7b) resemble those obtained in Fig. 5b. Figure 7b shows that the 

frequency characteristic of the 1-step amplifier can be significantly improved by higher 

levels of cascades. We improve the frequency characteristics of the 1-step amplifier 

shown in Fig. 7a for Ω= k992R . The amplification 100,u =iA  (in stationary state, i.e., 

for 0→f ) is hold constant, whereas the number of cascade levels, i , is changed. This 

requires concomitant changing of the resistance 2R ; in our case: Ω= k992R  for the one-

stage, Ω= k92R  for the two-stage, and Ω= k64.32R  for the three-stage amplifier.  

 

Figure 7 
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Similar to Figs. 5a and 5b, also Figs. 7a and 7b show that multi-stage amplifiers 

have higher cut-off frequency than the one-stage amplifier. At a given amplification 

rate, the output signals amplified with the multi-stage amplifiers preserve the original 

form of the input signal at a much higher degree. 

 

4.  Comparison of mechanisms of signal amplification in biological and 

electrical engineering systems 

By comparing the results for signal amplification in biological cells and electrical circuits 

(Figs. 5 and 7) we see that cascades represent a unique mechanism in providing 

significant amplifications of input signals and enable very short turn-on and turn-off  

switching times which results in clear and reliable responses of the systems. In order to 

analyse these mechanisms of amplification even further and to compare their common 

characteristics also from the mathematical point of view, we need to construct the 

corresponding mathematical model for electrical signal amplification presented in Fig. 7. 

The mathematical model is constructed on the basis of the amplifier gain characteristic 

obtained in Fig. 7a. In order to describe the gain characteristic mathematically, we start 

with the well-known general description of the gain characteristic for one-stage 

operational amplifier [40]: 

c

CL

j
A

A

ω
ωω

+
=

1
)(u,1 . (13) 
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where cω  is the cut-off frequency for a rapid decrease in the )(u,1 ωA , and CLA  is the 

closed-loop gain with feedback. The feedback path is determined by the resistances 1R  

and 2R  (see Fig. 6), and the amplitude of the closed-loop gain, CLA , can be expressed as:  

 
1

21
R

R
ACL += . (14) 

The amplitude of the frequency-dependent gain )(u,1 ωA  decreases rapidly at frequencies 

higher than cω , so that high amplification is limited to the frequencies within the 

bandwidth: 

OL
OL

c RR

A ωω 








+
+=

121
1 , (15) 

where OLω  is the cut-off frequency of the open-loop gain OLA , when the feedback path is 

open. 

Taking into account specific characteristics for the operational amplifier TL082,  

5102 ⋅=OLA  and 1202 −⋅= sOL πω [50], Eqs. (13-15) represent the mathematical description 

of the results presented in Fig. 7a.  

To be able to compare the amplification mechanisms in electrical engineering and 

biological systems, we transform Eqs. (13-15) from the frequency space into the time 

space. We apply the Laplacean transformation. In Eq. 13 the variable ωj  is replaced by 

the Laplacean operator s , and by considering 01u,1 UUA = , Eq. 13 is transformed into 

the following differential equation:  

10CL
1 UUA

dt

dU
cc ωω −= , (16a) 
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which determines the time course of the output signal ( )tU1  in response to the given input 

signal ( )tU0 . For the system of operational amplifiers as presented in Fig. 6, we then 

have: 

ic1iCLc UUA
dt

dU i ωω −= − ,       ni ...,3,2,1= .  (16b) 

Now we are able to compare directly the mathematical model for the electrical 

engineering amplifier, given by Eqs. (16a,b), and the mathematical model for the 

biological amplifier, given by Eqs. (1a,b). If the system of model Eqs. (1a,b) is linearized 

for toti zz << , as usually considered in the modelling of protein kinase cascades [11, 28, 

29],  we obtain the following equations for the biological amplifier:  

 1off
tot

off
1 zkx

K

z
k

dt

dz −= , (17a) 

 ioffi
tot

off
i zkz

K

z
k

dt

dz −= −1 .     ni ...,3,2,1= . (17b) 

Equations (17a,b) are fully equivalent to Eqs. (16a,b), which mathematically confirms the 

observed analogy between the presented results for biological and electrical amplifiers. In 

particular, the maximal amplification Kztot  is directly related to ACL, and koff to ωc. As 

the cut-off frequency ωc determines the boundary of low-pass filtering in electrical 

systems, the koff plays equivalent role in the biological system.  

 

5. Summary and Discussion 

In this paper the analogy between signal amplification in biological and electrical 

engineering systems is presented. It is shown that basic mechanisms of multi-stage signal 

amplification by protein cascades in biological cells and operational amplifiers in 
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electrical engineering systems are mathematically identical. Both for biological and 

electrical amplifiers the cascades play the key role in assuring highly amplified output 

signals with short turn-on and turn-off times, preserving the form of signals, which 

attribute clear and reliable signalling in biological and electrical engineering systems. It is 

interesting that already three levels of cascades are very effective (see e.g. Figs. 5b and 

7b). This is in accordance with some previous studies indicating that three cascade levels 

can be sufficient and effective enough for selective regulation of protein activation [37]. 

In biological cells three cascade levels could not only be the necessary minimal condition 

for effective functioning of protein cascades, but could also represent a physiological 

optimum, since indeed many protein cascades, e.g., MAPK cascade, usually consists of 

three levels [19].  

According to the mathematical description of biological and electrical engineering 

amplifiers presented in this paper, the analogy between multi-step protein cascades and 

multi-stage operational amplifiers is well established. For example, with protein cascades 

high amplifications are obtained by reducing values of koff at a given kon (Eq. 11), and 

analogously, the multi-stage operational amplifiers provide large amplifications when R1 

is reduced at a given R2 (Eq. 15). Eqs. (16) and (17) show that koff in biological systems 

plays similar role as  ωc in operational amplifiers.  

The analogy between the multi-step protein cascades and multi-stage operational 

amplifiers can also be well established by comparing both switching times. Similar to the 

expressions for switching times in biological amplifiers, ton and toff (Eq. (7) and Eq. (8), 

respectively), we can also calculate the switch-on, e on,t , and switch-off, e off,t , times for 

operational amplifiers: 
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c2

1
e on,

1

-1

-1
ln

ωγ
γ








=t ,  (19) 

c1

2
e off,

1
ln

ωγ
γ








=t .  (20) 

Here again we see the analogous roles of koff in protein cascades (Eqs. (7) and (8)) and 

that of  the ωc in operational amplifiers (Eqs. (19) and (20)). 

It should be noted that the cascades considerably enlarge the ωc in electrical and the 

koff in biological systems, which reduces both the switch-on and switch-off time, and the 

output signal closely follow the input. The larger bandwidth of the signalling pathway 

(determined by larger ωc) represents a higher information capacity of the pathway, i.e., 

much more information can be transmitted through the pathway per unit time [51]. 

Furthermore, the larger bandwidth of the signalling pathway, preserving the form of the 

output signals, also plays crucial role in cellular signalling where the signals are mainly 

frequency encoded, like it is the case for Ca2+ oscillations. There are experimental 

evidences that this might be of important physiological importance for regulation of 

several cellular processes like gen expression, for example [52, 53].  

Figs. 5 and 7 show qualitatively equivalent responses of the studied biological and 

electrical amplifiers. This equivalency has also been mathematically confirmed by Eqs. 

(16) and (17). Both in biological and electrical engineering systems turn out that wiring 

of amplifiers into cascades enable larger signal amplifications and considerably 

contribute in preserving the form of the input signals. The analyses in the frequency space 

show that protein cascades and operational amplifiers both act as low-pass filters (Figs. 5 

and 7). For protein cascades as well as for operational amplifiers the frequency spectrum 

is enlarged if the amplification rates of particular amplifiers in the cascade are smaller 
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(Figs. 5a and 7a). Although amplification rates of particular amplifiers in the cascade are 

smaller, a desired high amplification is achieved by the cascade since the amplification 

equals to the product of all particular amplifications of the ingredient partial amplifiers. 

At the same time, due to the higher permeability of the particular low-pass filters of the 

ingredient-amplifiers in the cascades, the multi-stage amplifier is also characterised by a 

higher permeability for higher frequencies (Figs. 5b and 7b). This higher permeability for 

the frequencies importantly contributes in preserving the initial form of input signals and 

hence enables high performance of cascade amplifiers in order to have high 

amplifications and keeping the form of the input signal at the same time.  

It should be pointed out that the role of cascades in providing a common mechanism 

of signal amplification in biological and electrical engineering systems is of particular 

importance for efficient and reliable functioning of biological and electrical engineering 

systems. As they enable large amplifications of the input signals with extremely fast turn-

on and turn-off characteristics, the protein cascades play crucial role in providing 

efficient and reliable cellular signalling. It is indeed impressive that these extremely 

efficient, evolutionary developed, biological mechanisms are mathematically fully 

equivalent with the man-developed technical systems, which indicates the successful way 

of technology development.  
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Figure Captions 

 

Figure 1: Schematic presentation of the protein cascade. 

 

Figure 2   Signal amplification ss1,A  in dependence on the dissociation constant K . 

Parameter values: µM1max =x  and M100tot µ=z . The dash-dotted line represents 

the lower boundary of signal amplification, i.e., 1ss1, =A . 

 

Figure 3   Amplified signals for three different values of offk . The value of onk  is 

constant, -1-1
on sM1µ=k .  

 

Figure 4   (a) Signal amplification, ss,iA  , for 5...,2,1=i , in dependence on the 

dissociation constant K . Parameter values: M1max µ=x , M100tot µ=z . The limit 

∞→ss,nA  is indicated by the dashed line. (b) Amplified signals obtained by i-step 

cascades, where 5...,2,1=i , -1-1
on sM1µ=k , and -1

off s10=k .  

 

Figure 5   (a) Frequency characteristics of the 1-step amplifier for the same 

parameter values as taken in Fig. 3. (b) Frequency characteristics of the i-step 

cascade amplifier; solid line: 1-step cascade amplifier, -1
off s1=k ; dashed line: 2-step 

cascade amplifier, -1
off s51.9=k ; dotted line: 3-step cascade amplifier, 

-1
off s7.19=k .  
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Figure 6   Three non-inverting operational amplifier stages connected into a cascade.  

 

Figure 7   Results of signal amplification for operational amplifier TL082. (a) 

Frequency characteristics of the one-stage amplifier for Ω= k11R . (b) Frequency 

characteristics of the i-stage amplifier. Solid line: 1-stage amplifier, Ω= k992R ; 

dashed line: 2-stage amplifier, Ω= k92R ; dotted line: 3-stage amplifier, 

Ω= k64.32R ; in all cases Ω= k11R . 
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