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A finite volume method on general meshes
for a degenerate parabolic
convection-reaction-diffusion equation

Ophlie Angelini 7 Konstantin Brenner i Danielle Hilhorst *

November 17, 2010

Abstract We propose a finite volume method on general meshes for the discretization of
a degenerate parabolic convection-reaction-diffusion equation. Equations of this type arise in
many contexts, such as the modeling of contaminant transport in porous media. We discretize
the diffusion term, which can be anisotropic and heterogeneous, via a hybrid finite volume
scheme. We construct a partially upwind scheme for the convection term. We consider a wide
range of unstructured possibly non-matching polygonal meshes in arbitrary space dimension.
The only assumption on the mesh is that the volume elements must be star-shaped. The
scheme is fully implicit in time, it is locally conservative and robust with respect to the Pclet
number. We obtain a convergence result based upon a priori estimates and the Fréchet—
Kolmogorov compactness theorem.

1 Introduction

In this paper we study a finite volume method on general meshes for degenerate parabolic
convection-reaction-diffusion equations of the form

0 (u)
ot

— V- (AVu)+V - (Vu)+ F(u) =q. (1)

Equations of this type arise in particular in the modeling of contaminant transport in ground-
water. The unknown function u represents the concentration of the species, which diffuses
and is transported by the groundwater. An essential element in our study is the processus
of adsorbtion by a porous skeleton, which is supposed to be very fast. More particularly we
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suppose that the dissolved and the absorbed parts of the species are in equilibrium; this is
modeled by the function 3, where 3’ may be infinite in several points. The matrix A is a
possibly anisotropic and heterogeneous diffusion-dispersion tensor, V is the velocity field, the
function F' stands for the chemical reactions, and ¢ is the source term. We suppose that the
mesh is quite general, and possibly nonmatching. Therefore, also in view of the anisotropy in
the diffusion term, we can not apply the standard finite volume method [I3].

Finite volume schemes have often been applied to the equation ([l]), see e.g. [B], [B], [L5]. The
upwind discretization of the convection term permits finite volume schemes to be stable in
convection dominated case, however standard finite volume schemes do not permit to handle
anisotropic diffusion on general meshes. On the other hand finite element method allows a
very simple discretization of full diffusion tensors, they were used a lot for the discretization of
equation ([l), see e.g. [B], [B], [LO]. A possible solution is to split equation (fll) into a hyperbolic
part and a parabolic part, by means of an operator splitting method; one can find such an
analysis in [RT]], [R2], where the advection term was treated by the method of characteristics.
The other quite intuitive idea is to take " best from both worlds” [[7], which leads to combined
finite volume-finite element schemes; we refer to [L7] for this approach. In order to solve this
class of equations, Eymard, Hilhorst and Vohralik [[7] discretize the diffusion term by means
of piecewise linear nonconforming (Crouzeix—Raviart) finite elements over a triangularization
of the space domain, or using the stiffness matrix of the hybridization of the lowest order
Raviart—-Thomas mixed finite element method. The other terms are discretized by means
of a finite volume scheme on a dual mesh, where the dual volumes are constructed around
the sides of the original triangularization. In the second paper of Eymard et al. [Lg] the time
evolution, convection, reaction, and sources terms are discretized on a given grid, which can be
nonmatching and can contain nonconvex elements, by means of a cell-centered finite volume
method. In order to discretize the diffusion term, they construct a conforming simplicial mesh
with vertices given by the original grid and use the finite element method. In this way, the
scheme is fully consistent and the discrete solution is naturally continuous across the interfaces
between the subdomains with nonmatching grids, without introducing supplementary equations
and unknowns nor interpolating the discrete solutions at the interfaces.

The finite volume methods for the discretization of anisotropic diffusion on general meshes is a
subject of wide interest (see for instance the results of the benchmarks organized at the FVCA
5 conference [FVCAB]). We refer to [IJ] for a detailed analysis of three recently developed
families of schemes, namely the Mimetic Finite Difference scheme, the Hybrid Finite Volume
scheme and the Mixed Finite Volume, which turn out to be quite similar. The most important
feature of these methods is their accurate approximation of anisotropic diffusion even in highly
heterogenous cases. In this paper, we apply a recent method based upon the finite volume
method on general meshes developed by Eymard, Gallouét et Herbin [[3], whereas we use
a slightly modified upwind scheme for the approximation of the convection term. The time
discretization is based upon a completely implicit finite difference scheme.

The organization of this paper is as follows. We describe the numerical scheme in Section 2.
We show the existence and uniqueness of the solution of the discrete scheme and prove a priori



estimates for the discrete solution in L°°(0,7T'; L*(Q2)) and in a discrete space analogous to the
space L%(0,T; H'(Q)) in Section 3. In Section 4, we prove an estimate on differences of time
translates whereas we establish an estimate on differences of space translates in Section 5.
These estimates imply a relative compactness property of sequences of approximate solutions by
the Fréchet—Kolmogorov theorem. We deduce the strong convergence in L? of the approximate
solutions to the unique solution of the continuous problem in Section 6. For the proofs, we
apply methods inspired upon those of [[3] and [[4]. In Section 7, we finally present results
of numerical tests, which confirm the validity of the numerical method.

2 The numerical scheme

We consider the parabolic degenerate convection-diffusion-reaction problem

( 0B(u)
ot

-V - (A(x)Vu) + V- (V(x)u) + F(u) = q(x,t), (x,t) € Qr,

(P)) uxt)=0 x€d9, te(0,T),

[ u(x,0) =up(x), x €,

where  is a bounded open connected polyhedral subset of RY, d € N\ {0}, T > 0 and
Qr = Q2 x (0,T). We suppose that the following hypotheses are satisfied:

(H1) 6 € C(R),B(0) = 0is a strictly increasing function, which satisfies the growth condition
|B(a) — B(b)| = Bla—b|, B> 0 forall a,b € R; moreover there exist P > 0 and C, such
that |B(u)| < Cp for |u| < P and B is a Lipschitz continuous with a constant 3 for |u| > P;
(H2) A is a measurable function from €2 to M4(R), where M (R) denotes the set of d x d
symmetric matrices, such that for a.e. x € ) the set of its eigenvalues is included in [A,,, A\y/],
where \,,, Ay € L=(€2) are such that 0 < A < M\ (x) < Apr(x) < X

(H3) V € H(div, Q) L>®(Q) is such that V-V >0 a.e. in Q;

(H4) up € L®(Q);

(Hs) F € C(R), F(0) = 0 and there exists M > 0 such that uF'(u) > 0 and F(u) is
Lipschitz continuous with constant Lg for all w < 0 or w > M; moreover we suppose that F’
does not decrease too fast i.e. there exists F > 0 such that (F(u)—F(v))(u—v) > —F(u—v)?
for all u,v € R;

(He) q € L*(Qr).

We now present a definition of a weak solution of Problem (P).

Definition 2.1. We say that a function u is a weak solution of Problem (P) if
(i) we L*0,T; Hy(Q));

(i) Blu) € L=(0,T; L*(Q));

(iii) wu satisfies the integral equality

_/OT/Qﬁ(u)% dxdt—/gﬁ(uo)go(-,O) dx+/0T/QAVu-V<p dxdt



T T T
—/ / uV - Vo dxdt +/ / F(u)p dxdt = / / qp dxdt
o Ja 0o Jo o Ja

for all p € L*(0,T; H}(2)) with p; € L=(Q7), (-, T) = 0.

Remark 2.1. In the case that the reaction function F' is nondecreasing, the uniqueness of the
weak solution of Problem (P) follows from [P4].

In order to describe the numerical scheme we introduce below some notations related to the
space and time discretization.

Definition 2.2. (Space discretization) Let Q0 be a polyhedral open bounded connected
subset of R4, with d € N\ {0}, and 9Q = Q\Q its boundary. A discretization of ), denoted
by D, is defined as the triplet D = (M, &, P), where:

1. M is a finite family of non empty connex open disjoint subsets of ) (the "control volumes”)
such that ) = UKeM K. Forany K € M, let 0K = K\K be the boundary of K; we define
m(K) > 0 as the measure of K and hy as the diameter of K.

2. & is a finite family of disjoint subsets of () (the "edges” of the mesh), such that, for
all o € €, o is a non empty open subset of a hyperplane of R¢, whose (d — 1)-dimensional
measure m(o) is strictly positive. We also assume that, for all K € M, there exists a subset
Ex of € such that OK = |J,ce, 0. For each o € £, we set M, = {K € M|o € Ex}.
We then assume that, for all o € £, either M, has exactly one element and then o € 0f)
(the set of these interfaces called boundary interfaces, is denoted by E..;) or M, has exactly
two elements (the set of these interfaces called interior interfaces, is denoted by &;,,;). For all
o € &, we denote by X, the barycenter of 0. For all K € M and o € Ek, we denote by nk ,
the outward normal unit vector.

3. P is a family of points of ) indexed by M, denoted by P = (Xk)xem, such that for all
K e M, xg € K,; moreover K is assumed to be xy-star-shaped, which means that for all
x € K, there holds [xx,x| € K. Denoting by di , the Euclidean distance between x5 and
the hyperplane containing o, one assumes that dx , > 0. We denote by Dk, the cone of
vertex Xy and basis o.

Next we introduce some extra notations related to the mesh. The size of the discretization D
is defined by

hp = sup diam(K); (2)
KeM

moreover we define

dK,o‘ hK
Op = max( max ,  max :
0€Eint,{K,L}=M, dLJ KeMgy,0€€k dK,O’

(3)

Thus imposing a uniform bound on #p forces the meshes to be sufficiently regular. As it was
done in [L4] we associate with the mesh the following spaces of discrete unknowns

XD = {(<UK)K€M7 (UU)U€£)7 Vg € R, Vs € R}, (4)
Xpo={v € Xp such that (v,),ee..,, = 0}.



Moreover, for each function ¢ = ¢(x) smooth enough we define Ppy € X in following way

(P'DQD)K = QD(XK) for all K e M,
(Ppp)e = p(x%,) forall oeé.

Definition 2.3. (Time discretization) We divide the time interval (0,T") into N equal time
steps of length t = T'/N such that
6t < B/F, (5)

where 0t is the uniform time step defined by 6t =t,, —t,_1.

Remark 2.2. For the sake of simplicity, we restrict our study to the case of constant time
steps. Nevertheless all results presented below can be easily extended to the case of a non
uniform time discretization.

After formally integrating the first equation of (P) on the domain K x (¢,_1,t,) for each
KeMandn=1,..., N, we obtain

/Kﬁ(“(xv t,) — Blulx, ") dx+ /t"

oeli tn—1

tn tn
+/ / F(u) dxdt = / / q dxdt.
tn—1 K tn—1 K

1 fn
Forall K € M andall 0 € £k we define Vi, = /V ‘N dyand ¢ = m/ / q dxdt.
g m tn—1 K

We use an upwind scheme in order to approximate the convective term, since it can possi-

/(—AVU + Vu) - ng, dvydt

bly dominate the diffusion term; the diffusive flux —/AVu ‘N ,d7y is approximated by

a function of the form Fk ,(u"), where u™ = ((u"K)KejV;, (u)yce), and where the numeri-
cal flux Fx ,(u™) is defined by formula (25) below. The time implicit finite volume scheme
corresponding to Problem (P) is given by:

(i) The initial condition
1

= /K () dx, (6

~—

for all K € M.

(ii) The discrete equations

m(K)(B(uf) = Blufe ") + 6t Y Fro(u") + 0t Y Vicoul, -
oefk o€elK
+6t m(K)F(u}) = 6t m(K)q},

for all K € M. Unlike in the case of the standard upwind scheme, we define the value u}, _
as follows. For all K € M and ¢ € £k we set

o)

— u?(, if VK,o 2 0
YK = { ul, i Vg <0 ®)



We also define
1 1
VI-(F,O' = §(VK70 + |VK70|) and VI;,O’ = §(VK,U - |VK70|) (9)

which lead to
Vi o , = Vi Ui + Vic juy (10)

The definition of (B) seems natural since we also take the unknowns associated with the mesh
faces. It has an important advantage that the unknowns in the equation ([]) are associated
with a single control volume (see Remark [/1]); moreover the numerical experiments presented
in Section 7 show that the upwind scheme (g) also preserves the approximate solution from
unphysical oscillations in the convection dominated case. Finally, we remark that for each
time step the number of equations is card(M), whereas the number of discrete unknowns is
equal to card(M) + card(E). Therefore we need to introduce card(E) additional equations
corresponding to the interface values. For boundary faces these equations are obtained by
writing the discrete analog of the Dirichlet boundary condition

(i) wr=0 forall o€&.u. (11)

For interior faces, we follow the main idea of the finite volume method by imposing the local
conservation of the discrete fluxes

(V) (Fro(u") + Vot o) + (Fro(u®) + Vioui,) =0 (12)

for all o € &y with M, = {K, L}. We will define below F , in some more detail, but we
first give an alternative variational formulation of the discrete scheme (i)-(iv). Let {v"},en
be an arbitrary sequence of elements of Xpo; multiplying equation () by v} and summing
on all control volumes K € M leads to:

Z m(K)vKﬁ(uK) (i + Z Z (Vg Freo(u") + v Vi o U )

KeM KeM o€t
+ m(K)U%F(U"K) = > m(E)vkdy.
KeM KeM

Using (L2), we obtain that

Z Z (Fro(u")+ VKJUKJ) =0 for all v" € Xp, (13)

KeMoelk
which yields the following discrete weak formulation:
Let u% be defined by:

1
0 _
uje = (K)/KUO(X) dx forall K ¢ M (14)



For eachn € {1,...,N} find u" € Xp, such that for all v" € Xp p:

Bluf) — Blug ')

Z m(K)vi + <o u" >p 4+ <v" Ut >p
ot
KeM (15)
+ ) mEWEF(ug) = Y m(K)vidg,

KeM KeM
with

< v, U >p= Z Z (VK — Vy) Fr o (1) (16)

KeMoelk

and

< v, u >r= Z Z (VK — Vo) VKoUK o- (17)
KeMoelk

Remark that the problem (i)-(iv) is equivalent to ([5)-([7). Indeed, let §;; be the Kroneker
symbol, by setting v? = 0 for all ¢ € £, and v}y = dx g for all K/ € M and for a given K
one recover (ii), and setting v = 0 for all K € M and vy = d,, for all o’ € & yields (iv).
The homogeneous Dirichlet boundary condition (iii) follows from the fact that u™ € Xpg. In
order to complete the numerical scheme we still have to express the discrete flux Fx , in terms
of the discrete unknowns. For this purpose we use the SUSHI scheme proposed in [[4]: the
idea is based upon the identification of the numerical fluxes Fx , through the mesh dependent
bilinear form, using the expression of a discrete gradient. We first define

1

Vi = ®)

> m(o)(uy —ux)ng, VK €M, Vue Xp. (18)

oefk

Remark that the geometrical relation
> m(o)ngq(x, — xx)" = m(K)Id (19)
ocli

holds for each K. Let ¢(x) be a function, piecewise linear on the control volumes of the mesh.
In view of ([[9) one has Vx Pp(p) = V(x)|zex. We also remark that

Z m(o)ng, = Z /nKJ dry :/ V1dx =0,
o€k c€fK g K

which means that the coefficient of uy in ([I§) is equal to zero; thus, a reconstruction of the
discrete gradient solely based on ([[§) cannot lead to a coercive discrete bilinear form in the
general case. Therefore we introduce the additional term

VKJU = VKU —+ RKJU ‘NK o, (20)
where
(072¢
Rk u = 7 (Ug —u — Viru - (X, — Xg)), (21)
K,o



for some ax > 0, which should be chosen in a suitable way. If we choose oy = Vd for all
K € M in the simple case that A is a scalar and that the mesh that satisfies the orthogonality
Xoe — XK

property ng , = , we obtain the usual two point scheme. Nevertheless, it may be

dK o
useful to optimize the choice of ok as it is done in [J]. We then define the discrete gradient
Vpu as the piecewise constant function equal to Vg ,u in the cone Dk , with vertex xx and
basis o

VDU‘DK’U = VKpu.

Note that the term Ry, is a second order error term, which vanishes for piecewise linear
functions. Moreover, the relation ([9) together with (R1]) implies that

Z m(Dk )Rk o(u)ng, =0 for all K € M and for all u € Xp, (22)
o€€K

which in turn implies that
/ Vou dx = m(K)V gu.
K

The discrete gradient defined above satisfies the following strong consistency property.

Lemma 2.1. Let D be a discretization of ) in sense of Definition 2.2, moreover let 6 > 6p
be given. Then for all ¢ € C?(Q)), there exist a positive constant C only depending on d, 0
and ¢ such that

IV Ppp — V| (r=@): < Chp.

The proof of this Lemma is given in [[4]. The numerical flux is implicitly defined by the
relation

<U,U >p= Z Z (VK — Vo) Fi o (u /va A(x)Vpu dx. (23)

KeMoelk

It can also be defined explicitly; in order to do so, we write the discrete gradient in the form

VK,Uu = Z (uo’ - uK)y00/7 (24)

ol €€k
where y?7" is defined by

m(a) Vd m(o)

1— x — P
yag’ _ m( ) + K ( m(K) Ng o (Xo XK))nK#7 if o o,
m( /) i \/_ o) Nk o (Xo = XK )Nk o otherwise.

(K) dKo' (K) ’ 5

We obtain that for all u,v € Xp

/QVDU(X) A(x)Vpu(x Z Z Z ASE (up — ) (Vor — VK ),

KeMo€elk o'€€k



with
Ag{o’ _ Z yUNCT . AK,O//yONU/ and AK,U” = / A(X) dx.
D

o eEK K,o!!

The local matrices (A% )yorce,. are symmetric, and the numerical flux is then defined by

FKJ Z AJJ UK—UJ) (25)

o €€k

Next we prove some useful properties of the mesh depending bilinear forms introduced pre-
viously. In particular we prove that < -,- >p is continuous and coercive, and that < -,- >p
is continuous and nonnegative. The space Xp defined in (B) is equipped with the following
semi-norm.

Definition 2.4. Let D = (M, E,P) be a discretization of §) in the sense of Definition 2.2;
then for all v € Xp we define

— UK)Q, (26)

|U|X =

KeMoelk

which is a norm on the space Xp . Let us also define a discrete analog of || - ||;, norm.

Definition 2.5. (The discrete space H () Let 1 < p < oo and let D = (M, E,P)
be a discretization of §) in the sense of Definition P.2. Let Hu(Q) C L3(2) be the set of
piecewise constant functions on the control volumes of the mesh M for each v € Hp(§2) we
define vg = v(X)|xek-

For all v € H\m(2) and for all o € £y with M, = {K, L} we define D,v = |vg — v| and
dy = dg o +dp,, and for all o € E.5p with M, = {K}, we set D,v = |vg| and d, = dk ;.
We then define the following family of norms

U
10l =D D ml o) o (D0 (27)

KeMoek do

so that in particular

ol one= 3 > m(o)de! ”)2.

KeMoelk do

Next we recall two results from [[[4] which we will use below. The following lemma shows the
equivalence between the semi-norm in Xp and the L2-norm of the discrete gradient.

Lemma 2.2. Let D be a discretization of () in the sense of Definition 2.3, and let 6 > 0p be
given. Then there exists Cy > 0 and Cy > 0 only depending on 6 and d such that

Cilv|x < ||Vpvl2) < Colv|x  forallv € Xp.



Lemma 2.3. Let D be a discretization of §) in the sense of Definition P.3, then there holds

N0|l12m < |v|x  forallv e Xpp.

Next we show that the bilinear forms defined in (L) and ([I7) satisfy continuity and coercivity
properties.

Lemma 2.4. Let D be a discretization of ) in the sense of Definition P.2, and let 6 > 0p be
given, then:

(i) There exist positive constants Cy and « which do not depend on h such that
| <UuU,v>pg | < Cl|U|X|U|X

and
<u,u>p2 alulk

for all u,v € Xp.

(ii) There exist a positive constant Cy which does not depend on h that
‘ < Uu,v >t ‘ < CQ|U|X‘U|X

and
<u,u >r=0

for all u,v € Xp.
Proof. (i) Using the definition of the numerical flux (B3) and in view of (#3) and Lemma P.2
| <u,v >p | = |/ Vpu - A(l‘)VDU| dx < XHV’DUHLZ(Q)||V’DU||L2(Q) < C'1|u|X|v|X;
Q

on the other hand we have that

< U, u >p= / Vpu- Alx)Vpu dx > A dx||VfDu||%2(Q) > Oy lul%.
Q

(i) By the definition ([[7]) we have that

<Uu,v >r= Z Z (UK - UU)VK,UUK,U-

KeMoelk

Using the definition (B)) one can write:

< U, v >p= Z Z Vik.o(Vk — Uo)ug + Z Z Vik.o(VKk — Ug)Ug,

KeM O'E(‘/‘K,VK’GZO KeM UegK,VK’g<O

10



which implies

< U, v >p= Z Z Vik.o(Vk — U)Uug — Z Z Vio(Vg — o) (ur — uy). (28)

KeMoelk KeMoelk,Vik, <0
Using the Cauchy-Schwarz inequality and the bound dg , < hp we have that

| < u,0>p | < Vd- ||V e Z Z UK_UJ )3 Z Z UdKa W2 )

KeMoelk KeMoe€k

o Ve (3 3 () el (5 5 Jﬁ

KeMoelx KeMoe€k

and
| < 0 51 | < V]|V [olxull@ + diam(©) - [o]x|ulx)
since Z digem(c) = m(K)d. In view of Lemma P.3 and the discrete Poincaré inequality

o€€K
implied by Lemma b.1 below we conclude that

| < Uu,v >r ‘ CQ‘U‘X‘U|X

In order to prove the positivity, we write < u,u > in the form (P3)

< u, U >7= Z Z Vik.o(U — Uy)ur — Z Z Viko(ux — Ug)?;

KeMoelk KEMO’E(‘/‘K,VKJgO

using the algebraic inequality —2ab > —a? — b* and the discrete boundary condition we obtain

<wusrz s 33 Vieol — ) = 5 3 ke 3 Vi

KEM o€lK KeM o€lK

By the assumption (H3) one has that Z Vk.» = 0 and we finally conclude that

o€€K

< u,u >p= 0.

Next we recall a technical lemma presented in [L7], Lemma 8.2, which will be useful for the a
priori estimates of the next section

Lemma 2.5. Let B(s), s € R be defined by

B(s 3_/5

1
with (3 satisfying hypothesis (H1). Then B(s) > > 58 3.

11



3 A priori estimates.

We define below an approximate solution of Problem (1)-(3).

Definition 3.1. (Approximate solution)

Let the sequence of {u"} € XfJ o, n € {1,..., N}, be a solution of the discrete problem ([I4)-
(7)., with 6t = T'/N > 0. We say that the piecewise constant function up s : 2% [0,7] — R
is an approximate solution of Problem (P) if

upst(x,0) =u% forallx € K,
upst(X,t) =ul  forall (x,t) € K X (ty—1,tn);

we also define its approximate gradient by
Vopstupsi(x,t) = Vpu™(x) for all (x,t) € K X (t,—1,t].

Lemma 3.1. (A priori estimate) Let up s be an approximate solution of Problem (1)-(3),
then it is such that

1 1
Zé”ub,ét”%w(&T;m(Q)) <C; and §AHVD,&UID7&H%2(QT) <G, (29)
where 1 T
_ 9 . 2 .
Cr = 51800 o) + m(QTM| min F(u)| + 5 lala(q

moreover there exists Cy > 0, such that

| 8(up,se)l Lo 0,522 (02)) < Co (30)

Proof. Let m € [1, N] be an arbitrary integer. Summing on n € {1,...,m} the equation
(L3) with v™ = u™ for each n we obtain

S ZUK ) +§m;5t<un Wt g b < )
KeM
+Z5t Z K)uiF(u Z Z ot m(K)ugqk.

= KeM n=1 KeM

Next, we consider the function B from Lemma P.5 defined by

Blu) = Blu)u - / * B(r)dr

One can see that the following relation holds

n
Uk

B(uj) — Bluy ") = uj(Buk) — Bluf ")) — /n_l(ﬁ(f) — Bluf))dr

12



and since (3 is nondecreasing we have that

which implies

KeM KeM n;l
<Y mK) Y uh(Blug) — Bluj )
KeM n=1

In view of Lemma .5 we have that

500 < Blu) < uf(u)

N

@ )
which yields
1 1 -
§ﬁ||UD,6t('atm)||%2(g) - BIIB(Uo)H%z(m <Y m(E)> up(Blul) — Bluj ™))
— KeM n=1

We remark that in view of the hypothesis (H5) one has

uF(u) > M min F(u),

o<usM
since min F'(u) < 0. The last statement of Lemma P.4 implies < ", u" >7r> 0. By the

o<u<M

equation (R3) and (#H2) we finally conclude that

1
5@”“17,&('7 tm) ||%2(Q) + AHV”D,tstu”D,tstH%?(Qx(O,km))

<O+ stm(K)ujeq,

n=1 KeM

(31)

where
1

B

O = Z118(u0) 320y + m(QTM| min F(u)].

o<usM

Applying Cauchy-Schwarz and Young's inequality to the last term in (B1) leads to

1

§£|’u975t<'7tm)”%2(§2) + M Vo s sill72 0 0pmy) < C + Nlupsill 2@ 14l 2
<O+ S lupalZagn + gl
= 2 Up.stll L2(Qr) % 9 2(@Qr)-

We then obtain

1 € 1
§é||u"D,5t||%°°(0,T;L2(Q)) <O+ éTHuD,&H%OO(O,T;L?(Q)) + 2_€||Q||%2(QT)
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and

3 1
A”VD,&UD,&H%%QT) <O+ §T”UD,5tH%oo(o,T;L2(Q)) + 2_€H‘J|’%2(QT)-
We now choose € = 3/(2T), which gives

1 A
Zé”uDﬁtH%w(O,T;L?(Q)) < C and §||V’D,6tU”D,6t||%2(QT) <C,

where

C =

o<usM

) T
180 72() +m(Q)TM| min F(“)‘+E|’qH%Q(QT)'

|~

In order to prove the estimate on ||3(upst)||L(0,1;L2(2)) We split 3 into a bounded and a
Lipschitz continuous part by setting 3 = (31 + 2, where

_ ) B(s) [s|<P _J 0 fsigP
Bi(s) = { 0 |s|>P, Ba(s) = { B(s) |s| > P, (32)
o B(P)— B(—P) _ B(P)+B(-P)
y(s) = { op 0 sl< P (33)
ls| > P.
We finally define B B
fi=01—y and B =pr+y. (34)

we then remark that 8 = 51 + 52; we remark that 51 and Bz are continuous and that 51 is

bounded by 2C's, while 3, is Lipschitz continuous with Lipschitz constant Lz = max(3, (5(P)—
B(—P))/2P). Which implies the L>(0,T; L*(2)) estimate

18 (up.se)ll L o,rsL2()) < 181 (up,se) | Lo (0,1:22 ()

+||EQ(U”D,&) — EQ(O)HLOO(O,T;L?(Q)) + ||EZ(0)||L°°(O,T;L2(Q))>
so that

1 1,
1B(up st) | 0,7;12(0)) < 2m(Q2)2Cp + Lgllup stll o (0,7;02(0)) + m(€2)2[B2(0)].

Remark 3.1. (Extended discrete problem) Let s > 0 and w € Hnm(2) (sf. Definition
P.3), we consider the following extended one step problem. Find u € Xp such that for all
v E XD70.'

Bluk) — Blwi)

sZm(K)vK 5 + <v,u>p+s<v,u>p
KeM (35)
+s Z m(K)vgF(ug) = s Z m(K)vkqr.
KeM KeM

14



It can be shown that the solution of the extended problem (33) is bounded in the norm | - | x.
More precisely, it is such that

, T
|B8()Iz20) + m(Q)TM| min F(u)] + BHQ”%%QT))' (36)

|

1
§AHVD,5tUD,6tH%2(QT) < s

Theorem 3.1. (Existence of a discrete solution) The problem ([I4)-(I7) has at least one
solution.

Proof. Let (€;)i<i<card(xp) be a family elements of Xp o, which components are defined by
(€i); = 6;;, where §;; is the Kronecker symbol. The system of nonlinear equations (§)-(I7)
may be written in the form

E(Bu™) — Bu"h) + Au™ + Cu™ + 6tEF (u™) = Q", (37)
where
(i) u", u" ' € Xpy;

(ii) E is the diagonal matrix of the size card(M) + card(&;,;) with elements
(E)KJ( = m(K) and (E)o,o =0

forall K € M,o € &,

(iii) B and F are continuous mappings from Xp q to itself naturally defined by
(B(u))i = B(ui) and (F(u)); = F(us);

(iv) A and C are the diffusion matrix and the convection matrix respectively, with components
Aijj =6t <e;e; >p and Cj = 0t < e, e >,
(v) Q" € Xp is the source term, given by
% = dtm(K)qy and Q0 =0
forall K € M,o € &

Due to the coercivity of the bilinear form corresponding to the diffusion the matrix A is
invertible; hence (B7) is equivalent to

u" + AN (BB - Bu™h) + Cu™ + 6t EF(u™) — Q") = 0.

As it has been done in (BY), we introduce the extended formulation

u" 4+ sATHE(BW™) — Bu" ) + Cu" + StEF (u™) — Q") = 0, (38)
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with s € [0, 1]. Moreover for a given u"~! we define a continuous mapping H,, : [0, 1]x Xp o —
Xp, by

Hy(s,u) = sA™H(E(B(u) — B(u")) + Cu+ SLEF (u) — Q").
Then the equation (B8) can be written in the form u” + H,(s,u™) = 0. In view of Remark
B.1), the estimate (B0) and the Lemma P.2 we have that

Stlul3 < C,

with some positive constant C, which does not depend on s. Setting R = /C/dt + 1 we
deduce that

lu|x < R for all (s,u) € [0,1] x Xp such that u + H,(s,u) = 0.

Therefore the equation u + H,(s,u) = 0 has no solutions on the boundary of the ball By of
radius R for s € [0,1]. Next, we denote by d(Id + H,(s, ), Bgr,0) the topological degree of
the application Id + H,(s,-) with respect to the ball Bg and right-hand side 0. In view of
the homotopy invariance of the topological degree and thanks to the fact that H,(0,u) = 0
for all u € Xpy we have that

d(Id + Hy(s, "), Bp,0) = d(Id+ H,(0,-), Br,0) = 1 for all s € [0, 1],

where we have applied [[LT], Theorem 3.1 (d1) and (d3)]. Thus, by [[LT], Theorem 3.1 (d4)],
there exists u™ such that u" + H,(1,u") = 0, so that u" is a solution of (B7).

Theorem 3.2. (Uniqueness of the discrete solution) The solution of the problem (I4)-

(I7) is unique.

Proof. We give a proof by contradiction. Let up s and @y, be two different solutions of ([L4)-
([7), such that u™ =u™ for allm =1,...,n— 1, but u™ # u". We define " = u™ —u". In
view of ([[§) with v = r™ we have that

Z m(K)r?(ﬁ(uK) (S_tﬁ(uK)Jr <r"r">p+<r " >y

KeM

+ ) mE)r(F(uy) — F(ag)) =0,
KeM

We apply Lemma P-4 as well as the assumptions (H;) and (#5) in order to estimate each
term in the above equation. We obtain that

(B/ot—F) > m(K)(ri)* + alr" [k <0,
KeM

where « is the coercivity constant. Finally, in view of the assumption (B) on the time step we
deduce that
|7’n‘X =0.
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4 Estimate on time translates

To begin with we give two technical lemmas which will be useful for proving the estimate on
time translates

Lemma 4.1. LetT >0, 7€ (0,T), N € N\ {0}, 0t =T /N be given and (a")nen\ f0} be a
family of non negative real values. Let [s| denotes the smallest integer larger or equal to s.

Then
T—1 N
/0 Z a"dt < T;a

[t/0t]+1<n<[(t+T)/6t]

Proof. One has that
T—1 T—1 T—1
/ > a"dt < / > adt = / >t
0 [t/6t)+1<n<[(t+7)/8t] 0 y/stri<n<(t+r)/ot+1 t<mit<t+r

We remark that if [t/0t] + 1 > [(t + 7)/dt], then the above inequality seal holds, with the
left hand side term equal to zero. We define a characteristic function x(n, t1,ts) by

X\ P t2) =1 otherwise.

Then we obtain that
T—7 N-1 T—7 N
/ Z a”dtéZamH/ x(n,t,t+7 TZam
O /6t +1<n< (t+7) /61) m=1 0 m=1

Lemma 4.2. Let T > 0, 7 € (0,T), N € N\ {0}, 6t = T/N, ¢ € [0,7] be given and
(a™)nemgoy be a family of nonnegative real values. Let [s| denotes the smallest integer larger
or equal to s. Then

T—1 N
/ R il T
0 n=1

[t/0t]+1<n<[(t+T)/6t]

Proof. As in the proof of the previous Lemma we have that

T—1
/ 3 Q[+0/50) gy Z / Al O/ (0 ¢ ¢ 4 7)dt
0

[t/6t]+1<n< [ (t+7)/6t]

A simple change of variable implies

N T—1 N T
n=1"0 0



In order to conclude the proof we remark that x(n,t1,t2) = x(n +m,t; + mdt, ts + mdt) for
all n,m € Z, t1,t5 € R, which in turn implies that

N

Z/(m& x(n,s —¢,s—C+71)ds Z/_n& m,s —(,s—(+7)ds

n—=1  (m—1)dt (n+1)s

g/Rx(—m,s—C,s—C—i-T)ds:T.

Theorem 4.1. Let D be a discretization of §) in the sense of Definition P.3 and let {up s}
be a solution of the discrete problem in sense of Definition 3.1. Let also 8 > 0p be given.
Then there exists a positive constant C' only depending on 0 such that

T—T1
/ /(un(gt(x, t+ 1) — up s, t))2dxdt < O, (39)
0 Q
for all T € (0,7).

Proof. To begin with we use the hypothesis () to obtain
T—1
ﬁ/ /(UD75t(ZL‘,t +7) — up sz, t))? dxdt
T—1
iy / Z W[/ T80 2

KeM
T—1
/ Z t+r)/6t] %/m)( B(u%t—f—r)/ét]) _ 5(“%/&1)) gt
KeM
e MG LT
[ Em )Y mR) () - Bl e
KeM [t/6t]+1<n<[ (t+7)/6t]

For a given k and for all real ¢t and 7 we define the following set

n(t,7)={neN, [t/ot] +1<n < [(t+71)/0t]},
which can be empty. Then, the discrete equation ([]) implies

T—1 Tt
B/ / Up 6t z,t+T)—up ét(x t dth / Z (t—l—T )/ot] ft/ét])

KeM

- > dt(m = > (Fro(u") + Vi gul ) — m(K)F(uf))dt.

nen(t,r) o€€K

Let us define the expressions Ap ¢, Ar and Ag by
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T—1
Ap.c :/0 Z St Z t+r)/6ﬂ Z/éﬂ) Z (Fr.o(u™) + VK7U—u’}(7U)dt,

nen(t,r) KeM o€k

T—1
Ap = / S ot S m(E) @A T b at,
0

which we will estimate below. In view of ([3), (L8) and ({L7]) we obtain

T—T1
ADC—/ Z (5t <u(t+r)/5ﬂ [t/ét] u >p+ <u((t+r)/5ﬂ [t/ét] u >T)dt

nen(t,r)

In view of Lemma P.4 We have that | < u,v >p |+ | < u,v >r | < Clul|x|v|x for all u,v €
Xp and since 2ab < a® + b* one has

T—1
Apel < C / S St(Jul Ol ) et
0

nen(t,r)

T—T T—T1
< O / > otul% + / > stul TP 4 / > otju"kdt).
0

nen(t,r) nen(t,r) 0 nen(t,r)

It follows from the estimate (29) and the Lemmas [.1] and f.7 that

T—T1

N
[Apcl <7CY otk < Cr
Next, we estimate the term Apg; we remark that for all u,v € R it holds
1 . .2
vF (u) < Lp|v||u] < =0 —|—2L if u<0,

2

1 1
vF(u) < |v|01<rtzi>§4|F( )|\§v +§02L%}1(\4F2( u) if0<u< M,

vF(u) < [of(|F(u) = F(M)| + |[F(M)]) < [v|(Lrlu— M|+ F(M))
< +;L uf? + ;(LFM+F(M))2 ifu > M.

Hence,

1
> m)vkF(uk) < [[vlfZa) + 5 LElulfz0 + e
KeM
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1
for all v,u € Hyq, where Cp = §m(Q)( max F?(u) + (LpM + F(M))?). We obtain

o<usM

| Ag| </0 - Y Ot(lupsl, Tt/ ey + llupsel, [(t+7)/61)|[F2())dt

nen(t,r)

T—1
/ Z 5t FHUD St )H%Q(Q) + CF)dt

nen(t,r)

One more time it follows from the estimate (P9) and the Lemmas [.1] and {.7 that

N

| ARl <7 0t(Cllup st ta) 720y + Cr) < 7C

n=1
In the same way we proceed for the term |Ag|, one has that
T—1 5 5
as= [ S [ [l e, s
nen(t,r) Kem Jtn—1 J K

and

| As| / N Z Z/t / Wéﬂ (%’ﬂ”)/m)Z)Jr(q(x,s))2 dxdsdt

nen(t,r) KeM n—1

/ - > —515 (lupse(-, [t/ 0t 220y + llupse (-, [(8+7) /08172 ()t

. nen(tT)
/ > Z/ / (x,5))? dxdsdL.
tn—1

nen(t,r) KEM

In view of Lemmas .2 and [.1] we obtain

|Asl < 7(lup il 22 (0p) + 1l Z2(0p)-

Finally we use an a priori estimate (R9) and the hypothesis () to conclude the proof.

5 Estimate on space translates

In this section we prove an estimate on the L?—norm of differences of space translates of the
discrete solution. We state without proof two results from [L4], which are useful in our study.

Lemma 5.1. Letd > 1,1 < p < 0o and §) be an open bounded connected subset of R%. Let
D be a mesh of Q) in the sense of Definition[2.2. Letn > 0 be such that n < dk ,/dL, < 1/n
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for all 0 € M, = {K,L}. Then, there exists ¢ > p only depending on p and there exist a
positive constant C, only depending on d, ), p and n such that:

[l o) < Cllullyp.m (40)

for all u € Hp(Q). We recall that Hp(2) C L*(Q) is the set of piecewise constant functions
on the control volumes of the mesh.

Lemma 5.2. Let d > 1 and Q) be a polyhedral open bounded connected subset of R?. Let
D = (M, E,P) be a discretization of ) in the sense of Definition P.4 and let u € H ().
Then, with notation of Definition 2.5:

(- +y) = ull gy < |y [Velull,a (41)

where u is defined on the whole R?, taking u = 0 outside ).

Next we show that a similar inequality holds in every LP-norm.

Lemma 5.3. Letd > 1,1 < p < oo and ) be an open bounded connected subset of R?
and T > 0. Let D be a discretization of §) in the sense of Definition P.2. Let n > 0 such
that n < dgo/dr, < 1/n for all o € M, = {K,L}. There exist C > 0 and p > 0, only
depending on d, p, §2 and i such that

[ul-+¥) = ull oy < Cly|llullipam,

where u is defined on RY, taking u = 0 outside (.

Proof. In view of Lemma p.J], there exist ¢ > p and a positive constant C' such that
[ull Lageay < Cllullippm- (42)
We apply the Interpolation Inequality [[], Theorem 2.11, p.27]
1—
(- + ) = ullpoqge) < Jul-+3) =l g lul- +¥) = ull 3 (43)

where
q—p

==

Moreover (f2)) implies that
[u(- +¥) = ullLa@ey < 2lullzagas < Cllullipam
so that by (1) and (E3) implies that
lu(- +y) = ull oy < ClylP(lullyam)” (el ipa) =
Applying Holder inequality we obtain that
[ullam < Cllullpam
for some positive constant C'. Then

[u(- +¥) = ull oy < ClylPllullipam-
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Theorem 5.1. Let {D,} be a family of discretizations in the sense of Definition .3 and
let 6 be a positive constant such that 6p < 0 for all D € D,. Let {ups} be a family of
approximate solutions corresponding to Dy, and §t = T /N for some N € N\ {0}. Then
{upsi} is relatively compact in L*(Qr).

Proof. To begin with, we extend up 5 by zero outside of Q7. Applying the Lemma b.3 with
p = 2 yields

lupse(- +y,1) — up e (-, E)l r2may < Clyl?llupse(-, ) [l1,2.0

for some positive constants p > 0 and C' > 0. Integrating on (0,7") we obtain

N
[up se(- + ¥ ) = upsill Zemar oy < ClyI* Z St||up st (-, tn) 1T 2 0

n=1

Then in view of the lemmas P.3, and the estimate (P9) we obtain the bound

|upst(- +y) — upsill L2@ax o) < Clyl”,

which, combined with (B9) gives
|up st(- + ¥, +7) — upstll L2max 0,7

<lupsi(- +y, - +7) —upsi(- + ¥, )l 2waxom) + lupsi(- + ¥, ) — upsill L2max0,1))
< CWT+Iy).

Then the Fréchet-Kolmogorov Compactness Theorem implies that the family {up s} is rela-
tively compact in L?(R? x (0,7)) and thus in L?(Qr).

6 Convergence

Theorem 6.1. Let {D;} be a family of discretizations in the sense of Definition P.2 and
let 6 be a positive constant such that 6p < 0 for all D € Dy,. Let {ups} be a family of
approximate solutions corresponding to Dy, and 0t = T/N for some N € N\ {0}. Then
there exists a subsequence of {up s}, which we denote again by {up s}, such that up s — u
strongly in L*(Qr) as hp,dt — 0, where u is a weak solution of Problem (P). Moreover
u € L*0,T; H}(Q)) and Vp siup s weakly converge in L?(Qr)? to Vu. In the case that
F' is nondecreasing, the whole sequence {up s} converges to the unique weak solution u of
Problem (P).

Proof. By Theorem pb.J] there exist a subsequence of {up s} that we still denote by {up s}
and a function u € L*(Qr) such that ups — u strongly in L?*(Qr) as hp,dt — 0 (and
also in L*(R4 x (0,T)) taking up s = 0 outside of Q x (0,7)). In view of (R9) there exists
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a function G € L*(Qr)? such that Vp sup s weakly converge in L?(Qr)? to G along a
subsequence as hp, ot — 0. In order to show that G = Vu we consider an arbitrary vector
function w € C([0, T]; C>°(RY)) and the term T defined by

T
TS = / Vopsiup se(x,t) - w(x, 1) dxdt.
0o Jrd

Using the Definition B-] and (RJ) we obtain that T4 = TZ + T2, with

= Z Z Z dtm(o)(uy — Uk )Nk - Wi

n=1 KeM o€e€k

and v

Tézz ZRKU Nk - / / w(x,t) dxdt,

n=1 KeM ok Dk o
1 o
where wi = 5t (K) /tn1 /KW(X, t) dxdt. We compare Tg with T¢, defined by
TS = Z Z otm(o)(u) — uk)ng,, - Wi,
n=1 KeMoefk

1 tn

where w 5t (o) /tn_l/g w(x,t) dydt. One can see that
al dtm(o
(T -T2 < I (u? — ulk) ZZ > otm(o)dk o |wh — wi?,

n=1 KeMoeclk n=1 KeMo€clk

which leads to T& — T¢ as hp — 0. Then,

N T
- Z Z Z dtm(o)uyng , - wo = —/ / upst(x,t) V- w(x,t) dxdt.
0 Jrd

n=1 KeM o€k

and we conclude that

hp,0t—0

T
lim Tg = / / u(z, t)V - w(x,t) dxdt.
0o Jre

Next, we show that lim T¢ = 0. Thanks to (23) we have that

hp,6t—0

N "
TS = Z Z Z Ri.o(u")ng., -/t_1 /DK (W(x,t) — wh) dxdt.

n=1 KeMoefk
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Since w is a regular function, there exist a positive constant C' = C'(w) such that

n m(o)dr o
| / /D (vl t) — wh) ] < < OOt (1 4 51).

On the other hand by (RI) and in view of regularity of the mesh, we have that

n
uO’

'LL n X — XK uo’ - 'LL n
Ui 19 PR € (K 9 ).

(Riou™)? < 2d((
dK,J
Applying the Cauchy-Schwarz inequality inequality, we get

lim T =0
hp,0t—0

This implies that the function G € L?(R% x (0,T))? is a.e. equal to Vu in R? x (0, 7). Since
u = 0 outside of Q, it follows that u € L?(0,T; Hy(Q2)).

Next we show that u is a weak solution of the problem (P). For this purpose, we introduce
the function space

D ={pcC*(Qx[0,T]), ¢=00n002x[0,T], ¢(,T)=0}.
Taking an arbitrary ¢ € ®, we define the sequence of elements of Xp
©" = Ppp(-,t,) foralln e {1,...,N}
which implies ¢} = o(xk,t,) and ¢ = p(X,,t,). Next setting
v =" tforalln e {1,...,N}
in (TH), we obtain, also in view of ([[§) and ([[7) that
Tr+Tp+Tc+Tr =1Ts,

where N
Tr=> Y mK)(Bul) — Blu))er ",
n=1 KeM
N
Tp=Y 0t > > (¢i" =9y ) Fio(u"),
n=1 KeMoelk
TC_Z(% Z Z VKaqua
= KeMoelk
TR—Z5tZ K)pi ' F(ug)
= KeM
and
Ts = Z5t Z K)oy qe.
n=1 KeM

We successively search for the limit of each of these terms as hp and k tend to zero.
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6.1 Time evolution term

Using discrete integration by parts and the fact that ¢(x,7") = 0 we obtain

Tr==) > mE)(ek — i NBuk) = Y m(K)pyfluk).

n=1 KeM KeM

First we show that

S m(K)B(ud )l / Blup(x))p(x., 0) dx.

KeM

For this purpose we define
7= 3 m()8(u)h — [ Blux))e(x,0) dx

Next we subtract [, B(u%)p(x,0) from each term to deduce that,
Q K)¥

Tp=3 /K Bluf) (¢ — o(x,0)) dx— Y /K (Bluo()) — Blul))p(x,0) dx.

KeM Kem
In view of the regularity of the test function ¢ € C%1(Q x [0,T]) we have that
0% — @(x,0)] < Chp for all x € K

and
lp(x,0)] < C.

(44)

We also remark that by (f) one has that |u%| < |Jug||r() and moreover the monotonicity
hypothesis (#;) implies that |3(u%)| < B(|Juo||L=(a)) for all K € M, consequently the first
term on the right-hand side of (B4) tends to zero as hp — 0 and the second term can be

estimated by

C Y [ 1Bluo(x)) = Blu)| dx = C/Q |5(uo(x)) — B(upsi(x,0))] dx.

Kem’ K

By the discrete initial condition () and the Definition B.1] one has

/ |up(x) — up s(x,0)| dx — 0 as hp — 0,
Q

or in other words up 5:(0) converges strongly to ug in L'(2) as hp — 0. Hence a subsequence
of {upst(x,0)}, which we still denote by {up s:(x,0)} converges to uy(x) for a.e. x € Q and
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also B(upsi(x,0)) = B(up(x)) for a.e. & € Q. Since B(ups(x,0)) < ||B(uo(x))] L) the
Lebesgue dominated convergence theorem implies

/\B up(x)) — B(upst(x,0))| dx — 0 as hp — 0.

Thus T2 — 0 as hp — 0. Next we prove that

ZZ —>/ /6 (x,1))u(x,1) dxdt (45)

n=1 KeM
as hp and 6t — 0. We define

T =3 S m(E)(eh — oi ) B) - / / Blulx, ))gu(x, 1) dxdt,

n=1 KeM

tn
and we add and subtract / / B(ul)pi(x,t) dxdt in each term to obtain
K

=) > m U / (pe(xx, t) — @i(x, 1)) dxdt

n= 1 KeM
/ / (upst(x,t)) — Blu(x,1)))pe(x,t) dxdt.
We have that for all x € K and all K € M it holds

|01 (Xe, 1) = pi(x, )| < C(hp)

where C'(hp) — 0 as hp — 0. The absolute value of the first term on the right-hand side of
(B€) is bounded by

ho) Y D otm(K)|B(uf)| < C(hp)(Tm())"2( z S tm(K)(B(u)))

n=1 KeM n=1 KeM
< C(h”D)Tm(Q)l/2||5(U”D,6t)||L°°(0,T;L2(Q)),

which tends to zero as hp — 0 in view of the a priori estimate (BU). Further, since |¢;(x,t)] <
C.,, we can estimate the absolute value of the second term in (E6) by

(40)

C@/O /QW(uD,ét(X,t)) — Bu(x,t))| dxdt < C / /|51 up 51 (x, 1)) — 61( (x,1))| dxdt
+C/ /\52 up,se(x, 1)) — Ba(u(x, t))| dxdt,

where 3, and 3, are given by (B2)-(B4). Since ups — u strongly in L2(Qr), a subsequence
of {up s}, which we still denote by {ups} converges to u a.e. in Q. The first term on
right-hand side of the expression above converges to zero by the Lebesgue dominated con-
vergence theorem. The convergence to zero of the second term can be deduced from the
Lipschitz continuity of 3 and the strong convergence of up s to u in L*(Qr).
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6.2 Convection term

Next, we show that

E = Zét Z Z VKUUKJ / / u(x,t)V(x)-Vo(x,t) dxdt — 0 (47)

= KeMoelk

as hp, 0t tend to zero. As it was done in in the proof of the Lemma P.4 we write the left-hand
side part of (B7) as

Zétz Z _4,00 VKO'UKO- Zétz ZVKO - gl)unK

n=1 KeMm UESK n=1 KeMoelk (48)

—ZétZ S Viololt = ol — ul),

n=1 KeMo€elyk, VK +<0
and the following estimate holds

N
|Z‘5t YD Vielei = e g —up)l < ho - [V D 0t x|utx

= KeMo€elk,Vik <0 n=1

N
< Chp - |V 1) > 5tIVoe™ 2@ IV ou" || 220

n=1

N
< Chop - |Vllzes) Y 5t Vo™ 720y + Cho - [|VI] e[| Vo st | 720

n=1
The second term in the right-hand side of the expression above is bounded be because of the
a priori estimate (R9) and the first term can be controlled via the consistency of the discrete
gradient given by Lemma P.J and the regularity of ¢; indeed

Z/ /|vp<p x)|? dxdt < 32/ /\vw — V(X ty_1)|? dxdt
tn—1
T
+3Z/ /|V<p(x,tn1)—Vg0(x,t)|2 dxdt+3/ /\w(x,m? dxdt
th_1 JQ 0 Q

< (CL(01) + CHHTm(S) + 3Vl < C.

where C,(dt) tends to zero as 6t — 0. Thus the second term in the right hand side of (E8)
tends to zero as hp, ot — 0. Let us define E; and E,

Zétz S Vieo (gl — i uﬂzatzuf(/thnl V(x) dx,

n=1 KeMoefk = KeM
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E, = Z(St Z u"K/KVgo(x, tn1) - V(x) dx —/0 /Qu(x, H)Vp(x,t) - V(x) dxdt.

n=1 KeM

so that also in view of (B) limy,, 510 E = limp, 50 F1 —limp, 550 Fa. We will successively
establish that F; and E5 converges to zero as hp, 0t — 0. To begin with let us remark that
integrating by parts in the expression of E; yields £y = Ej; — Eyo, where

N N
Ey = Z(St Z Z Vool — Zét Z u”K/Kgo(x, tn-1)V - V(x) dx

n=1 KeMoelk n=1 KeM
and where
N N
Bo=0t S S Vit - S0t 3% i / (%, 1)V(X) - 0oy,
n=1 KeMoefk n=1 KeMoefk g

We first prove that . lim E;; =0.

D,0t—0

Bu= 320t 3 uie [ (k! — gl ta))V - Vi) i

n=1 KeM

in view of regularity of the function ¢ we obtain

N
Bl < Cohp >0t Y |u"K|/ V- V(x)| dx < c@h/ up (%, )V - V(x)| dx
K

n=1 KeM T

Finally applying the Cauchy-Schwarz inequality yields
|En| < Cohllupsill2on IV - V2 @r)

so that |F41| — 0 as hp — 0. Next we consider the term Ej5, which can be written as

Pu=30t 3 3wk [ (67 = o))V nuc ot

n=1 KeMoelk

In order to show that Ej5 — 0 as hp,dt — 0 we first remark that since ng, = —ny, for
any pair of neighbor volumes K, L, and in view of the boundary condition on ¢ one has that

N
Zét Z Z Voot tul =0
1

n= KeMoelk

and also

Zét Z Z u?/gp(x, th-1)V(x) - ng dy = 0.

n= KeMoelk
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Hence, the term E/, can be written as

Eia = Zét > k=) [ (o = ek )V

n=1 KeMoelk

Therefore, in view of the regularity of ¢ and V we have that

|Era| < CmaXV hZét Z Z o)|ul — ul|.

n=1 KeMoelk

Applying Cauchy-Schwarz inequality we obtain

|Ea] < Cd: r}r(leaécv )-hp Z Z Z dtm(o

n=1 KeMoefk

In view of Lemma P.7 we obtain

|Eral < Cdmax V(x)m (Q)2T2

O Z02R)15 Y Y e

n=1 KeMoefx

- ho|| Vst stl| L(0r)

dKU 1

to

so that in view of the a priori estimate (P9) one has that |Es| — 0 as hp — 0, so that

E, = FE;; — E13 — 0 as hp, 6t — 0. It remains to prove that F, converges to zero.

tn
Adding and subtracting / / uVo(x,t) - V(x) dxdt from each term of Es, yields
tn-1 J K

Z Z / / ui (Vo(x,t,—1) — Vp(x,t)) - V(x) dxdt

n 1 Kemin-1

_Z Z /t / u(x,t) — up 5 (x,1))Vo(x,t) - V(x) dxdt.

n=1 KeM

Finally, in view of the regularity of ¢, the a priori estimate (29), and to the fact that up 5 — u
strongly in L?(Q7) we conclude that |E»| tends to zero as hp, §t — 0.

6.3 Diffusion term

We show below that

N
Tll):Z&Z Z(tp?{l— Y Fg o (u

n=1 KeMo€elk

- [ fraors

tends to zero as hp, ot — 0. In view of (E3) one has that

Tll)_Z/ / A VU — Vi(x, 1)
tn—1

29

A(x)Vu(x,t)) dxdt.

(x)Vu(x,t) dxdt



Adding and subtracting the term / Vo(x,t) - A(x)Vpu™ dx we set T} in the form T} =
0
T? + T3 with

tn
Th = Z/ (Vpp" ' = Vo(x, 1)) - A(x)Vpu™ dxdt
n=1"tn-170
and
N
UEDY / Vo (x,t) - A(x)(Vpu" — Vu(x, 1)) dxdt.
n=1“tn-1J0Q

The term T} tends to zero as hp, 6t — 0, since Vp siup s tends to Vu weakly in L?(Q7).
On the other hand the term T% can be written in the form T% = T}, + T} with

N
TH=Y"
n=1

tn

/ (Vo' = Vo(x,t,-1)) - Ax)Vpu" dxdt
Q

tn—1
and

N tn
Th=2. / / V(p(x, tnot) = (1)) - A(x) Vpu™ dxdt.
n=1Ytn-1J9Q

It follows from (R9), Lemma P.1 and the regularity of ¢ that T} and T}, tends to zero as
hp,dt — 0 and so do T% and T},

6.4 Reaction term

Let us show that T
Ty — / / Flu(x, £))o(x, ) dxdt
0 Q

as hp and k tend to zero. For this purpose, we introduce

n-yy [0

n=1 KeM " tn-1

/K (1 — p(x, ) F(ul) dxdt,

N tn
=33 [ [ el tr) - Fux.n) ax
n=1 Kem ’tn—1 /K
We obtain the convergence result similarly as for the time evolution term; more precisely we
split the reaction F' into a bounded and a Lipschitz continuous parts by setting

F(s) 0<s<M

0 0<<s<M
Fifs) = { 0 otherwise, Fy(s) = { F

(s) otherwise,
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and

F
. (M)s 0<s<M
y(s) =
0 otherwise.

We, then, define ]31 =F —yand E = F5 4+ y which are both continuous; moreover |ﬁ1| is
bounded by C'z = Jmax |F(s)|+F (M), and F; is Lipschitz continuous with Lipschitz constant

Lz = max(Lp, F(M)/M). In view of the regularity of ¢ one has
lo(x,t) — | < C(hp +dt) forall z € Kt € (tp_1,tn],
so that

T
|Th| < C(hp + 5t)/ / |F1 (upse(x,t)) + Fo(upse(x,t))| dxdt
0o Ja

< Clhp + 0)(CETm(Q) + LpT3m(Q) % |lup st 12(r))s

which by the a priori estimate (P9) implies that |T%| — 0 as hp, 6t — 0. Since ¢ is bounded
we can estimate the second term as

T2 < C /O /Q | F(upgi(x, 1)) — Flu(x, £))] dxdt

</0 /QC|F1(UD,6t(X,t))_Fl(U(X,t))|dth+/0 /§;0|F2(u7375t(xvt))_FQ(U(X,t))|dth.

The convergence is can be proved by applying similar arguments as for the time evolution
term.

6.5 Source term

We deduce from the regularity of ¢ that

=y [

n=1 KeM?In-1

/K<P(XKatn1)Q(X7 t) dxdt — /OT/QQO(X, t)q(x,t) dxdt

as hp, ot — 0.

6.6 Convergence to a weak solution of Problem (P)

In view of Theorem . {up s} strongly converges to u in L*(Qr), with u € L*(0,T; H3(Q)),
and it follows from (B0) that 3(u) € L>(0,T; L*(€2)). Moreover we deduce from the density
of the set ® in the set {p € L*(0,T; Hi (D)), v: € L=(Qr1), (-, T) = 0} that u is a weak
solution of the continuous problem (P) in the sense of Definition P.]. In the case that F'is
nondecreasing so that the solution of Problem (P) is unique (cf. Remark PJ]) we conclude
that the whole family {up s} converges to u.
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7 Numerical simulations

In this section we present the results of numerical simulations. The purpose is to test our
scheme in the case of problems with a known analytical solution.

7.1 Numerical Test |

We consider the equation
A(u +u2)
ot

in the 3-dimensional space domain 2 = (0,2) x (0,1) x (0,1). We define the discontinuous
A and 'V fields as follows
For all z; <1 we set

(VI

-V - (AX)Vu)+ V- (V(x)u) + zuz =0

DO | —

1 00
A=1010 and V = (4,0,0);
0 0 1
for all ;1 > 1 we set
8 —5 =2
A=| -5 20 -7 and V= (4,7,7).
-2 =7 19

The initial and the Dirichlet boundary conditions are given by the exact solution

u(x, t) — e¥1teatas—t=3

We remark that the velocity field V and the total flux A(x)Vu + V(x)u have a continuous
normal trace across the discontinuity z = 1. We perform the simulations on 3-dimensional
hexahedral meshes with random refinement (see Figure [l]), so that the mesh is nonmatching.
In Table [I] we present simulation results with various mesh sizes hp and time steps k; we
denote by Err the maximum relative error in L2-norm, namely

Ntn,e(-s tn) — u(- tn) |l L2
ne{l,..,N} (-, tn)l L2 ()

7.2 Numerical test 1l

We consider a degenerate parabolic equation which possesses a traveling wave solution, namely

A(uz)
ot

— V- (6Vu)+ V- ((v,0,0)u) =0
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Figure 1. Approximate solution on the nonmatching hexahedral mesh at ¢ =1

N h # of elements | # of faces Err
50 0.75 165 672 0.03575
100 | 0.375 837 3324 0.01432
200 | 0.1875 3203 11550 0.00648
400 | 0.0938 18533 60633 0.00305

Table 1: Number of time steps NV, mesh diameter hp, number of elements, number of faces
and the relative error for nonmatching hexahedral meshes

in the domain
Q=(0,1)*and T = 1.

This equation admits the following 1-dimensional exact solution
u(x,y,t) = (]- - e%(m—vt—p))Q for x < vt +p,

u(z,y,t) =0 for x > vt +p

where p,v, 0 are parameters still to be defined. We set p = 0.2, v = 0.8, and consider two
values of 9, namely 0.01, 0.0001. The initial state is given by the exact solution at the time
t = 0 and we prescribe corresponding Dirichlet boundary conditions on the sides x = 0 and
x = 1. The null flux boundary condition is imposed on the remaining part of the boundary.

Since the slcheme does not preserve the maximum principle, it is necessary to define the function
p(u) = uz for negative values as well, which leads us to set 5(—u) = —((u). Further one
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has to solve the system of nonlinear equations

m(K)(Buje) — Bus ) +k D Fieo(u)
ocli
+k Z Vi oUW o = 0t m(K)qp, forall K € M,
O'Eg}( - (49)
(Fro(u™) + VK,ou’}w) + (Fpo(u™) + VLJU’L‘,J) =0, foralloe&,,

(

\ ul =0, forall o€ &y

Since #(0) = 400 the Newton method can not be directly applied. In order to overcome this
difficulty we introduce new discrete unknowns

n

w™ = B(u"), and thus u™ = @(w"), where p = 371

In view of ([[0) and (B9) the nonlinear system becomes

( m(K) (Wi —wi )+t Y AT (p(wi) — p(w]))
+ot Z (Vgago(w}‘()(:f/;;cp(wg)) = o0t m(K)qy, forall K € M,
oefi
> A (p(wi) — e(wi) + (Vi o(wie) + Vi p(wh))
o'e€
+ > i12(”’(@@(102) —p(wy)) + (Vi) + Vp p(wy) =0, forall o € &,
L e p(wl) =0, forall o€ &y

(50)
The system (b0) depends on (w!),ce only through the terms (p(w?)),ce. This lead us to
choose the discrete unknowns

wy = B(ul) for all K € M and u) forall o € &,

so that the system (B() takes the form

[ m(E) (i —wi )+t Y AT (p(wh) = up)
o,0'€EK
+6t > (Vi jo(wie) + Vig jui) = 6t m(K)qy, for all K € M,
oefi
> A (p(wi) = uf) + (Vi ule + Vig juls) (51)
o' ek
+ Z A% (p(wi) —up) + (Vi o(wp) + Vi uh) =0, forall o € Eipy,
o'e€y,
L ur =0, forall o€ &y
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Figure 2: The approximate solution profiles at the time ¢ = 0.5 for § = 0.01 and ¢ = 0.0001

Remark 7.1. We remark that the nonlinear system (#9) (or a linear one arising during the
Newton's procedure) has a special structure; more specifically, foreach K € {1, ..., card(M)}
the K -th equation does not contain any unknown different from ug and (u,)scs, (here we
denote by K both the control volume and the index of the unknown wug ); therefore one can
algebraically eliminate ug, so that the number of equations to solve becomes card(E).

Since we do not impose many constraints on the mesh (in particular it can be nonconforming),
it is not difficult to perform a local grid refinement. Finally note that there is a possibility to
reduce the number of unknowns by using a method introduced in [I4]; one can eliminate
the interior interface unknowns (uy)scg,,, Dy expressing them as a consistent barycentric
combinations of the values ug.
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