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The local quantization behaviour of
absolutely continuous probabilities

SIEGFRIED GRAF * HARALD LUSCHGY Tand GILLES PAGES ?

September 26, 2010

Abstract

For a large class of absolutely continuous probabilities P it is shown
that, for » > 0, for n-optimal L"(P)-codebooks «;,, and any Voronoi
partition V}, , with respect to a, the local probabilities P(V,, ) satisfy
P(Van) ~ n~! while the local L™-quantization errors satisfy an,a ||z —
a||"dP(x) ~n~(*@) as long as the partition sets V,, , intersect a fixed
compact set K in the interior of the support of P.

Key words: Vector quantization, probability of Voronoi cells, inertia of Voronoi
cells.
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1 Introduction

The theory of quantization of probability distributions has its origin in elec-
trical engineering and image processing where it plays a decisive role in digi-
tizing analog signals and compressing digital images (see Gray-Neuhoff [[]]).
More recently it has also found many applications in numerical integration

(see, e.g., [H, Bl, [[3, [[4]) and mathematical finance (see, e.g., [[g for a
survey).
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Optimal (vector) quantization deals with the best approximation of an R%-
valued random vector X with probability distribution P by R%valued ran-
dom vectors which attain only finitely many values. If r > 0 and [ ||z|” dP <
oo and n € N then the n'-level L"(P)-quantization error is defined to be

(1) eny = enn(P _1nf{(/Hx—q ())1/T]q:Rd_>Rd

Borel measurable with card(q(R?)) < n}

where || .|| is a norm on R? and card(A) stands for the cardinalility of A.

It is known that the above infimum remains unchanged if the Borel func-
tions ¢ : RY — R? are chosen to be projections onto their range a := ¢(R%) C
R? with card(a) < n which obey a nearest neighbour rule,

ie. g(z) = aly,,(z)

where (V,,4)aca i @ Voronoi partition of R? with respect to «, i.e. a Borel
partition such that each of the partition sets V,, , is contained in the Voronoi
cell W(a|ay) :={zre R |z —a| = Igin |z — b||}.

(0%

If d(z, ) := min ||x — a|| denotes the distance of x to the set a then
aco

n.r :inf{(/ d(x,a)" dP(:c))% la ¢ R? and card(a) < n}

The above infimum is in fact a minimum which is attained at an optimal
“codebook” «, (see [§], Theorem 4.12). If P is absolutely continuous with
density h > 0 and [ ||z||"*?dP(z) < oo for some § > 0 then

(1.2) lim n'e, . (P) = Q.(P)'/"

n—o0

for a positive real constant @Q,(P) (see Zador [[§], Bucklew-Wise [ and
Graf-Luschgy [§], Theorem 6.2). Thus the sharp asympotics of the sequence
(GZ,T)neN is Completely elucidated up to the numerical value of the constant
Q. (P}’

A famous conjecture of Gersho [[] states that the bounded Voronoi-cells
of L"-optimal codebooks «,, have asymptotically the same L"-inertia and a

normalized shape close to that of a fixed polyhedron H as n tends to infinity.

In particular, this conjecture suggests that the local L"-quantization er-
rors (= L"-local inertia) satisfy

1
(1.3) / |lx —al|"dP(z) ~ —e ., a€ ay,
n b
Vn,a



where a,, ~ b,, abbreviates a,, = ¢,,b,, with lim ¢, = 1.
n—oo

So far, this last statement has only been proved for certain parametric
classes of one dimensional distributions P (see Fort-Pages [f]).

In the present paper we will investigate the asymptotic behaviour for
n — oo of P(W(a|ay,)) and fw(a|an) |z — al||"dP(z) for a large class of distri-
butions on R? including the non-singular normal distributions. To derive a
conjecture for the asymptotic size of P(W(a|a,)), one can use the following
heuristics. The empirical measure theorem (see [§], Theorem 7.5) states that

the empirical probabilities % > 4, weakly converge as n — oo to the “point
acon
density measure”

1
P=—F"— hita )
[ hrradAd
where \? denotes the d-dimensional Lebesgue measure. Thus we obtain, at
least for bounded continuous densities h and an arbitrary bounded continuous

function f:R% — R, that

(14)  Tm > % < / hriddAd) h+i(a) / fds,

_ / prtadA? lim (% Z hrldm)f(a))
_ / htaand / hta(z) f(x) AP (o)
- [ 1@ dr)
so that
aeza (%/hridd)\d) heta(a)s, & p

d
where (i% denotes the weak convergence of finite measures on R?. Since it
d
is well-known that Y P(V},,)d, B P as well (see [13, 4] but also [P, B

acon
/9,

or [B], Equation (7.6)), it is reasonable to conjecture that

(1.5) P(Vya) ~ ~ ( / hﬁdv) h (a).

n

We were not able to prove this asymptotical behavior of P(V},,) in its sharp
and general form. But we will show that, for a large class of absolutely



continuous distributions P, there are real constants cy,co,c3,¢4 > 0 only
depending on P such that

VK C RY compact, 3ng € N, Vn > nk, Va€< ay,

KnW(a|la,) #0 =

c , r_ c r_
(1.6) Zl (essinf lywy(ajan) ™ < P(Via) < 52 (esssup Pyw(ajan)) ™,
where
(1.7) Wolalay,) = {ze RY| ||z — al| < d(z, an \ {a})},
and

C3 Cq

1.8 —e < —al|" dP(x) < —el .
(1.9 v [ el ap < e,

The proofs mainly rely on the following two ingredients:

> A “differentiated Zador’s theorem”

(1.9) €y — iy, o (1FE)

an
bn

(where a,, & b, means that the sequence ( ) is bounded and bounded away

from 0) and

> Two micro-macro inequalities which relate the pointwise distance of a
quantizer to the global mean quantization error induced on a distribution P
by this quantizer:

For be (O, %) fixed, there is a constant c5 > 0 with

(1.10) VneN, VzeRY, cs(e), —ehiy,) > d(z,00) P(B(z,bd(z, an)))

n,r

and
) Yoz =, < [ (dean\{a)) = o=l )aPG)

We have stated and established these inequalities in earlier papers: see espe-
cially [[[{]; for a preliminary version of ([.11]), see [[] and for a one-sided first
version of ([L.9), see Lemma 3.2 in ([Id]). They were somewhat hidden as
technical tools inside proofs but their full impact will become clear here.

The remaining part of the introduction contains a sketch of the contents
of the paper. In Section 2 we indicate the proofs of the above micro-macro
inequalities and the (weak) asymptotics of quantization error differences. In
Section 3 we show that absolutely continuous probabilities P on R?, which

4



have a peakless, connected and compact support as well as a density which
is bounded and bounded away from 0 on the support, have asymptotically
uniform local quantization errors (Theorem B.IJ). In Section 4 we show that
absolutely continuous probabilities whose densities are the composition of a
decreasing function on R, and a norm or a quasi-concave function outside a
compact set satisfy a sharpened first micro-macro inequality of the following
type:
There exist a constant ¢ > 0 such that, for every K C R? compact,

dnge N, Vn > ng, Ve e K, cn_l/dh(x)fﬁ > d(z, o).

Assuming this inequality we derive asymptotic estimates for the proba-
bilities of the quantization cells and local quantization errors (Theorem [.1]).
Section 5 deals with the local quantization behaviour of certain Borel prob-
abilities P in the interior of their support. The results are stated for arbitrary
absolutely continuous probabilities with density A satisfying the moment con-
dition [ ||z|"*°h(x) d\(z) < +o0o for some & > 0. They are particularly useful
if the density h is bounded and bounded away from 0 on each compact subset
of the interior of the support of P. Under these very general assumptions the
results are quite similar to those given in Section 4 but the given constants
are a little bit less effective (Theorem B.1]).

ADDITIONAL NOTATION: e For z€ R? and p > 0 B(z, p) = By (z,p) = {y €
R? ’ ly —z|| < p} denotes the open ball with center x and radius p. || .[|2 will
denote the canonical Euclidean norm on R

e A denotes the interior of a set A C R

2 Important inequalities in quantization

In the following || .|| denotes an arbitrary norm on R¢ and P is always an ab-
solutely continuous Borel probability on R? which has density h with respect
to the d-dimensional Lebesgue measure A¢. Let r € (0,+o00) be fixed. We
always assume that there is a § > 0 with [ ||z[|""dP(x) < +o0o. For every
ne N, let e, denote the n'"-level L"(P)-quantization error. Then we have

(2.12) e, =€}, (P)=inf {/ d(z,0)"dP(z) |a C R?, card(a) < n} :

For each n € N, we choose an arbitrary n-optimal set a,, C R? i.e. a set
a, C R? with card(a,) < n and

(2.13) € :/d(x,ozn)rdP(:p).

bt



It is well known that, under the above conditions, such a set exists and
satisfies

(2.14) card(a,) = n.

In this section we will state the fundamental inequalities which relate the
behaviour of the distance function d(-, o) to the difference e}, . —ey ., . of
successive r-th powers of the quantization errors. Using these inequalities we
will be able to determine the (weak) asymptotics of e}, . — ey, .

2.1 Micro-macro inequalities

Proposition 2.1 (First micro-macro inequality). For every b € (O, %), for
alln€ N and all v € R?

(2.15) en,—eni, > (277 =) d(z, an) P(B(z, bd(z, a,))).

Proof. The proof can be found as part of the proof of Theorem 2 in [[[(j]. OJ
Remarks. (a) Inequality (B-I7) holds for arbitrary Borel probabilities P on
R? for which [ ||z]|” dP(z) < co. P need not be absolutely continuous.

(b) By the differentiation theorem for absolutely continuous measures P =
hA? and the fact (see [fj]) that lim d(z,«,) = 0 for every z € supp(P), we
n—oo

know that, for A\%-a.e. x € R,

) P(B(z,bd(z,,)))
(2.16) nh—>nolo N B(x,bd(z, o))

= h(x).

Having this in mind we can rephrase (R.15) as follows:

P(B(z,bd(z, ay)))
M (B(z,bd(z, )’

(2.17) Vne N, Vze R?, cs(e) . —eh ) > d(z, a,) ™

n,r

where

cs=[(27" = 0") b AUB(0,1)]
(with the convention 0 - undefined = 0.)

Suppose that there is a constant ¢y > 0 such that
P(B(z,bd(x,ay)))

2.1 Ing€ N, Vn > R¢ > cg h(x).
(2.18) no€ N, ¥n > ng, Ve R, N (B (z.bd(z. o)) > g h(x)
Then, for ¢i;p = c5c§1, we have
(2.19) Vn>ng, VeeRY, ey e), —en,y,) = dz, o) h(z).



Proposition 2.2 (Second micro-macro inequality). One has
(2.20)

Vi > 2, Vac an, ¢y, — €, g/ (d(z, a0\ {a}) — ||z — a||") dP(x).
Wo(a|an)

where Wy(a| ay,) is defined by (IL7).
Proof. The proof is part of the proof of [[], Theorem 2. O

Remark. Inequality (B-20) holds for arbitrary Borel probabilities P on R?
with [ ||z||"dP(z) < +o0.

2.2 A differentiated version of Zador’s theorem

To use the preceding propositions for concrete calculations it is essential to
know the asymptotic behaviour of the error differences ej, ., —ej, ;.. We have
the following result in that direction.

Proposition 2.3. If P is absolutely continuous on R then

e;’r — e:z+1,r ~ nf(”g).

Proof. In the proof of Theorem 2 in [[[(], it is shown that there is a constant
c11 > 0 such that

r r —(1+r/d)
VneN, e, —e€,, <cn .

To obtain the lower bound for e, . — €, . we proceed as follows.

It follows from (B-I6) and Egorov’s Theorem (see [ff], Proposition 3.1.3)
that there exists a real constant ¢ > 0 and a Borel set A C {h > ¢} of finite
and positive Lebesgue measure such that
P(B(z,bd(z,ay)))
M(B(x,bd(z, o))

Hence, there exists an ng€ N with

to h is uniform in z € A.

the convergence of

(2.21) Vn>mng, Yexe A, (B( ) > 5

Combining (17) and (E:2]1)) and integrating both sides of the resulting in-
equality with respect to the Lebesgue measure on A yields

r 1 1 r
s (en,r - en—l—l,r) > W 5 C/ d(ﬂ?, Oén) erd)‘d(x)
A

v

lc er-i-d ()\d(|A))

2 n,r+d



where \4(-|A) denotes the normalized Lebesgue measure on A. By Zador’s
theorem (see ([[.2) or [§], Theorem 6.2) we have

145 pr+d

n,r+d ()\d< : ‘A>) > 07

liminf n
n—oo

. . 1+
so that hnrgloréf n Td (efm - e;+17r) > 0. O

Remark. It would be interesting to know the sharp asymptotic behaviour
of e} . — ey, We conjecture that

. r r r d d
lim n'tr/d (eh,—enin,) = - Q,(P) = - Q- ([0,1]%) ||h||#,

n—oo

where @, ([0,1]%) € (0,00) is as in [§], Theorem 6.2.

3 Uniform local quantization rate for abso-
lutely continuous distributions with peak-
less connected compact support

As before, P is an absolutely continuous probability with density h. Let

(cvn)nen be a sequence of optimal codebooks of order r € (0, 00) for P. We
will investigate the asymptotic size of

Wi(a|ay,), PW(a|a,)) and /W( - |z — al||" dP(x)

under some compactness and regularity assumptions on supp(P) and P.

The main result of this section is stated below. Its proof, which heavily
relies on the following two paragraphs devoted to upper and lower bounds
respectively, is postponed to the end of this section.

Theorem 3.1. Suppose that P is an absolutely continuous Borel probability
on R? whose density is essentially bounded, whose support is connected and
compact, and which is “peakless” in the following sense:

Je>0,3s9>0,Vse (0,s0), Ve supp(P), P(B(z,s)) > cA(B(z,s)).

Let (o) be a sequence of codebooks which are optimal of order r € (0, 00).
For ae o, let
Spa = sup{s > 0, B(a,s) C W(a|a,)}

and
Sna =inf{s > 0, W(a|ay,) N supp(P) C B(a, s)}.

8



Then

1 1
(3.22) — < min P(Wy(a|ay)) <max P(W(a|a,)) < —,
n acan acan n
€nr Cn,r
(3.23) — < min |lxt —a||"dP(z) <max [ ||z —al|"dP(z) g —
n acoan Wo(a|an) acoan W(a|an) n
and
(3.24) n~ Y% < min Spo < MAXS, 4 < n-e,
acon aEan

(Here a, < b, means that (‘Z—:) is bounded from above).

Remark. (B:29) was proved by Gruber in [[J] (Theorem 3(ii)) under an
additional continuity assumption on h, but with a more general distortion
measure.

3.1 Upper bounds

The following proposition is essentially contained in Graf-Luschgy [H] (Propo-
sition 3.3 and the following remark). It has been independently proved by
Gruber [[Z], Theorem 3(i).

Proposition 3.1. Suppose that supp(P) is compact and that there exist con-
stants c19 > 0 and sg > 0 such that

(3.25) Vse (0,s0), Vo€ supp(P), P(B(z,s)) > cio \(B(x,s)).

Then there is a constant ci3 < +oo such that

=

(3.26) Vne N, Vzesupp(P), d(z,a,) <cizn 4.

Proof. Let be (O, %) be fixed. Since K := supp(P) is compact it follows

from [[], Proposition 1 that lim max d(x,a;,) = 0. Thus, there is an npe N
n—oo xeE
with

Vn>ng, Ve K, d(z,a,) < sg
and, hence, by (B.29)
(327) ¥Yn>ng, Vre K, P(B(x,bd(z, o)) > cio \(B(x,bd(z, ay))).
By Proposition R.3 there exists a constant ¢;; > 0 such that

(3.28) VneN, e, —€,, < cyyn~ 1),

n,r

9



Combining (2.17), (B.27), and (B.2§) yields
ciz e es n” 1D > d(x, o)t
for every x € K and every n > ng. Inequality (B.2G) follows by setting
¢13 = max { (cis enn 05)?ld , max {d(z, ap)nt ze K, ne {1,... ,no}}} . O

Proposition 3.2 (Upper-bounds). Suppose that the assumptions of Propo-
sition B_1 are satisfied and that, in addition, h is essentially bounded. Then
there exist constants c14, c15€ (0,00) such that

(3.29)  VneN, Vae ay,
/ Iz — al” dP(z) < c15n=0+5).
W(a|en)
Proof. By Proposition B.], we have, for every n€ N and every a € a,,
W (a|ay) Nsupp(P) = {x € supp(P) |||z —a| = d(z,a,)} C B (a,clgn’l/d)

which implies

PW(a|a,) < P (B (a,cizn %)) = /B ( _Ud)hd)\d

1
< [[hllaa\ (B0, 1)) ey~

where |||/ = esssup hyp. Likewise, we obtain

[ e—ararw) < o all aP()
W(a‘an) B(a,clgnfl/d>

< (clgnfl/d)r P (B (a, clgn’l/d)) i
Setting 14 = ||h||re A% (B(0,1)) ¢ty and 15 =cy4 &5 yields (B29). O
Remark. Thus Assumption (B.29) is satisfied if supp(P) is peakless, i.e.
(3.30) de¢>0,3s1 >0,Vse (0,s1), Vae supp(P),
M(B(z,s) N supp(P)) > ¢\ (B(x,s)),
and h is essentially bounded away from 0 on supp(P), i.e.
3t >0, h(z)>t for A-a.e. z€ supp(P).

As an example, (B.3() holds for finite unions of compact convex sets with
positive A-measure (see [§], Example 12.7 and Lemma 12.4).

10



3.2 Lower bounds

Lemma 3.1. Ifsupp(P) is connected then, for everyn > 2 and every a € a,,

(3.31)  dla,an \{a}) <2 sup({[ly —all, y€ W(a|a,) N supp(P)}).
Proof. Let n > 2 be fixed. First we will show that

(3.32) Vae an, W(ala,) N U W(b| o) N supp(P) # 0.
bean\{a}

Let a € «,. Since the non-empty closed sets (see [§], Theorem 4.1) W (a | a;,)N

supp(P) and |J W (b|ay,) N supp(P) cover the connected set supp(P),
bean\{a}

claim (B-32) follows.
By (B:39), there exists b€ a, \ {a} with W (a|a,) "W (b]| ay,) N supp(P) # 0.

Let z be a point in this set. Then ||z — a||=d(z, a,) =]z — b|| and

d(a, an \ {a}) < fla=b] <fla = z[| + ]|z = b]
< 2|z —all < 2sup{lly —al, y€ W(a|ay) N supp(P)}. O

Proposition 3.3 (Lower bounds I). Suppose that supp(P) is compact and
connected, that P satisfies ) and is absolutely continuous with an essen-
tially bounded probability density h.

Then there exist constants cig,c17 > 0 such that

(3.33) Vn>2 Vac o, d(a,a,\{a}) > cign?
and
(3.34) VneN, Va€ a,, P(Wola|an)) > %

Proof. Let n > 2 and a € a,, be arbitrary. By the second micro-macro-
inequality (R.20) we have

€1~ Cny < /W (d(z, an\ {a})" — ||z — al|") dP(x)

(alen)

(3.35) < /W ((lz = all + d(a, o \ {a}))" = ||z — a") dP(x).

(alom)

By Proposition P.3, there exists a real constant ¢ > 0 with

(3.36) en”UHD <o —e

n,r:

11



Case 1 (r > 1): Combining (B.37) and (B.3¢) and using the mean value

theorem for differentiation yields

(3.37) en~ U+ §/ r(||lz—al|+d(a, o\ {a})) " td(a, a,\ {a}) dP ().

Wo(a|an)
Using Lemma B.1] and (B.26]) we know that
(3.38) Yaze W(a|ay) N supp(P), ||z —a| + d(a,an, \ {a}) < 3ci3n~ Y7
Combining (B.37) and (B.39) yields
(3.39) e (Beys) T 0TV < d(a, ap \ {a}) P(Wola | an)).
Since P(Wy (a|an)) < P(W(a|ay,)) < cun™! by (B:29), we deduce
il 7 e(Bers) ) n V0 < d(a, 0, \ {a))

and, hence, (B:33) with ci6 = ¢t 77" e(3¢13) Y.
Since d(a, o, \ {a}) < 2c13n~ % we deduce from (B-39) that

(2c13) " r 7t e(3ers) " In T < P(Wy(a | )

and, hence, (B.34) with c;7 = (2c13) ' 7' ¢(3c13) =Y.

CASE 2 (r < 1): In this case we have
Iz = all + d(a, an \{a}))" < [l& —a]" + d(a, o \ {a})"
for all z€ Wy(a|a,). Combining this inequality with (B.35) and (B.36) yields
en~ M) < d(a, o \ {a})" P(Wola|an)).
Since P(Wy(a|a,)) < c1a/n by (B:29) we deduce
(cii )" ™ < d(a, 00\ {a})

and hence, (B.33) with ¢ = (01_410)1/T.
Since d(a, oy, \ {a})" < (3c13)" ™"/ we obtain

(Bcrs) " ent < P(Wylal| o))
and, hence, (B:39) with c17 = (3¢13)" ¢ O

Corollary 3.1. Let the assumptions of Proposition .3 be satisfied.

Then there exists a constant c1g > 0 such that

(3.40) VneNVa€a, B(acis nil/d) C Wola|ay,).

12



Proof. Set ¢35 = %cm. . Forn =1 and a € «,, the assertion is obviously
true since Wy(a|a;) = R% Now let n > 2 and let a € , be arbitrary. We
will show that

B (a,c1s n’l/d) C Wola|ay).

Let z € R? with ||z — a < cign~/? By (B:33) we know that
1
lz —afl < 5 d(a,an \ {a})
and, hence, for every be a,, \ {a}:

[ =0l = [la = bl = [l — al| = d(a, an \ {a}) — [l — al

1
> 5 d(a,a, \ {a})
> ||z — al|.
This implies x € Wy(a | ay,). O

Proposition 3.4 (Lower bounds II). Let the assumptions of Proposition [3.3
be satisfied. Then there exists a real constant c1g > 0 such that

(3.41) VneN, Yae ay, / |z — a||" dP(z) > c1on~(+4),
Wo(a|an)

Proof. Let n€ Nand a € o, be arbitrary. By (B.34) we have P(Wy(a | a,)) >
0. Let s, =inf{s > 0| P(B(a,s)) > 3 P(Wy(a|,))}. Since s — P(B(a, s))
is continuous with lig}l P(B(a,s)) =0 and lﬁn P(B(a,s)) =1, we deduce,

(3.42) P(B(a,5) = 5 P(Wila| ).

This implies

(3.43) / o — al] dP(z) > / o — alf dP(x)
Wo(a|an) Wo(a|an)\B(a,sa)

> st P(Wo(a| )\ B(a, s,))
> st (P(Wo(a|an)) — P(B(a, s4)))
_ %s;p@vo(a ).
On the other hand, since h is essentially bounded we have
P(Wy(a| o)) =2P(B(a,s,))

< 2)\(B(a, 54)) 2] ga
= 2\"(B(0,1)) 5 || [|pa-

13



Hence,

, 1
B4 w2 < INB(0, 1) [l

r/d
) P(Wy(a|ay))e.

. r/d .. .
Setting ¢ = % (M) and combining (B.43) and (B.44) yields

(3.45) A“ |z — a||" dP(z) > ¢ P(Wy(a] an))*" 4.

alan)

Since P(Wo(a|ay,)) > ci7 £ by (B:33) we deduce

/ |z — al” dP(z) > ccip @ n~(+D
Wo

(alan)

and, hence, the conclusion (B.41]) of the proposition with ¢9 = cc};rr/ 10
Proof of Theorem B.I. The result is a combination of the results in
Propositions B.1], B.Z, B.3, B.4, Corollary B.1 and Zador’s Theorem which says

that lim ne_”;;d exists in (0, 400) (see, for instance, [{§], Theorem 6.2). [
n—oo

4 The local quantization rate for a class of
absolutely continuous probabilities with un-
bounded support

First we will introduce a class of probability density functions for which a
sharpened version of the micro-macro inequality (R.I17) holds.

Definition 4.1. (a) A Borel measurable map f : R? — R satisfies the peak-
less sublevel property (PSP) outside B(0,R), R > 0, if there are real con-
stants sg, cy >0 such that

(4.46) Ve RN\B(0,R),Vse (0,s),
MN{f < f()} N B(x,5)) > ;A (B(z, s)).

(b) A Borel measurable map f : R — R has the convex sublevel approxrima-
tion property (CSAP) outside B(0,R), R > 0, if there is a bounded convex
set C' C RY with nonempty interior such that
Vze R\ B(0,R), I¢, : R = R Buclidean motion, 3a, > 1,

such that  x€ p,(a,C) C{f < f(z)}.
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(By Euclidean motion we mean an affine transform of the form p(y) = Ay+b,
A orthogonal matriz and be R?.)

(c) A probability distribution P has the peakless sublevel tail property (PSTP)
outside B(0,R), R > 0, if
(1) P is absolutely continuous with an essentially bounded density h,

i1) h is bounded away from 0 on compacts sets i.e.
(i4) h is bounded away from 0 on comp ’
(4.47) Vp >0, 3c, >0 such that h(z) >c, for all x€ B(0, p).

(iii) There exist a function f : RY — I, I interval of R, having the PSP

and a non-increasing function g : I — (0,+00) such that

VeeRY, ||z = R = h(z) = go f().
Note that supp(P) = R

Proposition 4.1. If f : R? — R? has the CSAP outside B(0, R) then it has
the PSP outside B(0, R).

Proof. Let sy > 0 be arbitrary. By [f], Example 12.7 there exists a constant
¢ > 0 such that

(4.48) Vee C,Vse (0, 80), )\d(C N B” _ ||2(.T, 8)) > g)\d(B|| _ ||2(.T, 8))
There exists a constant k€ (0, 00) such that

1

Sl < 1< sl
Now let z € R? with ||z]] > R and let s€ (0, so) be arbitrary. Then we have
NS < F@INB(@,s) = M (pa(0.C) 0 By (. 2))

X (0,006 (B (. 2)))
gt ) <Cﬂ aixsoml (B1.12 (= %)))

1 S
= al )\’ (Cﬂ By . (a— o, ' (2), - /{))

> cal \ (B”.”2 (a—lx o (), = )) owing to (fL.43)

ALK

~ 1
= cad d S )\d (B” ||2(O 1))

_ = QE By.,(0,1)) |4
= CK~ (B0, 1)) A(B(x,s)). O
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EXAMPLES (a) If ||.|lo is any norm on R? and f : R? — R is defined by
f(z) = ||z|lo- Then f has the CSAP outside B(0, R), for every R > 0.

In particular, every non-singular normal distribution has the PSTP out-
side B(0, R) for every R > 0 and more generally, this is the case for hyper-
exponential distributions of the forms

hz) = K||z||%e= 113 a,b,c, K > 0.
for large enough R > 0 (in fact this is true for any norm).
Proof. Let R > 0 be arbitrary. Then there is an R > 0 with

B).1,(0,R) € B(0, R).

Let C = By ,(0, R). Then C is convex with non-empty interior. Let z €
R?\ B|.|,(0, R) be arbitrary. Set ¢, = idgs and a, = }—»1% ||z]lo > 1. Then

T

1o

x:wx(axé )wa(axc)zﬁn.uo(oa loll) = {f < f@)}. O

(b) Let f: R? — R be semi-concave outside B(0, R) in the following sense:
360>1,3L>0,30:R*\ B(0,R) — R, \ {0}, 36 : R*\ B(0, R) — R*\ {0}

such that

(i) Voe R4\ B(0,R), 22 <[

_ 1
(ii) Vo€ R*\ B(0,R), Vye B (:c, (1) ‘9‘1>,
fly) < fl@) +6(2) (y —2) + o@) |ly — =I5
where w - z denotes the standard scalar product of w, z € R

Then f has the CSAP outside B(0, R).

Proof. Set C = {y = (y1,...,ya) € R|y; + L|y]|§ < 0}. We will show
that C' is a bounded convex set with non empty interior. For A € [0,1] and
y,y € C we have

Ayr+ (1 =2 71) + L Ay + (1= )3l

<A+ (L= XG0+ Lyl + (1= ) [7]12)°-

Since 8§ > 1 we have
O lyllz + @ =) 7127 < A lyllg + (1 =) (1714
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which yields
Ay + (1= Nye C.

Thus C' is convex. For y € C we have

0>y +L lylly > ~llylla+ L Iyl
= llyll2 (L lyll2™" = 1),

hence |y|l2 < (%)ﬁ, so that C' is bounded.
There exists a t > 0 with —t + Lt = t(Lt~1 —1) < 0. Fory = (=t,0,...,0)
this implies 1 + L ||y]|$ < 0. Hence there exists a neighborhood of y which
is contained in C, i.e. the interior of C' is not empty.

Now let € R? with ||z|| > R be arbitrary. Set u = %. Let 1, be
a rotation which maps e; = (1,0,...,0) onto u. Define ¢, : R? — R? by
0z (y) = V. (y) + x. Then ¢, is a Euclidean motion. Set a, = 1. Since 0€ C
we have x € ¢,(C) = ¢,(a,C). For y€ p,(a,C) = p,(C) there isa z€ C

with y = ¢,(2), hence

0(x) - (y — @) + e(x) ly — ally = 0(2) - ¥u(2) + (@) [[va(2)ll2
= [[8(2)llawe - ¥u(2) + o) 190 (2) 2
=[l6(2)llze1 - 2 + o(@) ||2]3

— 16(x . o(z) 1|9
= 156l (=1+ 22 e

< |16(@)||2 (21 + L ||2]3) <0

since z € C. Moreover, ||¢.(z) — z||2 = [|[¥(2)||2 = ||2]|2 and
—llzlle + L 120§ < 0 implies |22 < ()77, ie. y = ()€ B (. (£)7).
By (47) this yields
fly) < fla) +6(x) - (y — 2) + o(2) [ly — zll5 < f(2)
and, hence,
Pa(a:C) C {f < f(z)}. n

(c) Let f: R? — R be a differentiable function and let R > 0 be such that
there exist real constants a€ (0,1), 8 > 0 and c€ (0, +00) satisfying

(i) Vo,ye RY, [x,y] :={z +t(y —x), t€ [0,1]} Cc R\ B(0, R)
= |lgrad f(z) —grad f(y)|| < c [lz —yl|* (1 + |=]1” + [ly]|?).

17



i) g JEmad F@)]

> 0.
lz|>r 1+ ||x|®

Then f is semi-concave outside of B(0, R + 1).

Proof. For every z,y€ R? with ||z]| > R and ||z — y|| < 1, we have

1
o7 < (el + lly = 1)’ < (Il + 1) =l (04 )

so that

1
L+ flall” + Iyl < 1+ all (1 + )7 +1)

< ((1+ %)B + 1) (=" +1).
Let k€ (0,00) such that || . | < [|. || < & . |2
Let 0 = 1+a. Define ¢ : R? — R, \{0} by o(z) = /{20((1+%)6+1) (||z]|%+1)
and ¢ : R? — R? by §(x) = grad f(x). Since M := ||9icI||1£R % > 0, we
have §(z) # 0 for all € R?\ B(0, R). Moreover,

o(x) o(x) 3, 1.4 1
Bl < Ty = Ut g) U5 <L

where L = max{l,/ﬁgc((le%)Ble) %} Let x € R\ B(0, R + 1) and

1 _
y € B(z,(1)77) be arbitrary. Since L > 1 we have [z,y] C R?\ B(0, R)
and, by the mean value theorem of differentiation,

f(y) = f(z) = (grad f(z)) - (y — =)
+ (grad f(z +t(y — 2)) —grad f(2)) - (y — )
for some t€ [0, 1]. By our assumption we obtain
(grad f(z +t(y — =) — grad f(2)) - (y — )
< [lgrad f(z +t(y — x)) — grad f(z)2 ly — =l
< w*|lgrad f(z + t(y — @) — grad f(2)[| lly — ]|
< et [ly — x| * (1 + [l + o+ ty — 2)I|°) lly — |-

1

Since 1z -+ t(z — y) — 2l = o —y| < ($)" <1 we deduce
(grad f(z +t(y — x)) — grad f(z)) - (y — )
< Re((1+ )+ 1) (Iell + 1) Iy = 2l
< o(@) ly — x|’
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It follows that

Fly) < f@) +0(2) - (y — x) + o(x) |ly — )",
Thus, f is semi-concave outside the ball B(0, R+ 1). O

As always in this manuscript «,, is an n-optimal codebook for P of order
r > 0, where we assume [ ||z||"*? dP(x) < oo for some ¢ > 0.

Our first aim is to prove another variant of the first micro-macro inequa-
lity for distributions P having the PSTP.

Proposition 4.2. Let P, with density h, have the PSTP outside B(0, R) for
a given R > 0. There exists a constant co1 > 0 such that

VK c R compact, Ing € N such that Vn > ng,Vze K,
(4.49) corn Vin(z) T > d(z, o).

Proof. Let K C R? be compact. Since supp(P) = R?, Proposition 2.2 in [f]
implies

15, Al ) =0

Let f and g be as in Definition f.1l(¢)(4i7) and let so > 0 be related to f by
Definition f.1(a). Choose nyx € N, so that

Vn >ng, max d(y,a,) < min(sg, R).
yeK

Let n > ng and let z € K be arbitrary. By (B.I7) we know that

)r—i—d P(B(SL’, bd('rv an)))
AN(B(x,bd(z, )

(4.50) cs (e, — enyr,) = d(x,on

n,r

Since B(0,2R) is bounded and convex there exists a constant ¢ > 0 with
Vse (0,s0), Vye B(0,2R), A\(B(0,2R) N B(y,s)) > A (B(y,s)).

If x € B(0,2R), by Definition f]|(c)(ii) there exists a lower bound cyz > 0
of h on B(0,2R), so that

P(B(x, bd(z, ozn))) > corA\Y(B(0, R) N B(x, bd(z, o))
> cope M(B(x, bd(z, ),

hence c5 (e:w - 62-1—1,7") > copcd(w, o)™ and consequently, for every = €
B(0,2R),
- 1
(4.51) ¢s (e, —eni1,) = Cre h(z) d(z, ) .
’ ’ 175 0,2m)
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If v ¢ B(0,2R) and y€ B(x,bd(x,a,)) N {f < f(x)}, then we have
y¢BOR) and  h(y) = o(f(3)) > 9(f(x)) = h(z)
since ¢ is non-increasing and we obtain
P(B(xz,bd(x, 0))) > P(B(x,bd(z,a,)) N {f < f(2)})

h(y) dA(y)

/{fﬁf(x)}ﬁB($7bd(x,an))

> h(@) X({f < f(2)} N B(x, bd(z, o))
> crh(z) M(B(z,bd(z, a,)))

since f has the PSP. Hence

(4.52) cs (eh, — €niry) > crh(z) dz, an) .

Note that, by Proposition P.3, there exists a constant ¢;; > 0 such that

r r —(1+Z%
vn E N, €n7r - 6n+1’r S Cll n ( d).

1
Setting co; = (011 C5 max {0;1, (cor E)fl }) "t and combining the last inequal-
ity with ([£5]) and (f53) yields the conclusion of the proposition. O

Remark. Note at this stage that the results established in the rest of this
section depend only on properties ({.47) and ([.49), not directly on PSP.

Our next aim is to give an upper and a lower bound for P(W(a|ay,))
and the local quantization error fW(a‘an) |z — a||"dP(x), provided all the
W(a|a,) intersect a given compact set. The following lemma provides an
essential tool for the proof. Here and in the rest of the paper we set

Sna = sup{[lz —al|, ze W(a|an))}

which can be considered as the radius of the Voronoi cell W (a | ay,).

/L\ .
Lemma 4.1. Let K C supp(P) be an arbitrary compact set and let € > 0 be
arbitrary. Then there exists an nk € N such that

(4.53) Vn>nge, Va€ a,, Wala,) N K#0 = 35,,<e.

/O—
Proof. Let ¢ > 0. Since K C supp(P), one may assume without loss of
generality that ¢ is small enough so that the e-neighbourhood K. := {y €
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R?|d(y, K) < ¢} is included in supp P. Since K is compact and contained
in supp(P), [{] Proposition 2.2 implies lim max d(z, «,,) = 0. Hence, there

n—oo €K
exists an ng€ N with

(4.54) Vee K,Vn>ngy, dz,a,) < g.

Now assume that (E53) does not hold for § in the place of e. Then there

exist sequences (ng)ren in N and (ax) with ny 1 0o, a € a,, with
W (ag | an, ) N K # 0,

and 5, o, > 5. Without loss of generality we assume ny > ng for all k€ N.
For each k € N there is an 7, € W (ay, oy, ) with [|7, — ail| > 5. Set
Tk = Gk T SE ] (7x — ax). Then we have |z — aix| = § and, since
W (a, o, ) is star shaped with center ay, (see [§], Proposition 1.2), we deduce
that zy, € [ag, Tx] C W (ak|ay,). Now let z, € W (ag|an,) N K. Then
|z — ax|| < §5 owing to (f54) and ||z, — ax|| = 5, so that z; € K..

Since K. is compact there exists a convergent subsequence of (), whose
limit we denote by z. € K.. Then we have

d (Too; tny ) 2 d (T, oy ) = [J 24 — oo

= [lzx = arll = [lex — 2o
€
= % ol
so that limsup d(Too, ;) > 5.

k—o00

Since zo, € K. C supp(P), we know that lim d(zy,a,) = 0 (see [§,

n—oo
Lemma 6.1 and [{], Proposition 2.2) and obtain a contradiction. O

Definition 4.2. For a compact set K C R?, let
an(K) ={a€ a, | W(a|a,) N K # 0}.

Proposition 4.3. Let P satisfy the micro-macro inequality ({{.49). There
are constants cas, Cas, Coa, Cos > 0 such that, for every compact set K C R?
and every € >0, there exists an ni . € N such that, for every n > nk., and
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every a € a,(K) the Voronoi cell W (a| ) is contained in K. and

L
(4.55) P(W(a|om)) <ca (1Mlwajan) ™ =
1]l W (alan) 4t
4.56 —all” dP(z) < on[ 141 n (1+ 5)
(4.56) /W el <x>_c23( log el ) ()
‘ 1
(4.57) P (Wo(alay)) > caa(essinf by q)an)) ™ -

inf h ala max(r,1) .
159) [ o alfape)z e (S el ) 0,
Wo(a|an) HhHW(a\an)

Proof. Let K C R? be compact and € > 0 be arbitrary. By Lemma [£.1] and
Proposition there exists an nx . € N with ng . > 2 such that

(4.59) Vn>nge, Va€ a,(K), Wla|la,) C K.
and
(4.60) Vn>nge Ve K., cxn n_l/dh(x)_ = > d(z, ).

Now let n > nk,. and let a € a,(K) be fixed. Set t,, = [|hlw(|a,) and
tpa = essinfhyw(a|a,). Since W(a|a,) C K. by (f59), Inequality (F60)

implies
(4.61) Vt>0,Vae {h>t} N W(a|an), |z—al<cun Vit .
This yields
(4.62) MR >N W (alan)) <\ (B(a, oVt T)
= M(B(0,1)) ¢ t~ Fan L,

Now we will prove (I55). Observing that AX({h >t} N W(a|a,)) = 0 for
t > t,, we deduce

P(W(a|ay)) /W hd)\d

_/ Uh >N W(a|ay))dt

:/tm ({h> ) N W(a|ay)) dt

IN

(/ t Hdrddt> AY(B(0,1))c%, n~" owing to (63)

r+d 4

< M(B(0,1) co1 (IAlIwalan)) ™

S|
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which proves (55) with oy = A(B(0, 1))r+d o,

Next we will show (fE5@). Using again A*({h > t} N W(a|a,)) = 0 for
t>t,q we get

—all” T T —a d(y
(4.63) /W(Wn)nx I" dP(x) / el b ax@)

= // |z — al|” d\4(x) dt
h>t}ﬂW |0£n
= // | — al|” dA(z) dt.
0 {h>t}NW (a|an)

For t < t,, we have h(y) >t for AM-a.e. ye€ W(a|ay) so that

/ Iz — al|" d\(z) :/ Iz — a||" d\().
{h>tINW (a| an) Wi(a|an)

By (59) and (fE60), we have, for A-a.e. x€ W(a|ay,),

o —all = d(x, @) < corn™ 4 h(z)” 7 < e (t,,)
so that
$(W(a o)\ Boean ™ 1,,) 7)) =0
Consequently

ln,a zn,a
/ |z —al|” d\¥(z)dt < / / (e n_l/d(in,a)nid
0 {h>t}NW(a|an) 0 1

B(a,co1 n_l/d(tn,a)_ rtd)

(4.64) = Cpyn(FD)

)" dX(z) dt

where cy3 = ¢ A\(B(0,1)). Using (E61)) and the same argument as before
we obtain

(4.65) / / ||x al|” dXY(z) dt
{h>t}NW (a

/ / eyt rran~ddP(x) dt
(a,co1n=1/d¢” 7+d)

< cg3n” (”a)/ Sl ar

t

“n,a

= Co3M -(1+4) log (Ena)

t

-n,a
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Combining (f.64) and ({.67) with (f.63) yields ([L.56).

Now we will prove ([E57). Tt follows from the second micro-macro inequal-
ity (Proposition R.4) and Proposition R.3 that there exists a real constant
¢ > 0 (independent of n and a) such that

(4.66) en~ () < / (d(z, 0\ {a})" — ||z — al|") dP(x).
Wo(a|an)

Since n > 2 there exists a b€ a,, \ {a} with W(a|a,) "W (b|a,) # 0.
Let z€ W(a|a,) N W(b| a,) be arbitrary. Then

Iz = all = d(z, ) = ||z = b]|
and
(4.67) d(a,on \ {a}) <lla = bl < [la =2 + [z = bll = 2 ||z — al|
This implies that, for every x€ W(a|ay,),

d(z, o \ {a}) < [lz — al| + d(a, an \ {a})
<|lz—al+ 2]z —a|| = d(z, a,) + 2d(z, ).

By ((:59) and ({.60) this yields

d(z, o \ {a}) < carn™* (h(x)’ T+ 4 2h(2)” ﬁ)

< 3C21 nil/d (t )_ﬁld

and, therefore,
@68) [ d(e.an\{a)) dP(e) <3y n T (1,) 7 P(Wolaa))
Wo(a| an)

Using ({.66), we deduce

3767 (tna) ™ 0t < P(Wola| o))
and, hence, (.57) with coy = ¢37" ¢
Now we will prove ([.5§). It follows from ([L.66]) that
(4.69) en~(+3) < / (| — all + d(a, an \ {a}))" — ||z — a||") dP(x).

Wo(a|an)
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CASE 1 (r > 1): Using the mean value theorem for differentiation yields
(4.70)

en~(78) < r(llz = all + d(a,a, \ {a}))"" d(a, o \ {a})) dP(x).

Wo(a|an)

By (E67), (E59) and (E.60) we know that

1

(4.71) lz = all + d(a, @ \ {a}) < 3earn™ ¢ (L)
Combining ([.70) and ({.71]) yields

(4.72) en™ (%0 < d(a, 0\ {a}) 7 (Bezn 4 (1 )ﬁ)H P(Wo(al ).

By (E57) we have

-1
PWolalan)) < ca i —
“
and, hence,
r—1 r
(4.73) oy er (o) T ta 1,0 n~ Y < d(a,on \ {a}).
Set ¢ = cyy cr (3¢21)'". Then we deduce
= or—=1 r
(4.74) B (a, giy{,tﬁd (AL nl/d) C Wo(a|ay).

It follows that

(4.75) /B( el s H_:f/d—)aH"h(:c) d\ () S/ |z —al|” dP(x).

titdt, 0t n Wola | an)

[S1[o8)

. r=L _ r
Since h(z) > t, ,, for X-a.e. x€ B(a, Sthm tn’gﬁdn_%) and
[ o=l i) =g [l axtw)
B(a,0) B(0,1)

for every o > 0, the left hand side of ([.79) is greater or equal to

'E 7‘;1_ . r—+d ,
bo [ erate) (Gei ) et
" JB0,1) 2 '

'5 7"+d
[ aran (5) gt
B(0,1) 2 o

The inequality (E58) follows by setting cos = [, ) [lufl” dA(u) (g)”d.
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CASE 2 (r < 1): In this case we have
(Il = all + d(a, an \ {a}))" < [lz = al|" + d(a, o \ {a})"

for all x€ Wy(a|ay), so that, by (E.69),

(4.76) en~(8) < / d(a, o \ {a})" dP(z)
Wo(a|an)
< d(a, an \ {a})" P(Wo(a|an)).

By (E.55) we know that

T

P(Wyla|an)) < caa (Fna) ™

S|

and, hence,

1 -1

(4.77) Cr Cyg *tf”dn Vd < d(a,an \ {a}).

As above this implies, for ¢ = ¢¥/" 02_21/ "

)

r+d
t v
o [ lelrax) (5) B2t < [ e aart
B(0,1) 2 tn.a Wola|an)

and (f-5§) follows. O

Theorem 4.1. Let P satisfy the micro-macro inequality ({.49). Then there
are constants cya, Caz, Cos, Cos > 0 such that, for every compact set K C R,
the following holds:

T

(4.78) limsup n max P(W(a|ay,)) < o2 <i1>1£ ||h||K5>m ,

n—00 a€an (K)

(4.79)

. - . Pl
bmseon' g ot < (1rios( i)

(4.80) liminf n min P(Wy(a|ay,)) > coq sup (essinfh‘KE)#d ,

n—oo  acan(K) £>0

(4.81) liminf n(+ ) min |lx—al|” dP(x) > co5 sup (

n—o00 a€an (K) W(al|an) >0

essinf h\Kg ) max(1,r)
17l x. '
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Proof. The theorem follows immediately from Proposition [L.3. O

Corollary 4.1. For every x € R%, let a,, € «, satisfy v € W(an.|an).
Then

T

r+d
(4.82) limsup nP(W (anz | ) < o2 (lim sup h(y)) )

n—00 y—x

| ) . h(B(z,¢))
L) 1 1+d/ —a||" dP(z) < (1+1 lim D20
) B o g ar = e (ORI S (B 0)

T

r+d
(4.84) lim inf nP(Wy(an o, | n)) > c24 <liminf h(y)) :
y—x

n—oo

inf h(B max(1,r)
(4.85) liminf n1+r/d/ |lx—al|" dP(X) > ca5 (lim M) '
oo Wo(an.x | an =10 sup h(B(z,¢))

Moreover, if h is continuous , then limsup h(y) = h(z) = liminf h(y) and
y—z y—z

i SR AUB(.6)) _ i M(B, )
10 inf h(B(z,e) <10 sup h(B(z,¢))

Proof. The corollary follows from Theorem 4.9 if one sets K = {z}. O

Remarks. (a) For certain one dimensional distribution functions, sharper
versions of the above corollary have been proved by Fort and Pages ([f],
Theorem 6).

(b) If R > 0 and the density h has the form h(xz) = g(||z||o) for all z ¢
B(0, R), where g : [0, +00) — (0, 400) is a decreasing function and || . ||o is an
arbitrary norm on R? then there exists a constant ¢ > 0 and an m = m(c) € N
such that

Vn>m,Vre RY cn_l/dh(x)fﬁ > d(z, ).

This can be used to show that there is a ¢ > 0 with

T

- 1
Vn >m, PW(a|ay,)) <e (HhHW(a‘an))”d -

Under additional assumptions on g (g regularly varying) one can also give a
similar upper bound for the local L*-quantization errors, s€ (0,r).
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5 The local quantization behaviour in the in-
terior of the support

In this section we will show that weaker versions of the results in Section 4 still
hold without assuming the strong version of the first micro-macro inequality
as stated in (f.49). We have to restrict our investigations to compact sets
in the interior of the support of the probability in question and also obtain
weaker constants in the corresponding inequalities for the local probabilities
and quantization errors.

Let € (0, 00) be fixed. In this section P is always an absolutely continu-
ous Borel probability on R? with density h. We assume that there is a § > 0
with [ ||z]|""° dP(z) < +oc. As before, o, is an n-optimal codebook for P
of order r. For n€ N and a € o, set 5,, = sup{||lz —a||, z€ W(a|a,)}
and s, , =sup{s >0, B(a,s) C W(a|ay)}.

Moreover, we assume that h is essentially bounded and that essinfhjx > 0
O

for every compact set K C supp(P), where E} denotes the interior of the set

B C R%. For the use in the first micro-macro inequality we fix a b€ (0, %)

Lemma 5.1. There exists a constant cog > 0 such that, for every ne N and

A€ Qy,

1
(5.86) Cogm /4 (essinfh‘B(a,(Hb) gnya)) > S

Proof. By the first micro-macro inequality (2:I7) and Proposition B3 there
exists a constant ¢ > 0 with

P(B(z,bd(z, o))
MN(B(x,bd(z, a,)

(5.87) VneN, VzeR? en WD > q4(z a,)

Now let n€ N and a € «,, be arbitrary.
It follows from (B.87) that

rea PBlbz—al)) _ i)
N(B(z.bw —al)) = |

(5.88) VzeW(a|la,), |z—a
For z€ W(a|a,) and y€ B(x,bd(z, o)) we have

ly —all <lly =zl + llz —all < 0llz —al| + lz — al < (1 + ) 504
so that
(5.89) B(z,b||lx —al|) € B(a, (14 b)35,,4).
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This yields

(5.90) P(B(z,bllx —al))) = / hd\?
B(w,bl|z—all)

> essinf hyp(a,(116)5,.0) A (B(z, bl|lz — al])).

owing to (p-89). Thus, (p.8§) implies

(5.91) |z — aHr”Ld essinf hp(a,(14b)

Sn,a

) < cn_<1+5).

Snya) =

Since x€ W(a|a,) was arbitrary we deduce

— d . _(1 r
Sma €SI Ry p(a,(148)5,.0) S €N (1+3)
1
a‘nd’ hence, () Wlth Cog = cr+d |:|

Lemma 5.2. There exist real constants caz, cog > 0 such that, for everyne N
and a € ay,

h, a,s
(5.92) P(W(alom)) < e L2 —n
(essinf hyp(a,(145)5,.0)) "
and
h a,s. z
59) [ el dP) < o e (53),
W (a | an) essmfh‘B(a(Hb),gn’a)

Proof. Let n€ N and a € «,, be arbitrary. Then (5.8§) implies

P(W(alan)) < P(B(a,5n4)) < [l 50z, A"(B(a,5n.a))
< A(B(0,1)) 17l 5asa.5

n,a
__d

< XYB(0,1)) 5l Blasn..) (essinf byp,atps,0) Ton "

Thus (F:99) follows for cor = A4(B(0, 1)) 4.
Similarly (p.86) implies

/ o — all” dP(z) < / o — all” dP(x)
W(a|an) B(a,5n,a)

< Wil lle = all o

< AU(B(0, 1)) 17l 5 Fna’

Sn,a

< )\d(B<O, 1))C£érd HhHB(a,En,a) (essinf h|B(a,(1+b)

Sn,a

still owing to (5:86). Thus, (5.99) follows for cas = A (B(0,1)) che. O
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Lemma 5.3. There exists real constant scog,c39 > 0 such that, for every
n > 2 and every a € oy,

1

essinf hp(, - +d
(5.94) . Bt sms) 1 for > 1

e 12l Ba,50.0)

and

. d
(essinf P B(a,(14b) En,a)) d

”h”B(aygn,a)

1/r
(595> §n,a Z C30 ( ) nil/d fOT 0<r<l.

Proof. By the second micro-macro inequality (Proposition P.2) combined
with Proposition P.3, there is a constant ¢ > 0 such that

Vn>2, cn MHa) < /W (d(z, an \{a})" — |z —al]") dP(x).

(alon)

CASE 1 (r > 1): As in (f.69) and (F.70) we deduce

(5.96) cn~(1+3) < / r(||z — al| + d(a, an\ {a})) "' d(a, an \ {a} dP(z).

Wo(a|an)
Since n > 2 there exists an a € o, \ {a} with
Wi(a|a,) "W (a|ay,) # 0.
Let z€ W(a|a,) NW(a|a,) be arbitrary. Then we have
Iz — all = d(z. @) = |} — 7
and, hence
d(a,an \{a}) < [la —all < fla—z]|+]z—al = 2[]z - dl

so that
d(a, o\ {a}) < 25,,.
It follows from (B.94) that

5.97)  en (D) < r(35,0) L d(a, an \ {a}) P(Wo(a | an))
< 7(38n0) " d(a, a0\ {a}) [Pl Basn) A(B(0,1)) 55,
= 3 S EUAY(B(0,1)) Bl Blas,.) dla, an \ {a}).

n,a

This implies

cr 13t ()\d(B(Ov 1)))71 (||h||B(a,§n,a))71 s rd) = (143) < d(a,an \ {a})

n,a
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and, hence, by (b.84)

_ R _ _iGia)
er 131 (A(B(0,1))) 1(||h||B(0L7§n’a)) 1056( +4) (essinf hyp(a,(14)50.0)) 70 1 1/d

<d(a,a, \ {a}).
Since s, , = 5 d(a, a, \ {a}) this leads to (5:94) with
1 _
Cog = 5 C’T’il 3177’ ()\d<B(0, 1))71 0;6 (Ter).
CASE 2 (r <1): Asin (.76) we have
en M < d(a, o \ {a})” P(Wy(a| o))

< d(a, an\ {a})" Illasnm N(BO, 1) 5,
and, hence, by (5.86)

_ r - -1 _ . —d_ .
en” (D) (I pas,.) " (NUB0,1))) " e n (essinf bypa,a)5,.0)) 7 < d(a, 0\ {a})
which implies

1 _1 —1/r -2 . —d .
et (1M Basnn) " (A(B(0,1) " e (essinf hyp(a,(146)5,.0)) 770 0 < d(a, an\{a}).
Since s, , = £ d(a, a,, \ {a}) this leads to
d 1/r

(essinf hb(a,(1+b) gn’a)) r+d

H h’HB(‘Lgn,a)

C30 n Y < Sna

1 _1/r _d
with ¢3 = écl/r (A(B(0,1)) Y Co” - O

Lemma 5.4. There exist constants csy, c3o, 33,34 > 0 such that, for every
n>2and a€ q,

(5.98)
. d
essinfh - _r_
|B(a,(14b) 5n,a) . _ ¥d -1
c31 ( Tl 5 e ) (essinf hp(a, (1) 5,.0)) 7 1
forr>1
PWola]an)) = essinfr : r
|B(a,(14b) Sn,a) . r+d 1
€32 ( TRl 5(arsm.a) ) (essmfh\Bm,(ub) §n,a)) n
\ for0<r<1
and
(5.99) ¥
: T
. esSInL o (115 5na) n_<1+5) forr>1
. 33 5@ sn.a) 2
" |lx—a|| dP(z) > it " -
Wo(a|an |B(a;(14b) 5n,a) —(14+ ¢
¢ : n d or r<1.
i ( Tl 5(asn.a) , JorO<r<
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Proof. First we will prove (5.98). We have

PWolalaw)) > P(Bla,s,,)) = / hdx?
B(a,s,, o)

> essinf hyp(s, JA(B(0,1)) §fl,a
> essinf h|B(a,(1+b) Fn.a) )\d(B(O, 1)) sl

- 2n,a*

Using (5.94) we obtain

nf B e 1em s\ ,
P(Folalan)) = NH(B(0. 1)) (S0 )

<essinfh|3<a,<1+b> 5. a>> "n
1 Basn.0) ’

for r > 1 and using (5.99) we get

d 241 -1

_d .
P(Wo(alay)) > M(B(0,1) 5 (IhllBasn.) " (essinf hipa,ains.) " n
d

) (essinf A B(a,(146)50.0)) Frn

essinf 2 B4, (145) 51.0) -

:)‘d(B(Oal))ch ( HhHB( Sn)

for 0 < r < 1. With ¢z = A(B(0,1)) ¢y and cz = A(B(0,1)) ¢y we
deduce (b.99).
Now we will prove (p.99). We have
/ |x —al||"dP(z) > / |z — al|" essinf hyp(a,s, n)d)\d(x)
Wo B(a,s,, ,) '

(alom) Sna

> (essinfh‘g(aén a)> / |z — a|" d\(z)
7 B(a

’§n,a)
Now
[ e v = s [ felraxi
By j(a:s5,4) B(0,1)
so that
/ |z —al|"dP(z) > / |z||"d\? () essinf lyp(a,s, ) §:;d_

Wo(a|an) B(0,1) '
Using Lemma [3, we obtain (5:99) with ¢33 = fB(O,l) [ETRAES ngd and
C34 = fB(O,l) []|"dX () i@, n

O

O —
Lemma 5.5. Let K C supp(P) be an arbitrary compact set and let

O

e€ (0,d(K,R*\ supp(P)))
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be arbitrary (where d(K,0) = o0o). Then there exists an nk . € N such that
(5.100) Vn>nge Vae an(K), 5pq<e,

where a,(K) ={a€ a, |W(a|a,) N K # 0}.

Proof. The proof is identical with that of Lemma [.1]. 0

Theorem 5.1. Let P be an absolutely continuous Borel probability measure
on R with density h and [ ||z||"™° dP(z) < oo for some § > 0. Then there

exist constants cor, Cog, C31, C32, C33, C34 > 0 such that, for every compact K C
O

O —
supp(P), the following holds:

h
(5.101) limsup n max P(W(a|a,)) < co7 inf e —,
nooo  a€an(K) =0 (essinf hg, )+

™ h||K
5.102) i 143 —a||"dP(x) < cog inf i L
( ) lffoljp " aerg?(};()/w(aan) |z =l (z) < e ;Eo essinfh‘KE’

(5.103)
( i essinfh . d( inf e, ) 7
Ca MU g, ) (essimt iy ),
forr > 1
liminf n min  P(Wy(a|ay,)) > _ d o
n—oo  acan(K) o inf essinfhg \ " (essinf h ):Td
20 | ik Ke)
\ for0 <r <1,
and
(5.104) ) .
on inf essinfh . "
33 250 1]l ke ’
. forr >1
lim inf n'*a mi?K)/ |z —all" dP(z) > 7 leg
n— 00 acan alan . 1 "
el cunf (S )
e>0 Ke
for 0 <r < 1.

/o—
Proof. Let ¢ > 0 satisfy ¢ < d(K,R?\ supp(P)). By Lemma [.J there exists
an nk € N such that

Vn>ng:Vae an(K), Spa<
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This implies
Vn>ng.Vae an(K), B(a,(1+0)3,.) C K.

and, therefore,

1Pl Ba,(140) 50.0) < 1P| k.

as well as
essinf 2 g4, (144)5,..) = essinf hyg,

for all n > nk . and all a€ o, (K).

These inequalities combined with Lemma [.2 and Lemma [.4 yield the as-
sertions of the theorem. O

Remark. The above theorem yields estimates for the asymptotics of the
local cell probabilities and quantization errors only if the density h is es-
sentially bounded and bounded away from 0 on each compact subset of the
interior of the support of P.

Corollary 5.1. For every x € R? let a,, € «, satisfy x € W(an.|an).
O

O — . .
Assume that x € supp(P) and h is continuous at x. Then

(107)  min(cs1, cs2) h(x)™ @ < liminf nP(Wy(an.q | an))

n—o0

< lim sup nP(W(an | an)) < cor h(ff)ﬁrd

n—oo
and
(108)  min(cs, ) < limint n't7/¢ | v = anall” dP(y)
n—oo W(an,z |an)
< lim sup 07 [ ly = anall” dP(y) < .
n—o00 W(an’x |an)

Proof. Set K = {z} in Theorem p.]]. O
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