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ERROR BOUNDS FOR SMALL JUMPS OF LEVY PROCESSES

EL HADJ ALY DIA*

Abstract. The pricing of options in exponential Lévy models amounts to the computation of
expectations of functionals of Lévy processes. In many situations, Monte-Carlo methods are used.
However, the simulation of a Lévy process with infinite Lévy measure generally requires either to
truncate small jumps or to replace them by a Brownian motion with the same variance. We will
derive bounds for the errors generated by these two types of approximation.

Key words. Approximation of small jumps, Lévy processes, Skorokhod embedding, Spitzer
identity
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1. Introduction. In the recent years, the use of general Lévy processes in fi-
nancial models has grown extensively (see [2, 5, 11]). A variety of numerical methods
have been subsequently developed, in particular methods based on Fourier analysis
(see [4, 12, 13, 15]). Nonetheless, in many situations, Monte-Carlo methods have to
be used. The simulation of a Lévy process with infinite Lévy measure is not straight-
forward, except in some special cases like the Gamma or Inverse Gaussian models. In
practice, the small jumps of the Lévy process are either just truncated or replaced by
a Brownian motion with the same variance (see [1, 7, 8, 16, 18]). The latter approach
was introduced by Asmussen and Rosinski [1], who showed that, under suitable condi-
tions, the normalized cumulated small jumps asymptotically behave like a Brownian
motion.

The purpose of this article is to derive bounds for the errors generated by these
two methods of approximation in the computation of functions of Lévy processes at a
fixed time or functionals of the whole path of Lévy processes. We also derive bounds
for the cumulative distribution functions. These bounds can be used to determine
which type of approximations to use, since replacing small jumps by Brownian is
more time-consuming (if we use Monte Carlo methods). Our bounds can be applied
to derive approximation errors for lookback, barrier, American or Asian options. But
this latter point will not be developed, and is left to another paper.

The characteristic function of a real Lévy process X with generating triplet
(7,b%,v) is given by

) b2u2 +o00 )
Ee™Xt = exp {t <i'yu - +/ (ewz —-1- iuz]l‘m‘gl) l/(dl‘)) } ,
—0o0
where v € R, b > 0, and v is a Lévy measure. The process X is the independent sum
of a drift term ~¢, a Brownian component bB;, and a compensated jump part with
Lévy measure v. The process X has finite (resp. infinite) activity if v(R) < oo (resp.

V(R) = +00).
For 0 < € <1, the process X is defined by

Xi=7t+bB: + Z AX L jax, > —t/ rv(dr).

0<s<t e<|z|<1
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2 E. H. A. DIA

The process X¢ is obtained (from X) by subtracting the compensated sum of jumps
not exceeding € in absolute value. Let

R =X — X°. (1.1)

The process R€ is a Lévy process with characteristic function

REeiuRi — exp {t/ (ei“z —-1- zuz) l/(dl’)} .
lz]<e

It holds E (Rf) = 0 and Var (R§) = o(e)?t, where

o(e) = /|m|<6x2u(dx).

Note that lime,oo(e) = 0. The behavior of o(e) when e goes to 0 is known for
classical models (VG, NIG, CGMY...). As noted in Example 2.3 of [1], if v(dz) =
|z| =172 L(z)dz, where o € (0,2) and L is slowly varying at 0 , then it holds o(e) ~
((L(—e)+ L(e)) /(2 — a))1/2 e!=/2; consequently, lim,_,q o(€) /e = +oo0.

We also define the process Xe by

Xf=Xf+o(e)W, t>0,

where W is a standard Brownian motion independent of X. We aim to study the
behavior of the errors made by replacing X by X°€ or X¢, with respect to the level
€. These errors are studied for the process X at a fixed date and for its running
supremum. Set, for any ¢t > 0,

M; = sup X, My= sup X:, M= sup X¢.
0<s<t 0<s<t 0<s<t

Unless stated otherwise, X is a Lévy process with generating triplet (v, b2, v/).

The paper is organized as follows. In the next section, we will study the errors
resulting from the truncation of the compensated sum of small jumps. The results
of that section are based on estimates for the moments of R¢. We also derive an
estimate for the expectation E (M; — M), by using Spitzer’s identity. In Section 3
we study the errors resulting from Brownian approximation. The process X will be
approximated by the process Xe A major result of Section 3 is Theorem 2, which
states an error bound for the expectation of a function of the supremum. This result
is the consequence of Theorem 3.7, which relies on the Skorohod embedding theorem.

2. Truncation of the compensated sum of small jumps. In this section,
we will study the errors resulting from the approximation of X by X€. These errors
are related to the moments of R®. Define

oo(€) = max (o(€),€) . (2.1)

The next result will be useful for many proofs in this paper.
PROPOSITION 2.1. Let X be a Lévy process and R defined in (1.1). Then

E|R|* = t/ ztv(dr) + 3 (ta(6)2)2 )
|z|<e
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and for any real ¢ > 0
E|R;|* < Kq.00(€)?,

where K4 is a positive constant which depends only on q and t.

Proof. Let ¢ (R§) denote the kth cumulant of R{. Then ¢; (Rf) = E (R§) = 0,
and, for any k > 2, ¢, (RS) = tflmlée z¥v(dx) (note that ¢y (RS) = Var (Rf) = o2 (e)t).
See Proposition 1.2 of [20]. Substituting into the general formula

,u; = ¢4 + 4ezer 4 3¢5 4 6¢ac + ¢f

(cf. (2.3) below), where, here and below, ,, and ¢, denote the kth moment and kth
cumulant of a distribution, respectively, gives the first part of the proposition. We
now prove the second part. Let n = [¢/2]. Since 0 < ¢/(2n) <1,

E|R;|" < (B|R{™) ™

(by Jensen’s inequality for concave functions). It thus suffices to prove the result for
the case ¢ = 2n, n € N; in fact, for any n € N, it holds

[E (R;)"| < Knto0(e)". (2.2)

The last inequality can be proved by induction as follows. It is trivial for n = 0,1, 2.
Suppose that (2.2) holds for all n < m. Then, by the well-known result (see e.g.
Theorem 2 of [14])

m—1
’ m—1 ’
:u’m = E < n ) /j/nc’m—n, m Z 13 (23)

n=0
for all m > 2 we have (recall that ¢; (Rf) = 0)

m—2

LIEINEDY (mn_ 1) B (B9 lem—n (BE)]

n=0

Hence, in view of the induction hypothesis, it suffices to show that |cm,—n (Rf)| <
tog(e)™ ™. Since m —n > 2, we have ¢, (RS) = tfm<€ 2™ "y(dx), and hence

onen (RO < [ Jal""v(do)

x| <e
< tem_"_2/ |z|?v(dx)
|z|<e
< tog(e)™ ™.

The proposition is thus established. O

2.1. Estimates for smooth functions. Let X be a Lévy process and f a
C-Lipschitz function where C > 0. Then,

Elf(Xe) = f(X)| < CE Ry

< C\/E|R;|?

< CV'to(e).
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Note that we do not ask that f(X;) be integrable. If f is more regular, sharper
estimates can be derived, as shown in the following proposition.
PROPOSITION 2.2. Let X be an infinite activity Lévy process.

1. If f € CY(R) and satisfies E’f, (X5)| < o0, and if there exists § > 1 such

, N
that (SUPee(o,u E ‘f (Xf+0R) — f (X7) ) is finite and integrable with

respect to 6 on [0, 1], then
E(f (Xe) = f(X])) = 0(o0(e))-
2. If f € C*(R) and satisfies E‘f/ (X7)

+E|f(X5)

< 00, and if there ex-

1
1 1 B\ B
ists B > 1 such that (SUPEG(OJ] E ’f (Xf+0R) — f (X§) > is finite and

integrable with respect to 6 on [0,1], then

a(e)?t
2

E(f (X)) = £ (XP)) = Ef" (X{) +0(00(e)?).

Note that, if f has bounded derivatives or f is the exponential function and e®Xt
is integrable, where 8 > 1, the conditions in the above proposition are satisfied. Recall
that the truncation of small jumps is used when v(R) = oo. In typical applications,
we have liminf o(e)/e > 0, so that o (0g(€)?) is in fact o (o(€)?).

Proof. To prove part 1, we first write f (X;) — f (X7) as

PO =P = [ (1 O+ 0R) (X)) o+ (X R; (24)

(by Theorem 27.4 of [17], R # 0 a.s.). Since R and X¢ are independent, E { 7 (X9 R;} =
0. For any 1 < a < 3, by Holder’s inequality,

a—1

(E|R;=) °

1
ﬂ)ﬁ

< oo implies that the

Q=

< (B|f (xi+om) - 1 (xD)

E|(f (Xi+0R) - £ (X0)) R
By Lyapunov’s inequality,

(k] oxomn — ¢ xp|")" < (8] O +ome) - 1 60

/ / B
Further, the assumption sup.¢ ) E ‘f (Xf+6Ry) — f (X§)

collection {‘f/ (Xf+0RS) — £ (X¢)

[e3
} is uniformly integrable; hence, since
e€(0,1]

(e

’f/ (X¢+0RS) — f (Xg)‘a S 0as ase — 0, E‘f’ (Xs+0R) — (x| =0

(pointwise for 8 € [0, 1]). Therefore, by dominated convergence,

a)idezo.

1
lim
e—0 0

(B|f (x5 +0m) - 1 (X7)
Combined with Proposition 2.1, it thus follows that

/01 E [(f (X5 +0R;) — f (Xf)) R:] df = o (oo(e)) .
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Part 1 of the proposition then follows from (2.4) (using Fubini’s theorem). We now
prove the second part of the proposition. Using Taylor’s formula we get

Xt

E(f (X)) = f(XD)=E |/ (XD (X =X+ | f (@) (X, —x)dx]

r 1
_E|f (x9 R+ / § (XS 1 ORS) (1 ) (R do}

E_/o f (Xf+06R;)(1—-0)(R;) d@]

—E / XD (0 (R de]

1"

+E { / (7 (xE0RD) — (X)) (- 6) (0 de] .

The first expectation after the last equality sign is equal to U(CT)%E f” (X¥) while the
second one can be shown to be 0(0'0(6)2) by following the proof of part 1. The
proposition is proved. O

REMARK 2.3. Assume that X is an integrable infinite activity Lévy process and
that f € CY(R) with f being C-Lipschitz. Then

. Co(e)*t
E(f(x) - £ (x| < C2IT
Indeed, E {f/ (X5) RE} = 0 (by the assumptions on X and f, E }f/ (X5)| < >0), and
so the result follows directly from (2.4) using
1
(7 ()~ £ (X0 <& | [ ]f O+ 0m0) - £ (6| 1RiL )

We will consider now the case of the supremum process.
PROPOSITION 2.4. Let X be a Lévy process and f a K-Lipschitz function. Then

E|f (M) — f (Mf)| < 2KVto(e).

Proof. We have

sup Xs — sup X;
0<s<t 0<s<t

< KE sup |R{]
0<s<t

E‘f(sup Xs)f<sup X§>‘§KIE

0<s<t 0<s<t

2
<K E(sup |R§|) .

0<s<t

Note that R€ is a cadlag martingale. So, using Doob’s inequality, we get

E‘f(sup XS) f<sup X>‘ < 2K\/E|R?

0<s<t 0<s<t

= 2K Vto(e).
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d
REMARK 2.5. Suppose that X is an integrable Lévy process and f a function
from RT x R to R, K-Lipschitz with respect to its second variable. Then

sup Ef (TvXT) — Sup Ef (Ta Xf—) < 2K\/ZO—(€)7
T€T0,1] T€T0,1]

where Ty 4 denotes the set of stopping times with values in [0,t]. For a proof, the
reader is referred to [9], pp. 67 — 68.

The bound in Proposition 2.4 might not be optimal. This is what suggests the
following result.

THEOREM 2.6. Let X be an integrable infinite activity Lévy process. Then

0<E(M;— M)=o0(o(e)).

Proof. Using Spitzer’s identity (see Proposition 1 in Section 3 of [10] for details),
we have

EXT tRE(XE)T
E(Mt—Mf):/ sd—/ids
0 0

S S

¢ ds
= E(XF X¢
/0 ( s —(X9) ) s
It holds

XF— (X" =(X{+R)T - (Xx9"

( :+R ) X¢ +R€>O—X ]lX€>O

= (X + RS) (Ixeso 4+ Lxeqrreso.xe<o — Lxeqre<oxe>0) — Xelxeso
= (X{+ RS) (Uxeyresoxe<o — Ixeyre<oxeso) + Rilxeso

= (IR — 1X)" (Lxeqreso0.xe<0 + Lxesre<o,xe>0) + Relxeso.

Set It =E (Xj - (X;)*). Thus, since E (R<T x~0) = 0 (by independence),

0< I <E(R - |XS)"

By the left inequality, E (M; — My) > 0. We now prove that E (M; — Mf) = o (o(e)).
Since (|RS| — X)) < RS L jxei<ire) we get IS < E (|RS| 1 xe|<|re|). Hence, by
Cauchy-Scwarz inequality,

=
=

(E|R€| ) (E (]1‘X5‘<‘Re‘)2)
o(e)VP[|1XE < |RS))? .
Thus,

t
1d
0<E(M, - M) < a<e>/ P(x¢| < R} L
0

S
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1
2

Since v(R) = oo, RS — 0 a.s. and X — X, a.s. with X; # 0. Hence P[| X¢| < |RS|]? —

0 as € — 0. Therefore, by dominated convergence,

t
. . end ds
tiy [ Pl < st 22 <o,
and so E (M, — M5) =o0(o(e)). O

In financial applications, the function f in Proposition 2.4 is not always Lipschitz,
as for call lookback option where the function is exponential. Hence the following
proposition.

PROPOSITION 2.7. Let X be a Lévy process and p > 1. If EePMt < oo, then

c
E ‘eM‘ —eMi

S Cp,t o] (6),

where Cy, + is a positive constant independent of €.
LEMMA 2.8. Letp > 0. If EePMt < oo , then SUPg<s<1 EePM! < oo.
REMARK 2.9. For any p > 0, Ee?™t < oo if and only if fz>1 eP*y(dr) < oo.

The “only if” part follows from Theorem 25.3 of [17], noting that ePXt < ePM:,
For the “if” part, decompose X as the independent sum X =Y + Z + Z' of Lévy
processes, where Y has Lévy measure [V]{,<1}, and Z and Z " are pure jump with
Lévy measures [v];,~1} and [V]z<_1}, respectively. Here [v]g denotes the restriction
of v to E. Note that My < supg<s<; Ys+Z¢; thus E [eth] <E [epsupogsgt YS} E I:epzt}_
It can be deduced from Theorems 25.3 and 25.18 of [17] that E [P *"Poso<¢ YS] is finite;
so is E [ePZ] by the former theorem, under the assumption that fm>1 ePry(dx) < oo.
Hence E [epr] < 00.

Proof. [Proof of Lemma 2.8] For § € (0,1], define R® = X% — X'. The process R’
is the compensated sum of jumps belonging to (4, 1] in absolute value. So

5 1 56
EePM < EePS"Po<s<t X;+psupg< <y R

s
< [EePSUPo<s<t X;Eep SUPp<s<t |Rs | .

By hypothesis and Remark 2.9, noting that Remark 2.9 holds also for M}, EePs"Po<s<t X <

0. We need to bound EeP*UPoss<¢| Rz independently of 4. We have

+o0 PO\
EePsuPo<s<¢|R2| — ]EZ (psupy<, < | F2))
n!
n=0

+oopn n
=1+pE R? —E RS) .
Tp osg?;‘ J*; n! <Sup ‘ s‘

0<s<t
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By Doob’s inequality (R° is a cadlag martingale)

s _ 2 +M)pn n n n
ReP $uPo<a<¢ | R:| <l+p E( sup |Rg|) + —~ ( ) E|Rf|
0<s<t o n: n—1

+oo  p
<1+2p\E[R]| + ) S |R)["
n=2 '
< 2p\/Var (Rf) +EY_ 2" |R)|"
n=0
< 2p\/t/ x2v(dx) 4 Ee20|Ri
0<|z|<1

< 2py/to(1)2 + Ee2PR? + Ee~2PR:

It thus suffices to show that supg.s<; EefR! < oo for any 5 € R. Indeed, we have

EePR — exp {t/(; e (eﬂm —-1- Bl’) l/(dm)}
<lz|<

(a moment-generating function of a compensated compound Poisson process). By
Taylor’s theorem, #* — 1 — Bz = B222eP¢ /2 for any |z| < 1, where ¢ is some number
between 0 and z. This completes the proof, as it implies that

_ Qt
EeP R < exp ﬂ—e‘m/ $21/(dl‘) .
2 2] <1

Proof. [Proof of Proposition 2.7] By the mean value theorem, we have

M — M = (M, — M) M,
where Mf is between M; and Mf. Let ¢ be defined such that 1—17 + % =1

E }eMt — M| < E|M, — M| M

<E sup |R|eM
0<s<t

N BN
< (E ( sup |R§|) ) (Eeth) .
0<s<t
Hence, using Doob’s inequality and then Proposition 2.1, we get

B!
E’eMt _ oM < q - (E|R§|q)5 (Eeng) »
q—

1

< Cpe00(e) (E (eth + e:UMf)) P ’

where Cp ¢ denotes a constant depending on p and t. We conclude the proof by
Lemma 2.8. O
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2.2. Estimates for cumulative distribution functions. For cumulative dis-
tribution functions, bounds are expected to be bigger. However, in some cases we
can get similar results as in Lipschitz case. In the first result below, we assume local
boundedness of the probability density function of the Lévy process X and its supre-
mum process M at a fixed time t. The regularity of the probability density function
of a Lévy process is studied in [17, 3]. For the supremum process see [6, 9].

PRrOPOSITION 2.10. Let X be a Lévy process.

1.

2.

3.

If b >0, then

sup|P[X; > a] — P[X{ > a]| <

1
z€R - vV 27h
If Xy has a locally bounded probability density function and x € R, then for
any q € (0,1),
IP[X¢ > 2] = P[X{ > a]| < Caq00(€)' 7,

where, here and below, Cy 14 denotes a positive constant depending on x, t
and q.

If My has a locally bounded probability density function on (0,400) and x > 0,
then for any q € (0,1/2),

|P[M; > z] — P[M{ > 2]| < Cypt.q00(€)' %

LEMMA 2.11. Let X and Y be two r.v.’s. We assume that X has a bounded
density in a neighbourhood of * € R, and there exists p > 0 such that E|X — Y|P is
finite. Then there exists a constant K, > 0, such that for any § > 0

P
P[X >z2] -P[Y >2]| < K0+ ]E|X57PY|.

Proof. We have

PX>z]-PY >2]|=|P[X >2,Y <z]-P[X <2z,Y > 1]|.

We will study the above terms on the right of the equality.

PX>a2,Y<z]=Pr<X<z+(X-Y)]
=Plr<X<z+(X-Y),|X-Y]| <]
P <X <z+(X-Y),|X-Y|>
<Plz<X<z++P[|X-Y]|>J].

Suppose that X has a bounded density f in the interval [x — d¢, z + do], do > 0 fixed,

and let

Ko=max{ s f05 ).

" 6o
z—o<t<z+do 0

By considering the cases § < §y and § > §p separately, it is readily checked that

Pla < X < x4 < K9,
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for any § > 0. Thus, using Markov’s inequality, we get

E|X - Y[
I

Similarly, using Pz — § < X < 2] < K4, it holds that

PX>zY <z <K,0+

E|X -Y?
Lemma 2.11 is thus established. O
Proof. [Proof of Proposition 2.10] We have
P[X: >z -P[X; >z]|=P[Xy > 2, X, <z2] -P[X; <z, X; >1]|. (2.5)

It holds that

PX:>ua, X, <z]=Plx—(X; — X{) < X{ < 2]
=Pz — R; <bB;+ (X; —bB;) < 1.
Note that bB; is independent of X} —bB; and Ry, and \/21—7% is an upper bound of the
probability density function of bB;. Then, by conditioning on the pair (R, Xf — bB;),
it can be concluded that

1
Pla — Rf <bB; + (X; —bB;) < z] < \/%bIMRﬂ .
Therefore, using that E|Rf| < o(e)V/1,

1
vV 2mh

PX: >z, X{ <z] <

o(e).
Similarly

PX: <z, X;>z]=Plr < X; <z—(X; — X{)]
=Pz <oBi+ (X; —0B;) <z — Rf]

Hence part 1 of the proposition follows from (2.5).
We now prove part 2 of the proposition. Let p > 0. By Lemma 2.11 followed by
Proposition 2.1, there exist positive constants K, ; and K, ; such that

IE|Xt — X§|p
op
E|Rfl”
or
ao(€)”

< Kyl + Kp,tT

IPX; = o] — PX{ > ] < K0+

= z,t(s +

for any & > 0. Choosing § = oq(e) 77 yields

IP[X; > 2] — P[X{ > ]| < 2max (K1, Kp.) 00(e) 7T,
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and so the result follows since p/(p + 1) can be chosen arbitrarily in (0, 1).
We now prove part 3 of the proposition. Let p > 1. By Lemma 2.11, there exists
a constant K , > 0 such that
, E|M; — Mf|P
BIM: > o]~ P[M; > o] < K, o0 + 0 MED
for any § > 0. On the other hand

p
Bl 2t <5 ( sup 1, - 1))

0<s<t

P
=E ( sup |R§|) .
0<s<t

So by Doob’s inequality, we have, using the constant K, ; from part 2,

) p
Bl - 7 < (=27 ) ElRiP
-

P P
< K, _— P,
< Ky (p 1) oo(€)

Part 3 of the proposition then follows by choosing § = ao(e)#. O

3. Approximation of the compensated sum of small jumps by a Brow-
nian motion. In this section we will replace R¢ by a Brownian motion. This method
gives better results, subject to a convergence assumption. In fact, Asmussen and
Rosinski proved ([1], Theorem 2.1) that, if X is a Lévy process, then the process
o(e) "L R® converges in distribution to a standard Brownian motion, when ¢ — 0, if
and only if for any k > 0

o (ko(e) Ne)

lip S =L (3.1)
Condition (3.1) is implied by the condition
lim ole) = +o0. (3.2)

e—=0 €

The conditions (3.1) and (3.2) are equivalent if v does not have atoms in some neigh-
bourhood of zero ([1], Proposition 2.1).

3.1. Estimates for smooth functions. The errors resulting from Brownian
approximation have not been much studied in the literature, at least theoretically.
There are some results which we can find in [7, 8].

PRroOPOSITION 3.1. Let X be an infinite activity Lévy process and t > 0.

1. If f € CY(R) and satisfies E|f' (Xf)| < oo, and if there exists 3 > 1 such
1

. B\ B
that (supﬁe(OJ] E ‘f’ (Xt6 + HG(G)Wt) — f1(X5) ) and

B
> are finite and integrable with re-

’ B
(supecton B[ (X + 0RD) - 7 (x0)
spect to 6 on [0,1], then

E(f(X0) = £ (X5)) = oloo(e).
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2. If f € C*(R) and satisfies E|f' (XF)| + E|f" (Xf)| < oo, and if there exists
1

B\ B
> and
1

(SUPee(o,u E|f"(X{+0R;) — f" (X§)|’8)E are finite and integrable with re-
spect to 6 on [0,1], then

E(f(X0) = f(X5)) = o(o0(e)?).
Examples of functions satisfying the above conditions are noted after Proposi-
tion 2.2.

Proof. We consider only part 2. The proof for part 1 is similar. By Proposition 2.2,
we have

B > 1 such that <supee(0,1] E ‘f// (Xte + QU(G)Wt) — 7 (XF)

B (7 (x) — 1(x0) = 2 Bs" (x0) 4 0 (00(e)?)

On the other hand, using the same reasoning as in the proof of Proposition 2.2 (we
will replace R by o(e)W) we get

£ (£ + o) - £(x0)) = DIV BF (xX0) + 0 (00(0?)
Hence
E(f(X0) = F(X5)) =0 (00(e)?).
a

The combination of Proposition 6.2 of [7] and the Spitzer’s identity for Lévy
processes (Proposition 1 of [10]) leads to the following result.
PROPOSITION 3.2. Let X be an integrable infinite activity Lévy process. Then

< 330(e)p(e) (1 + log (i)) )

‘EMt _ENI S

where p(e) = o(e)™3 fm<€ |z[3v(dx).
REMARK 3.3. Under condition (3.2), we have lim._,g p(€) = 0 and, in turn,

o) (14 1og (%)) —o(0(0).

Proof. Let § € (0,t). Using Spitzer’s identity for Lévy processes, we have

tEXT tR(XE)T
/_sds_/ E(XD" 46
0 0

EM, — EN{

S S

ds

5 t
N d
g/ ‘IEXjf]E(X;)Jr —+/ —S.
0 s 5

EX} —E(XO)T
S

On the one hand,
[EXT — E(£0)*| S E|(XS+ RO — (XS + o(W,)*|

<E }R; — o(e)W,

< (1 + ﬁ) Vsal(e).
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On the other hand, it follows from Proposition 6.2 of [7] that
[EXF - E(X0)*| < Ao(e)p(e),

with A < 16.5 (consider the function f(z) = x1). Therefore,

<2 <1 + \E) (V3 + Aa(e)p(e) log (g)
< 16.50(¢) <\/5+ p(e) log <§>) .

The last expression is minimal for § = 4p(€)?, and so the desired result follows by
substitution. O

EM, — EM

3.2. Estimates by Skorokhod embedding. We will use a powerful tool to
prove the results of this section. This is the Skorokhod embedding theorem. We will
begin by defining some useful notations.

DEFINITION 3.4. We define

vty (dx o P
Ble) = M Byo(€) = Ble)7m@ [(bg <ﬂ(% +3>> +1

) p+46

t(e) = Ble)* <\/10g (ﬁ + 3) + 1) , B(e) = Ble)t (log (ﬁ +3) + 1) .

REMARK 3.5. Note that under condition (3.2), we have lim._,q 8(¢) = 0.

The proof of Proposition 3.2 cannot be extended to the Lipschitz functions, be-
cause the reformulation of the Spitzer identity for Lévy processes cannot be applied
in that case. We have to use another method. Define

)

Vin = i R(j—l)%a
j =1,...,n, so that Ry, = > Vim, k= 1,...,n. The Vj, are iid. with
the same distribution as Rf, , hence E (Vj,») = 0 and Var (Vj ) = o(€)?t/n. Thus,
by Skorokhod’s embedding theorem (Theorem 1 of [19], see p. 163), there exist
positive iid. r.v.s 75, j = 1,...,n, and a standard Brownian motion, B, such
that the (partial sums) R;t/n and the ETI+“‘+T,€, k =1,...,n, have the same joint
distributions; moreover, E (71) = Var (V; ,,) and

Erf < 4RV}, (3.3)
Further, note that the U(G)Wkt/n and Ba(ﬁ)zkt/n, k = 1,...,n, have the same joint
distributions. Set

o(e)kt

Tk:7'1+~~'+7'k,T]:: " .

This setting will be used in all of the subsequent results.
THEOREM 3.6. Let X be an integrable infinite activity Lévy process, and [ a
Lipschitz function. Then

Ef (My) —Ef (N5 )| < Croo(0)8i (o),
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where Cy is a positive constant independent of €.
Proof. Set

e ) )
I5(n) = ‘E (f( sup Xﬁ) —f( sup (Xk_ Fo(e)W )))’

0<k<n ™ 0<k<n

7

ol

Because f is, say, K-Lipschitz, we can show that

W,

).

As the right hand side expression is integrable, by dominated convergence we can
deduce that lim;, 40 /§ (n) = I5. Tt holds that

t) = 27 (g, (i + 1)) =7 (e, (8 ) )

‘f( sup Xﬁ) f( sup (Xi_t +O’(€)W%))‘ SK(sup |RS| + o(e) sup

0<k<n " 0<k<n 0<s<t 0<s<t

< KE| sup (Xi._t +BT,€)— sup (Xi-_t +BT<)‘
0<k<n n 0<k<n n k
< KE sup ETk. — ETC .
1<k<n k

Part 1 of the following theorem concludes the proof. O
THEOREM 3.7. Let X be an infinite activity Lévy process. Then:
e [t holds that

< Cioo(e)Bi(e).

Br, — Bry

limsupE sup
n—-+oo 1<k<n

e [t holds that

* < Cuoo(e)?BL(0).

Br, — Br

limsupE sup
n—-+oo 1<k<n

e For any reals p > 1 and 6 € (0,1), it holds that

A

JT
limsupE sup |Bp, — Bre| < Cp.0,t00(€)? ;,9(5)-

n—-+oo 1<k<n

In the above, Cy and Cp 9+ are constants independent of €.
This theorem is the main result of this section.
LEMMA 3.8. Let X be an infinite activity Lévy process. Then, for any d > 0,

limsup P { sup |Tp —Ti| >0 52

n——+oco 1<k<n

} < 4t00(e)4ﬂ(e).
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Proof. As Tj, — Ty = Zle (1i —E (7)), by Kolmogorov’s inequality
] Var (T,, — TY,)
< _ 7
< 52
< nVar (11)
S 75
nEri
S5
4
AnE (Rg )
s
where the last inequality follows from (3.3). The proof then follows from Proposi-

tion 2.1. O
Proof. [Proof of Theorem 3.7] For ¢ > 0, we have

P| sup [T —Tg| >4
1<k<n

E sup BTk — BTI: = Il + IQ,
1<k<n
with
I =FE su Br. — Bre|1 .
! 1§k2n T T | T{suprcpcn | T =Ty <8}
Ib=FE su Br. — Bre|1 . .
2 1§k2n T T | T{supicpcn | To =Ty >8}

On {supy <j<,, [T — Ti| < 0}, set, for k fixed,

S1 = TI: ATy

So = TIS V Tk.
We have s1 < s < s1 + 6. Let j be such that j§ < s1 < (§ + 1)§. We have
51 <8< (j+2)0. If jo < s1 <82 < (j+1)d, we have

A A

le - ESQ Bj6 - Bs

< ‘le — Djs

+

2

<2 sup su Eu — Ej5’ .
0<;5< [f’(ET)Qt}Jrl JO<u<L(j+1)6

If jo < s1 < (j+1)d < 89 < (j+2)0, we have

B, - B,

< ‘Bs1 — Djs

+ ‘Ejé - 3(j+1)5‘ + ‘B(jJrl)E — B,

) |

B, — Bjs

)

B~ Byoue] )

<3 sup sup
0<;5< [G'(ET)%] +2 joLu<l(j+1)6

Hence

Il S 3E sup sup ‘Eu — Ejé
0<5< [”(CT)ZT +2 \J0<us(G+1)8

= 3E sup sup
1< [29% ] 43 \U-D)ISusis
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Ther.v.’s (SUP(jq)agugjs ’Bu — B(j,l)gD e [U(?Zﬂ " are i.i.d. with the same dis-

. Then

and, in turn, \/gsup0<u<1 ‘Bu

tribution as supy<,<s ‘Bu

I < 3VE sup V;

1<G<[ 292 +3

where (V) are i.i.d. r.v.’s with the same distribution as

1< [292 43

SUPp<y<1 ‘E}u . On the other hand, we know that if (V;),_,,, are i.id. r.v.’s satis-

fying Ee®V? < oo where « is a positive real, then

E sup V;<g (mEeo‘Vf) ,

1<j<m

where g : @ € [1,+00) — 1/ < log(z). Indeed, since g is concave, we have

E sup V;=E sup g(e”‘vfz)

1<j<m 1<j<m

2
=Eg < sup e*Vi ) , because g is non-decreasing

1<j<m
<g (E sup eanZ) , by Jensen’s inequality
1<j<m

m
2
<gl|E g e®Vi |, because g is non-decreasing
Jj=1

=g (mEeO‘V12) .

. So

In our case Vi = supy<, <1 ‘Bu

Vi < sup Eu+ sup (fﬁu)
0<u<1 0<u<l1

For a € (0,1/8), we have

Eean < Ee2a((sup0§u§1 Bu)ZJF(SuPOSuSl(_Bu))Q)

1 .
< (Ee‘la(s“pogusl Bu)z) : (Ee‘la(s‘lPOSuél(_Bu))z) 2

_ E€4D‘(SUpogu§1 Bu>2

= (1—8a)7 2.
N2
The last equality follows from (SUpogug 1 Bu) ~ X upon using the moment-generating

function of the x? distribution, given by (1 — 26)_% for 5 < %
It follows straightforwardly from the above that, for a € (0, 1),

I < Ca\/S\/log (U(?Qt + 3),
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where C,, = 3\/% (1 — %). Consider now Is. We have

1

1
2\ 2 1
I, < <IE< sup |BkaBT; > ) <P{ sup |TkT§|>5]>
1<k<n 1<k<n
2\ 2 1
) ) (]P’|:sup |Tk—T;§|>(5:|)
1<k<n
1 1
9 2 N 2 2
< <<IE sup |Rg| ) + (E sup |BS ) ) <P{ sup |Tx —Tg| > 6
0<s<t 0<s<o(€)2t 1<k<n

1 1
<2 ((EIREIQ)% + (E\Ba<e>ztl2)2> (P[ sup |Ti. - T§| > § )

1<k<n

-

1<k<n

< <E( sup ’ETk’ + sup ’BT):
1<k<n

1

!

|

< W'to(e) <IF’ { sup |Tx — Tyl > 5}>§ ;

1<k<n

where the fourth inequality is obtained using Doob’s inequality. So, by Lemma 3.8, we have

1

limsup I2 < 4\/Zg(e) (M) ? )

n—-+oo 92

Hence

limsupE sup |Br, fBT]:
n——+o0o 1<k<n

< ca\/mog <"<§)2t + 3> + %0(6)00(6)2 B(e).

Part 1 now follows by letting C; = max (C, 8t) and choosing § = o (€)23(e)3.

For the proof of parts 2 and 3 of the theorem, we refer the reader to [[9], pp.
86-89]. However, some small corrections are needed in the proof of part 3 in order to
comply with the definition of 5/ 4(e). O

REMARK 3.9. Letting @ = 1/2 and p = 1, 2 in the definition of 5;,9(6); we see
that part 8 of Theorem 8 partially generalizes parts 1 and 2. It may be relevant to
note here that for part 3 the proof used the function g(z) = (™" log(m))p, whereas
for parts 1 and 2 it used the function g(x) = (ofl log(x))p/Q, p =1, 2, respectively.

The following result follows directly from part 1 of Theorem 3.

PROPOSITION 3.10. Let X be an integrable infinite activity Lévy process, and f
a Lipschitz function. Then

[Ef (X))~ Ef (£5)] < Bl (oo (o),

where C is a positive constant. . .
Proof. We have Rf =% Br, , 0(e)W; =% Bre. So, if f is K-Lipschitz, we have

[Ef (X))~ Ef (%)

= [Bf (x¢+ Br.) —Ef (X + Bry)|

We conclude with Theorem 3.7. O
For non-Lipschitz functions, we have the following result.
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PROPOSITION 3.11. Let X be an infinite activity Lévy process and p > 1. If
EePM: < 0o, then for any x € R and for any 0 € (0,1)

’E (eMt — x)+ —E (er — x)Jr’ < Cpo,t00(€) (B’;% 9(6))17% ,

where Cp, g+ s a positive constant independent of e.
Proof. Define

M= sup (Xi_t +R6k_t) , an = sup (Xi_t +U(€)Wﬁ) .
0<k<n " " 0<k<n n n

We know that lim,—, y oo M = M; a.s. and lim,_, 4 M;’" = Mf a.s. Set

U = sup (Xi_t +BTk) , US™ = sup (Xi_t +ET6) .
0<k<n 2 0<k<n " k

So M =4 U and M;" = U{". By the mean value theorem, we have
n Fre,m A~ e, m
Ve — el = (Ut” — Uf") eV,

where US™ is between U and U™, Set

n + Fre,n +
I;‘E(eUf:c) fIE(eUf —z) .

Thus
IS <E eV — U
celop el
S E sup BTk — BTf eﬁf’n
0<k<n k
2 \1-3 _ 1
. . £ en
< (E sup BTk 7BT]§ ? > (EepUt )p
0<k<n
_p_ 1—% N 1
N N ) n an
< (E sup BTk —BT; ? ) (E (eth —|—€th ))p
0<k<n
2 \1-3 X 1
. . =) .
< (E sup BTk 7BT]§ ? > (E (eth +eth))p.
0<k<n
But

E (eth + epr) <E (eth + ePo(€) supgc <o Ws epr)

2
< EePMr 4 27 () terM;

< 2(5%‘7(6)2’51[3 (eth + epre) .
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So using dominated convergence, Theorem 3.7 and Lemma 2.8, we get
re + n + €T +
E (eMt — x)+ —E (er — :v) ‘ = lim 'E (er — x) —E (eMt — x)
n—-+oo
n + rEsT +
= limsup |E (eUf - :v) —E (eUt - :v)
n—+oco

< Cpoo00(e) (5’% e(e))l’% .

—1>

3.3. Estimates for cumulative distribution functions. The bounds ob-
tained in this section are better than those obtained by truncation, provided that
condition (3.2) is satisfied.

PropOSITION 3.12. Let X be an infinite activity Lévy process. Below, the con-

stants Cy and Cy ¢4, are independent of €.
1. If b > 0, then

sup [P X, > o] ~ P [ &5 > 2| < Cuon(e)B (o).
x€ER

2. If Xy has a locally bounded probability density function and x € R, then for
any pair of reals 6 € (0,1), ¢ € (0,1/2],

q

‘]P’ (X, >a2]—P [Xf > z} \ < Cotiq000(€) ¢ ( %_1,9(6))

3. If My has a locally bounded probability density function on (0,+0c0) and x > 0,
then for any pair of reals 8 € (0,1), ¢ € (0,1/2],

‘IP’ My > 2] — P {Mf > :c” < Crtq,000(€)' 1 ( %,1,9(6))q-
Proof. Recall that RS =% By, and o(e)W; =1 ET;. Set
Y; = X{ + Br,, Y = X{ + Br.
Thus

It holds that
]P’[YtZ:c,f/f<:r} :P[:c— (thf/f) §}>t€<:c}
By construction, bB; is independent of (f’f — bBt) and of (BTn — ETTSL). Further,

b\/ﬁ is an upper bound of the probability density function of bB;. By conditioning
on the pair (ETn — BT;L,YQ‘ — bBt), it can thus be concluded that

1
bV 27t

]P’{Yth,}A/f<:c}§ E‘BTTL*BTS .
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Analogously, it also holds that

]PY;5<.T,Y/;Z.’L{|S E}ETTI,_BT; .

1
bv 2t

We get the first part of the proposition by using Theorem 3.7.
We now prove the second part of the proposition. Let p > 1. By Lemma 2.11,

there exists K+ > 0 such that, for any J > 0,

o |P

i E|vV — V¢

PV 2] — P [V 2 0| < Ko+ ———L

N PN p
E |Br, — Br:
= m,té + _T

Hence, given 6 € (0,1), by Theorem 3.7 there exists a constant Cp, g+ > 0 such that

ao(e)? ;,9(6).

‘P [}/t Z ZL'] — P |:}A/t€ Z .CC:H S nyt(S‘i’ Cpﬁ,t 5

Choosing ¢ = a9 (e)#ﬂfw(e)ﬁ yields
[PV 2 a] - PV = o] | < 2max (e, Cpuoe) 0 ()77 8L () 711,
The result then follows by substituting p =1/¢ — 1.

For the third part of the proposition, we use the notation of Proposition 3.11.
Note that

‘]P’[Mt zz]fP[Mf 2:0} = lim ‘]P’[MZ’Zx]f]P’[Mf’"Z:E”
n—oo
n—oo

— lim }P[U;’zx]—lp{f];’"zx”.

Let p > 1 and put I, 5 = [z — 0, + ). Using the proof of Lemma 2.11, we have

A p
) E|vp - OF"
PUP > 2] — P [Uf’" sz <PUF € Lg) + ——5—L
A A p
Esuplgkgn Br, — BT]:
S P [Mtn S Iz,é] + 5P 3

for any § > 0. By the assumption on M;, there exists a constant K;,t > 0 such that

P[M; € I;5] < K;7t6 for any 6 > 0. Combined with Theorem 3.7, letting n — oo
yields

00(€)"By.0(€)

lim |P[U]" > 2] —P [Uf" > x” < K;yﬁ +Cpo.t 37 ;

n—o0

for some constant Cp 9 > 0. So as in part 2, the result follows by choosing § =

70(€) P82 ()77 T
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