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FROM LOGARITHMIC TO SUBDIFFUSIVE POLYNOMIAL
FLUCTUATIONS FOR INTERNAL DLA AND RELATED
GROWTH MODELS!

By AMINE ASSELAH AND ALEXANDRE GAUDILLIERE

Université Paris-Est and Université de Provence

Dedicated to Joel Lebowitz, for his 80th birthday

We consider a cluster growth model on Z¢, called internal diffu-
sion limited aggregation (internal DLA). In this model, random walks
start at the origin, one at a time, and stop moving when reaching a
site not occupied by previous walks. It is known that the asymptotic
shape of the cluster is spherical. When dimension is 2 or more, we
prove that fluctuations with respect to a sphere are at most a power
of the logarithm of its radius in dimension d > 2. In so doing, we intro-
duce a closely related cluster growth model, that we call the flashing
process, whose fluctuations are controlled easily and accurately. This
process is coupled to internal DLA to yield the desired bound. Part of
our proof adapts the approach of Lawler, Bramson and Griffeath, on
another space scale, and uses a sharp estimate (written by Blachere
in our Appendix) on the expected time spent by a random walk inside
an annulus.

1. Introduction. The internal DLA cluster of volume N, say A(N), is
obtained inductively as follows. Initially, we assume that the explored region
is empty, that is, A(0) = @. Then, consider N independent discrete-time
random walks Si,...,Sy starting from 0. For £k < N, assume A(k — 1) is
obtained, and define

T =inf{t > 0:8,(t) ¢ A(k—1)} and A(k) = A(k — 1)U {Sx(7s)}.
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In such a particle system, we call explorers the particles. We say that the kth
explorer is settled on Si(7x) after time 7k, and is unsettled before time 7.
The cluster A(N) consists of the positions of the N settled explorers.

The mathematical model of internal DLA was introduced first in the
chemical physics literature by Meakin and Deutch [13]. There are many
industrial processes that look like internal DLA; see the nice review pa-
per [7]. The most important seems to be electropolishing, defined as the
improvement of surface finish of a metal effected by making it anodic in an
appropriate solution. There are actually two distinct industrial processes (i)
anodic leveling or smoothing which corresponds to the elimination of sur-
face roughness of height larger than 1 micron, and (ii) anodic brightening
which refers to elimination of surface defects which are protruding by less
than 1 micron. The latter phenomenon requires an understanding of atom
removal from a crystal lattice. It was noted in [13] that, at a qualitative
level, the model produces smooth clusters, and the authors wrote, “it is also
of some fundamental significance to know just how smooth a surface formed
by diffusion limited processes may be.”

Diaconis and Fulton [2] introduced internal DLA in mathematics. They
allowed explorers to start on distinct sites, and showed that the law of the
cluster was invariant under permutation of the order in which explorers were
launched. This invariance, named the abelian property, was central in their
motivation. They treat, among other things, the special one-dimensional
case.

In dimension two or more, Lawler, Bramson and Griffeath [10] prove that
in order to cover, without holes, a sphere of radius n, we need about the
number of sites of Z¢ contained in this sphere. In other words, the asymp-
totic shape of the cluster is a sphere. Then, Lawler in [9] shows subdiffusive
fluctuations. The latter result is formulated in terms of inner and outer er-
rors, which we now introduce with some notation. We denote with | - || the
Euclidean norm on R%. For any z in R? and r in R, set

B(z,r)={yeR%: |y —z| <r} and B(z,r)= B(z,r) N7

For A C Z4, |A| denotes the number of sites in A. The inner error &;(n) is
such that

n—0r(n) =sup{r >0:B(0,r) C A(|B(0,n)|)}.
Also, the outer error dp(n) is such that
n+do(n) =inf{r >0: A(|B(0,n)|) C B(0,r)}.
The main result of [9] reads as follows.
THEOREM 1.1 (Lawler). Assume d > 2. Then

(1.1) P(In(w):Vn > n(w) 67(n) <n'?log(n)?) =1
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and

(1.2) P(In(w):¥n > n(w) do(n) <n'/3log(n)*) = 1.

Since Lawler’s paper, published 15 years ago, no improvement of these
estimates was achieved, but it is believed that fluctuations are on a much
smaller scale than n!/3. Moreover, (1.1) and (1.2) are almost sure upper
bounds on errors, and no lower bound on the inner or outer error has been
established. Computer simulations [3, 14] suggest indeed that fluctuations
are logarithmic. In addition, Levine and Peres studied a deterministic ana-
logue of internal DLA, the rotor-router model, introduced by Propp [6].
They bound, in [12], the inner error d;(n) by log(n), and the outer error
So(n) by n!=1/d,

Our main result is the following improvement of Theorem 1.1.

THEOREM 1.2. Assume d > 2. There is a positive constant Ay such that

(1.3) P(3n(w):Yn>n(w) é6r(n) < Aglog(n)) =1
and
(1.4) P(3n(w):Vn>n(w) do(n) < Aglog*(n)) = 1.

Note added in proof. At about the same time, and with an independent
approach, Jerison, Levine and Sheffield [5] obtained similar results with an
improved bound on the outer error in d = 2. Then, by refining our approach,
we obtained in [1] a bound of order /log(n) for both internal and external
errors in dimension three or more. Jerison, Levine and Sheffield [4] did the
same by following their approach.

Our approach builds on the work of Lawler, Bramson and Griffeath [10],
which we review later. It also deals with more general models of diffusion
limited aggregation which we now describe. Indeed, we introduce a fam-
ily of cluster growth models for which a control of the fluctuations of the
cluster shape is easily obtained. These growth models are built so that the
asymptotic shape is spherical, but still they exhibit a large diversity of fluc-
tuations parametrized by a certain width ranging from a large constant to a
power 1/3 of the radius of the asymptotic sphere. Moreover, all these clusters
are coupled to internal DLA, and, as a consequence, we obtain logarithmic
bounds on the fluctuations for internal DLA. We generalize internal DLA by
allowing explorers to settle only at some special times. Thus, each explorer
i is associated with a collection of times {o; 1,k € N} and

77 =inf{ou: Si(0i) ¢ AT~ 1)} and  A()) = A"(i — 1) U{Si(r))}.

The internal DLA is recovered as we choose 0; =k for alli=1,..., N and
k e N. We call {o; i, k € N} the flashing times associated to the ith explorer,
and {S;(0; 1), k € N} its flashing positions.
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Fic. 1. Cell decomposition, and flashing positions as stars.

In this paper, we consider stopping times of a special form, linked with
the spherical nature of the internal DLA cluster. An illustration with one
flashing explorer’s trajectory is made in Figure 1.

The precise definition of the flashing times requires additional notation,
which we postpone to Section 3. We describe here key features of flashing
processes. We first choose a sequence of widths, say H = {hy,n € N}, and
then partition Z¢ into concentric shells {S,,,n € N}, whose respective widths
are {2h,,n € N}. Each shell is in turn partitioned into cells, which are brick-
like domain, of side length equal to the width of the shell. The flashing times
are chosen such that (i) an explorer flashes at most once in each shell, (ii) the
flashing position, in a shell, is essentially uniform over the cell an explorer
first hits upon entering the shell and (iii) when an explorer leaves a shell, it
cannot afterward flash in it.

For a given sequence H, we call the process just described the H-flashing
process. Note that feature (ii) is the seed of a deep difference with internal
DLA. The mechanism of covering a cell, for the flashing process, is very
much the same as completing an album in the classical coupon-collector pro-
cess. Thus, we need of the order of Vlog(V') explorers to cover a cell of
volume V. For internal DLA, with explorers started at the origin, we only
need of order V explorers to cover a sphere of volume V' as shown in [10],
and we believe that we need a number of explorers of order |C| to cover a
cell C, even if they start on the boundary of the cell. In addition, feature
(ii) allows us to localize the covering mechanism, in the sense that a particle
entering a shell cannot flash outside the cell through which it entered that
shell. Finally, feature (iii) is essential for having a useful coupling between
flashing and internal DLA processes.
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LEMMA 1.3.  Assume that N is an integer, and H is a sequence of posi-
tive integers. There is a coupling between the two processes, using the same
trajectories Si,...,SN such that

N N
(1.5) AWN) = JLSiT (@)} and  A*(N) = [J{S:(T* ()}
i=1 =1
and T*(1) > T(i) for alli=1,...,N.
As a corollary of Lemma 1.3, we have the following useful result.

COROLLARY 1.4. Under the hypotheses of the previous lemma, fork > 1:

o if AX(N) C U, S, then ANN) C U, )

An H-flashing process, with h; > hy for j >0, and hy a large constant,
produces a cluster A*(N), for which we bound easily the inner error, 67 (n).
Then, to bound the outer error, ¢,(n), we follow the approach of [9], though
with a slightly simpler proof.

PROPOSITION 1.5.  Assume that for j > 1, hj <hji < (1+ %j)hj, with
a large hg. For a positive constant A%, we have

(1.6) P(In(w):¥Yn>n(w) 67(n) < Ajh(n)log(n)) =1
and
(1.7) P(3n(w):Vn >n(w) 65(n) < Aih(n)log?(n)) =1,

where h(n) =max{hy € R:rp <n}.
Finally, we establish lower bound on the inner and outer error.

PROPOSITION 1.6. Assume that hg is large enough. Then, there is a
constant a; such that

(1.8) P(3In(w):¥Yn>n(w) 67(n) > ajh(n)log(h(n))) =1
and
(1.9) P(In(w):¥Yn>n(w) é5H(n) > azh(n)log(n)) =1.

Corollary 1.4 and Proposition 1.5, with the choice h; = hg for all j > 0,
imply Theorem 1.2 which deals with internal DLA.
Let us now review previous work on internal DLA.
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On previous bounds for internal DLA. We describe the approach of [10],
for establishing the upper bound for the inner error. It is convenient to
consider explorers starting outside the origin with initial configuration de-
noted 1. We denote also by A(A,n) the cluster obtained from explorers
initially on 7, with an explored region A C Z¢.

Now, for a site z € Z¢, we call W (n,z) [resp., M(n,z)] the number of
explorers (resp., of random walks) which visit z before settling. For an inte-
ger n, and 7 consisting of |B(0,n)| explorers at the origin, the authors of [10]
first write

{BO.r) ¢ Alg,myc [J (Wn,2) =0}

z€B(0,r)

Then, they look for the largest value of r, (in terms of n) which guaran-
tees that [B(0,7y)[ X sup,ep(o,r,) P(W(n,2) = 0) be the term of a convergent
series.

The approach of [10] is based on the following observations. (i) If explorers
would not settle, they would just be independent random walks; (ii) exactly
one explorer occupies each site of the cluster. Thus, the following equality
holds in law:

W(n,z) + M(A(2,n),2) > M(n,2).

Now, an observation of Diaconis and Fulton [2] is that we can realize the
cluster by sending many exploration waves. Let us illustrate this observation
with two waves. We first stop the explorers on the external boundary of a ball
of radius R, say 0B(0, R). The cluster consisting of the positions of settled
explorers is denoted Ar(,n), so that Ar(&,n) C B(0, R). The configuration
with stopped explorers on OB(0, R) is denoted (r(n). Then, the second wave
consists in launching the explorers of (r(n), with explored region Ar(2,n).
In other words, we have an equality in law

A(@, 77) = AR(gv 77) U A(AR(®> 77)7 CR(U))

Moreover, if the index R refers only to explorers (or walks) of the first wave,
then for z € B(0, R),

(110) WR(nuz) +MR(AR(®777)7Z) ZMR(UaZ)-

The authors of [10] consider R =n and z € B(0,n). Since W (n, z) > Wy (n, 2),
we have using (1.10), for any « >0,

(L11)  P(W(n,z) =0) < P(My(n,2) < o) + P(Myp(B(0,n), 2) > a).

We then look for sites z such that E[M,(n,z)] > a > E[M,(B(0,n),z)] (and
n=|B(0,n)|dp). Note that M, (n,z) and M, (B(0,n),z) are sums of indepen-
dent Bernoulli variables with well-known large deviation estimates. If we
set

2a = E[My(n, 2)] + E[M,(B(0,n), )]
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and
fin(2) = E[My(n, )] = E[M,(B(0,n), 2)],
then
(B[Mn(n,2)] = )
P(My,(n,z) < a) <exp| —
1.12) < 2B [ My (1, 2)] >

~2
fin(2) )
§exp<—7 .
8E[My(n, 2)]
Lawler in [9] establishes that for z € B(0,n),
E[My(n,2)] ~n(n—|z]) and  fin(2) ~ (n— |2])*

Replacing these values in (1.12), the bound n — ||z|| > n'/3log(n) is such
that P(W,(n,z) =0) is the term of a convergent series.

We now sketch our main ideas leading to logarithmic fluctuations for
internal DLA.

On logarithmic fluctuations. Our approach is inspired by Lawler, Bram-
son and Griffeath’s work [10]. We develop three original ideas: (i) we propose
a cluster growth model, the flashing process, whose covering mechanism is
simpler than internal DLA; (ii) we look at an intermediary scale, the scale
of cells, since the deviations of the number of visits decrease with the cell-
length; (iii) we build a coupling between flashing process and internal DLA
which allows us to transport bounds from one model to the other.

Let us describe how the idea of an intermediary scale is used in the context
of flashing processes. Recall that we first partition Z¢ into a sequence of
concentric shells. Each shell is partitioned into cells whose side length equals
the width of the shell. Now, we observe that a site has good chances to lie
inside the cluster if some cell, say C, about this site, is crossed by many
explorers. The notation W (n,C) refers to the number of explorers visiting C,
when their initial configuration is 7. We drop the index n appearing in
Wi (n, z) since there are no more constraints on not escaping the ball B(0,n).
Now, the coupon-collector nature of the covering mechanism suggests that
for some positive constant oy,

1.13) W(n,C) > aq|C| x log(|C])
= C C A(9,n) with a large probability.
We neglect in these heuristics the log(|C|) term in (1.13).

Note that in [10], all the explorers start from the origin, whereas here, we
only know that they cross C. For internal DLA, estimating the probability
that C is not covered, when C is large and W (n,C) > ag4|C| raises a difficulty
which is absent when considering flashing processes.

We now make our argument more precise. For a scale h and an integer
K > 1, to be determined, assume that B(0,n — Kh) is covered by settled
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explorers. Partition the shell S =B(0,n — (K — 1)h) \ B(0,n — Kh) into
about (n/h)4=" cells, each of volume h?. It is also convenient to stop the
explorers as they reach the boundary of B(0,n — Kh). Thus, with such a
stopped process, explorers are either settled inside B(0,n — Kh) or unsettled
but stopped on its boundary, denoted 9B(0,n — Kh). What we have called
earlier the number of explorers crossing C is taken here to be the unsettled
explorers stopped on C N IB(0,n — Kh).

Assuming (1.13) holds, it remains to show that the probability of the
event {3C € §: W (n,C) < ay|C|} is small. We improve (1.11) by first using
the independence between W (n,C) and M (B(0,n — Kh),C), and then by
replacing Ar(@,n) by B(0,n — Kh) in (1.10) with R=n — Kh and n =
[B(0,n)|1o,

(1.14) W(n,C)+ M (B(0,n — Kh),C) > M(n,C).
Also, we define
u(C) = E[M(n,C)] — E[M(B(0,n — Kh),C)].
Now, using that M (n,z) and M (B(0 Kh),z)) are sums of independent
t

,n—
Bernoulli variables, we show that (1.14) implies a Gaussian-type lower tail

(1'15) P(W(??,C) < ad\C\) <exp (—%)

for a positive constant ¢, and where v(C)
v(C) =var(M(n,C)) — var(M (B(0,n — Kh),C)).

We then show that both p(C) and v(C) are of order K |C|. Then, P(W (n,C) <
a4|Cl|) is summable as soon as K|C| > Alog(n).

Outline of the paper. The rest of the paper is organized as follows. Sec-
tion 2 introduces the main notation, and recalls known useful facts. In
Section 3, we build the flashing process, give an alternative construction
through exploration waves and sketch the proof of Lemma 1.3. In Section 4,
we prove Propositions 1.5 and 1.6 using the construction in terms of ex-
ploration waves. In Section 5, we obtain a sharp estimate on the expected
number of explorers crossing a given cell, and prove feature (ii) of the flash-
ing times. Both proofs are based on classical potential theory estimates.
Finally, in the Appendix, we give a proof of Lemma 1.3, and recall a result
of Sébastien Blachere.

2. Notation and useful tools.

2.1. Notation. We say that z,z’ € Z? are nearest neighbors when ||z —
2| =1, and we write z ~ 2’. For any subset A C Z¢, we define

ON={zecZ\A:3 c A2 ~z}.
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For any r < R, we define the annulus
(2.1) A(r,R)=B(0,R)\ B(0,r) and A(r,R)=A(r,R)NZ"
A trajectory S is a discrete nearest-neighbor path on Z%. That is, S: N — Z¢
with S(t) ~ S(t 4 1) for all integer t. For a subset A in Z¢, and a trajectory
S, we define the hitting time of A as
H(A;S) =min{t >0:5(t) € A}.

We often omit S in the notation when no confusion is possible. We use the
shorthand notation

B, = B(0,n), B, =B(0,n), Hr=H(BR) and H,=H({z}).

For any a, b in R we write a A b=min{a,b}, and a Vb= max{a,b}. Let I" be
a finite collection of trajectories on Z%. For R >0, z in Z¢ and A a subset
of Z4, we call M (T, R, 2) [resp., M (I, R, A)] the number of trajectories which
exit B(0,R) on z (resp., in A).
M(T,R,2)=> gz and M(T,R,A)=> M(T,R,z).
Serl z€N

When we deal with a collection of independent random trajectories, we

rather specify its initial configuration 7 € NZd, so that M(n,R,z) is the
number of random walks starting from 7 and hitting B(0, R)¢ on z. Two
types of initial configurations are important here: (i) the configuration nl,-
formed by n walkers starting on a given site z* and (ii) for A C Z%, the
configuration 15 that we simply identify with A. For any configuration n €

NZ¢ we write
nl=">" n(2).
z€Z4

For any A C Z%, we define Green’s function restricted to A, Gy, as follows.
For z,y € A, the expectation with respect to the law of the simple random
walk started at z, is denoted with E, (the law is denoted P,) and

Ga(z,y) =E, [ > l{S(n)zy}:| :

0<n<H(A®)

In dimension 3 or more, Green’s function on the whole space is well defined
and denoted G. That is, for any z,y € Z¢,

=E, [Z 1{5(,1);,}} :

n>0

In dimension 2, the potential kernel plays the role of Green’s function

Y (s =} - 1{s(1) = y})] :

=0

o(o:y) = Jim B
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2.2. Some useful tools. We recall here some well-known facts. Some of
them are proved for the reader’s convenience. This section can be skipped
at a first reading.

In [10], the authors emphasized the fact that the spherical limiting shape
of internal DL A was intimately linked to strong isotropy properties of Green’s
function. This isotropy is expressed by the following asymptotics (Theo-
rem 4.3.1 of [11]). In d > 3, there is a constant K, such that for any z # 0,

Cd g 2
119721 = Nz va(d —2)’
where vy stands for the volume of the Euclidean unit ball in R%. The first
order expansion (2.2) is proved in [11] for general symmetric walks with
finite d + 3 moments and vanishing third moment. All the estimates we use
are eventually based on (2.2), and we emphasize the fact that the estimate
is uniform in ||z||. There is a similar expansion for the potential kernel.
Theorem 4.4.4 of [11] establishes that for z # 0 (with  the Euler constant),
27y 4 log(8) K,
S 2 .
m 2]

(2.2) G(0,z) —

with Cy =

(23) a0, 2) — = tog(J]) -

We recall a rough but useful result about the exit site distribution from a
sphere. This is Lemma 1.7.4 of [8].

LEMMA 2.1.  There are two positive constants ci,co such that for any
z€0B(0,n), and n >0

(2.4)

We now state an elementary lemma.

LEMMA 2.2.  Each z* in Z4\ {0} has a nearest-neighbor z (i.c., z* ~ z)
such that
1
2.5 2| <125 — —=.
(2.5) 2l < 112"l = 5 Nz
Proor. Without loss of generality we can assume that all the coor-

dinates of z* are nonnegative. Let us denote by b the maximum of these
coordinates, and note that

(2.6) 25> <db® and b>1.

Denote by z the nearest-neighbor obtained from z* by decreasing by one
unit a maximum coordinate. Using (2.6),

el

NR
Note that (2.5) follows from 2||2*[|([|*]| = ||2[)) = ||z*]12 = ||2]|?, and (2.7). O

(2.7) 15" = ll=? = 6" = (b —1)* =26~ 1> b>
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We state now a handy estimate dealing with sums of independent Bernoulli
variables.

LEMMA 2.3.  Let {X,,Y,,n € N} be independent 0-1 Bernoulli variables.
For integers n,m let S=X,+---+ X, and S'=Y, +---+Y,,. Define for
teR

fO)=e"—1—t and g(t)= (e —1)°
If 0 <t<log(2), then
Elexp(t(S — E[5]))]
!

28 Elexp(t(5 — E[5))]

<exp (f(t)E[S — 490> EmF) .

i=1
Assume now that for k> 1, sup,, E[Y,] < %71 If t <0, then

Elexp(t(S — E[5]))]

@9 Fexp((S — B5)]

=1

<exp (f(t)E[S ~ 8]+ 590 EW) -

PRrROOF. Let X be a Bernoulli variable, and p = E[X]. Using the inequal-
ity e* > 1+ z for x € R, we have

Elexp(t(X — B[X]))] = pe'" P 4 (1 —p)e™™
(2.10) =e P14 p(ef —1))
< exp(f(t)E[X]).
For a lower bound, we distinguish two cases.
First, assume t > 0. We claim that exp(z — 2?) <1+ 2 for 0 <z < 1.

Indeed, we use three obvious inequalities: e* > 1+ for x € R, (i) for z <1,
1+ax+22>e% and (ii) (1 +2%)(1+2) > 142+ 22. Thus

(1+a)>1+2)(1+a2)>1+a+22>e"

This yields the claim. Now, set z = p(ef — 1), so that <1 when ef < 2. The
last inequality in (2.10) yields
gy PP~ B 2 expltp+p(e 1) =~ 1))
2.11
— ofp—g()p*

Assume now that t <0, and for k > 1, p < %71 We claim that for 0 <z < "‘Tfl,
(2.12) exp (—x - gx2> <1l-—u.

Indeed, we have an additional inequality (iii) 1 — z + x2—2 > exp(—x) when
x > 0. Note also that

2
-1
<1+gm2>(1—x)>1—x+% — CL‘SKH-



12 A. ASSELAH AND A. GAUDILLIERE

Thus

22
2

Now, set z = —p(e’ —1) >0, so that z < “=1. We obtain

Jﬁﬂa—ujz<1+gﬁ>u—ujzl—x+ >e 7.

Blexplt(X — B[X))] 2 exp (—tp-+ 6! 1) - 5! 1))

(2.13)
— fOp—rg(t)p?/2

Inequalities (2.8) and (2.9) follow (2.11) and (2.13). O

3. The flashing process. In this section, we construct the flashing pro-
cess, and state the crucial “uniform hitting property.” We then present a
useful equivalent construction in terms of exploration waves. Finally, we
explain the coupling of Lemma 1.3, but postpone its proof to the Appendix.

3.1. Construction of the process.

Partitioning the lattice. We are given a sequence H = {h,,n € N}. We
partition the lattice into shells (S;:j > 0). For an illustration, see Figure 1.
For a given parameter hg > 0, the first shell Sy is the ball B(0, hg). For j > 1,
shell j is the annulus [see its definition (2.1)]

Sj=A(rj = hj,rj + hj),
where {rj, j > 1} is defined inductively by 7 = hg + h1, and for j > 1,
rjt+1 — hjt1=r; + hj.
In Section 4, we need that (o) H is increasing, (i) j+— h;/r; is decreasing

and (ii) h; = O(rjl./ 3). These properties are a straightforward consequence

of our hypothesis h; < hjiq1 < (1+ 2ij)hj. Actually we will only need these
properties, and our hypothesis is no more than a sufficient condition.
We also define

Eo = {O} and Ej = 818%(0,7"]-), j > 1.

Flashing times. The key feature we expect from the flashing process is
that its covering mechanism be simple. More precisely, our construction is
guided by property (ii) of the Introduction which states that the flashing
position, in a shell, is essentially uniform over the cell an explorer first hits
upon entering the shell. Thus, we need to define together cells and flashing
times to realize property (ii). It is important that all sites of a shell can be
chosen as flashing sites with about the same frequency. In this respect, let
us remark that a cell in shell S; cannot be a ball of radius h; centered on ;.
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Indeed, if this were the case, sites at a distance about h; would be in much
fewer cells than sites of X;, and this would fail to make the covering of a shell
uniform. We find it convenient to build a cell with a mixture of balls and
annuli. A (random) flag Y; tells the explorers whether it flashes upon exiting
either a sphere or the boundary of an annulus, whose distance from ; is
governed with a random radius R; of appropriate density. Also, to allow
for the possibility of flashing on its hitting position on ¥;, we introduce an
additional flag Xj;.

More precisely, consider { X}, Y}, j > 0} a sequence of independent Bernoulli
variables such that

and

1, ifj=0

Consider also a sequence of continuous independent variables {R;,j > 0}
each of which has density g; : [0, h;] = RT with

dhd—l
(3.1) gj(h) = i
J

For j >0, and z; in X;, let S be a random walk starting in z;, an define a
stopping time o as follows. If R; = h for some h < h;, then

0, if Xj =1,
o= H(B(Zj,h/\(?“j-i-hj—HZ]'H))C), leJZO andezl,
H(A(rj —h,rm; +h)°), if X;=0and Y;=0.

We set Hj = H(3;), and we define the stopping times (o;:j > 0) as
oj=Hj+o(So0y,),

where 6 stands for the usual time-shift operator. For 7 > 0 we note that, by
construction, S(t) € S; for all ¢ such that H; <t < o; and we say that o;
is a flashing time when S(oj) is contained in the intersection between S;
and the cone with base B(S(H;),h;/2). We call such an intersection a cell
centered at S(H;), that we denote C(S(Hj;)). In other words, for any z € 3

(3.2) C(z) =8S;n{z eR":3IN>0,3y € B(z,h;/2),r = \y}.
The uniform hitting property. The main property of the hitting time o

constructed above is the following proposition, which yields property (ii) of
the flashing process to be defined soon.
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PROPOSITION 3.1. There are two positive constants oy < o, such that,
for hg large enough, j >0, z; € ¥;, and z* € C(z;).

o " o
(3.3) h—; <P, (S(0) =2 < h—j
J J

The proof of Proposition 3.1 is given in Section 5.

The flashing process. Consider a family of N independent random walks
(Si:1 <i < N) with their stopping times (H; j,0;;:j > 0). Let also z; ; =
S;i(H; ;) be the first hitting position of S; on ¥;.

We define the cluster inductively. Set A*(0) = @. For i > 1, we define 7
as the first flashing time associated with S; when the explorer stands outside
A*(i —1). In other words,

77 =min{o;;:j > 0,8i(0;) € C(z;,;) N A*(i — 1)}
and

AT(i) = A™(i = 1) U{Si(7) }

3.2. Exploration waves. Rather than building A*(N) following the whole
journey of one explorer after another, we can build A*(N) as an increasing
union of clusters formed by stopping explorers on successive shells. Similar
wave constructions are introduced in [10] and [9]. We use this alternative
construction in the proof of Propositions 1.5 and 1.6.

We denote by &, € (Z4)N the explorers positions after the kth wave. We
denote by Aj(N) the set of sites where settled explorers are after the kth
wave. Our inductive construction will be such that

GH)ESe & GO elJS e &) e AN).
i<k
For k=0 we set {y(i) =0, and Aj(i) = @, for 1 <i < N. Assume that for
k>0, Aj(i) is built for i =0,...,N. We set A;_,(0) = A} (N). For i in
{1,...,N}, we set the following:

o Tf &(i) ¢ Sp, then
G =&(0) e JS; and Ap () = Af4 (i 1).
i<k
o If &.(i) € ¥y and S;(o4%) € C(zi1) NAj(i — 1), then
Ek1(i) = Si(oip) €Sk and  Ap (i) = A1 (1 — 1) U{Si(oix)}-
o It &,(i) € Sy, and Si(0vx) & Clzix) NAL(i — 1), then
Err1(1) = Si(Hip41) € Zpr and  Ap () = A4 (i — 1).
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In words, for each k£ > 1, during the kth wave of exploration, the unsettled
explorers move one after the other in the order of their labels until either
settling in Sk_1, or reaching ¥; where they stop. We then define A*(N) by

AY(N) = [ Ar (V).

k>1

We explain now why this construction yields the same cluster as our previous
definition. An explorer cannot settle inside a shell it has left, and thus cannot
settle in any shell §; with j < k if it reaches ;. Now, since each wave of
exploration is organized according to the label ordering, the fact that an
explorer has to wait for the following explorers before proceeding its journey
beyond ¥; does not interfere with the site where it eventually settles.

3.3. Coupling internal DLA and flashing processes.

Proof of Lemma 1.3. For each positive integer N, we build a coupling be-
tween A(N) and A*(N). We first describe the main features of our coupling
in words. Its precise definition is postponed to the Appendix.

We launch N independent random walks, and build inductively the asso-
ciated clusters A(1), A(2),...,A(N). In doing so, we use the increments of
these random walks to define, step by step, IV flashing trajectories S7,..., Sy
up to some times t1,...,ty. Let us describe informally step i+ 1 of the induc-
tion. Assume that S7,...,S; are defined up to some times t; <ti,...,t; <t;,
and that each site of A(i) is covered by exactly one S} (t;) with 1 <k <.
We can think of S7(t1),...,5;(t;) as the positions of stopped flashing ex-
plorers, some of them stopped at one of their flashing times—say on blue
sites—some of them not—say on red sites. Then, we add the ¢+ 1th explorer
and flashing explorer. We set S}, ;(0) = S;;+1(0) = 0. We add new increments
both to S;;+1 and to the trajectory of one flashing explorer, say with label
jin {1;...;9+ 1}, in such a way that the current position of the walker
i+ 1 and that of the flashing explorer j coincide. The label j is defined
inductively as follows. Initially, j =4+ 1. Assume now that the walker i+ 1
flashes on a red or blue site inside A(7). This site is occupied by exactly two
stopped flashing explorers, j and ;' [and all other red and blue sites of A(7)
are occupied by exactly one flashing explorer|. Since flashing explorers can
settle at their flashing times, it makes sense, when j is flashing, to add the
next increment to the trajectory of flashing explorer j’ rather than j. We
do so in two cases, first, when this happens on a red site. In this case, we
turn blue that site since j is stopped at a flashing time. Second, when this
happens on a blue site, say z, and 7' > j. Note that in this case, both ex-
plorers flash on z, but explorer j reaches z before explorer j* when launched
in their label order. Our choice is such that the eventual cluster A*(N) has
the correct law. In all other cases, we keep adding the increments of S;11
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to the same flashing trajectory. It is important to note that the value of
the increment does not depend on the index of the trajectory we choose to
extend. Walker ¢+ 1 eventually steps outside A(7), say on z*, while following
a flashing trajectory, say the jth one. We stop the jth flashing trajectory
on z*, and paint z* blue or red according to whether z* is one of its flashing
sites or not.

When the last walker steps outside A(/N — 1), we have

(34)  AN)={S{(f);...;Sy(In)}  with [A(N)| = .

To define A*(N') we launch again, in their label’s order, the flashing explorers
from their current positions (possibly some or none of them since some or
all of them can already have reached their settling position). We then get

AT (N) ={51(m7); - ;SN (i)}

(3.5) _
with |A*(N)| =N and 7} >t for all k.

Proof of Corollary 1.4. Since a flashing explorer that visited some site
beyond a given shell cannot settle in that shell, the one-to-one map

(3.6)  Un:Si(E) € AN) = Si(rf) € A*(N),  k=1,...,N,

satisfies, for all k and [,

(3.7) Sit) ¢ | Sm = Si(m) =¢n(Si(t) & | Sm-
m<l m<l
Thus, for all N > 0 there is a coupling and a one-to-one map ¥'n between
A(N) and A*(N) such that for all k> 1,

(3.8) Q/JN(A(N)ﬂlBﬁk_i_hk) CA*(N)ﬁBﬁk_i_hk.
Inclusion (3.8) has two important consequences:

(a) If A*(N) C By, 44, then A(N) C B, 1p,. Indeed, any site in A(N)
outside B,, 5, produces, through ¢y, a site in A*(N) outside B,, 4, -

(b) If B, 4, C A*(N), then B,, 41, C A(NNV). Indeed, those sites in A(NV)
that are mapped through ¢¥n on A*(N)NB,, 44, = By, 45, are necessarily
contained in B,, 4, . Since their number is |B,, 45, | and ¢y is one-to-one,
they completely cover B, 1, .

4. Fluctuations. In this section, we prove Propositions 1.5 and 1.6. To
do so we use the construction in terms of exploration waves of Section 3.2.
Thus, we think of the growing cluster as evolving in discrete time, where
time counts the number of exploration waves. The proofs in this section rely
on potential theory estimates which we have gathered in Section 5, for the
ease of reading.

4.1. Tiles. We recall that we have defined a cell of S; in (3.2), as the
intersection of a cone with §;. We need also a smaller shape. We define, for
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any zj in X;, and for a small g9 to be defined later,
(4.1) C(z)) =S;N{x e RY:IN>0,3y € B(zj,20h;),2 = \y}.

As in Lemma 12 in [9], concerning locally finite coverings, we claim that, for
hg large enough, there exist a positive constant K, and, for each j >0, a
subset X, of ¥, such that

(42) vyeS; [{zeXjiyeCl@)}<Kp and Sj= | Cl(z).

ZjGij
For any z; €%, we call tile centered at z;, the intersections of C(z;) with
¥j. We denote by T (z;) a tile centered at z;, and by 7; the set of tiles
associated with the shell S;.
(4.3) Tj={T(z):2; € %5},

We choose ¢ to satisfy two properties. First, for any z € §;, there is z; € f)j
such that

(4.4) ze () Cw).

This is ensured by the choice of a small enough y. Indeed, let z; € 3; be
a site realizing the minimum of {||z —y||:y € £;}. There is A>0 and u €
B(z,1), such that z = Mu. Now, there is Z; € 3 such that [|Z; — z;|| < gohy,
and for any y € T(Z;), we have ||y — z;|| <2egh;. Thus, for gy small enough
so that 1+ 2€0hj < hj/2,

- h
Yy eT()  llu—yll < llu—zll+lz —yll <1+250h; < 2,

which implies (4.4). Second, the size of a tile should be such that for some
k> 1, for any j > 1, and any tile T € 7T,

k—1

(4.5) sup  P.(S(H(X;)eT)<
ZE]B(O,Tj*hj) K
Inequality (4.5) follows from Lemma 5(b) of [10] (or Lemma 5.1 below) which
for a constant Jy yields
7]
d—1"
hj

sup  P.(S(H(X;)eT)<Jy
ZEB(O,Tj—hj)

The choice of g¢ is such that Jy|7T| < ”Tflhgfl.

4.2. Bounding inner fluctuations. For n >0, we take N = |B,,|, we recall
that Ay (N) C Ap, (N) for k€N, and A*(N) = Up>; Ap(N). We consider

(4.6) T* :min{kz 1:Js; gZAZ(N)}.

Jj<k
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Note that A;(N) C ;. Sj, so that T* is the first time k& when the kth
wave does not cover all its allowed space. We recall that time counts the
number of exploration waves.

For the flashing process if (J; ;. S; ¢ A;(N), then for any k' > k, we have
U< Si & Ap/(N), so that T* is also the shell label where the first hole of
A*(N) appears. We have, for [ with r; <n,

(47 P(T*<1)=PB(0,r+h) ¢ A*(N)) <> P(T*=k+1).

k<l
In this section, we estimate from above the probability P(T* =k + 1) as-
suming 7y < n.

For k> 1 and A C Xk, we call Wi (A) the number of unsettled explorers
that stand in A after the kth wave, that is,

N
(4.8) Wi(A) = 1a(8(1))
=1

We now look at the crossings of tiles of T;. On the one hand, we will use that
if Wi(T) is large, then it is unlikely that a hole appears in the cell containing
T during the k + 1th-wave. We use for this purpose the fact that covering
for the flashing process is similar to filling an album for a coupon-collector
model. On the other hand, if r is small, it is unlikely that Wy (T) is small.
We now make precise what we intend by small and large. For any positive
constant &, we write

P(T*=k+1)=P(T" =k +1,YT € Ty, Wi(T) > €)
+P(T* =k+1,3T € To, Wi(T) < &)
<P(T*=k+1VT € Tp,, Wi(T) > €)
+ P(3T € Ti, Wi(T) <&).

(4.9)

A coupon-collector estimate. The first term in the right-hand side of (4.9)
is bounded using a simple coupon-collector argument. Indeed, the event
{T* = k + 1} implies that there is an uncovered site in S, say z, when
explorers stopped in X are released. By (4.4), there is zj € Yk, such that z
is a possible settling position of all explorers stopped in 7 (z;). Now, knowing
that {Wi (T (zr)) > &}, Proposition 3.1 tells us that the probability of not
covering this site is less than (1 —aq/h¢) to the power €. In other words,

3
P(T* =k + 1VT € To, Wi(T) > €) < \3,4(1 - h—1> < \Sklexp<—a1%>-
k k

Henceforth, we set

(4.10) ¢ = Ah%log(n) with h =sup{hy:7rr < n}
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and A large enough so that
Y P(T*=k+1NVT € T, Wi(T) > )

k:rp<n

(4.11) )
< |Bn|exp(—a1Alogn) < —.
n

Estimating {Wy(T) <&}. Forany T € Ty, we consider the counting vari-
able Ly(T)= M B0, — hi), 7, T), and define

My(T) =Wi(T) + M(Ag,re,T)
(4.12)

so that My (T) 2 M (N1, 74, T).

The idea of defining My, and Ly, (for the internal DLA process), and bounding
Wi, by My — Ly, is introduced in [10]. Our main observation is that Ly (7)
is independent of Wy(T), and

Wi(T) + Li(T) > My(T).

As a consequence, for any positive constants ¢ and £ (and with the notation

X =X — B[X]),

_ e Blexp(=t(Wi(T) + Li(T)))]

Elexp(—tLy(T))]

Blesp(—t(V(T))]
Elexp(—tLy(T))]

P(Wi(T) <€) < €' x Blexp(—tWi(T))]

< exp(—t(E[My(T) — Lp(T)] = &)) x

Using Lemma 2.3 with condition (4.5), we obtain
log P(Wi(T) <€) < —t(E[M(T) — L(T)] — &) + f(—=t) E[My(T) — Li(T)]
+og(-t) Y PASH(SR)ET).

2
yeB(Ovrkfhk)
We now proceed in two steps. We show in step 1 that for some constant «/,

hd*l
E[Mk(T) - Lk(T)] > /ﬁi/(’nd - (’I”k - hk)d)%
"k

Since {hy/rg,k > 0} is nonincreasing, it follows that there is a constant
k1 > 0 such that, for all & >0, and k, :=sup{j € N:r; <n — ahlogn},
where h is defined in (4.10), we have

d—1

kiga E[My(T) — Li(T)] > £/ (n* — (n — h)d)F > k1ah®logn.
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Now, if we choose ¢ as in (4.10), with a =2A/k; and k* = k,, that is,
k" = sup{j eN:ir; <n-— %hlog(n)},

then, we get, for all £ <k*,

(4.13) E[Mi(T) — Li(T)] > 2¢.

We show in step 2, that for a constant C' depending on the dimension
only

(4.14) > PUS(H(Zk)) €T) < CE[M(T) — Li(T)).
y€B(0,rp—hz)

Suppose for a moment that steps 1 and 2 hold. Since, for some ¢ > 0,
max(f(—t), g(—t)) < ct? when t <1, there is ¢ > 0 such that for k < k*

log P(W,(T) < Ah%log(n))
. CK\ 2
ogtlf1 (—t + c<1 + 7)t >E[Mk(T) — L(T)]
< —E[My(T) — Li(T)] < —2¢ Ah®log (n).
Now, using (4.9), (4.11) and (4.15) for A large enough, we have
> P(T*=k)< 2

— n2 .
k<k*

(4.15) <

Borel-Cantelli’s lemma yields then the inner control of Proposition 1.5.

Step 1. We invoke Corollary 5.4, with n =, and A,, = hy, [the hypothe-

ses hy = O(ri/ 3) and hy, large enough hold here, as seen in the first paragraph
of Section 3.1]. We have for some positive constants ', K and for n large
enough,

E[M(T) = L(T)] = E[M((|By| — [Br,—n, )10, 7%, T)]
+ E[M(|BTk_hk‘107Tk7T)] - E[M(Bm—hwrhT)]

(4.16) > (|Bn| — By, —n )Po(S(Hy) € T) — Khii~!
hd*l
> 2k (n? — (13, — hy)?) 5—1 - th_l
T
hd—l
> K/ (n? = (rg — hi)") =
T

for r, <n and hg large enough.
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Step 2. By Lemma 5.1 below, there is a constant k¢ such that, for y €
B(O,T‘k — hk), and z € X,

P (S(H(E) € () < A
Therefore
2 2
417) ) PASHS)ET(2) < > > %
JEB(Orn—hi) Jihe<j<riy:j<|a—yl<j+1 J

For a constant Cy, we bound [{y:k <|z —y| < k+ 1} < Cgk¢!. Thus,

Y. PUSH(ER)ET(2)
yGB(O,kahk)
CykZ|T(2)]?
(4.18) < Z w
jih<ji<or, Y

1
<ONT() (m log(n) + JLMF) |
k

Since |T (z)| is of order hz_l, (4.14) holds.

4.3. Bounding outer fluctuations. This section follows [9] closely. The
features of the flashing process allow for some simplification. We keep the
notation of the previous subsection. There, we proved that for some inte-
ger k*, which depends on n,

P(T*>k)=1-¢(n)  with ¥ e(n)<+oo.
n>1

The integer k* is the largest such that rg« <n —2Ahlog(n)/k1, for a large
constant A and with h defined in (4.10). As a consequence, the following
conditional law can be seen as a slight modification of P:

(4.19) P*(:)=P(:|T* > k*).
We begin by proving that under P* the probability to find some k& with
n <rp < 2n and some tile 7 in T with Wy(7T) larger than or equal to

¢ =2A'h%logn for a large enough A’ decreases faster than any given power
of n. First, note that on {7 > k*},

(4.20) Wi(T) + Li(T) < My(T)  with L = M(B(0, rpe — hyes ), 76, T).

Our key observation is that the pair (Wy (T ), L{7+>+}) is independent of Lj.
Thus, for any ¢ > 0,

P(Wi(T)> €, T" > k*) < e’télE[eth(T)ll{T*>k*}]
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e Blexp(E(Wi(T) + Li)) Lz=>key]
E[etLZ]

P E[eth(T)]
E[eth(T)]
E[eﬂ_’l*c]
By Lemma 2.3, we have [for f(t) and g(¢) quadratic for ¢ small]
log P(W(T) =€, 7" > k7)
(4.21) < —t(¢' = E[Mp(T) — L)) + £(t) x E[Mi(T) — Lj]
+g(t) x > PUS(H(ZR) €T).

yE]B(O,rk* 7hk*)

= exp(—t(§' — E[My(T) — L])) x

The steps are now similar to the previous proof. We first estimate
E[M(T)— L;]. By Corollary 5.4, for some positive constant K’ and for
n large enough,

hdl

E[M(T) = L{(T)] < K'(n = (re)") —3=g + O(hi ")

(4.22) i

d—1
< Kan® (n = rye) ey + OO
k

Note that since r; < 2n, we have r,ffl =o(n%1(n — rp)) so that O(hzfl)
is small compared to the first term in (4.22). Since k +— hy/ry is decreasing,
we have for some constant K

E[M(T) — Li(T)] < Kh%logn.

Second, we estimate the sum of P;(S(H (X)) € T) which appears on (4.21).
We use (4.17) again to obtain as in (4.18), and for a constant C,

Y. PSHE)ET)

yE]B(O,rk* 7hk*)

_ 1
<cnl 1’(1:10 n) 41 )

Note that ry — (rg+ — hg+) > hy, and since k — hy /1, is decreasing, we have,
for n large enough, hy <hg«(rg/ri<) <hx(2n)/(n/2). Thus, for a constant C,
Y PUS(H(SR) €T) < C(La—zh®log(n) + 1gs2h) < Ch¥log(n).
yGB(O TE* 7hk*)
We choose A" = K to obtain, for any ¢ > 0
log P(Wi(T) > €,T* > k*) < —(Kt — K () — Cg(t) h log(n).
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Since we have P(T* > k*) > 1/2 for A large enough and K can be taken as
large as we want, we have that P*(Wj(7T) > ¢') decreases faster than any
given power of n.

Now, let F}, denote the event that no tile 7 in X} contains more than £ =

2A’hlogn unsettled explorers after the kth exploration wave. We define,
with the notation of Section 3, Gy = o(&p,...,&k), and note that Fj and
{T* > k*} are Gy-measurable.
_ For any tile 7 € Ty, let z, € X be such that 7 =T (2;), and denote by
C =C(z). We are entitled, by Proposition 3.1, to use a coupon-collector
estimate on the number of settled explorers during the k 4 1th exploration
wave. On Fi, N {T™ > k*}, and for some positive constant K7,

Wi (T)
o 5 ~ «
B[l AL, N Cl|Gd] > |C|(1 - (1 - h_z> )

> (] (1 _ exp{—al W’;%T) })

R (1- spf - 2D

—oad R W(T) hd
1—e 1%

>K inf

- 1Wk(T) xSZIAn’ logn x

We now write for some positive constant Ko,

1 — 01T 1 1— efalx/QA’logn
inf > in
x<2A’logn x 2A! logn 2<2A’logn JJ/QA/ logn
. 1 —e 1% K5

> n > .

— 2A’logn =<1 x ~ logn
We conclude that on Fj, N {T™* > k*},

5 Wi (T)

4.23 E[A;.,NC > K1 K .
(4.23) [Ar1 NClGK] = K1 K Tog 1

Recall now that property (4.2) implies that Kp| A} NSkl =32, o5 [Afpyi N
C(z)|. Thus, summing over zj, € ¥, with C =C(z) and T =T (z;,) in (4.23),
we obtain on Fj, N{T™ > k*},

Wi (Sk) where K = LSELS
logn Kp ~

El| A1 NSkl|Gr] > K

Also, since Wi (Sk) < |B(0,n)|, we have, for n large enough,

E[1pes oy Wi (Sk)]

d c
—n®P(F%).
logn n®P(Fy)

E[lem{T*>k*}‘AZ+1 N Sk” > K
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Since P(T* > k*) > 1/2,
EX[Wy.(Sk)]

(4.24) A

—2neP(Ff).

In other words, noting that [A}_ | N Sk| = Wi(Sk) — Wii1(Sk+1),

(429) B WiaSenn)] < (1 o ) BIWLS)] + 20 PO

logn
By iterating (4.25), and using our previous estimate on P*(Wy(T) >¢'), we
obtain that for a large enough &, E* [I/Vln+510g2n(8ln+slog2n)]7 is summable,

when [,, is the lowest index for which r;, > n. Also, the probability (under
P!) of seeing at least one explorer reaching the shell S; log? n 18 Summable.
Using the Borel-Cantelli lemma, this yields the proof of Proposition 1.5.

4.4. Lower bound for the deviations.

4.4.1. Proof of Proposition 1.6: The outer deviation. We denote by K,
the largest index such that Sk, C B(0,n), and by F, the event that all
explorers stopped on X, , at time K, settle afterward in one of the shells
{§;:K,, <j < K, +blog(n)} for some positive constant b, and note that
E,= {A*(N) C Uj<Kn+blog(n) SJ}

We want to find b such that > -, P(E,) < oco. Using that the flashing
times of the different explorers are independent, we have

P(E,)<E [P (all explorers, stopped in Yk, , flash in U Sj|gKn>]
j<Kn+blog(n)

<FE [( sup P <an explorer, started on z,
ZGEK,”

Wk, (Zky,)
flashes in U Sj\gKn>> ]

j<Kn+blog(n)

Also, there are at least |Sk, | explorers stopped on Xk, , and there is a
positive gg such that the probability of crossing a given shell without flashing
is larger than eg. Thus

P(E,) < E[(l — inf P(an explorer started on z
ZGZKn

. . ISk
is unsettled at time K, + blog(n))) ]
< (1 . Eglog(n))\SKn\.

When choosing b small enough, we reach }_, -, P(Ej) < 0.
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4.4.2. Proof of Proposition 1.6: The inner deviation. We recall that K,
is the largest index such that Sk, C B(0,n). The rough idea here is that
when we stop explorers on Y, _1, there are necessarily tiles (of ¥, 1)
containing of the order of hf{n{l sites and which receive h%ﬂfl explorers.
The number of explorers on these tiles is not enough to cover the associated
cells with the coupon collector mechanism. We now make rigorous such an
argument for shells with index of order K,, —log(K,).

To simplify the notation, let us first define three positive constants ¢y, co
and cg such that for any k with n/2 <r; <n, we have

S| < erhgnd™1,
d
hy

4.26
(4.26) sup.ex, [B(z, 6hx) N E|

|Zk| > con®'hy  and

inf [C(2)| > csh?.
Zlenzk\C(Z)\ > cshy,

Using ag given in Proposition 3.1, we define

1 ca2C
(4.27) ap, = 8oy log(hgk,) and A, = [42713%} .

Now we assume hg large enough to have A,, a strictly positive integer.

We wish now to consider a peel of A, shells before B(0,n). Let I,, be
the index of the inner shell in this peel, that is, r7, 414, <n <7 44, +1-
Since T* < I;, + 1 implies that (J;; S; ¢ A*(IV), it is enough to show that
P(T* > I, + 1) decays faster than any polynomial in n.

Note that the monotonicity of k +— hy /r and r7, > n/2, imply that 2k, >
hy for I, <k < I,+ A,, and n large enough. Also, on the event {7 > I,,+1},
we have B(0,ry, — hy,) = A7 (N) after the I,,th wave. Thus,

A key feature of the flashing process is that explorers stopped, at time Iy,
outside B(z,3hz,) N Xy, cannot settle in C(z). In other words, knowing Gy,
the covering of a family of cells {C(z;),j =1,...,N'} are independent events
if ||z; — zj|| > 6hy, for i # j. Now, there is an integer N and sites {z;,j =
1,...,N} with

Vi£j |z —zl =6k, and > [B(z,6hr,) NS, | > (S, ).
J<N
We then get using (4.26),
(4.28) Nh{ > Leshy,ndt
Let
I'={je[l,N]: Wy, (B(2,3h1,) N 21,) < czanhf } and T°=[1,N]\T.
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On {T* > I, + 1},

2c1 Apn® 5 hy, > Wi, (S1,) > Y Wi, (B(2,3hr,) N 31,)
gele
> | x (03anhj~ln).
Thus, using the definition of 4,, in (4.27), and bound (4.28) on N, we obtain

201Anh1nnd_1 - cicaczay, N B N

T < — < =
c;;anhln 2c3ciay, Co 2

In other words, we have that |I'| > A/2. Now, as already noticed, know-
ing Gy, , for any subset I C [1, V], the events {C(z;) C Aj 1(N),j €T} are
independent. By condltlonlng on Gy, , we obtain for hg large enough,

P{T* > I, +1})

:E|: Z ﬂp:[><P(ViEI,CN(Zj)C.A?nJrl(N”gIn)]

IC[LN]I|>N/2
(4.29)
:E[ Y. I x J[PC(z) A (N )Igzn)}
ICANT >N /2 icl

< sug) P(A7 (1(N)D é(zj), Wr,(B(zj,3hr,) N Xr,) < 03h1 an)N/2.
Zj€ELT,
Considering the probability appearing on the right-hand side of (4.29), we
can think of a coupon-collector problem, where an album of size |C(z)| has
to be filled when we collect no more than c;;h?n an, coupons. Using inequality
(4.31) of Lemma 4.1 below, we show that
PUT* > I, + 1}) <exp< Ojf g%h}ndnd—l)

This concludes the proof.

The result about filling an album, that we just mentioned, is based on

the following simple coupon-collector lemma (together with Proposition 3.1),
which we did not find in the vast literature on such problems.

LEMMA 4.1.  Consider an album of L items for which are bought inde-
pendent random coupons, each of them covering one (or possibly none) of
the possible L items. If Y; is the item associated with the ith coupons, we
assume that for positive constants aq,as, such that for any j=1,...,L,

a1 . a9
. — < PY,=j) < =.
(4.30) 7 <PYi=j) <+
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Let 11, be the number of coupons needed to complete the album. Then, for
any 0 < A< ﬁ log(L), we have

2 A2,—2a2A 2 A2
(4.31)  P(r, < AL) <exp<—a11{+\/z> <exp<—a1f )

ProoFr. We denote by o; the time needed to collect the ith distinct item
after having collected ¢ — 1 distinct items. The sequence {o1,09,...,01} is
not independent, but if Yy =o({Y1,...,Y%}), and 7(k) =01 + - - - + 0%, then
fori=1,...,L,

(4.32) <1 - wy > P(0i > kY1) > (1 —~ M)k

Indeed, calling £(i — 1) the set of the first ¢ — 1 collected items,
P(o; > k|YVri-1)) = PUYr—0)415 - Yr(—1)4k ) CECE—1)|[Vr—))
(4.33) —(P(Y €6~ )Yrn)"
= (1= P(Y ¢ (i = 1)[Yr-1)".
Using (4.30) we deduce (4.32) from (4.33). Formula (4.32) gives that

L L
T S Elo , > =
oa(L—i+1) " il 2 as(L—i+1)
as well as
2 L?
4.34 FElo: - <2
( ) [O—z‘yﬂ'(zfl)] = a%(L_Z-_’_l)Q

Now, we look for B < V'L such that

BVL
(4.35) > Elogi] > 2AL.
i=vL
Note that
BVL BVL
L 1 L
Flor_;| > — — .
Z [UL Z] %) Z t+1 7 log(B)
i=VL i=VL

Thus, condition (4.35) holds for B > exp(2asA), but recall that B < /L
also, and this gives a bound on A. Finally, note that

L
maX{E[JL—iD)T(Lfifl)]vi = \/Z> s aB\/E} < a£
1
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and set
Elop—ilYrr—i—1)| —01—i
X, = lor D)(L 1)] or <1
(VL)

For © <1, note that e* <1+ x + 22 to obtain for 0 < \ < 1, by successive
conditioning,

BVL BVL
P< > o gAL) < P< > X zalA\/Z>
i=V'L i=V'L
BVL
(4.36) < e AVE T (14 M sup B[X2 Yy (1-i-1)))
i=VL

< exp <—Aa1A\/Z+ A*) sup E[X3|yT<L_i_1>J)-

Finally, we have, using (4.34),

S S5 2 ElotlVeain]

— T(L—i—
Z sup E[X7 |V, (r—i—1)] < Z o2 sup : 7 <2BVL.
i=VL i=VL
The results follows as we optimize on A <1 in the upper bound in (4.36).
(]

5. Potential theory estimates. We collect in this section three technical
results. In Corollary 5.4, we estimate the difference between the expected
number of independent random walks exiting a ball B(0,n) at a distinguished
site, whether the random walks are initially on the origin or are spread over
a sphere B(0,7,) with r, < n. Corollary 5.4 is used to bound the mean
number of explorers exiting some large ball from a given site, and its proof
relies on a discrete mean value property Theorem 5.2, which in turns relies
on Blachere’s Proposition B.1 written in the Appendix. Then, Lemma 5.1
improves an estimate of Lawler, Bramson and Griffeath in [10], dealing with
the exit site distribution from a sphere when the initial position is not the
origin. Indeed, Lemma 5(b) of [10], states that when d > 2, there is a positive
constant Jy such that for any r >0, z € B(0,7) and z* € 9B(0,r), we have

Jq
(2= = =)=t
Thus, when ||z*|] — ||z|| is small, (5.1) is useless. Since we need bounds on

the sum of squares of P,(S(H,) = z*) over z € B(0,r — h) of order log(r) in
d=2, and of order 1/ h?=2 when d > 2, we establish the following.

(5.1) P.(S(H,)=2")<
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LEMMA 5.1.  There is a positive constant kg such that, for all v >0, if
z €B,, z* € IB,, then

(5.2) mwwnzmsmigﬁj.

Finally, we prove the uniform hitting property, Proposition 3.1, for the
boundary of a cell. Though the property is natural, the nonspherical nature
of a cell, makes its proof tedious.

5.1. A discrete mean value theorem. The following result has interest on
its own.

THEOREM 5.2. There are positive constants Ko and K, such that for
any sequence {A,,n € N} with Ko < A, <n'/3, for any z € B, with n —
Izl <1, we have, setting r, =n — A,

(5.3) By, | x Gn(0,2) = Y Gy, 2

yeBTn

REMARK 5.3. Note that a related (but distinct) property was also at
the heart of [10]. Namely, for ¢ > 0, and n large enough, if z € B,,, and
n— |zl = en,

(5.4) IB,| x Gp(0,2) ZG Y,z

yEBy

We start with proving the following useful corollary of Theorem 5.2.

COROLLARY 5.4. In the setting of Theorem 5.2, and for any A C 0B,

(5.5) (E[M(B,, [10,n, A)] — EIM(B,,,n, A)]| < KA.
PRrROOF. Note that (5.5) holds if for any z* € 9B,
(5.6) B, | x Po(S( IR 2| < K,.
yeBTn

By a classical decomposition (Lemma 6.3.6 of [11]), we have for a finite
subset B C Z%, y € B, and z* € OB

N 1
(5.7) Py(S(H(9B))=2") = > Gry.2)
zEB,z~z*
For B =DB(0,n), we replace in (5.6) the value of P,(S(H (0B)) = z*) by the
right-hand side in (5.7), and are left with proving that for any z € B,, with
n— ||z|| <1, we have (5.3). O
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PROOF OF THEOREM 5.2. When d > 3, we express G,(0, z) in term of
Green’s function (Proposition 4.6.2(a) of [11]),

Gn(07 Z) = G(07 Z) -E, [G(07 S(Hn))]

Now, using Green’s function asymptotics (2.2), there is a constant K (in-
dependent on n) such that

a(z) < K where a(z) =E.[||S(H,)| — [|2]]].

(58)  |0aGn(0,2) =255 | < —

Ind =2, G,, is expressed in terms of the potential kernel (Proposition 4.6.2(b)
of [11])

Gn(0,2) = —a(0,2) + E[a(0,S(H,))].
Using (2.3), we have
7GR(0,2) = 20(2) /n + O(1/n?).
Now, rd =n? — dA,n%"! + O(A2n?=2), so that using (5.8), and the hy-
pothesis A, = O(n'/3), and 0<n — ||z|| < 1
B01Ga(0.9) =+ 00 ) (252 4 0( 7))

= (n? —dA,nTt+ O(A2n472) + O(nd71))

. (23523 + o<$>>
=2a(2)(n — dA,) + O(1).

Since {||S,||? —n,n € N} is a martingale (with the natural filtration),

E.[|S(H)[1*] = 121%] = Eo[Ha] = Y Gu(y, 2).
yEBn

Using n — ||z|| <1, this yields for a constant K,

Z Gn(y,2z) —2a(z)n

yeB,

(5.10) <K,

We now invoke Proposition B.1 of the Appendix. There is K} such that for
z€B, with n —||z]| <1,

Z Gn(y,2) — 2a00(2)dA,

yeA(Tn 7”)

where ao(2) = E.[IS(H,) | - |2ll|Ha < H(B,,).

< K,

(5.11)
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From (5.10) and (5.11), we obtain

(5.12) > Guly,2) — 2na(z) + 2a9(2)dA,

yEBr,
Now, from (5.9) and (5.12) we obtain for a constant Ky,

<|IB%TH|Gn(0,z) -y Gn(y,z)> —2(ap(2) — af2))dA,

yEBr,

< K;+ Kp.

< Ks.

Now, from
lao(2) — a(2)| < P.(H(By,) < Hp)
% (a0(2) + ELIS(Ha) | — 121l Hn > H(By, ),
and the Gambler’s ruin estimate, for Ky >0 and z € A(n —1,n),

K
P.(H(B,,) < Hy) < A—O,
we deduce that

Aplap(2) —a(2)| <2A,P.(H(B,,) < H,) < 2K).

The desired result follows. O

5.2. Proof of Lemma 5.1. We follow the proof of Lemma 5(b) of [10].
Set D := |z —z*||. Let O’ be a closest point to (1 + %)z* in B(z*, %). We
define B| :==B(0',2), B, :=B(0',£), and we note that

Iz =z"[ <[]z = O]
and, for all = in 0B}, the triangle inequality ||z — 2*|| < ||z — z|| + ||z — 2*|

implies that

. D
min |z —z|| > —.
r€0BY, 3

Now, define
T:=inf{t >0:5(t) e {z} UBS} and 7' :=inf{t>0:5(t) € B{UIB,}.
By a last exit decomposition, together with the strong Markov property,
P,(S(Hy)=2")=Gp(z,2)P,-(S(1) = 2)
< Gr(z,2)P(S(7') € B)) max P,(S(7) = 2)
z€0B)
(5.13)
=P,(S(7) € B}) max G,.(z,2)
z€0B)

<P (S(7) € By) max Gryp(@,2)
z 2
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A Gambler’s ruin estimate yields, for some positive constant c,

/ !/ C
* I; < —_—.

The desired result follows from (5.13) and the previous bound, after we show
that for a constant ¢, such that for all x satisfying ||z — z|| > %,

c
Dd*Q :

(5.14) Grip(x,2) <

On the set V :=B(z, %), the map y — G(z,y) is harmonic. By Harnack’s
inequality, we have

C
(5.15) Grip(2,2) < 733 > Grip(a,y) =
yeVv

c
ﬁEx Y],

where ¢ is a positive constant, and Y is the number of visits of V' before
time H,;p. By taking the supremum over the entering site of V in (5.15),

c
Grip(zx,z) < —supE,[Y].
p(2.2) € 57 UpE V]

It remains to show that sup,cy E,[Y] < J D?, for some positive constant .J.
This is identical to (2.10) of [10], and we omit this last step.

5.3. Proof of Proposition 3.1. For j >0, consider z; in ¥;. We show
that for positive constants o, o, and for all z* in C(z;), we have (3.3). The
random walk has initial condition S(0) = z;.

First, when z* = z;, S(0;) = #; if and only if X; = 1. This happens with
probability 1/ h;l, and gives the result in this case.

Assume z* € C(z;) \ {#;}. We recall that the unbiased Bernoulli variable
Y; decides whether the explorer can flash upon exiting either a sphere or an
annulus. More precisely, we draw R; with density g; given in (3.1), and if
Yj =1 (resp., Y; = 0) the walk flashes upon exiting the ball of center z; and
radius Rj A (rj+h; —||z;]|) [resp., A(r; — Rj,7;+ R;)] provided S(o;) € C(zj).

Step 1: Flashing when exiting a sphere (Y; =1). We first prove the upper
bound when Y; =1 and X; =0. It is obvious that

28 €0B(z, (12" — 7)) but 2" ¢ OB(z, [|27 -z - 1).
Thus, R; € |||z* — 2| — 1, ||2* — 2j]|], and there is a constant C' such that
P(X;=0Y;=1LR;elllz" -z - 1L ]1z" = %)
(5.16)

B

|

<C
— d
hj
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On the other hand, by (2.4) of Section 2.2,

(5.17) P(S(oj) = 21X =0,Y; =1, R; € J[|z" — 2| = 1, ][2" — z]l])

< 2

B EA]

The upper bound in the case {X; =0,Y; =1} follows from (5.16) and (5.17).
We now turn to the lower bound when Y; =1 and X; = 0. Since we want a

lower bound, we consider the event that the walk flashes on z* when exiting

a sphere only in the case where |||2*|| — ;| < h;/2. Note that by Lemma 2.2,

z* has a nearest neighbor, say z, which satisfies

1
ad
This means that if h € V := [||z* — 2;|| — 1/(4Vd), ||z* — 2]|[, then 2* €
OB(z;,h). Thus
P, (S(0j)=2")>P(X;=0,Y;=1,R; € V) x gn‘f/]P’zj(S(H(alB%(zj,h))) =2z")
€

Iz = 2l < 12" = %l =

chd—l
" jnf P, (S(H (9B(z), h))) = 27)
S chd—1 c1
= Tpd "l
J
The lower bound in the case Y; =1,X; =0, and |||2*|| — rj| < h;/2 is ob-
tained.
Step 2: Flashing when exiting an annulus (Y; =0). The upper bound for
this case is close to the case Y; = 1. It is obvious that
28 € OA(ry — [lIz*[ =il rj + W21 = r5l)
but 2* ¢ OA(rj — [[lz*[| —rj| + 1,m5 + [[Iz7] = 75 = 1)
Thus necessarily, R; € ||||z*| —r;| — 1, [||z*|| — r;[], and

P — 0 e 1ol e — 111l — oy < I = 751
(J_ ’ JGHH'Z H_TJ‘_ 7H|Z H_rgu)i T

J
For h >0, define Dy, = A(r; — h,rj + h). It is enough to prove that for some
constant ¢, and for any h such that z* € D), (and h € ||||z*| — ;| — 1,
2=l = 751D,

(5.18) B, (S(H(D})) = ")

>

[using (2.4)].

c
Note the following fact. If ||2*|| > [|z;||, and the walk exits Dy, at z*, then
the walk exits B(0,7; + h) at z*, whereas if ||2*|| <||2;||, and the walk exits
Dy, at z*, then the walk enters B(0,7; — h) at z*. In both cases, Lemma 5(b)
of [10] yields (5.18). (Actually, Lemma 5(b) of [10] is formulated to cover
only the case ||z*|| > ||z;]|, but its proof covers both cases.)
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We turn now to the lower bound. By Lemma 2.2, z* has a nearest neigh-
bor, say z,
1
4vd
This means that if h € V := [|||z*|| —r;| = 1/(4V/d), ||| 2*|| — ][, then z* € IDy,.
We only need to consider the case |||z*|| —r;| > h;/2. It is enough to prove,

for h eV, 2 € C(2;) N 0D}, and for some constant ¢ (that depends on d),
that

(5.20) P, (S(H(Dy)) = 2%)

(5.19) =l =7l <270 = sl =

> c
— pd—-1°

Let y* be the closest site of B(0,r;) to the segment [0,2*], and let 2* be in

R? given by
. < N h> z*
r=r;j+ = .
T2 )l

Note that if Z ~ z and Z satisfies (5.19), then |jz* — Z|| < inf.cop, [|2* — 2],
and we define

1
R =3 (Il =2+ it "~ ).
Define

5 h h .
Dh:A<rj—§,'rj+§> and set I'=B(z*, R*)Na(Dy).

Thus, if ||2*|| > ||2;]|, then I is the boundary of the lower hemisphere of the
ball B(z*, R*). We need also the time 7+ =inf{n >1:5(n) € Df U{z;}}. By
a last exit decomposition, and the strong Markov property, we have

P.,(S(H(0Dy)) = 2") = Gp, (2, %)) P (S(77) = 2))
(5.21) > Gp, (2j,2;)P(HT) <717T) glei%l]?a;(S(T) = zj)

>P,«(H(T) < 77)minGp, (z, 2;).
zel’

Since z* € C(z;), we have ||y* — z;|| < h;/2, so that y* and z; can be con-
nected by 10 overlapping balls of radius h;/10 in such a way that, applying
Harnack’s inequality 10 times (see Theorem 6.3.9 in [11]) to the harmonic
map y +— Gp, (z,y), we can estimate from below the last factor in (5.21).
For any z €T,

GDh (.’E, Zj) > C}ff)GDh (137?/*)

We use again Harnack’s inequality on the harmonic functions x — Gp, (z,y*),
to obtain

min Gp, (x,y") > cuGp, (', y"),
zel
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]. The purpose of choos-

where 2/ € B(z*, R*/2) and ||z' —y*|| € [2 -1
! Dy, so that Gp, (2/,y*) >

ez -1,
ing 2’ is to have y* € B(2/,h/4), and B(z',h/2)
Gyt hy2) (7' y7).

When dimension is 2, the classical expansion of G,/ ,/2)(2’, -) (see Propo-
sition 6.3.5 of [11]) gives with a constant Ko,

h/2 K 2 4K

- / " > 2 —log2 — =
2" — ||

Cla =yl T h
When h is large enough, Gg(a n/2)(2',y*) > log(2) /7.
When dimension is larger than 2, by using (2.2), there is a constant K,
such that, when h is large enough,

GDh (x/7 y*) = G(ljv y*) — By [G(S(H(,chz))v y*)]
Ky > ﬁ

BFNEY

L2
(5.22) Gpar o) (2, y") > ;10g<

(5.23)

As a consequence of (5.23), we just need to prove that the first factor in
(5.21) is of order 1/h, at least. We realize the event {H(T') <77} in two
moves: the walk first hits the sphere B(z*, R*/2), and then exits from the
cap OB(z*, R*) N Dy,
1
P..(H(T)<7h)> ﬁIP’g(H(IB%(m*,R*ﬂ)) < H(B(z*,R")))
(5.24) )
inf P,(S(H(B(x*,R"))) € D).
< il B(S(H(E R) € Dy)

The first factor in the right-hand side of (5.24) is of order 1/R*, that is, of
order 1/h. To deal with the second factor, we invoke Harnack’s inequality
to have for y € 9B(z*, R*/2), and for 2" the closest point of Z? to x*,

(5.25) P,(S(H(B(z*,R*))) € Dp,) > cuPu (S(H (B (2*, R*))) € Dy).
We invoke now (2.4) to obtain for some constant K,
|0B(z*, R*) N Dy|
|OB(z*, R*)|
We gather (5.24), (5.25) and (5.26) to obtain the desired lower bound.

(5.26) Px//(S(H(BC(l‘*, R*))) S 'Dh) >c1

> K.

APPENDIX A: COUPLING AND PROOF OF LEMMA 1.3

We give a precise definition of our coupling. To avoid heavy notation, we
write the coupling algorithm as a pseudo-code.

First of all, we draw N independent sequences of independent Bernoulli
and continuous random variables ((Xp i, Ygi, Rry:1>0):1 <k < N) as in
Section 3. In addition, we call (Uy:k > 1) the sequence of the increments of
a generic independent simple random walk on Z?. From these two sources of
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randomness we extract our explorer and flashing explorer trajectories with
their associated clusters. The flashing times will be adapted to the flashing
explorer trajectories as in Section 3.

Our pseudo-code is made of two loops of size N that make precise the
previous description. With the first loop we build our N random walk
trajectories ((S;(t):0 <t < 7):1<i < N) with their associated clusters
A(1),...,A(N). Step by step, within this first loop, we also define pieces of
the flashing explorers trajectories ST, ..., S%. With the second loop we com-
plete the trajectories of the flashing explorers to build the associated cluster
A*(N). During the algorithm, t; € N stands for the time up to which the
trajectory of flashing explorer k has been defined (k € {1;...;N}). We use
the same t for the time governing the evolution of each simple random walk
S;. The index j is updated before adding each random walk increment to the
partial sum of S; and S7. The updating procedure uses the index 4" described
in Section 3.3, and we denote by A = U the increment. Each encountered U
stands for the first unused random variable in the sequence (Uy:k > 1).

The main advantage of the pseudo-code formalism is that it allows, through
the assignment operator “+—” expressions of the kind j < max(j,j’) or
tj < t; + 1 rather than j(6 + 1) = max(j(0),5'(0)) and t;p11)(0 + 1) =
tjey(0) +1 with 6 a discrete parameter ordering the sequence of our ele-
mentary moves. It makes also implicit identities like ¢(0 + 1) = ¢, (6) for
any quantity t; that does not need to be updated. Our following pseudo-
code can be re-written in a classical inductive way with 6 running through
{(i,t) € {1;...; N} x N:t < 7;} according to lexicographic order. Marks ()
and () refer to remarks (a) and (b) below:

A(0) + @;
Fori=1to N
J 5
L« 0; t; < 0;
Si(t) « 0; Si(t;) «0 [Note that S;(t) = S (t;)]

While S;(t) € A(i — 1)
If ¢; is a flashing time for explorer j (@) then
unique index® ke {1;.. 53\ {J}
such that S;(t,) = 53 (t;) = Si(t);
If t;s is not a flashing time for explorer 4@ then j « j';
Otherwise j < max(j,5’);
AU Si(t+1) < Si(t) + A3 S5 (¢ +1) < Sj(t;) + A
[so that Si(t+1) =S (t; +1)]

-/

t—t+ 1t t;+1;
A(t) «— A — 1)U {S;(t) }
141+ 1;
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A*(0) + @;
For k=1to N
While ¢, is not a flashing time for explorer k() or Sj(t3) € A%,
{SZ(tk +1) < S;(ty) + U;
ty —tr + 1;
A*(k) = A*(k = 1) U{SE(te) };
k< k+1;

Remarks:

(a) Recall that for I =j,j’ or k, S} is defined up to time t; as well as its
associated flashing times.

(b) One checks by induction on ¢ that just after the instruction “A(7) <
A(i —1)U{Si(t)},” we have

(A1) A(i) = {S(t2); 557 ()} and  |A(3)| =4
To do so, one checks by induction on ¢ < 75, that
Al = 1) ={S7(t1);-- 395 1(tj-1); 541 (tjr1);.. 5 Si(t:)}  and
|A(i—1)]=1i—1.

Since we always have S%(t;) = 5;(t), this proves by induction that j' is well
defined.

(A.2)

The key observation is that for each increment U, the index of the explorer
that follows this increment depends on the whole previous construction, but
the value of U does not depend on it. As a consequence, we build independent
random walks Si,..., Sy coupled with independent flashing random walks
ST,...,SN. Then, one simply checks by induction on 7 and k that

(A3) A@) ={S1(m1);...;Si(m)} and  A™(k) ={S7(m7);...; Sk(m)}
for all 1 <i,k<N.

Finally, define (¢1,...,tn) and (77, ...,7x) the values of (¢1,...,tx) at the
end of the first and last cycle, respectively. Since ¢1,...,ty can only increase

during our loops, we have 7;° > ¢, for all k. Then (3.4) and (3.5) follow from
(A.1) and (A.3).

APPENDIX B: TIME SPENT IN AN ANNULUS (BY BLACHERE)

This section is devoted to an asymptotic expansion of the expected time
spent in an annulus A(r,,n) for r, < n, when the random walk is started
at some point z within the annulus, and before it exits the outer shell.

ProrosiTiION B.1. There are positive constants Ky, Ky, such that for
any sequence {An,n € N} with Ko < A, <n'/3, for any z € A(rn,n), we
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have setting r, =n — A,

(B1) | > Gulzy) - 2dAnag(z) = d(n—||2l)*)| < Ky((n— [1z]) v 1)

yEA(rn,n)
with
ag(z) =E.[[|S(Hy)|| — ||2[[[H(B(0,n)) < H(B(0,7n))].

PRrROOF. Our strategy is to decompose a path into successive strands
lying entirely in the annulus. The first strand is special since the starting
point is any z € A(r,,n). The other strands, if any, start all on 9B(0,r,,). We
estimate the time spent inside the annulus for each strand. Let us remark
that we make use of three facts: (i) precise asymptotics for Green’s function,
(i) (G(0,S(n)),n € N) is a martingale and (iii) (|[S(n)||*> —n,n €N) is a
martingale.

Choose z € A(rp,n). We define the following stopping times (D;, U;,i > 0),
corresponding to the ith downward and upward crossings of the sphere of
radius 7,. Let #(n) act on trajectories by time-translation of n-units. Let
T=H(B,,)\NH,, Dy=Uy=0 and

Dy =711y, <u, + 01y, <H(B,,)-

If Dy < oo, then Uy = H,,, 0 §(D1) + Dy, whereas if D; = oo, then we set
Uy = 0. We now proceed by induction, and assume D;,U; are defined. If
D; = oo, then D;11 = oo, whereas if D; < oo (and necessarily U; < o0), then

Diy1=U; + (T]'T:H(Brn) +ool,—p, )0 0(U;)
and
U1 =Dip1+ Hy, 0 0(Djg1).

With this notation, we can write

o0

Z Gn(zvy) :EZ[T] +ZEZ’[TOH(UZ')1D1'<OO]
(B,Q) yEA(rn,n) =1
=E.[7] + P.(D1 < 00) x I(2),
where
(B.3) |(Z):ZEZ[7'09 )| Di < o0 1:[ Dji1=00|Dj < x0)).
i=1 j=1

Now, we compute each term of the right-hand side of (B.2).
We have divided the proof into three steps.
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Step 1: First, we show that there is a positive constant K (independent
of z and n) such that when z € A(r,,n), then

(D1 <o0) ~ B < L ((n— ) v )

(B.4)

Note that when z € B(0,n), and n — ||z|| <1, (B.4) yields
E- (IS = 12Dy = oc] ‘ K

(B.5) Pz(Dl < OO) -

< —.
A, = A2
Second, we show that for z € A(r,,n), and i > 1,

Pz(DiJrl = OO‘DZ < OO)

B[S = 1S(Pir1) D1 by oo <ol Pi < 9 ‘
n
<K
S Az
Our starting point is the classical Gambler ruin estimate, which in dimen-
sion 2, reads with the potential kernel instead of Green’s function,

G(0,z) — E,[G(0,S5(7))| D1 = o]
E.[G(0,S5(7))|D1 < oo] —E.[G(0,5(7))| Dy = o0]
We now expand Green’s function (resp., the potential kernel) using asymp-

totics (2.2) [resp., (2.3)]. For this purpose, it is convenient to define a random
variable

(B.7) P.(Dy <o0)=

X(z)= H—iH(HS(T)II2 = 1=1%).

Note that for any z € A(r,,n), X(z)/||z| is small. Indeed,
(B.8) XG) _ US@I=1=DUSEI + 121D

[E. 2112
Since A, =n — 7, = O(n'/3), we have for n large enough,
X 2(n+1)A, _8A X(2)]\*_ &A% 1
R P ) L N
Izl = (n—An) n seAram \ 2]l nooon

More precisely, X (2) is of order 2(|[S(7)| — ||z]]). Indeed, A2 <n, and (B.8)
yields

(B.9)

I = 1zID?
x() =205l - ) + (LEOLED)
(B.10) 1
= 1X(2) - 2010 - D] < 5
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When dimension d > 2, we set n(d) = d;QQ. In order to use Green’s function
asymptotics (2.2), we express S(7) in terms of X (z) as follows:

1 1 X(2)\ "
(B.11) L (1 i ) .
[S(T)|9=2 ||z[|4—2 Izl
We have a constant K  such that

(5™

N )
< Ka
<5

For d >2 and any z # 0, (2.2), (B.11) and (B.12) yield
X(z) | nd)+1X(2)2\| _ K
d—1 d S 7
2] 2 =l
In dimension 2, the potential kernel asymptotic yields for Ky > 0,

X(2) 1X(z)2>‘<@
Izl 2 (12l /|7 n?

(B.13) ‘G(O, S(7)) —G(0,2) —n(d)Cy (—

_nd'

(B.14)

a(0,5(r)) — a(0, 2) — % <

In view of (B.14), we assume henceforth that (B.13) holds, but in d =2, we
. d)+1

think of n(d)Cy = 1/7T7 and n(% =1/2.
Using (B.7) and (B.13), we obtain

P.(Dy < o0)

= (E.[X(2)| Dy =00] —C(2) + O %
( (

(B.15)
X <EZ[X(Z)\D1 =o0] — E,[X(2)|D; < ]
-1
+C(2) - O(z) +0<%>> ,
where
~ _ n(d)+1 XQ(Z) ool am
) o [ i pr=oc] ana
(B.16)
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Using (B.9), we have some rough estimates on C' and C. For any z € A(r,,n),

(B.17) O(z):()(%%):o(i) and (_J(z)zo(%%):o(%n).

Using (B.10), we have better estimates for C' and C.
_ 2 _
)=l o=V

Izl n

Cioy— gzl =ra)? ro(W=rv1)

) 2] n

(B.18)

The rough estimates (B.17) together with (B.10) allow us to derive from
(B.15) an estimate for P,(D; < 00), for any z € A(ry,n).

P.(D; < o00)
(B.19) = E-[[[S(T)| = [[z]l[D1 = 0o] + O(1/An)
E-[)IS(7)[| = 12l|D1 = o0] — E=[[|S(7)]] — ||2]|| D1 < o0] + O(1/Ay,)
~ap(2) +O(1/Ay)
A1+ O(1/A))

This yields (B.4) since ag(z) <1+ (n—|z]|) V1<2(n—|z||) V1.
Case where z € 0B(0,r,). On {D; = o0}, we have
1
(B.20) X(z)=2(|S()Il = =] +O<A—>.
n
On {D; < oo}, we have
1
X(z)=2(|S()I = =1 +0<5>-

This implies

(B.21) C(2) :d% +o<%) and  C(2) :o(%).
Thus
P.(D;y = o)

_ 2B, [|[2]] - [[S(7)[[|D1 < o0] + C(2) + O(1/n)
E.[X(2)|D; = o0] — E.[X (2)|D1 < 0] + C(2) — C(2) + O(1/n)
_ E.fllzfl = [S(MI[D1 < 00] + O(1/n)
A, +0(1)

_ Efll= = [[S(MID1 < o] 1
= A : +O<§>.

n

(B.22)
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In order to obtain (B.6), we write (B.22) on {D; < oo}, and z = S(U;) as
follows. There is a constant K such that on the event {D; < oo},

Eswy (ST — ||S(T)||)1D109(Ui)<oo]‘ oK

B.2 —.
( 3) A, X ]P)S(Ui)(Dl < OO) B A%

IES(Ui) [1Di+1200] -

Note that (B.22) implies that Pg ) (D1 < 00) =1+ 0(1/A,,), so that (B.23)
reads as we integrate over {D; < oo} with respect to E,

E-[1p, <oo (ISl = [IS(T)I) 1D, 000i) <o ‘

PZ(Di+1 = OO,DZ' < OO) — A
n

(B.24)
K]P)Z(DZ < OO)
< —.

We obtain (B.6) as we divide both sides of (B.24) by P,(D; < c0).
Step 2: We show now that for any z € A(r,,n), we have

(B.25)  [E.[r] — (dAnag(2) —d(n —||2])*)| < K((n—||2])) v 1).
When z € B, and n — ||z]| <1, (B.25) reads

(B.26) [E.[7] = (dAnag(2) — d(n — ||2])*)| < K.

When z € A(r,,n), and i > 1, we show that

EZ[TOH(UZ)‘DZ < OO]
A2
B[S = 15(Pix1) )1y 0p(u) <00 Pi < 0]

n

(B.27) -

<K
iA%'

Using that {||S(n)||?> — n,n € N} is a martingale and the optional sampling
theorem (see Lemma 3 of [10]),

E.[7] = E[[S(M)II°] = [|21* = l|2[| x E.[X(2)]
= [|z[] x (E.[X(2)| D1 = 0o]P>(Dy = o0)
+EZ[X(Z)|D1 < OO]]P)Z(Dl < OO))
Thus, using (B.15), simple algebra yields
(B.28) E.[r] =|lz] x ((C(2) = C(2))P=(D1 < 00) + C(2)) + O(1).
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By recalling (B.18) and (B.4),

E.[r] = d<((||z\| —ra)? = (n—|z])* + O(Ay)) <OZOA—(§) + 0(%)))

+d(n—||2l)* +O((n — ||=[) V1)
=d(2]z]| = n = ru)ao(z) +d(n = |lz])* + O((n— ||=I)) v 1)
= dApag(z) = d(n —||2[)* + O((n — ||]}) v 1).

This yields (B.25).
Assume now that z € dB(0,ry,). From (B.28), we have

E:[r]= |2l x ((C(2) = C(2))P-(D1 = 00) + C(2)) + O(1).
We use (B.6) and (B.21) to obtain

E.[r] = []z] ((alA?Z +O(Ayn)) (EZ[HZH - HLSXZ)MDI == - O<L>>>

(B.29) +0(1)
= dAnE;[[|z]| = [|S(T)[[| D1 < o0] + O(1).

Now, write (B.29) as follows. There is a constant K such that for any z €
0B(0,7y,),

(B.30)

E.lr] _ Efllz] = 1SDI1pi<ool | o K
dA2 AP.(Di<o00) |~ AZ

Note that by (B.22) A,P,(D; < 00) =A,+0O(1) and ||| z|| = ||S(7) 1D, <co] <
1, thus

(B.31)

E.lr] _ Eofllz = 1SDI1pi<ool | o K

dAZ A, A2

We replace z by S(U;) in (B.31) under the event {D; < oo} to obtain

Eswalt] _ Es@y (IS — IS(D1 0 0U:))IDLpsoswi <ol | . K
dA2 JANY — A2

(B.32) ‘

We multiply both sides of (B.32) by 1p,<~, take the expectation on both
side of (B.32) and divide by P,(D; < c0) to obtain (B.27).
Step 3: For i > 1, we show the following bounds:

1
4dv/d
where v; = E.[([[S(Ui)|| = 1S(Di+1) )1,y <co| Di < 0]

2> >
(B.33)
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The upper bound is obvious. For the lower bound, first we restrict to {D; <
oo}, so that U; < co. By Lemma 2.2, S(U;) has a nearest neighbor x, within
B(0,7,) such that ||S(U;)|| — ||=|| > 1/(2V/d), and (B.33) is immediate.

Step 4: We show (B.1) using (B.2). For p such that 1 <p < oo, let

p 1—1
(B:34) 0p=Y E.[ro0(U;)|D; <oo] [[(1 = P.(Dj41 = 0| D; < o0)).
i=1 j=1

Now, (B.3) reads I(z) = limp_,o 0}, (this is the limit of an increasing se-
quence). We establish in this step that, for some constant K, any integer n,
_ o | K
dAZ |~ A,
Once we prove (B.35), we have all the bounds to estimate the right-hand
side of (B.2). Indeed, using (B.25), (B.4) and (B.35), we have
E.[7]+P,(D; < o0) x I(2)
= dAyao(z) —d(n — ||2])* + O((n - ||z])) v 1)
ap(z n—|z|]|)Vv1
+ ( A(n) +O<( Q%H) )) X (dA} + O(Ay))
=2dA,a0(2) = 2d(n — [|2[})* + O((n — ||]}) V 1).

In order now to prove (B.35), we introduce first some shorthand notation.
For p and j positive integers,

(B.35) lim

pP—00

(B.36)

o
ap=1 dAp%, aj=P,(Dj;1 =00|D;j <o0) and
(B.37)
EZ[T o H(U])‘D] < OO]
bi = dA2 '
With this notation, (B.6) and (B.27) read as follows:
v; ;i K 2K
Let us rewrite (B.34) as
p—1
(B.39) a;=1—p; and ap:ap_l—ﬁpH(l—ozj) for p> 1.
j=1
In order to establish (B.35), we show by induction that
P
(B.40) ap— [0 - )| <ep
j=1
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with for p > 1,

2K & 2K
(B.41) Ep=€Ep—1+ 5 A2 1:[ and &) = Az

Note that it is easy to estimate ¢, from (B.41). By (B.38) and for K large
enough there is a constant kg such that

K P k
< Az (1 —i—Zexp(—Zaj))
n k=1 j=1

2K P LI 2K 9K kg
<= |1 _ i) ) <22 koA, = .
A2< +Zexp< , 2An>>Ag”S "= A,

J=1

Now, by (B.38), (B.40) holds for p =1, and we assume it holds for p — 1.
Then

p—1 p—1
(B.42) (1_517)1_[(1_0‘ ) —€p—1<ap < (1_510)1_[( ;) +€p—1.
j=1 j=1

Then by (B.38), we have (B.40) with ¢, satisfying (B.41).
Now (B.35) follows as we notice that step 3 implies, together with (B.38)
and for Ky large enough, that

P

lim | |(1—«;)=0.
p—>oo] 1 J D
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