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QUANTUM RANDOM WALKS AND MINORS OF HERMITIAN
BROWNIAN MOTION

FRANCOIS CHAPON AND MANON DEFOSSEUX

ABSTRACT. Considering quantum random walks, we construct discrete-time
approximations of the eigenvalues processes of minors of Hermitian Brownian
motion. It has been recently proved by Adler, Nordenstam and van Moerbeke
in } that the process of eigenvalues of two consecutive minors of an
Hermitian Brownian motion is a Markov process, whereas if one considers
more than two consecutive minors, the Markov property fails. We show that
there are analog results in the noncommutative counterpart and establish the
Markov property of eigenvalues of some particular submatrices of Hermitian
Brownian motion.

1. INTRODUCTION
Let (M (t),t > 0) be a 2 x 2 Hermitian Brownian motion with null trace, i.e.

Bi(t) Bsy(t) + iBs(t)

M(t) = [ Byt —iBs(t)  ~Bu) =Y

where (Bj, Bz, B3) is a standard Brownian motion in R3. Ttd’s calculus easily shows
that the process

(1) (Ba(t), \/ B2 (1) + B3(t) + B3(1)).1 > 0,

is a Markovian process on R2. Let us recall how noncommutative discrete-time
approximation of this process can be constructed, following ] For this, we
consider the set Mo (C) of 2 x 2 complex matrices, endowed with the state

tr(M) = %mM), M € My(C),

and the Pauli matrices
(o) () =6
10 i 0 0 -1
which satisfy the commutation relations
[z, y] = 2iz, |y, 2] = 2ix, and [z, 2] = 2iy.

The matrices z, y and z define three noncommutative Bernoulli variables. Consider
the algebra M (C)®>, endowed with the infinite product state, still denoted tr,
defined by

tr(a; @ -+ ®@a, ® [9°°) =tr(a1) - tr(a,), for ay,...,a, € Ma(C),
where I is the identity matrix of My (C). Define, for all i € N*, the elements

T = 7®G=1) Rr® I®°O, Y = 7®G=1) ®y®[®°°, 2 = 7oG=1) ®Z®I®OO,
1
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as well as the partial sums

n

Xn:izi, Y, :iy Zn=Y 2, n>1L
1=1 =1

i=1
The processes (Xp)n>1, (Yan)n>1 and (Z,)n>1, define three classical centered
Bernoulli random walks. Considered together, they form a noncommutative Markov
process which converges, after a proper renormalization, towards a standard Brow-

nian motion in R? (see Biane [Bia9(] for more details). Furthermore, the family of
noncommutative random variables

(2) (Zns VXR Y2+ 28, n > 1),

forms a discrete-time approximation of the Markov process ([ll). Since the non-
commutative process (B) is also Markovian (see [Bia0f]), there is a quite noticing
analogy between what happens in the commutative and noncommutative cases.

In higher dimension, there are several natural ways to generalize the construction
of processes () and (E) For some of them, the Markov property fails. For instance
for d > 2, in the commutative case, if (M (t),t > 0) is a d x d Hermitian Brownian
motion, the process obtained by considering the eigenvalues of two consecutive
minors of (M (t), t > 0), is Markovian whereas the Markovianity fails if one considers
more than two consecutive minors, as it has been recently proved in [,
and announced in ] This result has also an analogue in a noncommutative
framework as we shall see in the sequel.

In this paper we extend to higher dimensions the construction of the noncommu-
tative process @) For this we need some basic facts about representation theory of
Lie algebra recalled in section fl. In section ] we recall the construction of quantum
Markov chains. The Markovian aspects are studied more specifically in section H
using some existing results of invariant theory. In particular we discuss the Marko-
vianity of noncommutative analogues of the processes of eigenvalues of consecutive
minors. In the last section, considering the limit of the noncommutative processes
previously studied, we discuss the Markovianity of some natural generalizations of
the process ([l).

2. UNIVERSAL ENVELOPING ALGEBRA

Let G = GL4(C) be the group of d x d invertible matrices, and g = Mg4(C) its Lie
algebra, which is the algebra of d x d complex matrices. Letting e;5, 4,7 =1,...,d,
be the standard basis in M4(C), the universal enveloping algebra U(g) of g is the
associative algebra generated by e;j, ¢,5 = 1,...,d, with no relations among the
generators other than the following commutation relations

[€ij, ert) = Ojkeir — dier;,
where [-,] is the usual bracket of g. By the Poincaré-Birkhoff-Witt theorem (see
[Zel73)), there exists a basis of U(g) composed of monomials
eiljl o eiWLjTrL’

where the integers iy, ji are taken in a certain order. Hence, writing an element of
U(g) in this basis, its degree is defined as the degree of its leading term. For n € N,
we denote U, (g) the set of elements of U(g) whose leading term is of degree smaller
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than n. Recall that a representation of g in a finite dimensional vector space V is
a Lie algebra homomorphism

p:g— End(V).
Then any representation p of g extends uniquely to the universal enveloping algebra
letting
plzy) = p(x)p(y), x,y €U(g).
Let I be the identity matrix of size d x d. The coproduct on U(g) is the algebra
homomorphism A: U(g) — U(g) @ U(g) defined on the generators by

A =1IxI
Alejj)=1®eij+e; @I, ifi#j,i,j=1,....,d
Ah)=I®hi+h;®I,i=1,...,d-1,
where h; = e;; — €;41;+1. This characterizes entirely A letting
A(zy) = A(x)A(y), =,y €Ulg),

where the product on U(g) @U(g) is defined in the usual way (a®b)(c®d) = ac®bd,
for a,b,c,d € U(g). The tensor product of two representations py: g — End(V)
and p2: g — End(V3) and its extension to U(g)

p1 @ p2: U(g) — End(V1 @ V5)
is given by
p1 @ p2(x) = (p1 ® p2)A(z), € U(g),

)
where (p1 ® p2)(r1 @ x2) = p1(x1) & p2(x2), for x1, 22 € U(g). For a representation
p of g, we define recursively the representation p®™ of U(g) by

pPt(x) = (0" @ p)A(z), @ € U(g).
3. QUANTUM MARKOV CHAIN

We first recall some basic facts about noncommutative probability, which can
be found in [Mey93 for example. A noncommutative probability space (A, ¢) is
composed of a unital *-algebra, and a state ¢: A — C, that is a positive linear form,
in the sense that p(aa*) > 0 for all a € A, and normalized, i.e. (1) = 1. Elements
of A are called noncommutative random variables. Note that classical probability
is recovered, at least for bounded random variables, by letting A = L>(Q,P) for
some probability space (€2, P), and ¢ being the expectation E. The law of a family
(a1,...,a,) of noncommutative random variables is defined as the collection of

*-moments
€1 Ek
)

w(ail coeagh
whereforall j =1,...,k,i; € {1,...,n},e; € {1,*}, and k > 1. Thus, convergence
in distribution means convergence of all *-moments.

Recall that a von Neumann algebra is a subalgebra of the algebra of bounded
operators on some Hilbert space, closed under the strong topology. Define W =
M,4(C)®>° the infinite tensor product in the sense of von Neumann algebras, with
respect to the product state w = tr®>, where tr = éTr is the normalized trace
on M,4(C). Hence, (W, w) is a noncommutative probability space. For ay,...,a, €
M4 (C), we use the notation a; ® --- ® a, instead of a1 ® -+ ® a, ® 19, Let
us now recall the construction of quantum Markov chains, as it can be found in
[Bia0€]. First, let us see how classical Markov chains can be translated in the



4 FRANCOIS CHAPON AND MANON DEFOSSEUX

noncommutative formalism. If (X,,),>1 is a classical Markov chain defined on some
probability space (2,P) and taking values in a measurable space E, then for each
n > 1, the random variable X,,: Q — FE gives rise to an algebra homomorphism

Xn: L(E) = L™(Q)
o= f(Xa).

Hence, one can think of a noncommutative random variable as an algebra homo-
morphism. The Markov property of (X,,),>1 writes

E(Y f(Xnt1)) = E(Y Qf(Xn)),
for all o(Xy,...,X,)-measurable random variable Y, and where @Q: L*>°(Q) —
L*>>(€) is the transition operator of (X,),>1. Translating this in the homomor-
phism formalism, we get

E(¥xnt1(f)) = E(¥xn(Qf)),

where 1) is in the subalgebra of L>°(Q)) generated by X,..., X,,.

Let us pass to the construction properly speaking of the quantum Markov chain
considered here. Let p be the standard representation of g. We consider the mor-
phism

Jn: U(G) = W
= pPh(2),
for all n > 1. Define P: U(g) — U(g) by
=id®no A,

where 7(-) = tr(p(+)). P is a unital completely positive map, which is the analogue
of Markov operator in the quantum context. We have that (j,),>1 is a quantum
Markov chain, in the sense that it satisfies the following Markov property.

Proposition 3.1. For all £ in the von Neumann algebra generated by {ji.(U(g)), k <
n—1}, and all z € U(g),

W(]n(x)g) = W(jn—l(Px)g)-
Proof. Let £ = a1 ® -+ ® an—1, where the a;’s are in My(C). Using Sweedler’s

notation
_ 1 2
= E T Q@ x7,
we have on one hand

w(jn(2)€) = w((p®" ' ® P)A(z)f)
=> w(P® 2" @ p(a*)g),

SO

= 3 (o= )8 tr{p(a?)).

Pz = Z xhn(x?

jn IP:E 277 ®n 1-1'1)’

On the other hand,

Thus

and
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W(n—1(Pz)€) = Y tr (p® 7 (2)€) tr (p(2?))
which achieves the proof. O

4. RESTRICTION TO A SUBALGEBRA

Recall that the group G acts on g via the adjoint action, i.e. the conjugation
action, given by

Ad(g)r=gaxg™', geG,zcqg.

This action extends uniquely to an action on U(g) letting
Ad(g)(zy) = (Ad(9)r)(Ad(g)y), g€ G,z eUlg).
The group G acts on U(g) ® U(g) via the action
Ad(g)(z @y) = (Ad(g)z) @ (Ad(9)y), g€ G, 2,y cU(g).
Note that the morphism A satisfies
3) A(Ad(g)r) = Ad(9)A(z), g€ G, zel(g)
The next proposition shows that the operator P commute with the adjoint action.
Proposition 4.1. For all g € G, and all x € U(g), we have
Ad(g)P(x) = P(Ad(g)x).

Proof. Using the notation Ax = > 2! ® 22 for € U(g), we have

Ad(g)P(x) = Ad(g) (Y- a'n()) = > Ad(g)a'n(=?),
and
P(Ad(g)z) = id®@n o A(Ad(g)z) = id ®n (Ad(g)Az)
=" Ad(g)tn(a?),

since 7 is a trace. (I

Definition 4.2. For a subgroup K of G, an element x € U(g) is said to be K-
invariant if

Ad(g)xr ==, Vg € K.

The set of K-invariant elements of (g) is denoted U (g)%. For n € N, we denote
U, (g)% the subset of U(g)¥X of elements whose leading term is of degree smaller
than n. Proposition @ implies the following one, which is fundamental for our
purpose.

Proposition 4.3. Let K be a subgroup of G. The subalgebra U(g)X of K -invariant
elements of U(g) is stable by P, i.e.

PU(g)™ cU(g)™.

Hence, the restriction of (jn)n>1 to U(g)X defines a quantum Markov chain.
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Let us focus on some particular invariant sets related to the minor process studied
in [ANvMI(]. For a fixed integer p € {0,...,d — 1}, we consider the block diagonal
subgroup GLg4_,(C) x C*? of G which consists of elements of the form

k " O
0o = .

with k € GLq—,(C), and k1, ..., k, € C*. For [,m € N*, we denote M; ,,, the set of
I x m matrices with noncommutative entries in U (g). We let M; = M, ;. The rules
to add or multiply matrices of M ,, are the same as those for the commutative
case replacing the usual addition and multiplication in a commutative algebra by
the addition and the multiplication in U(g). Moreover, if M = (m;;)i<ij<i is a

matrix in M;, then the element of U(g) equal to 22:1 my; is denoted Tr(M). We
partition the matrix E = (e;;j)1<i, j<a in block matrices in the form
E11 R E1p+1
b= : :
Ept11 .. Eptipta
where E11 € Ma—pa—p, E1i € Mig—p, Es1 € Mag_p1, 1 € {2,...,p+ 1}, and
Notation. Entries of a matrix will be always denoted by small letters, while capital

letters will refer to the partition defined above.

The next theorem, which has been proved by Klink and Ton-That, gives the
generators of the subalgebra U (g)Gla—»(©)xC™",

Theorem 4.4 ([KTT9Y). The subalgebra U(g) e C*C" s finitely generated
by the constants and elements
T‘I‘(Eiliz cee Eiqil)a qc N*, D1y ,iq S {1, ., D+ 1}

The two extreme cases of the above theorem give the following classical results.
Actually for p = 0, it implies that the center of U(g) is generated by Casimir

operators (see [fel7d))

Tr(E*), keN.
For p = d — 1, we recover that the commutant of {e;;, ¢ = 1,...,d} in U(g) is
generated by elements

Civiy " €igiy, qEN,i1,...ig€e{l,...,p+1}.
For ay,...,a, € U(g), we denote
(a1, ... an),
the subalgebra of U(g) generated by the constants and elements a1, ..., a,. Let us

focus on the subalgebra U (g) St (©*C"" and its generators in the case when p = 1
and p = 2. First we need the following lemmas.

Lemma 4.5. IfA = (aij)lgiﬁjgd,B = (bij)lgi,jgd S Md, with aij € Z/fn(g), bz’j S
U (g), fori,j=1,....d, then
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Proof. This is a consequence of the commutation relations in U(g). O

The following lemma claims that the subset of invariants U(g)&le-1(©*C" ig
generated by the Casimir elements associated to the Lie algebra M4(C) and those
associated to the subalgebra {M € My(C) : mig = mg; = 0,4 = 1,...,d} ~
My_1(C).

Lemma 4.6. The subalgebra U(g)S 1 (©O*C s generated by

Tr(EYY), Te(EY), k=1,...,d
Proof. For q € N*, let 7, be the subalgebra

(Tr(Eiyiy -+ Eiiy)s k€ {1,...q}, i1, ... i = 1,2).
It is sufficient to prove that for every ¢ € N*
(4) Ty = (Tr(Ey), Tr(EY), k € {1,....q}).
For every ¢ € N* the inclusion
(Tr(Ef,), Tr(E*), k€ {1,....q}) C T,

follows from the fact that

Tr(EY) =) Tr(Eii - By,

where the sum runs over all sequences i1, ..., 4 of integers in {1,2}. Let us prove
the reverse inclusion by induction on ¢. It is clearly true for ¢ = 1. For ¢ = 2, let
us write

Tr(E?) = Tr(E2 E12) + Tr(E12E2) + Tr(EY)) + Tr(E3,).
Thus the inclusion
T2 C <’I‘I'(Ei€1)’Tr(Ek)’ k=1,2)
follows from Lemma @ which implies that
GLg_1xC*

Tr(Eo1 Er2) — Tr(E12E2) € U (9) C (1, E11, Eaa).
The case ¢ = 3 is proved in a similar way. Suppose that (E) is true for ¢ — 1, for
a fixed ¢ > 4. Let i1,i2...,14, be a sequence of integers in {1,2}. If the sequence
11,72 ..., %4, contains no successive integers equal to 1 then F; ;, - -+ Fj ;,, contains
only factors equal to Fo1 E12, F15FE51, or E3. By lemma @ and inclusion
(5) Uy-1(g) O T,

we can suppose that E; ;, --- F; ;,, contains only factors equal to Ea1 E12, or Eas,
which belongs to the subalgebra

(Tr(EY), Tr(E*), k =1,2).

If B s, - - Ei,i,, contains factors equal to F1; but strictly less than ¢ — 2, then it
contains at least one factor equal to Fo1 E11 E12, F11E12FE9 or E19FE> Fyp. Thanks
to lemma [L.5, and inclusion ([}) we can suppose that i; = i3 = 2 and iy = 1. Thus

Tr(Eiyi, - Eiyi,) = (Bor E1 B12)Tr(Ey, - -+ B 2).
Then the induction hypothesis implies
Tr(Eiliz T Eiqil) € <Tr(Efl)a ’I‘I'(Ek)a ke {15 ceeq— 1}>
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If Ei N Eiqi1 = Eiil then

rI‘r(Eiliz : "Eiqil) = T‘I‘(E?l) € <rI‘r(E{€1)7rI‘r(Ek)a ke {L . -,Q}>-

172

If By iy -+ - B4, contains ¢ — 2 factors equal to Eq1, then
Tr(Eii, - Eiyiy) € {Tr(B; ? E1a By ), Tr(Ea By *Frz), Tr(E12 Eo B )}

142
We write

Tr(E?) = Tr(EY,) + Tr(EY *E12F2) + Tr(Ey EY 2 Ero) + Tr(E19Ey EY?)
+ > Tr(Eii, - Bigiy)

where the sum runs over all sequences i1,...,%, of integers in {1,2} containing
strictly less than ¢ — 1 integers equal to 1. The previous cases, Lemma @ and
inclusion (f]) imply that

Tr(E9) — 3Tr(Eis, -~ Eiyiy ) € (Tr(EY), Te(ER), k€ {1,...,q}).
Since it is known (see [Zel7d]) that
(Tr(E*),k € {1,...,d}) = (Tr(E*),k > 1),

and

<’I‘I'(E{€1)’k: € {15 s ad - 1}) = <TI‘(E{€1), k Z 1);
the proposition follows. O
Remark 4.7. When p > 2, the subalgebra U(g)GLd*P(C)XCW is not generated by

the Casimir elements associated to the Lie algebras {M € My4(C) : mi; = my; =
0,i=1,...,d,j=d—k+1,...,d} ~My_(C), k € {1,...,p}. For instance,

k
Bn E
To(Bib) ¢ (Te(E). Tl 7 72 | )T, ke )
21 22
and thus
By Ep " .
(Tr(Efl),Tf({ Eu Eu } ), Tr(E®), k € N) C U(g)Cla—2(©xC"%,
21 22

The following theorem is a quantum analogue of theorems 2.2 of [[ANvMI(].
Theorem 4.8. The restriction of the j,’s to the subalgebra
(Te(EfY, Te(ER), k€ {1,...,d}),
defines a quantum Markov process.

Proof. Theorem follows immediately from proposition @ and lemma @ O

Note that the subalgebra
(Tr(Bi "), Tr(E), k€ {1,....d}),

2 (]

is commutative. Thus, as in [Bia0f] which focus on the d = 2 case, the quan-
tum Markov process in the above theorem is a noncommutative process, with a
commutative Markovian operator. Taking d = 2 in theorem @ the Markovianity
of the process ({]) follows. The following theorem is an analogue of theorem 2.4
of JANVM1(]] in a noncommutative context. The non-Markovianity comes from
remark .7
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Theorem 4.9. The restriction of the j,’s to the subalgebra

Ei Eis
Ey1 Eaa

does not define a quantum Markov process.

<’I‘I'(Ei€1)’Tr(|: :|k)a’I‘r(Ek)a kEN>a

Proof. We have to prove that the subalgebra

En B
B = <T‘I‘(Efl),rI‘I‘( H ' )7YI‘r(Ek)7 k € N>a
Ly Eaa
is not stable by the operator P. Indeed, the partition of E for p = 2 writes
ki Eip Eis
E=| Ea1 FEa Lo
Es1 FEs» FEss

One can prove by straightforward calculation that the element
a = Ex Es (E31 Er3 + Esp Es)”
is in B, but Pa does not, which proves the theorem. O

Let us choose an integer m large enough such that the subalgebras
<Tr(Ei1i2 o 'Eiqh)a qe N*a i, .. aiq € {15 Y 1}>
and
<’I‘I’(Ei”'2 . "Eiqil)a q= 1,. Lo,m, ’il,. ..,iq (S {1, ,p—i— 1})
are equal. In the framework of this paper, the natural process which ”contains”

the one of theorem @ and remains Markovian, is given in the following theorem
taking p = 2.

Theorem 4.10. The restriction of the j,’s to the subalgebra
<Tr(Ei1i2 . ..Eiqil), qc {1, .,m}, i1, - ..,iq S {1, Lp+ 1}),
defines a quantum Markov process.

Proof. Theorem follows from theorem Q and proposition E O

5. RANDOM MATRICES

Let Hy and Hg be respectively the set of d x d complex Hermitian matrices and
the set of d x d complex Hermitian matrices with null trace, both endowed with
the scalar product given by

(M,N) =Tr(MN), M,N € Hy (resp. HY).
For k,l € N*, we denote My ;(C) the set of k x [ complex matrices and let

M (C) = Mg x(C). As in the noncommutative case, we partition a matrix M €
Mg4(C) in block matrices in the form

M11 . M1p+1
M= : :
Mpii1 oo Mpripyr

where M7, € Md_p7d_p((C), My; € MLd_p((C), M € Md_p71((C), 1€ {2, .., pt 1},
and M;; € C, i,j € {2,...,d}.
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Define the elements (z;;)1<; j<a of U(g) by
1
Tij = €45, fOrlSi#de, andxii:eii—gl, forlgigd.

Note all the x;;’s are traceless elements of g. Let v = #tr(p(zii)p(zﬁ)) which
does not depend on i. Then we have the following theorem which is due to Biane.

Theorem 5.1 (Biane, [Bia9%). The law of the family of random wvariables on
W, w)
( 1 ( ))
——J|nt]\Tij
Vi teR,1<i,j<d

converges as n goes to infinity towards the law of
(M (1)) tery 1<i,i<d;
where (M (t) = (mij(t))1<i j<a,t > 0) is a standard Brownian motion on HY.

By the above theorem, we see that the law of the noncommutative process

1 .

(6) (WJL"H)QO

restricted to the subalgebra of theorem @ converges, as n goes to infinity, towards
the law of (Tr(My1(t)*=1), Tr(M(t)*),k > 1,t > 0). We will see that this pro-
cess, which is equivalent to the process of eigenvalues of two consecutive minors of
(M(t),t > 0), is Markovian. More generally, if K is a subgroup of G, the law of
the noncommutative process (f]) restricted to the subalgebra U(g)* converges, as
n goes to infinity, to a commutative process which remains Markovian. The fact
that the limit process is a Markov process will follow by Itd’s calculus and invari-
ant theory in a commutative framework. A function f: M4(C) — C is seen as a
function from C% to C.

Definition 5.2. Let K be a subgroup of G. A function f from My(C) to C is said
to be K-invariant if

Vke K VM eMy(C), f(ME™)= f(M).

Let P(g) denote the algebra of all complex-valued polynomial functions on
Mg4(C), i.e. P(g) is the set of all polynomials in coordinates of a matrix of M4(C).
For any subgroup K of G, the set of K-invariant elements of P(g) is denoted P(g)*.
The following theorem, which is a commutative version of theorem @, has been

proved in ([KTT93).

Theorem 5.3 ([KTT99)). It exists m € N, such that the subalgebra P(g)la—»(©)*xC"
s generated by the constants and polynomials

MeMd(C)HTY(Milig"'Miqh); qc {1,m}, ’L'l,...,iq S {1,,p+1}

Let us recall the following property of Brownian motion and invariant functions.
In what follows we denote by (-,-) the usual quadratic covariation, and by d and
d? the usual first and second order differentials.

Proposition 5.4. Let g € GL4(C), and [ and h be twice differentiable functions
from My(C) to C such that

(7) VM € Mq(C)  f(gMg™") = f(M) and h(gMg™") = h(M).
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If B is a standard Brownian motion on Hy, then

(df(gMg~")(dB),dh(gMg~")(dB)) = (df (M)(dB),dh(M)(dB))
and

(d*f(9Mg~")(dB),dB) = (d* f(M)(dB),dB).

Proof. Since B is a standard Brownian motion on Hgy,

((9dBg™")ij, (9dBg™ ")) = (dBij,dBy), 1,4, k.l €{1,...,d}.
Thus
(df(gMg~")(dB),dh(gMg~")(dB)) = (df(gMg~")(gdBg~"),dh(gMg™")(gdBg™")),
and

(d*f(gMg~")(dB),dB) = (d*f(gMg~")(9dBg "), gdBg™").
Property (E) implies
(df(gMg~")(9dBg™"),dh(g™ Mg)(gdBg™")) = (df(M)(dB),dh(M)(dB))

(d*f(gMg~")(9dBg™"),9dBg ") = (4*f(M)(dB), dB). O
The previous proposition implies the following one.

Proposition 5.5. Let K be a subgroup of GL4(C). If f and h are elements in
P(g)X, then the functions
M € My(C) = (df(M)(dB), dh(M)(dB)),
and
M € My(C) — (@2 (M)(dB), dB)
are also K-invariant polynomial functions.

For a twice continuously differentiable function f: My;(C) — C, multidimensional
1to’s formula writes

4 (B) = Af(B)(dB) + 3 (¢ f(B)(dB), dB).

Thus proposition @ leads to the next proposition in which the integer m is the
one introduced in theorem .3.

Proposition 5.6. If (B(t),t > 0) is a standard Brownian motion on Hg, the
processes

(Tr(Biliz (t) e Biqil (t))v t> O)a
qg € {l,...,m}, i1,...,iq € {1,...,p + 1}, form a Markov process on R", with
r=3 e+ 1k

Proof. For p and ¢ two integers in {1,...,m} and two sequences i1,...,7, and
J1,---,Jq of integers of {1,...,p+1}, let us consider the functions f, g and h from

Mg4(C) to C defined by
fM) = Tr(M;

"Mipil)a g(M) = Tr(Ml "Mi2i1)a M e Md((C),

192 1%p

and
h(M):Tr(Mjljg"'quj1)7 MEMd((C)

Since f(M) = g(M), when M € Hgy, we have
(df(B)(dB),dh(B)(dB)) = (dg(B)(dB),dn(B)(dB)).
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Proposition (f.§) implies that
(df(B)(dB),dh(B)(dB)), (df(B)(dB),dh(B)(dB)),
and
(d*f(B)(dB),dB),
are polynomial functions in the processes
Tr(Biyi, -+ Bigir),
ge{l,...,m}, i1,...,iq € {1,...,p+ 1}. Thus proposition follows from usual
properties of diffusions (see [Pks0J for example). O

Let us give a formulation of the last proposition in term of eigenvalues of some
particular submatrices of Brownian motion on Hy. In the following lemma a poly-
nomial function

M € My(C) = f(M),
is just denoted f(M).

Lemma 5.7. For any positive integer q, and any sequence of integers iy, ...,iq in
{1,...,p+ 1}, the polynomial function
Tr(Miyiy -+ Mii,)

is equal to a finite product of factors of the form
Tr(M7y), Tr(My; My M7Y), Te(Ma; M, ; M My,
M, Mg Mji, (Mg M) ™", Mij M, My,

where n € N, and i, j, k, are distinct integers in {2,...,p+ 1}.

Proof. The lemma, which is is clearly true for ¢ = 1,2, 3, is proved by induction on
q € N*. Suppose such a decomposition exists up to ¢—1, for a fixed integer g greater
than 4. Let us consider a sequence of integers i1,...,7, in {1,...,p+ 1}. If all the
integers of the sequence or none of them are equal to 1, then the decomposition
exists. If it exists two successive integers, say 47 and s, such that iy = 1, i5 # 1
then it exists integers k < ¢ — 1 and p < ¢, such that i, # 1, and

Tr(Mjyi, -+ Miiy) = Mgy -+ My 1 M{y My,
If 4, = i2, then
Tr(Miyiy -+ Migiy) = (Migiy -+ My, _3,) (Miy My My, ).
If 4, # i2, then
Tr(Miyiy -+ Mi iy ) (Miyi, M i) = (Miyig - - M,

Induction hypothesis implies that the above polynomials can be written as a product
of factors given in the lemma. O

M,

) (M1 My Myiy Myyi,).

1%p

Proposition 5.8. If B is a Brownian motion on Hy, then the processes

Tr(BY,), Tr(B1: B Bit), Tr(BuiBij Bj1 Bt ),

Bii, BijBj;, Bij Bjk By,
where n € N, and i, j, k, are distinct integers in {2,...,p+ 1}, taken together, form
a Markov process.
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Proof. Lemma m implies that there is a bijection between the Markov process of
proposition @ and the process of proposition @, which is consequently Markovian
too. O

The following theorem is an immediate consequence of the previous proposition.

Theorem 5.9. Let p be a positive integer and B be a Brownian motion on Hy.
Then the processes of the eigenvalues of the matrices,

B Bi; 0

B (Bll Bli) (;1 O1 B;,;
"\ Bii Bi )’ ”
Bip 0 0

)

and the complex processes,

B;;Bj;, B;jBji By,
where i, j, k, are distinct integers in {2,...,p+ 1}, taken together, form a Markov
process.

Taking p = 1 in theorem @ we obtain the following corollary, which has been

already proved in [ANvM1(].

Corollary 5.10. If (A(t),t > 0) is the process of eigenvalues of a standard
Brownian motion on Hy and (A=V(t),t > 0) is the process of eigenvalues of its
principal minor of order d — 1, then the processes

(AD(1), A=V (1),t > 0)

is Markovian.
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