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Ab wnitio potential energy curve for the helium atom pair and
thermophysical properties of the dilute helium gas.

II. Thermophysical standard values for low-density helium

ECKARD BICH, ROBERT HELLMANN, and ECKHARD VOGEL*

Institut fiir Chemie, Universitéit Rostock, Albert-Einstein-Strafie 3a, D-18059 Rostock,

Germany
(Received 00 Month 200xz; in final form 00 Month 200z)

A helium-helium interatomic potential energy curve determined from quantum-mechanical
ab initio calculations and described with an analytical representation considering relativistic
retardation effects (R. Hellmann, E. Bich, and E. Vogel, Mol. Phys. (submitted)) was used in
the framework of the quantum-statistical mechanics and of the corresponding kinetic theory
to calculate the most important thermophysical properties of helium governed by two-body
and three-body interactions. The second pressure virial coefficient as well as the viscosity
and thermal conductivity coefficients, the last two in the so-called limit of zero density, were
calculated for 3He and *He from 1K to 10,000 K and the third pressure virial coefficient for
4He from 20K to 10,000 K. The transport property values can be applied as standard values
for the complete temperature range of the calculations characterized by an uncertainty of
+0.02% for temperatures above 15 K. This uncertainty is superior to the best experimental

measurements at ambient temperature.

Keywords: Helium pair potential; helium gas property standards; second and third pressure

virial coefficients; viscosity; thermal conductivity

1 Introduction

Hurly and Moldover [1] as well as Hurly and Mehl [2] stated that standard val-
ues of the thermophysical properties of helium at low densities which can be used
for different applications in metrology and for the calibration of measuring instru-
ments are derived best from the helium-helium interatomic potential energy curve.
For that purpose the interatomic potential has to be determined from quantum-
mechanical ab initio calculations and should be described by a suitable analytical
representation. Then the thermophysical properties at low density should follow
from calculations using the kinetic theory of gases together with standard formu-

lae from quantum-statistical mechanics. Furthermore, Hurly, Moldover, and Mehl
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established that the uncertainties of the calculated thermophysical property val-
ues, such as second pressure and dielectric virial coefficients, viscosity and thermal
conductivity coefficients, speed of sound, and further properties, are smaller than
the corresponding uncertainties of the experimental data, even for temperatures at
which high-precision measurements can comparably easily be performed.

In our paper I [3] a new helium-helium interatomic potential energy curve was de-
termined for a comparably large number of interatomic separations from quantum-
mechanical ab initio calculations using very large atom-centred basis sets, including
a newly developed d-aug-cc-pV8Z basis set supplemented with bond functions, and
ab initio methods up to Full CI. The diagonal Born-Oppenheimer corrections as
well as corrections for relativistc effects were also enclosed. An improved analytical
representation of the interatomic potential energy was fitted to the new ab initio
calculated values and to some from the literature. Hurly and Mehl constructed
their potential from literature values only. Some of these values are nearly as ac-
curate as the new values from paper I, but they are only available for very few
interatomic separations. Hence Hurly and Mehl had to use significantly less ac-
curate values for most of the helium-helium distances. It should also be stressed
that their analytical representation of the potential function is less flexible than
the one used in our paper . As a result the analytical potential of Hurly and Mehl
is characterized by comparably large fitting errors in the regions of the potential to
which the thermophysical properties are most sensitive. For the potential of paper
I the fitting errors are nearly negligible in these regions (see table 5 of paper I).

In this contribution the new helium-helium interatomic potential model has been
used in the framework of the quantum-statistical mechanics and of the correspond-
ing kinetic theory to calculate the most important thermophysical properties of
helium governed by two-body and three-body interactions. In a second series of
papers the investigation shall be extended to neon in order to generate standard
values of the thermophysical properties for a second substance to be used for the

calibration of measuring instruments.

2 Analytical helium-helium potential function

The ab initio calculated interatomic potential energy values V(R) including some
relativistic corrections and the diagonal Born-Oppenheimer corrections, but with-
out retardation, which were chosen for the fit of the analytical potential function,
and the fitted unretarded potential values have been listed in Table 5 of paper I [3].

A modification of the potential function given by Tang and Toennies [4] was used
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as potential model:

V(R) = A exp(alR + a2R2 + a—lR_l + 072R_2 —+ d1 sin(ng + dg))

8 2n k
=3 o) S 1 exp(br) Y P (1)
n=3 k=0

Whereas the details of the fit (with fa,(R) = 1 for all n) were communicated in
paper I, the potential parameters are repeatedly given for convenience in Table 1.

The retardation effects, which change for asymptotic separations the Cg/R® be-
haviour of the potential into C7/R" as demonstrated by Casimir and Polder [5]
and which are also of importance for the only vibrational state of *He [6-8], have
to be included into the representation of the helium-helium interaction potential
used for the calculation of the thermophysical properties under discussion. The
functions fo,(R) take into consideration for all separations the relativistic retarda-
tion of the dipole-dipole term as well as of the next higher dispersion terms with
n =3 — 5 [9-11]. The approximation fa,(R) = 1 was used for the further n > 5.
The fs,(R) values given in [11] were interpolated using Lagrange’s polynomial for
5 points and implemented for the potential after the fit. The retardation correc-
tion (i.e. the difference between the retarded and the unretarded potentials) is also
listed in Table 5 of paper I. The potential parameters ¢/kp, R., and o for the

retarded potential are given in Table 1, too.

3 Quantum-mechanical calculation of thermophysical properties

Very accurate values for the thermophysical properties of helium can only be gained
by a fully quantum-mechanical treatment of the elastic scattering considering the
interatomic potential V' (R). The eigenfunction of a particle with the reduced mass
u = (mymsg)/(my + mz) related to the centre of mass can be expressed as the
infinite sum over partial waves, each of them corresponds to a particular state of
the angular momentum of the system. The Schrodinger equation for the radial
factor i;(R) of the lth partial wave with the angular momentum quantum number

I and the wave number k = (2uFE)"/? /h is given as

2
(e + - v - o, @

Here F is the energy of the incoming wave, A is Planck‘s constant i divided by 2.
It is to be stressed that the reduced mass results from the atomic masses in the
framework of the Born-Oppenheimer approximation following the discussion by

Handy and Lee [12] as well as Kutzelnigg [13].
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3.1 FEwaluation of the phase shifts

To calculate the thermophysical properties of helium the relative phase shifts §;
are needed. They correspond to the difference in the relative phase of the radial
part of the outgoing wave functions ¢;(R) and wl(o)(R). Here ;(R) is perturbed by
the influence of the interatomic potential V' (R), whereas wl(o)(R) is unperturbed,
i.e. V(R) = 0. The phase shifts §; have to be evaluated as asymptotic limiting
values of the relative phases of the perturbed and unperturbed waves. For that
purpose nodes of the outgoing waves located at R, of the nth zero far from the
scattering centre have to be used. McConville and Hurly [14] discussed problems
in the evaluation of the phase shifts in connection with two codes available in the

literature [15,16] and recommended to determine the phase shifts using the relation

j[(k’, Rn)

wik, ) ®)

5,(k,n) = arctan
Here j;(k, R,) and n;(k, R;,) are Bessel and Neumann functions for the angular
momentum quantum number [ and the wave number k. In the asymptotic limit the
phase shift becomes independent of the node number. The numerical integration
was performed from node to node and was stopped when the change of the phase
shifts |Ad](k,n)| between two successive nodes became smaller than 107, Because
of the restricted range of the arctan function the phase shifts d;(k) resulting from
Eq. (3) have to be corrected by an integer multiple of 7 in order to get the true

values:

Si(k) = 0)(k,n) + ngm. (4)
The value n, follows from
0,4 o)
nW:n—{l+l+0# (5)
T
with
1, 1 A—1 (A=1)A=25) (A—1)(A\2 =114\ + 1073)
Op~x—|zl+ -
LEE (2 + 4> 20x) T 6(aP 5(4x)5
A —1)(5X% — 1535)2 + 54703\ — 375733
+( )( + )+“. (6)
14(4x)7
and

A\ =4]? x=kR,.

0; represents the phase of the partial wave wl(o)(R) in the asymptotic limit (Eq.
9.2.29 in [17]) of the ideal system.
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The fully quantum-mechanical calculation of the phase shifts at a multiplicity of
wave numbers k for a large number of [ values is very expensive with respect to
the computing time. Hence it is reasonable to minimize this time by using suitable
approximations, such as the JWKB method. In this semi-classical approximation

the phase shifts result from

L R 3
5l(k):(2,;> {/ <h2k2_l(l+1)h2_V(R)> iR

24 2uR?
< (R2K2 (1 + 1) 2
- “V(R)) dR
+/RS <2u oz V| )>

1
_/M<WW_JU+”#>ﬁm}. -
Ry \ 2u 2uR?
Here R1, R2, and R3 correspond to the three roots of the separation after equating
the energy with the effective potential characterized by a centrifugal barrier at
small and medium [ values. In the case that the centrifugal barrier disappears at
high [ values as well as in the case that the energy is higher than the centrifugal
barrier, only one root occurs and the first integral in Eq. (7) can be neglected. This
corresponds to the usual procedure in the classical treatment of the scattering to
use only the outer root. Ry is the smallest separation in the case that there is no
influence of the interatomic potential V(R).

The calculation of the phase shifts §;(k) was performed for 585 values of the en-
ergy E in the range from zero to 250,000 K and for a number of [ values increasing
with rising energy. The phase shifts were determined fully quantum-mechanically
using Egs. (3) to (6) as long as their values did not become too small. Parallel to it
phase shifts according to the JWKB approximation using Eq. (7) were calculated,
and their results were compared with those of the fully quantum-mechanical evalu-
ation. In the case that the values of both procedures came into close agreement for
certain values of the angular momentum quantum number [, the fully quantum-
mechanical evaluation (QM) was replaced by the semi-classical JWKB procedure
at the higher [ values. The number of phase shifts which were evaluated according
to both procedures and used in the further calculations are listed for some reduced
energies F* = E/e in Table 2. The large number of phase shifts has been chosen to
avoid uncertainties in the results of the calculated thermophysical properties. This

applies particularly to the second virial coefficient discussed next.

3.2 Calculation of the second pressure virial coefficient

The second virial coefficient is given following Boyd et al. [18] in two contribu-
tions: Bgjrect and Bexen. This separation is reasonable, because the effects due to

symmetry are explicitly displayed and the role of spin is demonstrated in a simple
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manner. Bgjrect and Beyxen can be represented by means of summations over only

the even [ values and only the odd [ values:

Bdirect = Beven + Bodd ; (8)

1 NpA3
Bexch = <23 T 1> <Beven - Bodd - 16 > (9)

following from the relationship:

Nmax lmax(N)
B(r) = -2 A2A3 > @41 (e 1)
l

n=0

+/OOO i(m + 1)5’(77E)e5Ed(6E) : (10)
l

Here A is the thermal wave length:

) e

2T kT
The spin quantum number is s = 1/2 for *He and s = 0 for *He, hence 3He is a
Fermion and *He is a Boson. The third term in Eq. (9) represents the ideal-gas
term which is only important at low temperatures. Beyen, considering spin and
quantum statistics, goes rapidly to zero with increasing temperature. The first
term of Eq. (10) corresponds to the contribution of the bound states, where E_,
is the negative eigenvalue of the nth state with the angular-momentum quantum
number [ which is obtained from the solution of the Schrédinger equation for the
radial factor of a partial wave. It is to note that there exists no bound state for the
3He-3He pair, whereas only one bound state occurs for *He-*He about 1 mK below
the dissociation limit [6-8]. The bound state contribution is only of importance at
very low temperatures in the case of *He. The second term of Eq. (10) is the most
important contribution at medium and higher temperatures and is related to the

scattering resulting from binary collisions and to the phase shifts §;.

The term Bgjrect Which corresponds to the complete summation over all [ values

in Eq. (10) corresponds to the Boltzmann statistics:
Bg = Bagirect ) (11)

whereas for particles with spin s according to the Bose-Einstein (BE) or to the
Fermi-Dirac (FD) statistics holds:

BBE = Bdirect + Bexch y (12)

BFD - Bdirect - Bexch . (13)
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The sum over [ and the integral in Eq. (10) have limits from 0 to co and could lead
to serious errors in the computation when truncated inadequately. Hence it was
tested that the energies for which the calculations were performed and particularly

the number of the phase shifts were chosen largely enough (see Table 2).

3.3 Calculation of the third pressure virial coefficient

To obtain the third virial coefficient the three-body interatomic interaction poten-
tial V3(R12, R13, Ro3) is needed. If it is assumed that apart from the pairwise ad-
ditivity of the two-body interatomic potentials an extra genuine term Chon_aqq for
the non-additivity AV3(R12, R13, Ra3) occurs and quantum effects as a first-order
correction Cqp, 1 are taken into account, the third virial coefficient is calculated as

a sum of three contributions [19,20]:

Cons = —6b3/ —BV(Ri2) _ 1)R2, /(eﬁV(ng) —1)Riy
0 0
1
/(e—,@V(st) —1)dXdR3dRi2, )
—1
- =
Chron—add = —6b(2)/e_ﬁV(Rlz)R%Q/e_ﬁV(Rla)R%?;
0 0
1
/ oAV (Res) (o= PAVs(Rrz, s Fis) _ 1)dXdRysd Ry o)
—1
9 2
Cam1 = 18b(2)127?n€%§ / e o [di‘;%m) " —}%w 1
0
. 1
/ 6V (i) _ 1) R2, /(G_BV(R”) — 1)dXdR3dRo (16)
s -1

with

2
bo = ngARS , Ro3 = \/R% + R%3 —2R19R13X, X = cos0; . (17)

Here the integration has to be performed for reduced distances.

The genuine three-body potential for the interaction between three atoms 1, 2
and 3 with the angles 61, 6 and 63 between the distance vectors Rjs, Ros, and
R3; of the triplet is approximated by the triple-dipole potential term proposed by

URL: http://mc.manuscriptcentral.com/tandf/tmph
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Axilrod and Teller [21,22]:

C
AVAT(R1, Ry, R3) = ﬁ (1 + 3 cos 6y cos O cos b3)
_ Cy <1 L3 3 (R%, + R3, — R3;) (RS, + R3; — Ri,)(R3; + Ry, — R§1)>
R}, R R, 8 R, R3sRE,
B Coy (Ri2 - Ro3)(Ri2 - Ra1)(Ras - Ray)
- R3.R3.R3 1-3 R2.R2.R2 : (18)
1241931133 124123113,

The non-additivity coefficient of the triple-dipole term was calculated for helium by
Kumar and Meath [23] to be Cg = 1.472 hartree aj) (1 hartree = 3.1577465 - 10° K).

3.4 Calculation of the transport properties

The transport properties of dilute gases are formulated in different approximations
of increasing order in dependence of quantum cross sections Q™ (E) and quantum
collision integrals Q") (T"). The numbers m and s are connected with certain
approximations of the solution of the Boltzmann equation. The quantum cross
sections are given by Meeks et al. [24] in analogy to the second virial coefficient
for particles with spin s according to the Bose-Einstein (BE) or to the Fermi-Dirac
(FD) statistics as:

m)y | s+1

QBE - |:2 + 1:| Qeven |:2 + 1:| Qodd (19)
m)y | s+1
FD — |:28 4 1:| Qodd |:2 + 1:| Qeven . (20)

Q(()Zbg and QSJJ}JH are again given in the following relationships as sums over the

phase shifts §;, either over only the odd [ values or over only the even [ values:

QO = QW = QW = ... = 3 (2 +1)sin’ 4, (21)
l
—(+)+2)
Q¥ = Zl: T (20+3) sin?(8; — d142), (22)
B 20+ 1)(L+2)(20% +61—3) .
QW = zl: [ Q- 1)@ +3)2+7) Sin® (0 = du2)
U+ 1) +2)(I+3)(+4) sin®(6; — 6144) | - (23)

(20 +3)(20 +5) (20 + 7)

It is to point out that Egs. (22) and (23) for even m values can be applied for the
Bose-Einstein and Fermi-Dirac statistics as well as for the Boltzmann statistics,
whereas for the latter one the complete sums have to be used. But the simple
Eq. (21) for odd m values is valid only for the Bose-Einstein and Fermi-Dirac

statistics, if the summation is to be performed either over the odd or over the even
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[ values. In the case of the Boltzmann (B) statistics more complicated relations are

to be applied for the different odd m values:

Qn) = Y (1 +1)sin’ (8 — b)), (24)

l

31+1)(1P+20-1) .
o =3 [ ey e

I+1)(1+2)(1+3)

(20 +3)(20 + 5) S (0; — i) | - (25)

Analogous relationships for m = 5 and m = 6 were given by Meeks et al. [24]. A
factor 47 /k%, where k is again the wave number, has been dropped in this paper in
all expressions for the quantum cross sections Q") compared with the relationships
of Meeks et al. This factor is taken into account in the quantum collision integrals
Q(m9) defined as

Ah?

(m,s) —
& (T) 2ukpT (s + 1)

/0 T Qm(B), e PF(BEYA(5E).

The viscosity and the thermal conductivity coefficients of a monatomic gas in

the limit of zero density can be expressed in the nth-order approximation as
5 (2muksT):
16 Q2(T)

75 (2rpkdT)2
64 2, Q2)(T)

ln = =~ i) (26)

[Aln = £ (27)
The Q22 collision integral is related to the first-order approximations for the vis-
cosity and thermal conductivity, whereas fén) and f>(\") represent the correction fac-
tors needed in nth-order approximations of the kinetic theory. Explicit expressions
up to the fifth order approximations including computer programs were prepared
by Viehland et al. [25] and used for the calculations in this paper.

It is to point out that according to our calculations the effect of the fifth-order
corrections to the viscosity and to the thermal conductivity compared with the
fourth-order corrections is below +0.01%. In this connection we refer to Figure 2
of the paper by Hurly and Moldover [1] who obtained the same results for their
potential in the temperature range 10-10,000 K.

4 Comparison with experimental data

4.1 Second pressure virial coefficient

The calculation of the second virial coefficient requires to determine the possibly

existing bound states. For that purpose the program Level 7.7 of LeRoy [26] was
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used and only one bound state was found to be Eyy = —1.64mK for *He. This
value is to be compared with —1mK for the first experimental proof by Luo et
al. [6]. In 2000 Grisenti et al. [8] obtained Eyy = —(1.1 + 0.3/ — 0.2) mK using
diffraction experiments of a molecular beam of small helium clusters.

The comparison with the experimental data shown as absolute deviations
Bexp — Bea is restricted to the best available data. For 4He at low temperatures
figure 1 does not only demonstrate a very good agreement for the excellent data
of Berry [27] resulting from constant-volume gas thermometry, but also for the
dielectric constant isotherms by Gugan and Michel [28]. The B values by Kemp
et al. [30] obtained also by constant-volume gas thermometry between 27K and
room temperature fall into line at low temperatures with the mentioned data by
Berry as well as Gugan and Michel. Figure 1 also reveals a very close agreement
between the B values calculated with the potential model by Hurly and Mehl [2]
and those obtained from the new interatomic potential of the present paper. There
exists only a very small difference at the lowest temperatures.

In figure 2 absolute deviations Beyx, — Bcal are presented for temperatures
T > 50 K. The figure shows an excellent agreement between the very new data by
McLinden and Losch-Will [38], measured with a high-precision two-sinker densime-
ter between 220 K and 320 K, and the values calculated for the interatomic potential
of this paper. This demonstrates the high quality of the experiments by McLinden
and Losch-Will, but also of the potential and of the statistical-mechanical calcula-
tion of the second virial coefficients. It is further illustrated that the data of Kemp
et al. [30] agree at the higher temperatures with the second virial coefficients de-
termined by Blancett et al. [33] and by Holste et al. [37]. Above room temperature
the data by Schneider et al. [31,32], Waxman [34], and Kell et al. [36] are in close
agreement up to about 500 K.

Even at high temperatures above 1000 K the differences between the experimen-
tal data by Schneider et al. [31,32] and the calculated values are not large. It is to
be stressed that the calculated values are more reliable at such high temperatures.

The comparison in the case of 3He is shown in Figure 3. It becomes evident that
the results of four measurement series of the constant-volume gas thermometry
between 1.5 K and 20.3 K performed by Matacotta et al. [40] are in close agreement
with the calculated values for the interatomic helium potential. Surprisingly, the

older data by Keller [39] are also reasonably consistent with the calculated values.

4.2 Third pressure virial coefficient

It is to point out that experimental data for the third pressure virial coefficient are
not independent of the values for the second pressure virial coefficient derived from
the same experiments. Hence only third pressure virial coefficients combined with

second ones, which are in reasonably close agreement with the best experimental
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data and with the calculated values of the present paper, are included in the com-
parison. Thus the experimental data determined by McLinden and Losch-Will [38]
represent a strong criterion due to their very close agreement with regard to the
second pressure virial coefficient. Figure 4 shows a comparison between experimen-
tal data and the values calculated for the new interatomic potential. This figure
elucidates that an excellent agreement of the experimental data of McLinden and
Losch-Will with the calculated values is only achieved, if the third virial coefficient
corresponds to the complete sum of the contributions for the pairwise additivity
Claqq, for the non-additivity of the three-body interatomic interactions according
to Axilrod and Teller C o, —aad, and for the first-order quantum-mechanical correc-
tion Cym,1. Good agreement is also found for the experimental data by Pfefferle et
al. [41], Hoover et al. [42], Blancett et al. [33] as well as Vogl and Hall [44]. This
makes evident that the calculation procedure for the third pressure virial coefficient

predicts excellent values.

4.3 Viscosity

In principle, the initial density dependence of the experimental data for the trans-
port properties should be considered in the discussion, since many measurements
were performed at atmospheric pressure, whereas the theoretical results correspond
to the limit of zero density. But this effect is comparably small (< 0.1%) for most
temperatures, apart from the very low temperatures near to the normal boiling
point of helium. On the other hand, the experimental uncertainty is rather high
at these low temperatures so that the initial density dependence was taken into
account only in one case for the thermal conductivity.

For the viscosity the situation is complicated by the fact that it is difficult to
perform genuine absolute measurements of the gas viscosity with an uncertainty
< 40.1%, even at ambient temperature. This is demonstrated in Figure 5 for *He.
The measurements by Kestin and Leidenfrost [45], approved as one of the most
accurate and additionally one of the few absolute measurements on gases, can only
partly be considered as absolute ones. Kestin and Leidenfrost applied the theory by
Newell [54], developed for absolute measurements with an oscillating-disk viscome-
ter, and calculated first the so-called Newell’s constant from the geometric dimen-
sions of the viscometer. Then the value of Newell’s constant was changed by 0.16%
in order to take into account a paddle effect of the mirror used in the measurements.
But for that purpose Kestin and Leidenfrost utilized a value for the viscosity of
air at 20°C and at atmospheric pressure determined by Bearden [55] in an abso-
lute measurement with a rotating-cylinder viscometer. Hence the genuine absolute
measurement is that of Bearden. The measurements by Kestin and Nagashima [46]
were analogously evaluated, but the change in Newell’s constant was 0.5%. In 1972

Kestin et al. [47] reported a best estimate of their measurements in the foregoing
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years, but with a change by nearly +0.1% of the value at 298.15 K in comparison
with the data by Kestin and Leidenfrost as well as Kestin and Nagashima. Hence it
is to expect that all measurements which are related to these best estimates for the
noble gases as well as for nitrogen should be characterized by a tendency to values
increased by +0.1%. This holds for two measurement series of Vogel [50] with an
all-quartz oscillating-disk viscometer which were performed in a relative manner
with a Newell’s constant determined from the best estimates by Kestin et al. The
absolute measurements by Flynn et al. [48] and Gracki et al. [49] performed with
nearly the same capillary viscometer led to values differing by +0.2%. Recently,
Evers et al. [51] utilized a rotating-cylinder viscometer for absolute measurements
on several gases at different temperatures and pressures. Their result for helium
at 293.15 K agrees with our calculations within +0.1% with a tendency to higher
experimental data. Very recently, Berg [52,53] performed highly accurate absolute
measurements with a capillary viscometer only at room temperature. The experi-
mental datum by Berg at 298.15 K n = (19.842+0.014) puPas (standard deviation:
2 o) deviates nearly +0.1% from the calculated value n = 19.8262 uPas of this
paper. On the other hand, the very recent calculations by Hurly and Mehl [2] with
an improved interatomic potential for helium compared with that of Hurly and
Moldover [1] led to a value of n = (19.8245 + 0.004) uPas at 298.15 K. The agree-
ment between the calculations of Hurly and Mehl and that of the present paper
in which the interatomic potential was further improved shows clearly that the
uncertainty of the theoretical values is about one order of magnitude lower than
that of the experiments.

The situation changes further to the disadvantage of the experiment, if the mea-
surements are carried out away from ambient temperature. In Figure 6 experi-
mental data at low temperatures down to 1.3 K and at medium temperatures up
to 374K are compared with the values calculated for the new potential energy
curve. A close agreement within +0.5% is only found for the absolute capillary
measurements of Flynn et al. [48], Gracki et al. [49] and Kao and Kobayashi [60]
as well as for the absolute measurements by Evers et al. [51] with their rotating-
cylinder viscometer. All other measurements are relative measurements in which
the value used for the calibration plays the decisive role. Johnston and Grilly [56]
(oscillating-disk viscometer) as well as Clarke and Smith [61] and Gough et al. [62]
(capillary viscometers) based their measurements on reasonable values for air and
nitrogen at ambient temperature resulting in deviations within +2%. On the con-
trary, Becker et al. [57] and Becker and Misenta [58] used an old value for “He at
77.3 K from Keesom [63] for calibration in their measurements with an oscillating-
cylinder viscometer so that the differences amount to about +5%. Similarly, the
measurements with an oscillating-disk viscometer by Coremans et al. [59] based on

an even older value for “He at 20 K from Kamerlingh Onnes and Weber [64] show
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positive deviations up to 5%. All these results could be much better, if they would
have been based on more reliable values for calibration. It is to be mentioned that
in the case of measurements at atmospheric pressure a consideration of the initial
density dependence of the viscosity would increase the values in the limit of zero
density which means the differences would become somewhat larger. In addition,
figure 6 shows only at the lowest temperatures small differences to the calculated
values by Hurly and Mehl [2].

Figure 7 illustrates the comparison between the best experimental viscosity data
and the calculated values at higher temperatures. For that purpose the data of
the two measurement series of Vogel [50] were recalibrated at room temperature
with the theoretically calculated values of “*He of this report. The temperature
dependence of the experimental data agrees in an excellent manner with the cal-
culated values at all other temperatures up to 650 K. The measurements by Vogel
with his all-quartz oscillating-disk viscometer represent the best experiments in
this temperature range.

Although the values of the best estimate by Kestin et al. [47] and the experi-
mental data of a further paper by Kestin et al. [65] were not recalibrated, Figure
7 reveals a systematic trend in the data by Kestin et al. to higher values with
increasing temperature. But this tendency is well-known for all the measurements
by Kestin and his co-workers with the oscillating-disk viscometer developed by Di
Pippo et al. [68]. These systematic deviations are a consequence of a temperature
measurement error with thermocouples extensively discussed by Vogel et al. [69]
and are still relatively small for helium due to the large thermal conductivity coef-
ficient compared with those of other common gases. The relative measurements of
Guevara et al. [66] and of Dawe and Smith [67] with capillary viscometers based
on a reasonable calibration at room temperature make obvious that they are influ-
enced by systematic errors and that the theoretical calculation is distinctly superior
to the experiment at these high temperatures.

Figure 8 displays the deviations of the experimental viscosity data by Becker et
al. [67] and Becker and Misenta [58] from the theoretically calculated values for
3He. These differences are not too large with respect to the uncertainty of +5%

estimated by those authors.

4.4 Thermal conductivity

Accurate measurements of the thermal conductivity are difficult to carry out due
to different experimental problems. Results for “He near to room temperature
obtained with the transient hot-wire technique, the most accurate method for de-
termining thermal conductivity coefficients, are compared in Figure 9 with the
values theoretically calculated. This comparison is a further stringent test of the

new potential and of the correct application of the kinetic theory including the
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quantum-mechanical effects. The experimental data by Kestin et al. [71] and As-
sael et al. [72] as well as by Johns et al. [74] differ from the calculated values by
< £0.1% and < 40.2%, less than the uncertainties estimated by those authors
themselves (£0.3%). The deviation of the first experiment with this method by
Haarman [70] is only somewhat larger, whereas that of Mustafa et al. [73] is dis-
tinctly increased.

It is to note that the differences between the calculated values by Hurly and
Mehl [2] and those of the present paper are too small to become obvious in figures
9 - 11.

The experimental thermal conductivity data for “He below ambient tempera-
ture are compared in Figure 10 with the calculated values. It becomes evident
that there exists an excellent agreement for the experimental data of Acton and
Kellner [81] obtained between 3.3 K and 20K with a parallel-plate apparatus. It
is to be stressed that we extrapolated the experimental density series of Acton
and Kellner to the limit of zero density for this comparison. But the experimen-
tal data between 2.08 K and 3.95 K by Kerrisk and Keller [77] resulting also from
parallel-plate measurements show large positive differences. These values were not
corrected, since the measurements were carried out only at one pressure of about
10 Torr. The effect of the density dependence is distinctly smaller than the devi-
ations. The experimental data between 7.7 K and 273 K by Popov and Zarev [82]
using the concentric-cylinder method show similar positive differences to the theo-
retically calculated values with decreasing temperature. These data could also not
be corrected with respect to the initial density dependence, since details about the
pressure or density of the measurements are missing. The experimental data by
Zarev et al. [83] (concentric-cylinder method) and by Roder [78,79] (parallel-plate
technique) are characterized by comparably small deviations from the calculated
values.

Figure 11 illustrates the comparison above ambient temperature. The measure-
ment of Johns et al. [74] at 378 K agrees again within £0.1% with the calculated
value. Furthermore, the results of the measurements of Haarman [70] between 328 K
and 468 K deviate in average by —0.4%, but show nearly the same temperature de-
pendence as the calculated values. The differences of the measurements by Mustafa
et al. [73] cannot be explained with respect to the much valued transient hot-wire
technique. The experimental data by Vargaftik and Zhimina [84] (common hot-wire
technique) and by Le Neindre et al. [85] (concentric-cylinder method) are charac-
terized by not too large deviations from the calculated values, but do not allow
any test of the potential and of the kinetic theory.

Figure 12 shows for He the deviations of the experimental thermal conductivity
data by Kerrisk and Keller [77] between 1.5 K and 3.95K and by Zarev et al. [83]

between 79K and 276 K from the theoretical values. The differences correspond
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approximately to those for ‘He.

5 Conclusion

A new potential function for helium [3] was used for the quantum-mechanical cal-
culation of the second and third pressure virial, of the viscosity and of the thermal
conductivity coefficients for “He and He in the range from 1K to 10,000 K. The
extensive comparison with experimental data as well as with recent calculations by
Hurly and Mehl [2] using a potential function obtained from a fit to various ab initio
calculations from the literature makes evident that the theoretically calculated val-
ues of the thermophysical properties are characterized by uncertainties superior to
any experiment. In the case of the second pressure virial coefficient the differences
between the results obtained by our potential and the potential of Hurly and Mehl
give an estimate of the uncertainties of this property. Values of the third pres-
sure virial coefficient calculated classically including a non-additive contribution
according to the Axilrod-Teller potential model and a quantum-mechanical correc-
tion are in excellent agreement with very recent experimental data by McLinden
and Losch-Will [38]. For both viscosity and thermal conductivity the relative differ-
ences between the results obtained from the two potentials do not exceed £0.01%
for temperatures above 15K and increase to £0.13% at 1 K. This shows that the
transport properties are practically insensitive to small changes in the potential
function. To get reliable error bars we stress that contributions from the kinetic
theory beyond the fifth-order approximation are distinctly smaller than £0.01%
(see Figure 2 of Reference [1]). In addition, all digits of the calculated values given
by Hurly and Mehl for viscosity and thermal conductivity could be reproduced
when applying their potential function and using our computer code. Hence the
uncertainties in viscosity and thermal conductivity should be primarily due to the
errors in the potential. Since our potential is more accurate than the one of Hurly
and Mehl, we would suggest +0.02% as a conservative estimate of the relative
uncertainties for both properties down to 15 K. At temperatures lower than 15K
the uncertainty increases to +0.2% at 1K, but is still far below any experimen-
tal uncertainty. The theoretical values for all calculated thermophysical properties
can safely be recommended as standard values for 2He and *He in the tempera-
ture range from 1K to 10,000 K apart from the third pressure virial coefficient, for
which the quantum correction is certainly not applicable at temperatures below

20 K. The calculated values are listed in the Appendix.
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Table 1. Potential parameters (¢/kg, R., and o
for the retarded potential).

A (K) 0.307092338615E + 07
a1 (agh) —0.201651289932F + 01
a_1 (ao) —0.431646276045E + 00
az (ag?) —0.459521265125F — 01
a_s (a? 0.138539045980F + 00
d1 0.167127323768F — 02
da (agh) 0.178284243205F + 01
ds 0.176635702255F + 01
b (agt 0.203625105759E + 01
Cs (K af) 0.4616213781F + 06
Cs (K a) 0.4460565781F + 07
Cro (K a{?) 0.5803352873F + 08
Cr2 (K a}?) 0.1031677697F + 10
Cia (K ad?) 0.2415716766F + 11
Ci6 (K af®) 0.7191492488E + 12

P OO~NOUILAWNPE

P RR R RR R
©CO~NOODWNEREO

N
o

e/kg (K) 10.997898
Re (ao) 5.608068
o (ao) 4.990672
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Table 2. Number of calculated phase shifts for some reduced

energies

E* Total number QM [Eq. (3)-(6)]

0. 1
1.x 1075 4 4
1.x 1072 13 6
1. x 1071 34 12
10 1. 87 24
11 10. 454 42
12 100. 454 70
13 1,000. 454 106
14 10,000. 618 196
15 24,000. 790 230
16 25,000. 809 0
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Deviations of experimental and calculated second pressure virial coef-
ficients from values calculated with the new interatomic potential for
“He at low temperatures. Experimental data: o Berry [27]; A Gugan
and Michel [28], smoothed data from Aziz [29]; m Kemp et al. [30].
Calculated values: — — — Hurly and Mehl [2].

Deviations of experimental and calculated second pressure virial co-
efficients from values calculated with the new interatomic potential
for *He at medium and higher temperatures. Experimental data: m
Kemp et al. [30]; A Schneider and Duffie [31] as well as Yntema and
Schneider [32]; e Blancett et al. [33]; Vv Waxman [34]; ¥ Waxman and
Davis [35]; A Kell et al. [36]; o Holste et al. [37]; o McLinden and
Losch-Will [38]. Calculated values: — — — Hurly and Mehl [2].
Deviations of experimental and calculated second pressure virial coef-
ficients from values calculated with the new interatomic potential for
3He. Experimental data: o Keller [39]; A, ¢, V, o, run 1 to 4, Matacotta
et al. [40]. Calculated values: — — — Hurly and Mehl [2].

Comparison of experimental data and and of values for the third pres-
sure virial coefficient derived from the new interatomic potential for
4He. Experimental data: m Pfefferle et al. [41]; A Hoover et al. [42]; o
Blancett et al. [33]; V Provine and Canfield [43]; ¥ Vogl and Hall [44];
A Kell et al. [36]; o McLinden and Losch-Will [38]. Calculated val-
ues: — — — classical contribution C,gq, — + — - — - classical and non-
additivity contributions Chgq + Chon—add, —— sum of classical and
non-additivity contributions and of the first-order quantum correction
Cadd + Chon—add + Cqm,1-

Deviations of experimental and calculated viscosity coefficients from
values calculated with the new interatomic potential for *He at room
temperature. Experimental data: e Kestin and Leidenfrost [45]; o
Kestin and Nagashima [46]; o Kestin et al. [47]; m Flynn et al. [48];
o Gracki et al. [49]; A Vogel [50], 1st series of measurements; A Vo-
gel [50], 2nd series of measurements; = Evers et al. [51]; V Berg [52,53].
Calculated values: — — — Hurly and Mehl [2].

Deviations of experimental and calculated viscosity coeefficients from
values calculated with the new interatomic potential for *He at low and
medium temperatures. Experimental data: % Johnston and Grilly [56];
e Becker et al. [57]; o Becker and Misenta [58]; A Coremans et al. [59];
m Flynn et al. [48]; o Gracki et al. [49]; ¢ Kao and Kobayashi [60];
v Clarke and Smith [61]; V Gough et al. [62]; & Evers et al. [51].
Calculated values: — — — Hurly and Mehl [2].

Deviations of experimental and calculated viscosity coefficients from
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values calculated with the new interatomic potential for “He at higher
temperatures. Experimental data: e Kestin et al. [47]; o Kestin et
al. [65]; ¥ Guevara et al. [66]; o Dawe and Smith [67]; A Vogel [50], 1st
series of measurements recalibrated; A Vogel [50], 2nd series of mea-
surements recalibrated. Calculated values: — — — Hurly and Mehl [2].
Deviations of experimental and calculated viscosity coefficients from
values calculated with the new interatomic potential for He. Experi-
mental data: e Becker et al. [57]; o Becker and Misenta [58]. Calculated
values: — — — Hurly and Mehl [2].

Deviations of experimental and calculated thermal conductivity coeffi-
cients from values calculated with the new interatomic potential for *He
at room temperature. Experimental data: ¢ Haarman [70]; 4 Kestin et
al. [71]; m Assael et al. [72]; ¥ Mustafa et al. [73]; A Johns et al. [74].
Calculated values: — — — Hurly and Mehl [2].

Deviations of experimental and calculated thermal conductivity coeffi-
cients from values calculated with the new interatomic potential for *He
at low and medium temperatures. Experimental data: o Ubbink and
de Haas [75]; A Golubev and Shpagina [76]; e Kerrisk and Keller [77];
A Roder [78,79]; o Shashkov et al. [80]; m Acton and Kellner [81]; v
Popov and Zarev [82]; ¥ Zarev et al. [83]. Calculated values: — — —
Hurly and Mehl [2].

Deviations of experimental and calculated thermal conductivity co-
efficients from values calculated with the new interatomic potential
for “He at higher temperatures. Experimental data: A Vargaftik and
Zhimina [84]; o LeNeindre et al. [85]; @ Haarman [70]; V Faubert and
Springer [86]; o Martchenko and Shashkov [87]; ¢ Jody et al. [88]; ¥
Mustafa et al. [73]; A Johns et al. [74]. Calculated values: — — — Hurly
and Mehl [2].

Deviations of experimental and calculated thermal conductivity coef-
ficients from values calculated with the new interatomic potential for
3He. Experimental data: e Kerrisk and Keller [77]; ¥ Zarev et al. [83].
Calculated values: — — — Hurly and Mehl [2].
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Figure 1. Deviations of experimental and calculated second pressure virial coefficients from values

calculated with the new interatomic potential for *He at low temperatures. Experimental data: O
Berry [27]; A Gugan and Michel [28], smoothed data from Aziz [29]; m Kemp et al. [30]. Calculated

values: — — — Hurly and Mehl [2].
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Figure 2. Deviations of experimental and calculated second pressure virial coefficients from values
calculated with the new interatomic potential for *He at medium and higher temperatures. Experimental
data: @ Kemp et al. [30]; A Schneider and Dulffie [31] as well as Yntema and Schneider [32]; ® Blancett et

al. [33]; Vv Waxman [34]; ¥ Waxman and Davis [35]; A Kell et al. [36]; O Holste et al. [37]; © McLinden
and Losch-Will [38]. Calculated values: — — — Hurly and Mehl [2].

URL: http://mc.manuscriptcentral.com/tandf/tmph



September 27, 2007

©CoO~NOUTA,WNPE

13:13 Molecular Physics Helium2a-MolPhys
Molecular Physics

24 Eckard Bich, Robert Hellmann, and Eckhard Vogel

O

N
<

3 -1
Beyp = Beat /€M™ mol
o

N
PO<

4 T T T T
0 5 10 15 20 25

T/K

Figure 3. Deviations of experimental and calculated second pressure virial coefficients from values
calculated with the new interatomic potential for He. Experimental data: © Keller [39]; A, ©, Vv, O, run
1 to 4, Matacotta et al. [40]. Calculated values: — — — Hurly and Mehl [2].

URL: http://mc.manuscriptcentral.com/tandf/tmph

Page 24 of 47



September 27, 2007 13:13 Molecular Physics Helium2a-MolPhys
Page 25 of 47 Molecular Physics

1I. Thermophysical standard values for low-density helium 25

160

140 ~

P OO~NOUILAWNPE

[
= O

120 ~

PR PP PR
OO WN

6 -2

C /cm” mol

100 +

N e
O © o~

80

N
=

100 200 300 400 500 600
T/IK

NNNNDN
OO WN

Figure 4. Comparison of experimental data and and of values for the third pressure virial coefficient

N
~

derived from the new interatomic potential for “He. Experimental data: B Pfefferle et al. [41]; A Hoover
et al. [42]; ® Blancett et al. [33]; V Provine and Canfield [43]; ¥ Vogl and Hall [44]; A Kell et al. [36]; ©

MecLinden and Losch-Will [38]. Calculated values: — — — classical contribution Cypqq, — - — - — - classical

W NN
O O

and non-additivity contributions Cypqq + Chon—add;, sum of classical and non-additivity

w
=

contributions and of the first-order quantum correction Cpqq + Chon—add + Cqm,1-

oo DIAMDIMAEDIMDMDAMOWOWWWWWWW
QUOWONOUPRRWNRPOOO~NOUOPRWNRPOOONOOOGRA,WDN

URL: http://mc.manuscriptcentral.com/tandf/tmph



September 27, 2007

©CoO~NOUTA,WNPE

13:13 Molecular Physics Helium2a-MolPhys
Molecular Physics

26 Eckard Bich, Robert Hellmann, and Eckhard Vogel
0.3
0.2 - [ |
= O] O
-~ A
S 011 e o
~ o}
— O &
8
oo ———
3
>
-0.1 A
[m]
_0.2 T T T T T
292 294 296 298 300 302 304
T/IK

Figure 5. Deviations of experimental and calculated viscosity coefficients from values calculated with
the new interatomic potential for *He at room temperature. Experimental data: ® Kestin and
Leidenfrost [45]; © Kestin and Nagashima [46]; © Kestin et al. [47]; m Flynn et al. [48]; O Gracki et
al. [49]; A Vogel [50], 1st series of measurements; A Vogel [50], 2nd series of measurements; & Evers et
al. [51]; V Berg [52,53]. Calculated values: — — — Hurly and Mehl [2].
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Figure 6. Deviations of experimental and calculated viscosity coefficients from values calculated with
the new interatomic potential for 4He at low and medium temperatures. Experimental data: % Johnston
and Grilly [56]; ® Becker et al. [57]; © Becker and Misenta [58]; A Coremans et al. [59]; B Flynn et
al. [48]; O Gracki et al. [49]; ¢ Kao and Kobayashi [60]; ¥ Clarke and Smith [61]; V Gough et al. [62]; &
Evers et al. [51]. Calculated values: — — — Hurly and Mehl [2].
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Figure 7. Deviations of experimental and calculated viscosity coefficients from values calculated with
the new interatomic potential for He at higher temperatures. Experimental data: ® Kestin et al. [47]; O
Kestin et al. [65]; ¥ Guevara et al. [66]; O Dawe and Smith [67]; A Vogel [50], 1st series of measurements

recalibrated; A Vogel [50], 2nd series of measurements recalibrated. Calculated values: — — — Hurly and

Mehl [2].
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the new interatomic potential for 3He. Experimental data: ® Becker et al. [57]; © Becker and

Misenta [58]. Calculated values: — — — Hurly and Mehl [2].
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26 Figure 9. Deviations of experimental and calculated thermal conductivity coefficients from values
27 calculated with the new interatomic potential for 4He at room temperature. Experimental data: ®
28 Haarman [70]; ¢ Kestin et al. [71]; m Assael et al. [72]; ¥ Mustafa et al. [73]; A Johns et al. [74].
29 Calculated values: — — — Hurly and Mehl [2].
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Figure 10. Deviations of experimental and calculated thermal conductivity coefficients from values
calculated with the new interatomic potential for *He at low and medium temperatures. Experimental
data: © Ubbink and de Haas [75]; A Golubev and Shpagina [76]; ® Kerrisk and Keller [77]; A
Roder [78,79]; O Shashkov et al. [80]; ® Acton and Kellner [81]; V Popov and Zarev [82]; ¥ Zarev et
al. [83]. Calculated values: — — — Hurly and Mehl [2].
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Figure 11. Deviations of experimental and calculated thermal conductivity coefficients from values
calculated with the new interatomic potential for He at higher temperatures. Experimental data: A
Vargaftik and Zhimina [84]; O LeNeindre et al. [85]; ® Haarman [70]; V Faubert and Springer [86]; O

Martchenko and Shashkov [87]; ¢ Jody et al. [88]; ¥ Mustafa et al. [73]; A Johns et al. [74]. Calculated

values: — — — Hurly and Mehl [2].
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Figure 12. Deviations of experimental and calculated thermal conductivity coefficients from values

calculated with the new interatomic potential for 3He. Experimental data: ® Kerrisk and Keller [77]; ¥

Zarev et al. [83]. Calculated values: — — — Hurly and Mehl [2].
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; Appendix A: Thermophysical properties of *He and 3He calculated in this
3 work
4
2 Table Al. Thermophysical properties of *He and 3He calculated in this work
g He 3He
9 T (K) B (cm®mol™) C (em®mol=2) n(uPas) A (mWm™1K™1) B (cm3®mol™!) n(uPas) A (mWm 1K)
10
11 1.00 —475.93 0.32875 2.6288 —236.32 0.55936 5.7842
12 1.20 —370.40 0.34015 2.7166 —205.50 0.66407 6.8674
13 1.40 —302.50 0.35796 2.8422 —180.96 0.76250 7.8906
14 1.60 —255.41 0.38408 3.0296 —161.04 0.85015 8.8094
15 1.80 —220.88 0.41793 3.2800 —144.60 0.92505 9.6041
16 2.00 —194.45 0.45824 3.5852 —130.84 0.98722 10.274
17 2.25 —168.96 0.51567 4.0268 —116.54 1.0491 10.952
18 2.50 —149.15 0.57869 4.5156 —104.70 1.0969 11.485
19 2.75 —133.28 0.64523 5.0334 —94.764 1.1345 11.908
20 3.00 —120.24 0.71357 5.5656 —86.312 1.1651 12.254
21 3.50 —100.05 0.85058 6.6326 —72.723 1.2153 12.807
22 4.00 —85.089 0.98279 7.6619 —62.293 1.2603 13.281
23 4.50 —73.531 1.1072 8.6316 —54.042 1.3060 13.745
24 5.00 —64.323 1.2234 9.5375 —47.354 1.3546 14.231
25 6.00 —50.558 1.4333 11.179 —37.169 1.4609 15.290
26 7.00 —40.750 1.6203 12.645 —29.776 1.5756 16.444
27 8.00 —33.404 1.7913 13.987 —24.162 1.6940 17.647
28 9.00 —27.697 1.9509 15.239 —19.751 1.8127 18.864
29 10.00 —23.135 2.1018 16.423 —16.193 1.9303 20.074
30 11.00 —19.407 2.2458 17.552 —13.262 2.0456 21.265
31 12.00 —16.304 2.3841 18.637 —10.807 2.1583 22.431
32 14.00 —11.439 2.6468 20.695 —6.9255 2.3757 24.685
33 16.00 —7.8037 2.8943 22.635 —3.9990 2.5830 26.837
34 18.00 —4.9899 3.1296 24.478 —1.7171 2.7814 28.897
35 20.00 —2.7515 310.0 3.3548 26.242 0.10887 2.9722 30.878
36 22.00 —0.93187 291.5 3.5713 27.937 1.6004 3.1561 32.788
37 23.00 —0.14494 284.4 3.6767 28.763 2.2474 3.2458 33.720
38 24.00 0.57370 278.0 3.7803 29.574 2.8394 3.3341 34.637
39 25.00 1.2323 272.5 3.8823 30.373 3.3827 3.4212 35.541
40 26.00 1.8377 267.4 3.9828 31.160 3.8829 3.5069 36.432
41 28.00 2.9119 258.7 4.1795 32.700 4.7723 3.6750 38.178
42 30.00 3.8346 251.2 4.3710 34.199 5.5378 3.8389 39.880
43 35.00 5.6493 236.4 4.8302 37.794 7.0478 4.2327 43.969
44 40.00 6.9740 225.1 5.2662 41.206 8.1528 4.6073 47.858
45 45.00 7.9739 216.1 5.6832 44.469 8.9878 4.9661 51.583
46 50.00 8.7482 208.6 6.0842 47.607 9.6342 5.3116 55.169
47 60.00 9.8508 196.6 6.8472 53.575 10.552 5.9697 62.000
48 70.00 10.578 187.1 7.5682 59.215 11.154 6.5924 68.462
49 80.00 11.075 179.3 8.2558 64.592 11.561 7.1868 74.630
50 90.00 11.425 172.6 8.9160 69.754 11.842 7.7579 80.555
51 100.00 11.673 166.7 9.5531 74.735 12.038 8.3092 86.275
52
53
54
55
56
57
58
59
60
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1 Table A2. Table continued
2
3 T (K) B (cm®mol™1) € (cm® mol—2) n(uPas) A (MmWm~ K=Y B (cm3mol™1) n(uPas) A (mWm—TK~1)
4
5 120.00 11.977 156.8 10.770 84.250 12.267 9.3631 97.208
6 140.00 12.126 148.5 11.926 93.283 12.364 10.364 107.59
7 160.00 12.186 141.5 13.032 101.93 12.386 11.323 117.54
8 180.00 12.191 135.4 14.099 110.26 12.364 12.248 127.12
9 200.00 12.163 129.9 15.130 118.32 12.314 13.142 136.39
10 225.00 12.099 123.9 16.378 128.07 12.229 14.225 147.62
11 250.00 12.015 118.7 17.588 137.52 12.128 15.274 158.51
12 273.15 11.927 114.3 18.678 146.04 12.028 16.220 168.30
13 275.00 11.920 114.0 18.764 146.71 12.020 16.294 169.07
14 298.15 11.826 110.0 19.826 155.01 11.916 17.215 178.63
15 300.00 11.818 109.8 19.910 155.66 11.908 17.288 179.38
16 325.00 11.714 105.9 21.030 164.41 11.795 18.260 189.46
17 350.00 11.609 102.4 22.128 172.98 11.682 19.212 199.32
18 375.00 11.504 99.22 23.204 181.39 11.571 20.146 209.00
19 400.00 11.400 96.27 24.261 189.64 11.462 21.064 218.51
20 450.00 11.199 90.98 26.325 205.76 11.252 22.855 237.07
21 500.00 11.006 86.38 28.331 221.42 11.053 24.596 255.11
22 600.00 10.651 78.73 32.196 251.60 10.688 27.951 289.87
23 700.00 10.332 72.56 35.905 280.55 10.362 31.170 323.22
24 800.00 10.045 67.46 39.488 308.51 10.071 34.279 355.43
25 900.00 9.7857 63.15 42.966 335.66 9.8077 37.299 386.70
26 1000.00 9.5497 59.44 46.357 362.12 9.5689 40.242 417.18
27  1200.00 9.1348 53.36 52.922 413.35 9.1500 45.940 476.20
28  1400.00 8.7799 48.56 59.253 462.75 8.7924 51.436 533.10
29  1600.00 8.4711 44.65 65.398 510.68 8.4816 56.771 588.32
30  1800.00 8.1987 41.38 71.390 557.42 8.2078 61.972 642.17
31 2000.00 7.9556 38.60 77.253 603.15 7.9636 67.062 694.85
32 2500.00 7.4446 33.17 91.461 713.95 7.4506 79.395 822.50
33 3000.00 7.0330 29.16 105.17 820.87 7.0379 91.299 945.67
34 3500.00 6.6905 26.06 118.52 924.88 6.6945 102.88 1065.5
35  4000.00 6.3988 23.58 131.56 1026.6 6.4022 114.21 1182.7
36  4500.00 6.1457 21.55 144.38 1126.5 6.1486 125.33 1297.7
37  5000.00 5.9229 19.84 157.00 1224.9 5.9254 136.29 1411.1
38  6000.00 5.5459 17.14 181.80 1418.1 5.5480 157.81 1633.6
39  7000.00 5.2363 15.08 206.12 1607.6 5.2379 178.92 1852.0
40  8000.00 4.9752 13.46 230.11 1794.5 4.9765 199.75 2067.2
41 9000.00 4.7505 12.14 253.83 1979.3 4.7519 220.34 2280.1
42 10000.00 4.5542 11.05 277.35 2162.5 4.5551 240.76 2491.2
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
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