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Abstract
Some identities in law in terms of planar complex valued Ornstein-
Uhlenbeck processes (Z; = X; + 1Y, t > 0) including planar Brownian
motion are established and shown to be equivalent to the well known
Bougerol identity for linear Brownian motion (f;,t > 0): for any fixed
u > 0

(law) 4

sinh(B,) = ﬁ(f(? dsexp(28s))°

with (3;,t > 0) a Brownian motion, independent of 3.

These identities in law for 2-dimensional processes allow to study the
distributions of hitting times T = inf{t : 6; = ¢}, (¢ > 0), de’C =
inf{t : 0; ¢ (—d,c)}, (¢c,d > 0) and more specifically of 7% . = inf{t :
0 ¢ (—c,c)}, (¢ > 0) of the continuous winding processes 6, =

Im( g dZZ: ),t > 0 of complex valued Ornstein-Uhlenbeck processes.
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1 Introduction

The conformal invariance of planar Brownian motion has deep consequences
as to the structure of its trajectories (see, e.g., Le Gall 1]). In particular, a
number of articles have been devoted to the study of its continuous winding
process (0;,t > 0): Spitzer [BJ], Williams [BJ], Durrett [[f], Messulam-Yor
[BY], Pitman-Yor [B(], Le Gall-Yor [BZ], Bertoin-Werner [f], Yor [Bg], Pap-Yor
[B9], Bentkus-Pap-Yor []. In this paper, we take up again the study of the
first hitting times:

de’c =inf{t: 0, ¢ (—d,c)}, (c,d > 0),

this time in relation with Bougerol’s well-known identity (see Bougerol [§],
Alili-Dufresne-Yor [P and Yor [B9)): for fixed u > 0:

law

. (law) 4
Sth(Bu) = B(foudsexp(Zﬁs))’

where (8,,t > 0) is a Brownian motionf], independent of 3.
In particular, it turns out that: for fixed ¢ > 0:

(law)

QTCB = Ca(c), (*)

where 3 is a BM independent of (6, u > 0), TCB —inf{t: B, = ¢}, (Cy,t > 0)
is a standard Cauchy process and a(c) = argsinh(c) = log (c +V1+¢?), c €
R.

The identity (%) yields yet another proof of the celebrated Spitzer theorem:

20"
logt =~ t—oo
with the help of Williams’ ” pinching method” (see Williams [BH] and Messulam-
Yor Bg)).
Moreover, we study the distributions of Tfoo’c and quc. In particular,
we give explicit formulae for the density function of 77, and for the first
moment of In (quc).

fWhen we simply write: Brownian motion, we always mean real-valued Brownian mo-
tion, starting from 0. For 2-dimensional Brownian motion, we indicate planar or complex
BM.



The last section of the paper is devoted to developing similar results
when planar Brownian motion is replaced by a complex valued Ornstein-
Uhlenbeck process. We note that Bertoin-Werner [[f] already made discus-
sions of windings for planar Brownian motion using arguments related to
Ornstein-Uhlenbeck processes. A

Firstly, we obtain some analogue of (x) when T? is replaced by TV =
Tfic = inf{t : |6Z| = ¢}, the corresponding time for an Ornstein-Uhlenbeck

process with parameter A\. Secondly, we identify the distribution of T; ),
More specifically, we derive the asymptotics of F [Tc()‘)} for A\ large and for

A small.

2 The Brownian motion case

2.1 A reminder on planar Brownian motion

Let (Z; = X;+1Y;,t > 0) denote a standard planar Brownian motion, starting
from x¢ + 0,29 > 0, where (X, t > 0) and (Y;,¢ > 0) are two independent
linear Brownian motions, starting respectively from xy and 0.

As is well known (see e.g. Ito-McKean [R(]), since zo # 0, (Z;,t > 0)
does not visit a.s. the point 0 but keeps winding around 0 infinitely often.
In particular, the continuous winding process ¢; = Im( (f dZZSS),t > 0 is well
defined.

Furthermore, there is the skew product representation:

] tdZs )
1og|zt|+zetz/ — (Bu+ i)

OZS

_rt _ds ’ (1)

t=Jo 1z,2

u=

where (8, + iy, u > 0) is another planar Brownian motion starting from
log 2 + i0. For a study of the Bessel clock H, see Yor [Bg].
Rewriting ([l) as:

log | Z,| = Bu,; Ok = Y, (2)

we easily obtain that the total o-fields o{|Z;|,t > 0} and o{3,,u > 0} are
identical, whereas (v,,u > 0) is independent from (|Z;|,t > 0).



(a) Y, _ (b) Y

Figure 1: Exit times for a planar BM. This figure presents the exit times
(a) T (t doesn’t matter because the angle is negative) and (b) 77, for a
planar BM starting from xq + 0.

A number of studies of the properties of the first hitting time (see Figure

M(b))
T =inf{t: 6, ¢ (—d,0)}, (c,d>0),

have been developed, going back to Spitzer [BJ].
In particular, it is well known (Spitzer [BJ], Burkholder [{], Revuz-Yor [BZ]
Ex. 2.21/page 196) that:

E[(T%, ] <oco ifandonlyif p<

2(c+d) )

Moreover, Spitzer’s asymptotic theorem (see e.g. Spitzer [BJ]) states that:

20, (taw) ~ (law)
logt t—oo

”YTfa <4>

where (' is a standard Cauchy variable.

2.2  On the Laplace transform of the distribution of the
hitting time 7’ = T’

—00,C

Now, we use the representation () to access the distribution of T (see Figure
M(a)). We define T = inf{t : v, ¢ (—o0,c)} the hitting time associated to
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the Brownian motion (v, ¢ > 0). Note that, from (g):
Hpo =T7, hence: T! = H-' , where

u’
u=T,

H'=inf{t: H >u} = / dsexp(20;) := A,. (5)
0
Thus, we have obtained:
Tcg - ATQ? (6)

where (A,,u > 0) and T are independent, since 8 and v are independent.
We can write: [, = (logxg) + 8O with (ﬁgo),s > 0) a standard one-

3

dimensional Brownian motion starting from 0. Then, we deduce from ([

that:
7
10—t [ dsexpi2s) ). (7)
0

From now on, for simplicity, we shall take o = 1, but this is really no
restriction, as the dependency in xy, which is exhibited in (), is very simple.
We shall also make use of Bougerol’s identity [§, @] and [B9] (p. 200), which
is very useful to study the distribution of A, (e.g. 6, 7). For any fixed
u > 0:

(law) ~

sinh(B3,) =" Ba, = B(f(;tdsexp@ﬁs))’ (8)

where on the right hand side, (3;,¢ > 0) is a Brownian motion, independent
of A, = [ dsexp(25,).

Thus, from (§) and (B), and as is well known [BJ], the law of S7» is the
Cauchy law with parameter c, i.e., with density:

he(y) = (1)

C

we deduce that:

Proposition 2.1 For fized ¢ > 0, there is the following identity in law:

. (law) A

sinh(Ce) =" Brey, (9)
where, on the left hand side, (Ceyc > 0) denotes a standard Cauchy process
and on the right hand side, (5,,u > 0) is a one-dimensional BM, independent
from T?.



We may now identify the densities of the variables found on both sides of

@),i.e.:
on the left hand side: ——=h.(argsinhz) = ——=h.(a(z)) ;

Vida2 ¢ V14?2
on the right hand side: F [\/;W—Tg exp (_21;’0)] )

where a(z) = argsinh(z).
Thus, we have obtained the following:

Proposition 2.2 The distribution of T® may be characterized by:

1 T 1 c
E — = > 0.
N7 ( 2T£) itz r@+lo@(Vatvita)) =
(10)

The proof of Proposition P37 follows from: a(y) = argsinh(y) = log(y +
\/1+ y?) and by making the change of variable y?> = z. Let us now define

the probability:
2
—/=— P
QC QTCG

The fact that Q. is a probability follows from ([[]) by taking z = 0. Thus we
obtain that ¢ E[/7/2T°] = 1, and we may write:

x 1 1
E SR | Yz >0, (11
o oo (o)) - T AT e W

which yields the Laplace transform of 1/T? under Q...

Let us now take a look at what happens if we make ¢ — oco. If we denote by
TP = inf{t : B; = 1} the first hitting time of level 1 for a standard BM 3 and
by N a standard Gaussian variable N'(0, 1), from equation ([L1]), we obtain:
lim Fq, [e*x/ﬂq =F (e*mN2/2) =F (e*x/ﬂlﬁ) , (12)

c—00

l
which means that : TY (fowy Tf . (At this point, one may wonder whether
c— 00

there is some kind of convergence in law involving (6,,u > 0), under Q., as
¢ — 00, but, we shall not touch this point).

From Proposition we deduce the following:
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Corollary 2.3 Let ¢(x) denote the Laplace transform ([[1), that is the Laplace
transform of 1/2TY under Q.. Then, the Laplace transform of 1/2T? under
P is:

Proof of Corollary 2.3 From Fubini’s theorem, we deduce from ([L1) that:

. {eXp <_%)] B 0°° d_; E \/;rﬁ exp (_x2;§y>
= / — ¢z +y)
= \/_/0 % o(x(1+1))
[ e

v

w=rv /OO dw (U})
- . /—w _r (p 9

which is formula ([3).

2.3 Some related identities in law

This subsection is strongly related to [[[5].

A slightly different look at the combination of Bougerol’s identity (§) and
the skew-product representation ([J) lead to the following striking identities
in law:

Proposition 2.4 Let (6,,u > 0) be a 1-dimensional Brownian motion in-
dependent of the planar Brownian motion (Z,,u > 0), starting from 1 + 0.
Then, for any b > 0, the following identities in law hold:

(law) (law) oy 7 (law)
Tﬁ Ca(b) (111) 9Tl§5 = ‘Ca(b)‘,

where Cy is a Cauchy variable with parameter A and 6, = SUPg<y, Os-



Proof of Proposition 2.4 From the symmetry principle (see [f] for the
original Note and [[[7]] for a detailed discussion), Bougerol’s identity may be
equivalently stated as:

(law

sinh(3,) "2 54, 5)- (14)

Consequently, the laws of the first hitting times of a fixed level b by the
processes on each side of ([I4) are identical, that is:

g (law)
Towy = Hup,
which is (i).
(ii) follows from (i) since:

law
Ou ( = : VHy s
with (75, s > 0) a Brownian motion independent of (H,,u > 0) and (C,, u >
0) may be represented as (y,s,u > 0).
(iii) follows from (ii), again with the help of the symmetry principle.

O
Remark 2.5 Proposition 2.3 may also be derived from (iii) in Proposition
B4. Indeed, for c > 0, starting from the LHS of (i), and letting N ~ N (0, 1)

independent from T?:

P(éTés <c> = P(TY<T!) = P(b<dp)
- P (b < T£|N|>
b
= P < |N|>
T?
2 %0 s
= /—=FE dye V/*|, (15)
n b/\/TY
while, on the RHS of (iii):
© ab)dy  y=ah 2 /C/a“’) dh
P =2 — = - . 1
(|Ca(b)| < C) /0 7(a2(b) + 42) T Jo 112 (16)

Taking derivatives in (I3) and ([[4) with respect to b and changing the vari-
ables b = v/, we obtain Proposition 2.3.



2.4 Recovering Spitzer’s theorem

The identity (ii) in Proposition is reminiscent of Williams’ remark (see
[BY, BY)), that:

HTTR (lﬁ”) ﬂogr? (17>

where here R starts from 1 and ¢ starts from 0 (in fact, this is a consequence
of (B) ). For a number of variants of ([7), see B, Y. This was D. Williams’
starting point for a non-computational proof of Spitzer’s result (f]). We note
that in (ii), 77 is independent of the process (f,,u > 0) while in ([7) TF
depends on (6, u > 0). Actually, we can mimic Williams’ ” pinching method”
to derive Spitzer’s theorem (f) from (ii) in Proposition R.4.

Proposition 2.6 (A new proof of Spitzer’s theorem)
Ast — oo, eTff — 6, converges in law, which implies that:

1 (P)
logt <¢9T6 - 9t> t~>—o>o 0, (18)

and, in turn, implies Spitzer’s theorem (see formula ([) ):

(law)
logt et t~>oo Ch.
Proof of Proposition R.6 From equation (ii) of Proposition 2.4 we note:

1 (law) C (law)
—— Ops e o
logh 1 logb bsoo

So, for b = v/t we have:

9 (law)

— C
logt \/_b~>oo 1

On the other hand, following Williams’ ”pinching method”, we note that:

1 aw
(eTa _ et) o)

log t t—00

since Z,, = xg + ZQ(LO) and also, as we change variables u = tv and we use the
scaling property, we obtain:

T° T 7(0)
t dZu aw ! dZU

Oy, ~ o=t | [T ) W [T
t Zu t—o0 1 Zq(jo)

9




Here, the limit variable is -in our opinion- of no other interest than its exis-
tence which implies ([[§), hence (H).

O
2.5 On the distributions of 7/ = Tfoo,c and quc
Proposition 2.7 The asymptotic equivalence:
(logt) P(T? > t) =5 (4¢) /7 , (19)

holds.
As a consequence, for n > 0, E[(logT?)"1] < oo if and only if n < 1 (where
(1)+ denotes the positive part).

Proof of Proposition R.7 a) We rely upon the asymptotic distribution of
H; = fot IZd—SIQ which is given by [B3]:

4H (law) .
<log ;)2 t_>—o>o Tlﬁ = lnf{t : 615 = 1}, (20)

or equivalently:

lOgt (law)
S N, (21)
where N is a standard Gaussian variable A(0,1).

We note that, from the representation (f]) of ;, the result (B0) is equivalent
to Spitzer’s theorem [BJ]:

29 aw aw
L e o aw)

where (' is a standard Cauchy variable.
b) We shall now use this, in order to deduce Proposition .7. We denote
S{ = sup,., 0, = S};, and we note that (from scaling):

P(T! > t) = P(S}, < ¢) = P(V/H,S] < ¢), (23)

10



since v and H are independent. Thus, we have (since S} (e |N| and by

making the change of variable x = \/cz—t)

P(TP>t) = /=FE

e

Thus, we now deduce from (P])) that:

—P(T] > —cFE||IN||=—c 2
BLp(e >0 2%/ 2 e BN = 2 ¢ (25)

which is precisely ([9).
It is now elementary to deduce from (27) that: for n > 0:

E[(logT?)] <0 < 0<n<1,

since (BJ) is equivalent to:

u o0 4
u P(log T > u) "= (f) . (26)

Consequently, Fubini’s theorem yields:
E[(logT?)1] = /OO dunu"" P(logT? > u),
0
and from (R6) this is finite if and only if:
/Ooduu”_2<oo<:>77< 1.

So, E[(logT?)!] < 00 & 0<n< 1.
O

Now we give several examples of random times 7' : C(R;,R) — R, which
may be studied quite similarly to 7.
For such times 7', it will always be true that: Hypg) = T'(v) is equivalent

11



to T(0) = Arp(y), defined with respect to Z, issued from zy # 0. Using
Bougerol’s identity, we obtain:

law

. (law) 5 3
sinh(Br(y)) = Bare, = Ber@e))- (27)

where (Bu, u > 0) is a 1-dimensional Brownian motion independent of (53, )
(or equivalently, of Z). Consequently, denoting by hp the density of fr(,),
we deduce from (B7) that:

T |~y e .

or equivalently, changing = in /x, we obtain:

1
Vi+zx

In a number of cases, hy is known explicitly, for example:

(i)

hr(log(vz +V1+x).  (29)

0 2T

-
T 4

T0) =17, & TO) = [ ds exp(26) =17,

0

1 ( T ) 1

where h_g. is the density of the variable BTjd . The law of 6T1d may be

h-a.(l0g(vT+VIT 7)), (30)

obtained from its characteristic function which is given by B, page 73:

: A?
E [GXP(Z)\ﬁTjdm)] = F [exp(—?Tzd7C)]
(c—d))
(c+d)
In particular, for ¢ = d, we recover the very classical formula:

1
cosh(Ac)’

cosh(
cosh(

N[>0

E [exp(i)\ﬁﬂc’c)] =

12



It is well known that [24] f]:

1
E |exp(i\3p - -
[exp(z 51“))] cosh(Ac)  cosh(mAf)
_ [Taeet L
/_Ooe 27 cosh(5) v

—cz 1 T
y:w / esz c dy

o %Cosh(g—:)

B | 1
= W —dy. 31
/_ DY cosh(%%) Y (31)

[e.9]

Hence, the density of S is:
1 1 1 1
h_c. =\5 ) G727 —\ ° ) = —==»
(@) (20) cosh(5T) (c) €2 +e 2
and

1 1
e (187 VT)) = (E) (VE+ VI+a) + (Ve + VTt

where ¢ = 7-. However using:

Vz+V1+2)¢=(1+1— 1), (32)

we obtain:

1 1
e (a5 V) = (1) VT Vit (T o oK

(33)

So we deduce that (for ¢ = d):

1 T

/27TT€ p( 2T€C,C

- (s e @

O

E )

13



(ii) As a second example of a random time 7', let us consider the time intro-
duced in [B4], [L0], exercise 6.2, p. 178 (we use a slightly different notation).
Let (B, t > 0) be a real valued Brownian motion and define, for ¢ > 0:

TO) = Tf = inf {t : sup 0 —irg 05 :c},

s<t

T(v) = Tg:inf{t:sup%—ilg%zc}.

s<t

Thus, from the skew-product representation ([I), 6, = vgm,, by replacing
u = T?, we obtain:

(&

A 7’
H,y=T) =T :/ ds exp (28;) = Ay
0
Thus:

1 T 1

F exp(———)| = he(log(v/z + V1 +x)), (35)
21TY

279 V1i+ta
where h, is the density of the variable ﬁTj' The law of BTj may be obtained
from its characteristic function which is given by [g, [0]:

E

A2 1 1
E[ A ] = Elexp(-2TH)| = -
Pz o570 = gy (cosh(m D))’

_ /"" i(3)e 1 _ 7
Y 27 sinh(%)
y=:% /OO z)\yi 2%?! Q—Wdy

o 2msinh(%¥) c

2Ty
— iy <" d

/Ooe c? sinh(72) v (36)

So, the density of .+ is:

holy) = 21y 1 _4_7T Y
W=\ "z sinh (") 2

14



and

_Ar log(v/z + V1 +x)
e (o84 VIH)) = e T (va + T

where f = 2. Thus:

1
E - eXp(—ié)
\/ 2T 213
471 log(v/z +v1+1x)

IR E T WY e S ey S

We note that this study may be related to [BI]; and more precisely BTQ and

T correspond to the variables Cy and Cy respectively (see e.g. Table 6 in p.
312).

O

Let us now return to the case of 7%, (example (i)). More specifically, we
shall obtain its density function f(t).

Proposition 2.8 The density function f of ngc s given by:

[e o]

0= 75 S s 7 M) (38)

where M, p(+) is the Whittaker function with parameters a,b. Equivalently:

£ = 23 (cap L (i)”’”% ykgr(””“”) L)

c t 2w +n+1)nl \ 2t

(39)
where vy = 1 (2k + 1).

Proof of Proposition The following calculation relies upon a private
note by A. Comtet [[L1].We denote:

oclt) = (VT + VITDE + (VIT7 - Vi)

15



Noting:
Vito= cosh% = y = 2argcosh(v1 + z),
we get:
@oc(r) = (sinh % + cosh %)C + (cosh % — sinh %)C

= 2cos

hi
2

Thus, from (B4)), we have:

1 T 1 1 1
Il = F |—— V= -
forT? exp( QTEC,C) @ cosh § cosh 7%
where 1) = 2¢. However, expanding cosh %, we get:
1 67% > _my\k _my
(:osh7r—y:2 —HZQZ(_G w) €
2 lt+e? k=0
and from (fI]), we deduce that:
2 (=D
I = z 35 (2k+1)y
kz% 1) cosh %6

S 4(—1)% sinh ¥
Z e kY
k=0 wﬂ\/m COSh%

o0 k
Z 41 tanh ge_”’“y,

— ¥/2,/2sinh £ cosh £ 2

where vy, = 7-(2k + 1).
From (H0), we have 1+ z = cosh® ¥ <= z = sinh* ¥, thus:

(tanh Yyvz = [SO0E (VT V(e N
2 n cosh%_ V1i+taz S \l+4z ’

16
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Moreover, we know that (see [], equation 8.6.10, or [J]):

: T Ly Al)2
" 2sinh y© W=Q,, 1 (coshy),

where {Qf(+)} is the family of Legendre functions and coshy = 2x 4 1. So,
we deduce:

(3] i z 1/4 Lo
SR (1) @z (12)
k=0

By using formula 7.621.9, page 864 in [I§:

. 1/2

* dw  2T(1+2uv) e (s — 3 .
WM, — = _10(2s), (43
e = T () e (9

with: [ = 3, v = ﬁ(%‘ +1), s =z + 3 and M. (-) denoting the Whittaker
function, which is defined as:

1 1 2b+1 > +b—a+n)
M, — whtae 32w
slw) =we NG b—a; L(2b+1+n) n!
we have:
T(1+ 2) r \V4 1/2 o dw
—9 2 +1) = SN o (W)
ZP(1+Vk) (1+ZL') Quk—1/2< T+ ) A € 1/2, k(w) w
(44)
From () and by changing the variable w = %, we deduce:
= 2 LT +1) [~ dw 1
o= S 2 (k) 4 . =) My,
S oV ey [ e (s 3)) M
= [dt 2 o Do +1) 1 =z 1
- &2 (BT = B Myjgy ().
Z/ L )y (zyk+1)eXp( At 215) 12 (5)
(45)

17



By using the equations (f]) and ([[f), we conclude:

1
E 7exp< UZ )
\/2rT?,. 217
dt 2 F(Vk+1) 1 1
= R —— 2\ M (=
Z/ TR (2yk+1)eXp( At Qt) b5y

- a2 TEEE+D) +) 1 2 1
N Z/ Tove ermr 0 0 <_4_t_2_t) My 2 ey (57)

(46)
Thus, the density function f of Tfac is given by:
2v/2 & Dy +1) 1 _1 1
)y = — WL e My, (= 47
V2 & J(ERE+1)4+1) 1 o 1
= _— —1 da — _4_tM ™ - 48
c kzzo( ) T(Z2k+ 1)+ 1) vi b (g;)  (48)
\/i > k I/kF<I/k) 1 1 1
= — —1) e 49
c kZ:O( ) 21/kT(21/k)\/_ 2 (Zt) (49)
where the Whittaker function M. , (2-) is:
271/]6 2t
1
M% f(Qk-‘,—l)(E)
(1) EeDES 2 D(E(2k + 1) +1i D(Z@2k+1)+n) 1 /1)"
o\ 2t L(L(2k+1) = F%2k+1+1+n)n' 2t
_ (1 ””26 2yk+1§: vp+n) 1 (1\"
2t —~ T(2v, 4+ 1+ n)n! \ 2t
I'(2v) r 1 /1\"
(k) = vk + 1)l (20 4+ n) nl \ 2t

Thus, from (f9) and (50), we deduce (B9).
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Figure 2: Graph of fq(t), with ¢ = 27.

O

Next, we present the graphs of different approximations fx () of f(¢),
in (B9), where fx n denotes the sum in the series in (Bd) of the terms for
k<K,and n <N.

Remark 2.9 e Figure[d represents the approximation of the density func-
tion f with respect to the time t (for K and N < 9), with ¢ = 2,
whereas Figure [J represents the approzimation of [ with respect to the
time t for several values of k and n, with ¢ = 2m.

e From Figure [3, we may remark that the approzimation K and N < 9
is sufficiently good (comparing to the one for K and N < 100).

e For the case K and N <9 it seems that locally, in a small area around
0, f(t) < 0 which is not right. This is due to the first negative (k =1)
term of the sum and due to the fact that we have omitted many terms.
However, this is not a problem because it appears only locally. Similar
irreqularities have already been observed in previous articles [I9] p.275.
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Figure 3: Graph of fx n(t) for several values of K and N, with ¢ = 2.

2.6 On the first moment of In (ch,c)

This subsection is related to a result in [[J].

Proposition 2.10 The first moment of In (ch,c) has the following integral
representation:

< d
E[m(1%,,)] =2 /0 mln (sinh (c2)) +In (2) + g, (51)
where cg = —I"(1) is the Euler-Mascheroni constant (also called Euler’s
constant).

Proof of Proposition Let us return to equations (B) and (B). So, for
t="T°. . we have:

—c,c)

—c,c

echc — IYHTQ < HTECC — jﬁ’y < Tﬁqc — ATZCC. (52)

—c,c

Thus, for € > 0:



Consider (d,,u > 0) a Brownian motion, independent of A;. Then, Bougerol’s
identity and the scaling property yield (G, denotes a gamma variable with

parameter a, and N? (ta) 2G/2):
E[(sinh (By)*] = E[(0a,)%] = E[A: (6:)*]

— EA] E[(2610)7]

= BlA] )

because
e _ - e+i-1 e’ _F(%+5)
slon] = gt

Thus, for t = T”, ., we have:

c,c)

B[ (o (52, )) | = B ] 9 P (53)
Recall that [P4, [
B [exp(iABr, )] = B [exp(- 5 1200)] = i
and the density of S~ is:

1 1 1 1
h_ce =|\=)—F==\"" )| ==
<) (20) cosh(4%) (c) e +e 2

Thus, on the left hand side of (F3), we have:

E[(Smh (ch,c))%] _ /Z %@@mmy»%

* dy 1 . 2e
= - h
/0 1 cosh(g—g) (sinh.y)

o0 1 . 2e
= /0 dZW<Slnh<cz>) )

2
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where we have made the change of variable z = . Hence, from (£3), by

writing:

E[ c, ] _E {(Te )e} 5 [ee 1n<ch’C)] 7

—c,c
—c,c

we deduce:
r(l 0
(2 TE)E |:€E ln(ch,c)] — i/ dz (Sinh(cz))257
INEY 2¢ Jo cosh(%)
and by removing 1 from both sides, we obtain:
F 1 0o . h 2e
(3 TE) L [66 1n<TfC’C)] - / dz (sinh(c2))™ ).
I () o cosh(m) \ 2
On the left hand side, we apply the trivial identity ab—1=a(b—1)+a—1
1ie
with a = C(5+e) and b=F [ee ln(chvc)} , we divide by € and we take the limit

r(z)

for ¢ — 0. Thus:

ab—1)  T(yo) Bl -1
£ N (1) -

=9 LF’ (1) = % (—\/7?) (cg +2In2) = —(cp +2In2).

On the right hand side of (B4), we have:

1 [((sir1h(cz))2>6 B 1] 1 lexp (5 In <(sinh(cz))2>> B 1]
5 2 5 2 ’
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hence:

1 [~ dz (sinh(cz))*
g/o cosh (%) ( 2¢ a 1)

/°° dz In ((sinh(cz))2>
o cosh(%) 2

= —In(2)+2 ; m(ln(sinh(cz))),

1

N

which finishes the proof.

Remark 2.11 a) We denote now:

F(c) = /000 Az In (sinh (¢2)) . (55)

cosh (%Z)

Thus:
F(c) —In(c) = / =, <Smh (Cz)) 9 / Az n(2) 7850

o cosh (%) c o cosh (%Z)

(56)

b) More generally, we denote:

F( 5):/len(mh( ) (57)

©0= o cosh(0z) SIERCE))

and, changing the variables: z = J5u, we obtain:

F(c,0) = (215) /000 cos}ilﬁln (sinh (c%u)) = 215 F (c %) . (B8)
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3 The Ornstein-Uhlenbeck case

3.1 An identity in law for Ornstein-Uhlenbeck pro-
cesses, which is connected to Bougerol’s identity

Consider the complex valued Ornstein-Uhlenbeck (OU) process:
t
Zy =20+ Zy — )\/ Zds, (59)
0

where Z, is a complex valued Brownian motion (BM), z, € C and A >
0 and TV = Tfic = inf{t>0: ‘GtZ ‘ =c} (67 is the continuous winding
process associated to Z) denoting the first hitting time of the symmetric
conic boundary of angle ¢ for Z. It is well known that [BJ):

t
Zt = €7>\t (Zo+/ 6)\st3>
0
= ¢V (Ba,), (60)

where, in the second equation, with the help of Dambis-Dubins-Schwarz The-
orem, (B;,t > 0) is a complex valued Brownian motion starting from z, and

t 2t
2)\s € 1
= ds =
oy /o e ¥ds )

We are interested in the study of the continuous winding process 67 =

Im( g dZZ:),t > 0. By applying It6’s formula to (Bd), we have:

dZ, = e (=B, ds 4+ e d (B,,) .
We divide by Z; and we obtain:

dZZ: = —\ds+ ‘ga‘?,
hence:
w(7)=m(5)
which means that:
0f = On,

Thus, the following holds:
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Proposition 3.1 Using the previously introduced notation, we have:

07 = 0" (61)

o)

and:
1 .
T = — 1 (1 INT? ) 2
e gyt EM e ) (62)

where Tfic 18 the exit time from a cone of angle c for the complex valued BM
B.
Proof of Proposition B.1] We define
T = szc =inf{t>0: ‘95‘ =c}
inf {t >0:6,| =c}. (63)

Thus, we deduce that o) = Tf]i,c = quc. However, ch,c (the exit time
from a cone for the BM) has already been studied in the previous chapter

and we know the explicit formula of its density function (Proposition P.§).
Thus:

—c,c —c,c

IO =o' (17,) =o' (T7,,). (64)
where a~!(t) = 55 In (1 + 2\¢). Consequently:

o = Ly (1+2X77,.),

2\
and:
E[TV] = %E [In (142777, )], (65)
which finishes the proof.
O
From now on, for simplicity, we shall take zy = 1 (but this is really no

restriction, as the dependency in zy, which is exhibited in ([d), is very simple).
The following Proposition may be considered as an extension of the identity
in law (ii) in Proposition P.4, which results from Bougerol’s identity.
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Proposition 3.2 Consider (Z},t > 0) and (U}t > 0) two independent
Ornstein- Uhlenbeck processes, the first one complex valued and the second one
real valued, both starting from a point different from 0, and call Tb(/\)(U)‘) =
inf {t >0: MU} = b}. Then, an Ornstein-Uhlenbeck extension of identity
in law (1) in Proposition is the following:

A (law)
O = Cat (66)

where a(x) = argsinh(x).

Proof of Proposition Let us consider a second Ornstein-Uhlenbeck
process (U, t > 0) independent of the first one. Then, taking equation (B0)
for U2, we have:

eAtUt)‘ = 5(62/\15_1),
2X

(67)

where (0;,t > 0) is a complex valued Brownian motion starting from 2z, = 1.
Thus:

1
TN U = oy (1+2077) (68)
Equation (1) for ¢t = 55 In (1 + 2XT}), equivalently: a(t) = T} becomes (we
suppose that zp = 1):

zZ> _ pZ> _ B (law)
O @y = Vam(reoxzy) = Puery = Ca-

O

3.2  On the distribution of chvc for an Ornstein-Uhlenbeck
process

Now we turn to the study of the density function of:
e EszcEinf{t >0: ‘th‘ =c},

and its first moment.
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Proposition 3.3 Asymptotically for X\ large, for zo = 1, we have:

2AE [TV] —In(20) =% E [ (7°,.)] (69)
and:
E[n(T%,)] = 2/0 coslrilﬁ In (sinh (¢z)) +1n (2) + cp, (70)

where cE 1s Buler’s constant.
For ¢ < $, we have the asymptotic equivalence:

3 () - 8| (s (5 )] ) 224 =5 | (s (2, )] )

Equivalently:
i‘ E[T™] = lim |~ (E[TW] - E[TO))| = ~1E (sinh (B ))4 .
d\x=0 ¢ A=0 | A ¢ ¢ 3 —ee
(72)
Moreover:
. 4 & dZ . 4
E (smh (BTw )) = ———— (sinh (¢2))". (73)
moc o cosh (%)
More precisely, for ¢ < g:
4 1 1 1
E('h(/}%)) _ .y : 74
[ S Tee 8 \ cos(4c) cos(2c¢) 3 (74)
and asymptotically:
4
E [(sinh (BTZQC)) ] ~ 5l (75)
Proof of Proposition
A large

Let us return to equation (fg). For A — oo, we have:

E[TY] =

C

1+2AT°, )]

( (et 35))|
{ (TECC+%)}.

1g
)\
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Thus:
2AE [TV] —In(20) =% E [In (1°,.)]

which is precisely (B9). Moreover, by the integral representation (pI]) for
EIn(T?,.)], we deduce ({0).

A small

We shall now study the case A — 0. We have that:

1
N & 0
TV = ™ In (1 + 2)\ch’0) .

For ¢ < %, from Spitzer (f), (at least) the first two positive moments of

T°.. are finite: F [(Tfmc)p} < o0, (p = 1,2). We make the elementary

—c,c

computation:

1 (In(1+4 2\x) /1 /”W dy
A 2 )3\ y
2\x T
y=1+a 1 1 a=2\b bdb rs0
Lra — 1) da " 2| 2T —a22
22 J, <1+a ) ¢ /0 VA

Consequently, by replacing z = T?__, we have:

) /ch,c b db
o L1+2Xb

We may now use the dominated convergence theorem [[f], since the (db)
integral is majorized by (T?,.)?, which is integrable. Thus:

JE[IP) BT ]) = E -

c —c,c

(B[] - B[1?,]) 8 —B [, ).

A\ —c,c —c,c

Following the proof of Proposition P.10, Bougerol’s identity and the scaling
property yield:

E[(sinh (By)?] = E[(04,)] = E[A (0)*] = E[A)] E[(6:)7]
= E[A].

Thus, for t =T ., we have:

—c,c)

B[, ] =& | (s (5, )]
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Similarly:

E [(sinh (B,))"] = E[(04)"] = E [(4)° (8)"] = E[(4)°] E[(6:)"]
= 3E[(A)?].

Thus, for t =717, ., we have:

B|(ar,)| = 32 | (s (5r))|

So, because Agn =17, ., we deduce ([7]). In order to prove (), it suffices
to remark that:

E[T®) =E[T%)=F[Ap, | =F l(sinh (BTzC,C))Q} .

On the one hand, by using the density of By :

E [(sinh (BTZC,C>)4} N / Z ;l—i @ (sinh ()"

> dy 1 ) 4
Y (sinh
/0 c cosh(g—z) (sinh.y)

= /0 T dr—L (sinh(e2))?,

cosh(%)

o ke

which is finite if and only if ¢ < §. In order to prove this, it suffices to use

the standard expressions: sinh(z) = “=¢— and cosh(z) = ==, On the

other hand (note T'=T", ), we remark that —Brp Br and [B7], ex.3.10,
E[e"Br] = E [e%T] = —L for 0 <k < m(2c)7}, thus:

(law)

cos(ke)’?
. 4 1 B —Bpr\4
E [(sinh (Br))"] = ?E [(e T — e PT) }
— %E [64BT _ 4€3BTfBT _'_ 6€QBT72BT _ 4eBT73BT + 674BT:|

_ (2E [e*PT] — 8E [*P7] 4 6)

24

1 1 1

— —4 3

23 (cos(4c) cos(2¢) + ) ’
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which is precisely ([[4) and this is finite if and only if ¢ < §. Moreover,

asymptotically for ¢ — 0, by using the scaling property, we have:

B| (s (5r,))'| = 2| (b (B, )| 2 | ()]

= B |(17,,)°] =5¢t

since F [(TZM)Q] = 5/3 (see [BI]]; by using the notation of this paper, Table

3 E[X} = @ for X; = C; and t = 1). This asymptotics may also
be obtained by ([4) by developing cos(4c) and cos(2c) into series up to the
second order term and keeping the terms of the order c*.

O

Remark 3.4 If we slightly modify the above study for the Ornstein- Uhlenbeck
process by inserting a diffusion coefficient D:

t
Zt:ZO_'_VQDZt_)\/ ZSdS7
0

we obtain:

t
Z, = e M (z0+\/2D / eASdZS)
0
= e (Ba,), (76)

where in the second equation we used Dambis-Dubins-Schwarz Theorem with

2)\t_1

A

e

t
oy = 2D/ e*ds = D
0

1 A
71 .
=, = o\ In (1 + —Dt> .
Thus:

2AE [TV] —In (3> % En(1%,,)], (77)



because:

Moreover:
Eln(T2,)] = 2n(x)+F [ (T7)]
& dz )
= 2lIn(z) + /0 M In (sinh (¢2)) + In (2) + ¢,
(78)

where Tf(cl)c denotes the first hitting time of the symmetric conic boundary of
angle ¢ for a Brownian motion Z startmg from 1.

For A small, we replace 2ch7c by [‘;chc in the proof of Proposition B.3 (A
small case) and we have:

1 2
T = —n (1+>\z—°T9,>.

By repeating the previous calculation, we make the elementary computation:

) p ab 2
() oy (d)

x| = ==
1+ A3 2D

2\ D 2

1 ln(l—l—%x) zg B 1/3[:
A 0

We replace x =T, ., and by the dominated convergence theorem [q], for

c < g, we obtain:
% (E [T™] - %E {(sinh (BTZC,C))QD dna —% (%)QE (T°..)7]
A3 el ]

4
where E [(sinh (BTLC)) } is giwen by ([73), (74) and asymptotically, for
c—0 by (7).

—c,c’
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