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REGULARITY OF THE EUCLID ALGORITHM.
APPLICATION TO THE ANALYSIS OF FAST GCD ALGORITHMS.

EDA CESARATTO, JULIEN CLEMENT, BENOIT DAIREAUX, LOICK LHOTE,
VERONIQUE MAUME-DESCHAMPS, AND BRIGITTE VALLEE

ABSTRACT. There exist fast variants of the gcd algorithm which are all based on principles due to
Knuth and Schonhage. On inputs of size n, these algorithms use a Divide and Conquer approach,
perform FFT multiplications with complexity u(n) and stop the recursion at a depth slightly
smaller than lgn. A rough estimate of the worst—case complexity of these fast versions provides
the bound O(u(n)logn). Even the worst-case estimate is partly based on heuristics and is not
actually proven. Here, we provide a precise probabilistic analysis of some of these fast variants,
and we prove that their average bit—complexity on random inputs of size n is ©(u(n)logn,
with a precise remainder term, and estimates of the constant in the ©-term. Our analysis
applies to any cases when the cost p(n) is of order Q(nlogn), and is valid both for the FFT
multiplication algorithm of Schénhage—Stassen, but also for the new algorithm introduced quite
recently by Fiirer [12]. We view such a fast algorithm as a sequence of what we call interrupted
algorithms, and we obtain two main results about the (plain) Euclid Algorithm which are of
independent interest. We precisely describe the evolution of the distribution of numbers during
the execution of the (plain) Euclid Algorithm, and we exhibit an (unexpected) density ¢ which
plays a central role since it always appear at the beginning of each recursive call. This strong
regularity phenomenon proves that the interrupted algorithms are locally “similar” to the total
algorithm. This finally leads to the precise evaluation of the average bit—complexity of these fast
algorithms. This work uses various tools, and is based on a precise study of generalised transfer
operators related to the dynamical system underlying the Euclid Algorithm.

1. INTRODUCTION

Gced computation is a widely used routine in computations on long integers. It is omnipresent
in rational computations, public key cryptography or computer algebra. Many gcd algorithms
have been designed since Euclid. Most of them compute a sequence of remainders by successive
divisions, which leads to algorithms with a quadratic bit—complexity (in the worst-case as well
as in the average-case). Using Lehmer’s ideas [20] (which replace large divisions by large mul-
tiplications and small divisions), computations can be speeded-up by a constant factor, but the
asymptotic complexity remains quadratic. Major improvements in this area are due to Knuth [19],
who designed the first subquadratic algorithm in 1970, and to Schonhage [24] who subsequently
improved it the same year. They use Divide and Conquer techniques combined with Lehmer’s ideas
to compute in a recursive way the quotient sequence (whose total size is O(n)). Moreover, if a fast
multiplication with subquadratic complexity (FFT, Karatsuba...) is performed, then one obtains
a subquadratic ged algorithm (in the worst-case). Such a methodology has been recently used
by Stehlé and Zimmermann [25] to design a Least-Significant-Bit version of the Knuth-Schénhage
algorithm. According to experiments due to [5] and [22], these algorithms (with an FFT multipli-
cation) become efficient only for integers of size larger than 10000 words, whereas, with Karatsuba
multiplication, they become efficient for smaller integers (around 100 words). A precise description
of the Knuth-Schénhage algorithm can be found in [29, 22] for instance.

1.1. Previous results. The average-case behaviour of the quadratic ged algorithms is now well
understood. First results are due to Heilbronn and Dixon in the seventies, who studied for the
first time the mean number of iterations of the Euclid Algorithm. Then Brent analysed the Binary
algorithm [4], and Hensley [14] provided the first distributional analysis for the number of steps
of the Euclid Algorithm. Since 1995, the CAEN Group [26, 28, 27] and its collaborators have
performed an average-case analysis of various parameters of a large class of Euclidean algorithms.
More recently, distributional results have also been obtained for the Euclid algorithm and some of
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its variants: first Baladi and Vallée prove that a whole class of so—called additive costs of moderate
growth follows an asymptotic gaussian law [2] (for instance, the number of iterations, the number
of occurrences of a given digit, and so on...). In 2006, Lhote and Vallée [21] showed that a more
general class of parameters also follows an asymptotic gaussian law. This class contains the length
of a remainder at a fraction of the execution, and the bit-complexity. To the best of our knowledge,
there are yet few results on “efficient” ged algorithms. In [7], the authors perform an average-case
analysis of Lehmer’s algorithm, and exhibit the average speed-up obtained using these techniques.
However, as far as we know, there does not exist any probabilistic analysis of subquadratic ged
algorithms. It is the goal of this paper to perform such a study.

1.2. Our results. There are two algorithms to be analyzed: the HG algorithm and the G algo-
rithm. The G algorithm computes the ged, and the HG algorithm (for “half-ged” Algorithm) only
simulates the “first half” of the G algorithm. We first show that these algorithms can be viewed as
a sequence of the so—called Interrupted Euclidean algorithms. An Interrupted Euclidean algorithm
is a subsequence formed by successive iterations of the plain algorithm, as we now explain: On
an input (A, B), the plain Euclid algorithm builds a sequence of remainders A;, a sequence of
quotients @;, and a sequence of matrices M; [see Section 2.1]. On an input (A, B) of binary size
n, the Interrupted Euclidean algorithm &5 5, starts at the index k of the execution of the Euclid
Algorithm, as soon as the remainder Ay has already lost d n bits (with respect to the initial A which
has n bits) and stops at index k 4+ as soon as the remainder Ay, has lost vn additional bits (with
respect to the remainder Ay). The HG algorithm just simulates the interrupted algorithm &g 1 /).
A quite natural question is: How many iterations are necessary to lose these vn bits? Of course, it
is natural to expect that this subsequence of the Euclidean algorithm is just locally similar to the
“total” Euclidean Algorithm; in this case, the number of iterations would be close to v P (where
P is the number of iterations of the “total” Euclid algorithm). We prove in Theorem 1 that this
is indeed the case: This is why we say that the algorithm is “regular”.

For a probabilistic study of fast variants, a precise description of the evolution of the distribution
during the execution of the plain Euclid Algorithm is of crucial interest. For real inputs, we know
that the continued fraction algorithm does not terminate (except for rationals ...). Moreover, as
the continued fraction algorithm is executed, the distribution of reals tends to the distribution
associated to the Gauss density @, defined as

1) ¢(x)

For rational inputs, we begin with a given distribution on the set of the inputs x := A; /A of size
n, and we consider the rationals zj := Ag41/Ar. We focus on the first index k where the binary
size of x}, is less than (1 — d)n and we denote the corresponding rational z by z(5. What is the
distribution of the rational 25,7 The evolution of this distribution is clearly more intricate than in
the real case, since at the end of the Algorithm (when ¢ = 1), the distribution is the Dirac measure
at = 0. We obtain here a precise description of this distribution (see Theorem 2 and Figure 1)
which surprisingly involves the density function

12 log(m + x)
(2) (z) = mta)(m+z+l)

11
~log214a’

2

g le(
We also need precise results on the distribution of some truncations of remainders. This is done
in Theorem 3. Then, the choice of parameters in the fast algorithms must take into account
this evolution of distribution. This is why we are led to introduce some variants of the classical
algorithms, denoted by HG and G for which the precise analysis can be performed.

The fast versions also involve other functions, which are called the Adjust functions. Such functions
perform a few steps of the (plain) Euclid Algorithm. However, the bit-complexity of the Adjust
functions depends on the size of the quotients which are computed during these steps. Even for
estimating the worst—case complexity of the fast variants, the Adjust functions are not precisely
analyzed. The usual argument is “The size of a quotient is O(1)”. Of course, this assertion is false
in the worst-case, and only true on average, provided that the distribution on input pairs be made
precise. Moreover, the Adjust functions are related to some specific steps, which happen just when
the pairs have lost a fraction of their bits. We are then led to study the mean value of the size of
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FIGURE 1. Density distribution of s in the case § = 1/2, corresponding to the density
distribution of the rational xp := Agi1/Ak obtained as soon as £(Ay) is smaller than
(1/2)£(Ao). The diagram compares Monte-Carlo simulations to the exact value of ¢ (z).
For simulations, we consider 3 537944 rationals with 48 bits, drawn according to the
Gauss density ¢. For estimating the density, the interval [0, 1] is subdivided into equal
subintervals of length 1/50.

the quotients computed at these specific steps, and we prove that it is asymptotic to a constant
L which is defined in (19). And, we also need this type of result for our truncated data. This is
covered by Theorem 4.

There are now two main fast multiplication algorithms, both based on FFT principles. We consider
in fact a whole class of possible fast multiplication algorithms, for which the following is true:
There exist a function a(n) satisfying! a(n) = O(loglogn), a(n) = Q(1) and two constants Ay, Ay
(probably large) such that, for any pair of integers u,v whose respective sizes satisty £(u) = n and
£(v) = Kn for some integer K, the bit—cost M (u,v) of the product between two numbers u and v
satisfies

(3) A K p(n) < M(u,v) < As K pu(n) with  p(n) = nlogna(n).

In particular, Fiirer proved this year [12] that it is possible to choose a(n) = 2°0°8" ™) and
improves the previous function a(n) = loglogn, due to Schonhage and Strassen.

Such a fast multiplication also leads to a fast division:

There exist two constants Az, Ay (larger than Ay, Ay) such that, for any pair of integers u, v whose
respective sizes satisty £(u) = n and ¢(v) = Kn for some integer K > 1, the bit—cost D(u,v) of the
division between two numbers v and u satisfies®

(4) Az (K — 1) p(n) < D(v,u) < Ay (K — 1) p(n) with  p(n) = nlogna(n).

Finally, we obtain the exact average-case complexity of our versions of the two main algorithms of
interest, the HG algorithm, and the G algorithm itself. When they use a fast multiplication which
satisfies (3), we prove the following estimates [Theorems 6 and 7] for the average bit-complexity
B, G of both algorithms, on the set of random inputs of size n:

1

a(ln))] . E,[G] = 0(1)nlog? na(n) {1 +0 ((Mlogn)ﬂ .

Furthermore, we obtain precise information about the ©—term, which involves two types of con-
stants : first, the constants A1, A, which intervene in the cost of the mutiplication [see (3)], second,
together with the density v defined in (2), another mysterious “spectral” constant o (defined in
Section 1.3). Our proven average bit—complexity of the HG,G algorithms then appears to be of
the same order as the usual (heuristic) bound on the worst-case complexity of HG, G algorithms.

E,[B] = ©(1) nlog® na(n) [1 +0 (

Lthe notation f = Q(g) means that there exists B > 0 such that, for n large enough, fn > Bgn
2In this case (K — 1)n is the size of the quotient
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1.3. Methods. All our main conclusions obtained here are “expected”, and certainly will not
surprise the reader. However, the irruption of the density ¢ is unexpected, and an actual proof of
this phenomenon is not straightforward. This is due to the fact that there are correlations between
successive steps of the Fuclid Algorithm. Accordingly, the tools which are usual in analysis of
algorithms [11], like generating functions, are not well-suited in this case. All the analyses which
will be described here are instances of the dynamical analysis paradigm, where one proceeds in
three main steps: First, the (discrete) algorithm is extended into a continuous process, which can
be defined in terms of the dynamical system related to the Gauss map. Then, the transfer operator

H, defined as
N0 = Y ot ()

m>1

serves to describe how the distribution evolves, in the continuous world. Finally, the executions
of the ged algorithm are now described by particular trajectories (i.e., trajectories of “rational”
points), and a transfer “from the continuous to the discrete” must be performed, using Dirichlet
series.

The present paper mainly uses two previous works, and can be viewed as an extension of them:
first, the average-case analysis of the Lehmer-Euclid algorithm performed in [7]; second, the dis-
tributional methods described in [2, 21]. First, we again use the general framework that Daireaux
and Vallée have developed for the analysis of the Lehmer-Euclid Algorithm, which explains how
the Lehmer-Euclid algorithm can be viewed as a sequence of Interrupted Euclidean algorithms
5,564 Whereas some “easy” properties of the transfer operator H, were used in [7], we here
need properties which were already crucial in previous distributional analysis [2, 1, 21] —namely,
the US Property for the quasi-inverse (I — H)~! of the transfer operator—. The US(a) Property
can be summarized in an informal way as follows:

Property US(a). When H; acts on the functional space C*(Z) of functions with a continuous
derivative on the unit interval 7 := [0, 1], the following holds on the strip § := {s,1—a < Rs < 1}

(i) The quasi-inverse (I — H;)™! has a unique péle located at s = 1.
(#4) It is of polynomial growth with respect to |3s| for s large enough.

The main result of Dolgopyat, made more precise by Baladi and Vallée, proves that there exists an
a > 0 for which Property US(«) holds. The arguments which show the existence of such a strip
are not all constructive, and we do not know any explicit strictly positive lower bound on a. In
the paper, such a lower bound is denoted by o, and the parameter ¢ := min(c, 1/2) plays a central
role in our analyses: This is the mysterious constant which intervenes in the constants of our two
main Theorems. It intervenes also in all the (exponential) remainder terms [see Theorems 1, 2, 3,
4, 5.

In order to establish our main results, we are led to studying parameters of various type, whose
generating functions involve operators G, ; which depend on two variables s,t. However, for small
t’s, all these operators can be viewed as a perturbation of the quasi-inverse (I — H,)~! and the US
Property extends to these perturbed quasi-inverses. In particular, the existence of a strip S where
the US property holds uniformly with respect to ¢ is crucial in the analysis.

Plan and notations. Section 2 describes the main algorithms HG and G. Section 3 presents the
main steps towards a proven analysis. Then, we state our main results of general interest, without
proofs. In Section 4, we describe the versions HG and G to be analyzed, and, with the results (yet
unproved of Section 3), we show the two main results about their average bit-complexity. Section
5 describes the general framework of the Dynamic Analysis paradigm, and Section 6 is devoted
to the proof of the main results stated in Section 3. Some technical results are gathered in an
appendix (Section 7).

We denote the logarithm in base 2 by lgx, and ¢(x) denotes the binary size of integer z, namely
Uzx) = |lgz] + 1.

2. FAST AND INTERRUPTED EUCLIDEAN ALGORITHMS

We present in this section the main algorithms studied in this paper. We first describe the
general structure of the Knuth-Schonhage algorithm. We explain how the HG algorithm can be
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seen as a sequence of interrupted Euclidean algorithms, where the sequence of divisions is stopped
as soon as the integers have lost a fraction of their number of bits.

2.1. Euclid’s algorithm. Let (A;, Ag) be a pair of positive integers with A; < Ag. On input
(A4, Ap), the Euclid algorithm computes the remainder sequence (Aj) with a succession of divisions
of the form

. Ay
(5) Ae = QrrAnir + Aigz, With Quyr = | 1,

k41

and stops when A,;; = 0. The integer Q) is the k-th quotient and the successive divisions are
written as

A = Q1 Agq1, with  Ag = (Ajzl) and Qy := <(1) Qlk> )

so that
(6) Ag = M(i)Ai with M(i) = 0192+ Q;.

In the following, we consider a part of the plain Euclidean Algorithm &, (which is sometimes called
a “slice”) between index ¢ and index j, namely the interrupted algorithm &; ;) which begins with
the pair A; as its input and computes the sequence of divisions (5) with ¢ < k < j — 1. Tts output
is the pair A; together with the matrix

J
(7) Mapy= ] Q%  May=Mau,
k=i+1
with matrix M ;) defined in (6). We define the size of a matrix M as the maximum of the binary
sizes of its coefficients. The size £(; ;) of the matrix M; ;) satisfies

(8) Cugy <20 i)+ Z Q)

k=i+1
The (naive) bit-complexity C(; ;) of the algorithm &(; ;) satisfies

9) Chgy = > LA -LUQx) < U(Aip1)- Y UQk).
k=i+1 k=i+1

The Lehmer Algorithm [20, 18] replaces large divisions by large multiplications and small divisions.
The fast algorithm applies recursively the principles of Lehmer, and using fast FFT multiplica-
tions of complexity O(u(n)) (with pu(n) = nlognloglogn) replaces the costly computation of the
remainder sequence A; (which requires O(n?) bit operations), by a sequence of matrix products: it
divides the total Euclidean Algorithm into interrupted Euclidean algorithms, of the form &£; ;) and
computes matrices of the form M ;), defined in (7). The recursion, based on Divide and Conquer
techniques, is stopped when the integers are small enough, and, at this moment, the algorithm
uses small divisions. One finally obtains a subquadratic ged algorithm.

2.2. How to replace large divisions by small divisions? Lehmer remarked that, when two
pairs (A, B) and (a,b) are sufficiently close (i.e., the rationals A/B and a/b are close enough),
the Euclid algorithm on (A, B) or (a,b) produces (at least at the beginning) the same quotient
sequence (Q;). This is why the following definition is introduced:

Definition.  Consider a pair (A, B) with A < B and an integer b of length ¢(b) < £(B). We
denote by m (A, B) any pair (a,b) which satisfies

A a 1
Z_ < 2,
‘B bl — b

And the criterion (due to Lehmer and made precise by Jebelean) is:

Lemma 1. [Lehmer, Jebelean| For a pair (A, B) with A < B and n := ¢(B), consider, for m < n,
the small pair (a,b) = 7 (A, B) of length £(b) = m, and the sequence of the remainders (a;) of the
Euclid Algorithm on the small input (a,b). Denote by k the first integer k for which ay satisfies
l(ay) < [m/2]. Then the sequence of the quotients q; of the Euclid Algorithm on the small input



6 E. CESARATTO, J. CLEMENT, B. DAIREAUX, L. LHOTE, V. MAUME, AND B. VALLEE

(a,b) coincides with the sequence of the quotients Q; of the Euclid Algorithm on the large input
(A,B) fori<k-—3.

Usually, this criterion is used with a particular pair 7 (A, B) where the integer b is obtained by
the m-truncation of B, i.e., the suppression of its (n — m) least significant bits. Then a is easy
to compute since it may be chosen itself as the m-truncation of A. In this case, the 7 function
corresponds to truncation of both A and B and is denoted by T,,(A, B). However, the Jebelean
criterion holds for any choice of (a,b) = 7 (A, B), even if the integer a is less easy to compute in
the general case: the integer a can be chosen as the integer part of the rational (Ab)/B, and its
computation needs a product and a division.

2.3. Interrupted Algorithms. In Jebelean’s property (Lemma 1), the Euclid Algorithm on the
small pair (a, b) of binary size m is stopped as soon the remainder ay, has lost [m/2] bits. This is a
particular case of the so—called Interrupted Euclidean Algorithm of parameter § (with 0 < § < 1),
which stops as soon as the current remainder has lost dm bits (with respect to the input which has
m bits). This (general) interrupted Algorithm denoted by &5, and described in Figure 2, is defined
as follows: On the input (A, B) of size n, this algorithm begins at the beginning of the Euclid
Algorithm, and stops as soon as the remainder A; has lost d n bits (with respect to the input B).
Then, with the notations defined in Section 2.1, one has & = &1, py), with

(10) Ps :=min {k; 1g A, < (1 —6)n}.

Figure 2 also describes the gg Algorithm, which is just a slight modification of the & Algorithm,
where the last three steps are suppressed (in view of applications of Lemma 1), and ]35 denotes the
variable Ps — 3. Then, Ps, and ﬁ(; are just the number of iterations of the 55755 algorithms and
P = P is just the number of iterations of the Euclid Algorithm.

In the following, it will be convenient to consider more general interrupted algorithms, of the form
E5,64~]- The Algorithm &5 51, is defined as follows: On the input (A, B) of size n, this algorithm
begins at the Ps-th iteration of the Euclid Algorithm, as soon as the remainder Ay has lost dn
bits (with respect to the input B) and stops when the remainder A; has lost vn additional bits
(with respect to the input B). Then, s = & = Eo,p;) and 545 = E(p;,psy.), Where Py is
defined in (10). Of course, we can also design the variants with a hat, where the last three steps
are suppressed.

Algorithm &5(A, B) Algorithm &;(A, B)

n := {(B) n = {(B)

=1 i:=1

A=A Ay:=B A=A, A):=B

MO = I Mo = ]

While lgA; > (1—-9)-n While 1gA; > (1—-9) -n
Qi = [Ai1/Ai] Qi = [Ai1/Ai]
Aip1 = A1 — Qi4y Aipr = A1 — QA
Mi =M1 Qs M =M1 Qs
=1+ 1 ti=1+1

Return (A;—1, Asy, Mi—1) Return (A;—3, Ai—2, Mi_3)

FIGURE 2. The & Algorithm, and the 55 algorithm, which is a slight modification
of the & Algorithm.

2.4. Implementing the interrupted algorithms with the help of the HG Algorithm. This
is the fj‘l /2 algorithm which is used in Jebelean’s Lemma. This lemma is a main tool to compute
(in a recursive way) a function HG [for Half-gcd]. On an input (A, B) of binary size n, this function
returns exactly the same result as 51 /2, but runs faster. With the algorithm HG, it is possible to
design a fast algorithm denoted G which computes the ged itself. Let us explain the main principles
how the HG algorithm can be used inside the &5 54,] algorithm. This is described in Figure 3 and
we comment now this figure.
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Algorithm &554-(A, B)

Input. The pair (A’, B’) obtained after Pj iterations of the £ Algorithm on
the input pair (A, B).

Output. The pair (C’, D’) which would be obtained after P54, iterations of
the & Algorithm on the input pair (A, B).

(i) Truncate the input (A’, B’), with a truncation length m = 2vyn, and
obtain a small pair (a,b) of length m.
(#4) Perform the HG algorithm on the pair (a,b), which produces a pair
(¢,d) and a matrix M.
(i#i) Perform the product (§) :=M~1 (4)).
(iv) Use the Adjust function, which performs some steps of the Euclid Al-
gorithm from the pair (C, D) and stops as soon the current remainder

pair (C’, D') has a size equal to |(1 —d —y)n].

FIGURE 3. An implementation of the s 5, Algorithm using the HG algorithm.

Suppose that the Euclid Algorithm, on an input (A4, B) of length n, has already performed Pj
iterations. Now, the current pair, denoted by (A’, B’) has a binary size close to (1 — §)n. We may
use the Jebelean Property to continue. Then, we choose a length m for truncating of the form
m = 2yn, an integer b of length m, and consider the small pair (a,b) = 7 (A’, B') with 7 defined
in Section 2.1. The HG algorithm on this pair (a,b) will produce a matrix M which would have
been produced by the Euclid algorithm on the pair (A’, B’). Then, the pair (C, D) computed as
() =M1 (g:) is a remainder pair of the Euclid algorithm on the input (A, B). The size of
the matrix M is approximately m/2, but smaller than m/2 (due to the three backward steps of
Lemma 1), and thus of the form (m/2) — r(A, B), where r(A, B) is the number of bits which are
“lost” for the matrix M during the three backward steps. Then, with (8), r(A, B) satisfies,

P1/2(a1b)
(11) 3<r(A,B)<Q(AB) with QA,B):= >  lg)+1
=Py 3(a,b)—2

Here, ¢; are the quotients that occur in &(a,b), and Pjs(a,b) is defined in (10). If the truncature
length m is chosen as a linear function of the input size n, of the form m = 2vn, then the size of
the pair (C, D) is approximately equal to [1 — & — y]n, but slightly larger. If we wish to obtain a
remainder pair (C’, D’) of length [1 — § — v]n, we have to perform, from the pair (C, D) a certain
number of steps of the Euclid Algorithm, in order to cancel the loss due to the backward steps.
This is the goal of the Adjust function, whose cost R(A, B) will be estimated with (9) as

(12) 3(1 - 8)n < R(A,B) < (1 - 8)n-Q(A, B).

We recall that, in the papers where the worst-case of fast GCD’s is studied, the authors suppose
that @ is O(1) (in the worst case). We will prove that the mean value of @ on €, will be indeed
asymptotic to a precise constant 7, which will be defined later. Then, the asymptotic cost of Step
(iv) will be of order O(n).

Step (7it) performs a matrix product and uses a fast multiplication of type (3). The integer pair
(A’ B’) has size ~ (1 — §)n, while the coefficients of the matrix M~! have size ~ yn. Then, if
there exists an integer K for which (1 —¢) = K, the total cost S(A, B) of Step (iii) is “expected”
to satisfy

L0 ) < S(A, B) < 44,20

(13) 44, w(yn).

Finally, we have designed an algorithm which produces the same result as the interrupted algorithm

E[5,54~], and is described in Figure 3.

In Section 3.4, we shall state a class of results which prove that these last estimates (13) hold in
the average case, as soon as a convenient choice of parameters d,y is done. In the same vein, these
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results will prove that the mean value of parameter R on €, is of order O(n), which will entail,
with (11, 12), that the cost R of the Adjust functions will be negligible with respect to the cost of
matrix products.

2.5. The usual designs for the HG and G algorithms. How to use this idea for computing (in
a recursive way) the HG Algorithm? The usual choice for v is 4 = 1/4, more precisely m = [n/2].
Then, the previous description provides a method to obtain &}y 1 /4 (With a first choice = 0), then

~

é?[1/4’1/2] (with a second choice § = 1/4). Since (5/:[0}1/2] = &0,1/4] - €[1/4,1/2), We are done. Remark
that using the “hat” algorithm in the second step leads to modifying the Adjust function for this
step, which may also perform some backward steps in the Euclid Algorithm on the large inputs.
The general structure of the algorithm HG is described in Figure 3. The recursion is stopped when
the naive algorithm & /5 becomes competitive. This defines a threshold for the binary size denoted
by S (remark that S = S(n) is a function of the input size n).
With this HG algorithm, we can obtain an algorithm named G which computes the gcd. The
idea for designing such an algorithm is to decompose the total Euclid Algorithm into interrupted
algorithms, as

o1 = Epo,1/21 " Epyzag - En-(1/2k - /28] -
Then, the HG algorithm, when running on inputs of size n/(2¥) produced by the El0,1—-(1/2)%]
algorithm can easily simulate the £ _(1/2)k 1-(1/2)x+1) algorithm.
This decomposition also stops when the naive algorithm gcd becomes competitive. This defines a
threshold for the length denoted by T' (remark that T'= T'(n) is also a function of the input size

Algorithm HG(A, B, S)

Algorithm G(A, B) 1 n = {(B)
1 n = {(B) 2 If n < S then return 51/2(14, B)
2 T :=+/nlogn 3 M =1
3 While ¢(A)>T do 4 m = |n/2];
4 (A, B, M1) :=HG(A, B) 5 For i:=1 to 2 do
5 Return gcd(4, B) 6 (ai, bs) :==Tm (A, B)
7 (Ci,di,Mi) = Hg(ai,bi,S)
Algorithm HG (A, B) 8 (g:) =M ()

n := {(B) 9 Adjusti(Cs, D;, M;)

S :=1log’n 10 (A, B) := (Ci, Dy)

Return HG(A, B, S) 11 M= M - M,

12 Return (A, B, M)

FIGURE 4. General structure of the classical algorithms HG and G.

We now consider the HG Algorithm, where all the products use a FFT multiplication which satisfies
(3). In this case, we choose the recursion depth H so that the main cost will be the “internal”
cost, of order ©(u(n))logn, since the cost due to the leaves (where the naive 51/2 is performed)
will be of asymptotic smaller order. Then, H satisfies the relation®

H n\?
2 () ~< uin) logn,

so that S(n) = log?n, ~> lgn —2lglgn.

of s
This is the “classical” version of the Knuth—Schonhage algorithm. Clearly, the cost of this algorithm

comes from three types of operations:

(¢) the two recursive calls of line 7;

3The notation a(n) ~< b(n) means: There exist two constants A, B with 0 < A < B < 1 for which
Ab(n) < a(n) < Bb(n)
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(#4) the products done at lines 8 and 11: with a clever implementation, it is possible to use
in line 8 the pair (¢, d) just computed in line 7. If all the matrices and integer pairs have
—on average— the expected size, the total expected cost due to the products is [12 + 8 +
8] u(n/4) =28 :,0(1)u(n/4), where the constants hidden in the ©—term are A;, Ay defined
in (3);

(74) the two functions Adjust performed at line 9, whose total average cost is R(n).

We consider as the set of all possible inputs of the HG algorithm the set Q := {(u,v); 0 <wu <wv},
and the set of all possible inputs of size n,

(14) Q, :={(u,v); 0<u<wv, {L(v)=n}

is endowed with some probability P,,. We denote by B(n) the average number of bit operations
performed by the algorithm HG on 2,,. Since each of the two recursive calls is made on data with
size n/2, it can be “expected” that B(n) asymptotically satisfies

n

4)—|—R(n) forn > S.

(15) B(n) ~ 23(2) +280(1)u(

Moreover, the average cost R(n) can be “expected” to be negligible with respect to the multi-
plication cost p(n). If the FFT multiplication is used of type (3), the total average bit—cost is
“expected” to be

B(n) ~ ©(su(n) log n) = ©(n(logn)? a(n),
where the constants hidden in the ©-terms are 7A;, 7TAy, with A, Ay defined in (3).

With this (heuristic) analysis of the HG algorithm, it is easy to obtain the (heuristic) average
bit—complexity of the G algorithm which makes a recursive use of the HG algorithm and stops as
soon as the naive algorithm becomes competitive. It then stops at a recursion depth M, when

n 2
(Q—M) ~< p(n)logn,

so that

n

1
a7 ®< T(n) =+/nlogn, M ~> ilgn—lglgn.

\V]

The average bit—cost G(n) of the G algorithm on data of size n satisfies

OEDY B(%) so that G(n) ~ O(B(n)).

3. THE MAIN STEPS TOWARDS A PROVEN ANALYSIS.

The analysis is based on the Divide and Conquer equation (15), which is not a “true” equality.
It is not clear why a “true” equality should hold, since each of the two recursive calls is done on
data which do not possess a priori the same distribution as the input data. And, of course, the
same problem will be asked at each depth of the recursion. If we wish a “Divide and Conquer”
probabilistic approach to be possible, we have to make precise the evolution of the distribution
during the Euclid Algorithm, but also the distribution of the truncated data.

We first state in Section 3.1 our main two results, Theorems 1 and 2, which are of general interest.
In particular, Theorem 2 involves the density ¢ already defined in (2) which plays a central rdle
in our analysis. These theorems are stated here, but not proved. This will be done in Section
6. Then, in Section 3.3, we explain how Theorem 2 can be applied to truncated data, as soon
as the truncation is a probabilistic one, defined in Section 3.2. Section 3.4 explains the analysis
of the Adjust Functions, and provides estimates for the mean bit—complexity of the interrupted
algorithms described in Section 2.4, in particular the mean—complexity of Steps (ii¢) and (iv).
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3.1. Evolution of densities. Consider a density f on the unit interval = [0, 1], which is “ex-
tended” to the set  := {0 < u < v} via the equality f(u,v) := f(u/v). The set §,, formed with
the inputs of size n, already defined in (14), namely Q,, := {0 < u < v, ¢(v) = n} is endowed with
the restriction of f to ,: for any pair (u,v) € Q,,

), where [Qulpi= Y f(%)

(u7v) EQTL

1 Uu

(16) Py (u,0) : I

o |Qn|f v
is the total f-weight of the set 2,,. Remark that, for f = 1, we recover the uniform density on €2,,.
For reasons which will appear later, the subsets 2, {2,, formed with coprime inputs

(17) Q:={(u,0) €Q, ged(u,v) =1},

(18) Q= {(u,v) € Q, ged(u,v) = 1,0(v) = n},

play an important (intermediate) role. We endow S~2n with the probability ]f”n ¢ defined in the same
vein as in (16).

The evolution of the density during the execution of the Euclid Algorithm is of crucial interest.
For (u,v) € Q, the Euclid Algorithm creates a sequence of successive remainders uy, with ug :=
v, Uy 1= U, ... Uy = gcd(u,v). The corresponding integer pairs are denoted by Uy := (ug+1,ug),
and the corresponding rationals are denoted by zjp := ugr1/ur. We recall that Ps(u,v) is the
smallest integer k for which lguy, < (1 —9)€(ug). We are interested in describing the density of the
pair Uy defined as
Uy == Uy when  Ps(u,v) = k.

This integer pair is the input for all interrupted algorithms with a beginning parameter é. Since
the density on (2, is defined via the associated rationals, the position of rational

T(5) = T, when Ps(u,v) =k
inside the interval [0, 1] will be essential.

We are interested in the study of the random variable Ps: Since the rational x loses £(z) bits during
P(x) iterations, it can be expected that it loses §¢(z) bits during § P(x) iterations, which would
imply that Ps(z) is sufficiently close to § P(x). This is what we call the regularity of the algorithm.

We do not succeed to directly study these two variables Ps, x5y, and we replace them by some of
their probabilistic variants, as we now explain. Consider, for some p > 0 with p < (1 — §), the
interval [2(1=9)7(1 — 27,7) 2(1=9)7] "and draw an integer W uniformly in this interval. Denote by
P the first integer k for which uy, is less than W, and by x (5) the rational x;. The two underlined
variables define probabilistic variants of the plain variables. Since they depend on parameter p, we
call them the p—probabilistic variants. Moreover, as soon as n is sufficiently large (n > 1/p), the
interval is contained in an interval |A/2, A] and contains at most two possible rationals xy, (this is
due to the fact that ug42 < (1/2)ug). This proves, that in the case when n > 1/p, the probabilistic
variable z 5y equals x(s), (5)+1, OF ()42, while the variables Ps and Py satisfy |Ps — Pgs| < 2.

With techniques close to the renewal methods, we prove a quasi-powers expression for the moment
generating function of Py, from which we deduce an asymptotic gaussian law for Ps on €, then
an asymptotic gaussian law for the deterministic variable Py on 2. We then obtain an extension
of the result of Baladi-Vallée [2] (which exhibits an asymptotic gaussian law for P := Py), even if
our proof cannot directly apply to d = 1.

Theorem 1. Consider the set ), endowed with a probability P, s relative to a strictly
positive function f of class C'. Then, for any § €]0,1], the random variable Ps is asymptot-
ically gaussian on Q, [with a speed of convergence of order O(n~'/?)]. Moreover, if p(§) :=
(1/2) min(o,1/2) min(d,1 — 0) where o is a strictly positive lower bound for the width of the US
Strip, the p(§)—probabilistic variant Ps of Ps satisfies

1
En | Ps] = 2log 2+~ dn+ D; + 0270,
7185 o)
A/I(l)

OE on + Dy + 027 9),

Vi, 7 [Ps] = 2log 2 ’
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Here, Dy, Dy are some constants. The constants D1, Dy and the constant in the O-term only
depend on the function f.

Our second result is related to the distribution of the probabilistic variant Z sy, and, here, it does
not seem possible to derive some information for the deterministic variable x .

Theorem 2. Denote by o a strictly positive lower bound on the width of the US strip and let
o :=min(o,1/2). Denote by 1) the density defined in (2). Consider a strictly positive density f of
classC', areal § with0 < § < 1, an interval J C I whose length |.J| satisfies | 1g(|J|)| < (1/2)a(1-46),
and denote by p(6) the real defined as p(d) := (1/2)c min(1 — 6,8). Then, the probability that
the p(5)-probabilistic rational x5, computed by the Euclid Algorithm belongs to the interval J

satisfies
Pyl € J) = (/J w(t)dt> : {1 +0 (2*’”3(5))} .

The constant in the O-term only depends on the function f via its norm || f||1 := sup | f|+sup|f’|.

3.2. Probabilistic truncations. Finally, we are also interested by the distribution of the trun-
cated pairs. We recall that the truncated pairs classically used are obtained with truncations of
“numerator” A and “denominator” B of pair (4, B). It is not clear how to reach the distribution of
such truncated pairs. This is why we define a probabilistic truncation, which leads to more regular
distributions, and also allows us to apply Jebelean’s Property (Lemma 1).

For z = (A, B) € Q,, and m < n, we define m,,(4, B) as follows:
(1) Choose a denominator b in the set {v,f(v) = m} of integers of binary size m, with a
probability proportional to b. More precisely, we choose a denominator b according to the
law

Prp=bo] = — by  with 0, = > b

1

Om bil(b)=m

(2) Compute the integer a which is the integer part of x - b. This computation involves the
product A-b then the division of the integer A-b by B. This can be done in O(u(n)) with
a O—constant larger than the constant of the multiplication(see Equation (4). Of course,
this does not give rise to a very efficient algorithm. However, we will see that using this
probabilistic truncation does not change the order of the average complexity of the HG
algorithm. We return to this remark in Theorem 5.

(3) Define m,,(A, B) as the pair (a,b), and remark that the set 7, (a,b) is the pairs (C, D) of
2, for which the associated rational C'//D belongs to the interval

a a a 1 . a1 m
JG) =15 Tzl with [ =3 =6

This is sufficient for applying Jebelean’s criterion (Lemma 1).

We start with a strictly positive density f of class C' on [0,1], and for any integer m, the function
gm = gm|f] defined on Q,, as
1

gm[f](u,v) = m o f(®)dt, with g := »

only depends on the rational u/v and satisfies Py, f[(A, B); mn (A, B) = (a,b)] = Py, 4. 11(a,b).
Furthermore, for any (u,v) € ,,, the relation

gl f1(,0) = F(5) + O(I ()] - 1 £11r)

proves that the function g,,[f] (viewed as a function defined on Q) is a smoothed version of the
initial function f. Furthermore,

P,
,gm [ f] =1 +O(2—m)
Py

Since f is a density on [0, 1], the cumulative sum of g,,[f](z) on £, satisfies

S gl = 3w [Z ( / mf(t))] — . ([ s0t) =0,

(u,v)EQm L(v)=m Lu<v
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This allows a comparison between two probabilities:

Lemma 2. Consider a strictly positive density f of class C* on I. For any n, for any m < n, for
any (a,b) € Q,,, one has

P 7 [(A; B); (A, B) = (a,0)] = Pp ¢ (a,b) - [L + O(27™)],
where the constant in the O-term only depends on f via its norm ||f||1 := sup |f| 4+ sup|f’|.

3.3. Truncations and evolution of densities. In our framework, the truncation length m is
linear with respect to the input size n, of the form m = 2+vn, and, in this case, we denote m,, by
T(24)- With Theorem 2 and the previous comparison of densities done in Lemma 2, we obtain the
following result which will be a central tool in our analysis. When

Theorem 3. Denote by o a strictly positive lower bound on the width of the US strip and
let ¢ := min(o,1/2). Denote by 1 the density defined in (2). Consider a real § € [0,1[, and a
parameter «y strictly less than (1/2)(1 — 0)o, and denote by p(d,~) the real defined by

p(0,7) =27,  p(6,7) :=min{o(l —4) —2v, (1/2)aé, 2v}  foré6>0,2y <g(l—-9).

Then, the distribution of the (2v)-truncation of the p(d,v)-probabilistic rational x5 computed
by the Euclid Algorithm satisfies

P[5 2y (25)) = Y0] = P [0] - [1 +0(27 )|

3.4. Mean bit—complexity of the interrupted algorithm §[576+w]‘ We return now to the
algorithm &5 54 defined in Figure 3 and we use the notations of Section 2.4. We will study a
probabilistic version of the algorithm &5 51, which will be denoted by &5 5,,). We now describe
the main differences between 554, and its probabilistic version. In the probabilistic version
Elsotn)’

(a) the input pair of the algorithm is the pair U g relative to the parameter p(d,)

(b) the output pair of the algorithm is the pair U s, relative to the parameter p(é +7,7)

(c) Step (i) uses the probabilistic truncature 7.y defined In Section 3.2 and 3.3.

As in the initial &5+, Step (74i) uses any fast multiplication of type (3).

We first analyse the mean cost R of the Adjust function performed in Step (iv), which deals with
the probabilistic version @ of parameter ) defined in (11). In fact, we study a more general
parameter () s which involves the size of quotients, when the pair (u,v) has already lost a fraction
6 of its bits,
B(S (u,v)
Qé(ua U) = Z E(ql)7
i=Pgs(u,v)—2
and the (initial) parameter @ is obtained for § = 1/2. A central result is :

Theorem 4. Consider the set €),, endowed with a probability P, ; relative to a strictly positive
function f of class C'. Then, for any § €]0,1], the mean value of the cost Q(S is asymptotic to a
constant 7, which does not depend on § and density f, and involves the Gauss density  defined
in (1), together with the operators H, [y and H, defined in (30) and (31), under the form

—n, . —6log2 .
(19)  EnglQ]=n [0 ™) with = = /1 H o HY ] (t)dt,

where p(8) := (1/2)o min(1 — 6, d) is the constant of Theorem 2.

This following result studies the bit-complexity of the Interrupted Algorithm & [6,04+] and proves
two facts: First, the cost of the multiplications performed in Step (i) is exactly of the same order
as this expected. Second, the cost of the Adjust function performed in Step (iv) is negligible with
respect to costs of Step (7).

Theorem 5. Consider two parameters vy, d satisfying v < (1/2)a(1 — 6), with the constant p(d,~y)
from Theorem 3. Then, the probabilistic version s 5., of the &5 5, algorithm described in the
beginning of this Section 3.4. satisfies the following:
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(¢) In the case when the ratio (1 — 8)/v is integer, the mean bit—complexity cost E,, ,[S] of
Step (#it) satisfies :

Enp[S] = @(1)1%(5#(771)[1 + 027,

where the hidden constants in the ©—term are independent on the pair (v,d) and can be
chosen as 4A1,4A, for constants Ay, Ay relative to the fast multiplication defined in (3).
(13) The mean bit—complexity cost E,, ,[R| of Step (iv) satisfies :

By [R] = (1= 8)nn [1+0(2777)]

and involves the constant L defined in (19).
(#4) The mean bit—complexity cost E,, [T of Step (i) satisfies

E, 4 [T] = e<1>1;—%<vn>[1 L 02 Y],

where the hidden constants in the ©—term are independent on the pair (v,d) and can be
chosen as 2max(A;, As),2max(As, Ay) for constants Ay, Ay relative to the fast multipli-
cation defined in (3), and constants As, A, relative to the fast division defined in (4).

(iv) The total bit-complexity of Steps (i), (ii1) and (iv) is

1-9 1
B[S + B4 7] = 00) o) 140 (o)
! )= OW=utm) log(ymatyn)
and involves the functions p(n) and a(n) associated to the fast multiplication. As previ-
ously, the hidden constants in the ©—term are independent on the pair (v,d) and can be
chosen as 44,4 A},

A A
(20) | = max (Al, ;) , Al := max (Ag, 24)

and involve constants A;, A, defined in (3,4). The hidden constants in the O-term is
independent on the pair (v, §) too.

4. THE ALGORITHMS TO BE ANALYZED.

There are three main differences between the usual HG and G Algorithm and our versions to be
analyzed which are denoted as HG and G. See Figure 5.

() Our algorithms are randomized, since we will use the probabilistic variants s s, of the
interrupted algorithms &5 5441

(it) For the HG algorithm, the number L of recursive calls and the degree 2y of truncatures
(i.e., the ratio m/n) are not the same as in the HG Algorithm. The algorithm HG is
also built as a Divide and Conquer Algorithm; however, the relation which relates the
two parameters v, with g, crucial for applying Theorems 3 and 5, leads to a recursive
algorithm HG with L recursive calls, where L depends on parameter g of the US strip and
satisfies (L +1) > 2/0.

(#4i) The study is done when the initial density equals 4, since it is quasi-invariant under the
recursive calls. This choice makes easier the study of various recursions. The constants
which appear in Theorems 6 and 7 are relative to this particular case. Since any other
strictly positive density f satisfies

min f _ E, ¢[C] _maxf
< I < :
max®y ~ E,4[C] T miney

Theorems 6 and 7 hold with any strictly positive density, with other constants, which
depend on f.

As before, the recursive calls in the HG Algorithm are stopped when the naive 51 2 Algorithm
becomes competitive. The calls of the § Algorithm to the HG algorithm are stopped when the
naive ged algorithm becomes competitive.
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Algorithm HG(A, B, S)

Algorithm G(A, B) 1 n :={(B)
1 n := {(B) 2 If n < S then return gl/g(A, B)
2 T :=+/nlogn 3 M:=1
3 While n>T do 4 m = |n/L]|;
4 (A, B,M) :="HG(A, B) 5 For i:=1to L do
5 Return gcd(4, B) 6 (a,b) == mm (A, B)
7 (Ci,di,./\/li) = ig(a,b, S)
Algorithm HG (A, B) 8 (S) =M7(3B)
1 n := {(B) 9 Adjust; (Ci, D;, M;)
S :=1log’n 10 (A, B) := (Ci, Dy)
3 Return HG(A, B, S) 11 M:=M- M,

12 Return (A, B, M)

FIGURE 5. General structure of the algorithms HG and G to be analyzed. The
number of recursive calls L satisfies L > (2/g) — 1.

4.1. The first recursive call. Inside the first recursive call of G to HG, the parameter § belongs
to [0,1/2]. We suppose that there are L > 2 recursive calls of HG to himself. We denote by By,
the bit-complexity of the HG Algorithm when it performs L recursive calls, and we analyse the
asymptotic behaviour of the mean value E,, ,,[Br] (for n — 00).

Suppose indeed L > 2. Then, the possible values for pairs (J,7) of the first recursive call satisfy

) 1
21 Ay =4 — ith <i<L-1 =
(21) 0 €A {2L’ with 0<i< }, M= o
and the pairs relative to the h-th recursive call are
. i ) ) h 1
56Ah—{w, with OSZSL —1} ’}/h—m

We stop the recursion at a level H for which the total bit—cost P(n) of the naive gcd computations
is negligible with respect to the total cost of the algorithm. More precisely, if a(n) is the function
which intervenes in the multiplication cost, we ask

(22) P(n)=0 <LH~ (;)2> =nlog?n = 'U(Z)(;O)gn, H ~ (Eg;) ) LLH = O(log?® n).

The parameter p(d,y) must be strictly positive, first for § € A;. This is only possible if
2
L>—-1,
o
and, in this case, the minimum value of p(d,v) at the h-th recursion level satisfies
. K
(23) 3K > 0, Yh > 1, min {p(d,vn),d € A} > Th

With (23), Theorem 3 entails the following Divide and Conquer probabilistic equation,

E, [B.] = <Z Esn BL> : [1 +0(2*”K/L)] + G,

[J<VAN]

where C,, 1 is the total bit—complexity of steps Steps (), (4i¢) and (iv) performed during the execu-
tions of the 55, Algorithm, together with the matrix product performed in Line 11, for § € Ay
easily estimated with Theorem 5. Expanding the recursion (always with Theorem 3) leads to the

estimate
H
Eny[BL) = < +chh) [H1+O<2"K/Lh)]

h=1
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where C,, 5, is the total mean cost of all the Steps (i), (#4¢) and (iv) of the interrupted algorithms
at the h—th level, corresponding to § € Ay, := y,. The error term comes from the comparison of
the distributions made with Theorem 3, and is of the form, with (22) and (23)

H
1+0(e(n)), with e(n)= Z 9—nK/L* < po—nK/L¥ O(logn) g~ Klog®n _ O(n~Kilogn),
h=1

The cost Cy,p, at the h-th recursion level is easily evaluated with Theorem 5. We let b(n) :=
a(n)logn. For h = 1, Theorem 5 entails the estimate

5[0 ()| o0 [ i 10 ()

where the first term is due to the cost of the interrupted algorithms and the second term to matrix
products of Line 11. One has

Cor = @(L%u(%) {1 +0 <z;(n1/L)ﬂ

where the hidden constants are now respectively 647 + 8A;,6A4), + 8A,, with (A}, A}) defined in
(20) and Aq, A2 defined in (3). In the same vein,

G = O t5) [14+0 (57 )|

L

> 2L - 57)

=1

Cpy=0O(1)

and finally

écn’h - ml)mfgﬂ(n) logn - {1 +0 <b(102{2n)ﬂ _

where the constants in the ©—term are always respectively 64} +84;,6A4% + 8As. Now, with (22),
the error term due to the leaves is of the form 1/a(n), and the function b(log®n) is larger than

a(n). Finally,
QIOLgL,u(n)logn- [1 +0 <a(1n)ﬂ

where the constants in the ©—term are always respectively 64} + 841,64, + 8A,.

E, ¢[Br] = ©(1)

Theorem 6. Consider the HG algorithm defined in Figure 3, relative to a parameter L which
satisfies L > (2/ag) — 1, and involves g := max(o,1/2), where o is a strictly positive lower bound
for the US strip. Suppose that the algorithm uses a fast multiplication of type (3). Then, the mean
bit—complexity By, of this HG algorithm on the set Q,, endowed with the density 1) defined in (2)
satisfies

L 1
E,4[Br] =0 — logn)? |1 — .
=0 (2g) o0 ()]
Here, the constants in the ©—term can be chosen as 3A} + 4A1,3A, + 4A,, where A}, Al defined
in (20) are the constants related to the fast multiplication and the fast division .
The mean bit-complexity By, of this HG algorithm on the set §2,, endowed with any density f of
class C! satisfies

E, ;[Br] = ©(1)n (logn)*a(n) - [1 +0 <a(1n)ﬂ .

Here, the constants in the ©—term can be chosen as

max f

3
1/} max(7A2,4A2 + 5144)7

min f

1/} max(?Al, 4A1 + %Ag), and

max min

where Ay, Ay are the constants related to the fast multiplication and As, A4 are the constants
related to the fast division.
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4.2. The k-th recursive call. The k-th recursive call of G to HG is made on integers with size
n = n(1/2)*=1. Tt deals with values §*) which belong to the interval [1 — (1/2)%~1 1 — (1/2)*],
so that the values (1 — 6*))n belong to the interval [ng,ny/2]. If we wish to perform at the k-th
level an algorithm HG homothethic to the algorithm of the first level [with a ratio (1/2)*~1], we
deal with a truncation my of the form my, = 2¢y(Mny, = 2¢y®n with 4% = 1/(2¥-1L). Now the
parameter p(6(¥), 4(®)) relative to values 6*),4(¥) used in the kth recursive call of G to HG is
related to the parameter p(6(1),v(1)) relative to values 6, v(1) used in the first recursive call of G
to ‘HG, via the inequality

np(0®) 78y > ny p(6M),4D).

Then, all the previous study performed for the first recursive call can be applied to the k-th
recursive call, as soon as n is replaced by ny.

We then choose L equal to 2, as previously, and the bit-complexity By, ; of the k-th recursive call
is, with Theorem 6,

(24) Ey[Bk,r] = © (k)éL) ni(log ng)? a(ng) - [1 +0 <a(;k)>} )

with the same constants involved as in Theorem 6.

4.3. End of the recursion. We stop calling the algorithms HG inside the G algorithm when the
naive ged algorithm becomes competitive, with a complexity Pj(n) = O(n log? n). Then, the level
of recursion M is defined by

n3; =nlog’n sothat ny =+/nlogn, M = (1/2)(logn).

Then the total cost G of the G Algorithm satisfies

Eny[G] = ’iE"#’[Bk’L} =0 (béL) n (logn)?a(n) - {1 +0 (a(\/ﬁllogn)ﬂ

where the constants in the ©—term are equal to two times the constants of Theorem 6. Finally, we
have proven the following:

Theorem 7. Consider the HG algorithm defined in Figure 3, relative to a parameter L which
satisfies L > (2/g) — 1, and involves g := max(o,1/2), where o is a strictly positive lower bound
for the US strip. Suppose that the algorithm uses a fast multiplication of type (3). Then, the mean
bit—complexity Gy, of this G algorithm on the set ©,, endowed with the density v defined in (2)

satisfies
B, y[G1] = © (logL) n (logn)2a(n) - {1 +0 (Wﬂ .

Here, the constants in the ©—term can be chosen as max(14A;,8A4; +3A3), max(14A45,8A45 +3A,),
where Ay, As are the constants related to the fast multiplication and Az, A4 are the constants
related to the fast division.

The mean bit-complexity G, of this G algorithm on the set 2, endowed with any density f of
class C! satisfies

E, /[GL]=© <1O§L) n (logn)?a(n) - {1 + 0 <a(\/ﬁlbgn)>} .

Here, the constants in the ©—term can be chosen as

mlni max(144;,8A4; + 343), and -

max min

[max i max(1442, 845 + 344),

where Ay, Ay are the constants related to the fast multiplication and As, A4 are the constants
related to the fast division.
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5. DESCRIPTION OF THE DYNAMICAL ANALYSIS METHOD.

Here, we present the main tools which will be used in the proof of Theorems 1 and 2. These
tools come from analysis of algorithms (generating functions, here of Dirichlet types, described in
5.1) or dynamical systems theory (mainly transfer operators Hy, described in 5.3 and 5.4). We
introduce the main costs C' of interest (in 5.2), and their related Dirichlet series, for which we
provide an alternative expression with the transfer operator (in 5.5). For obtaining the asymptotic
estimates of Theorems 1, 2, we extract coefficients from these Dirichlet series, in a “uniform way”.
Then, Property US (already described in 1.3) is crucial here for applying with success the Perron
Formula, as in previous results of Baladi and Vallée [2].

5.1. Dirichlet series. For analysing a cost C, we deal with the generating Dirichlet series of this
cost C'. We recall that we deal with the sets 2, Q of all possible inputs, and their subsets Qn, Q,
which gather the inputs (u,v) with ¢(v) = n defined in (17). We will explain later why it is easier
and also sufficient to deal with inputs of Q (which is, from the algorithmic point of view, the set
of trivial inputs...). We consider these sets endowed with probability P, ; or I?I"’n ¢ defined from a
positive function f of the interval Z as

P, s(u,v) == Qiff(:j), ]’Ivl’nyf(u,v) = |£~2i|ff(Z), for any (u,v) € Q,,
where u B u
|Qn|f = Z f(;)v |Qn|f = Z f(;)
(u,0)€QR (u,0)EQp

are the total f-weights of the sets €, ﬁn
To any cost C, defined on Q (or §2), we associate Dirichlet series

1 U ~ 1 U
Fo(s)= ) = Clwo)f(0).  Fe(s)= Y — Cluv) (o),
(u,v)€Q (u,0)ER
whose alternative expressions are
c ~ [
FC(S):Zszv Fe(s) = v%’
v>1 v>1
where ¢,, ¢, denote the cumulative costs of C' on w, := {(u,v) € Q}, &, := {(u,v) € Q}, namely,
u - u
co= Y Cluv)f(5), =Y Clu)f(5)
(u»v)ew’v (u,v)e@v

For the trivial cost (C' = 1), the corresponding cumulative costs a, or @, are just the f-weights of

subsets w,,, w,,, namely
U ~ U
Ay = Z f(;% Ay = Z f(g)

(u,v) Ew,y (u,v) EW,
The mean values of the cost C on 2, ﬁn are then given by the ratio of partial sums,
Z[(v):n Cv =~ Z[(v):n EU
==, E, 7|IC] = =————.
Zf(v):n Gy Zﬁ(q)):n Gy

We are mainly interested by some particular costs C'.

(25) E. ¢[C]

5.2. Costs of interest. We now describe the main costs that intervene in this paper, defined on
the set Q of all the possible inputs. For each Theorem, we consider two costs, the deterministic
cost that we wish to study and the probabilstic cost (underlined) that we succeed to study. For
Theorem 1, we consider the costs C; := Ps,C; = Py for § € [0, 1], defined by the relation (10).
This means that

Ps(u,v) =k iff lgur < (1 —96)l(ug) <lgug—1.
For Theorem 2, we consider the cost Cy (which depends on the interval J),
Uk+1

Cy = [[l‘(g) e J] with () 1= .

for k= Ps, and Oy = [z € J]
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Finally, for Theorem 4, we consider the cost Cy (which depends on the interval J),

Ps(u,v) Pys(u,v)
Cy(u,v) = Qs(u,v) = Z (q;), and C,(u,v):= Z 0(q;)
i=Ps(u,v)—2 i1=P;(u,v)—2

and, for Theorem 5, the costs C5 = £(us), C5 = L(ugs) )-

We first provide alternative expressions for Dirichlet series ﬁc(s), as a function of the transfer
operator Hy relative to the Euclidean dynamical system. We first recall some basic facts about
dynamical systems and transfer operators.

5.3. The Euclidean Dynamical system. When computing the ged of the integer-pair (u,v),
Euclid’s algorithm performs a sequence of divisions. A division v = uq + r replaces the pair (u,v)
with the new pair (r,u). If we consider now rationals instead of integer pairs, there exists a map
T which replaces the (old) rational u/v by the (new) rational r/u, defined as

T() =+ - M . T(0)=0.

x
When extended to the real interval I = [0, 1], the pair (I, T') defines the dynamical system relative
to Euclid algorithm. We denote by H the set of the inverse branches of T,

1
q+x ;
and by H? the set of inverse branches of depth p (i.e., the set of inverse branches of T?), namely

HP = {h = hyo---0hph; € H,Vi}. The set H* := U,HP is the set of all the possible inverse
branches of any depth. Then, the sequence (5) builds a continued fraction

H={hg:2— q>1},

(26) %:h(()) with h=hyohyo...oh, € HP.

One then associates to each execution of the algorithm a unique LFT h € H* whose depth is
exactly the number p of divisions performed. Remark that the i-th LFT h; used by the algorithm
is exactly the LF'T relative to matrix Q; of Section 2.1, so that the LFT hyohyo...0h; is relative
to matrix M;) of Section 2.1. Then, the CF-expansion (26) of u/v, when splitted at depth 4,
creates two LFT’s b; := hyohgo...0h;_1 and e; := h; o...0 hy, defining each a rational number:
the “beginning” rational b;(0), and the “ending” rational e;(0). The “ending” rational e;(0) can
be expressed with the remainder sequence (u;)

€i(0) := hjy10hjgg0---0h,(0) = %7

while the “beginning” rational b;(0) can be expressed with the twosequences (p;), (r;) related to
coefficients of matrix M ;) defined in (6),

b;(0) == hyohyo---0h;_1(0) = |pz‘\_

|7
The main parameters of interest of the Euclid Algorithm involve the denominators sequences u;, r;,
which are called the continuants. The continuants are closely related to derivatives of LET’s, as we

now explain. For any LFT h, the derivative h/(z) can be expressed with the denominator function
D: If the function D is defined by

ar +b .
Dig|(z) = cx + d, for g(z) = pe—— with ged(a,b,c,d) =1,
then
/, _ deth
(27) h(z) = DI

Finally, since any LFT h € H* has a determinant of absolute value equal to 1, one has:

(28) u = WO, = [O) 2.
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5.4. Transfer operators. One of the main tool in dynamical systems theory is the transfer oper-
ator [23], denoted by H;. It generalizes the density transformer H that describes the evolution of
the density: if f = fo denotes the initial density on I, and f; the density on Z after one iteration
of T, then fi can be written as f; = H[fo] where H is defined by

(29) =Y IN@)|foh).
heH
It is useful to introduce a more general operator that depends on a complex parameter s,

= S W@l fore) = Y o (s ).

heH m>1

and multiplicative properties of derivatives entail that
= > W@ fohx),  (I-H,) = > W (@) foh().
hEHP hEH*

Now, relation (27) between the denominator and the derivative of a LFT, and the fact that any
element of H* has a determinant equal to +1, entail an alternative expression for the transfer
operator,

V) = S oh(e). (I—H) @) = S —t fon(s
HY(f)(x) h;pD[th)zsf h(z), (I —H,)"[f)(@) h;ﬂD[h](x)st h(x),

which will show, with (28) that the transfer operator can be viewed as a generating operator for
denominator sequences u;, ;. This is the main idea on which is based the dynamical analyses. We
now explain the relation between Dirichlet series and transfer operators.

5.5. The Dirichlet series F¢(s). We describe alternative expression of the Dirichlet series Fe:(s), Fo(s),
as a function of operator H;. Let us begin with the trivial cost:

Cost Cy = 1. The Euclid algorithm writes each rational u/v € Q in a unique way as u/v = h(0)
with h € H*. Then,

Fy(2s) = 025 = > W) - foh(0) = (I —H,)'[f](0),
(u,v)EQ k>0 heH*
from which we deduce an alternative expression of Fy(2s), with the help of the Riemann ¢ function:

=S Y gt () =@ Foe) = o) (- 1) 170,

d>1( )EQ

All the studies of the paper are based on refinements of the (simple) equality.

Cost Cy,C for Theorem 1. We will show in Section 6.4 that a main tool for studying the second
cost Ps on €, via its moment generating function E,, r[exp(wPj5)], is the Dirichlet series G(2s, 2t, w)
which depends on three parameters s, ¢, w and is equal to

G(2S, 2t7w) = ew<(2s + 2t) (I - Hert)il ° (Hs - Hert) o (I - est)il[f](O)'
Cost Cy,Cy for Theorem 2. We will show in Section 6.1 that a main tool for studying the distri-

bution of x5 on Q (via the estimate of P, ¢[x(5y € J]) is the Dirichlet series which depends on
two parameters s, t, together with the interval J,

F(25,2t,J) = (25 +2t) (I — Hyyy) "' [1 - (Hy — Hyyy) o (1= Hy) 7' f]] (0).

Cost Cy,C, for Theorem 4. We will show in Section 6.7 that a main tool for studying the mean
value of Qs is the Dirichlet series which depends on two parameters s, t,

C(ZS + 2t> (I - Hert)_l(Hs - Hs+t) °© Hg,[é] © (I - Hs)_l[f](0)>
and involves the weighted transfer operator Hy 4 relative to the binary size ¢ and defined as

m>1
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Cost Cs,C5 for Theorem 5. We will show in Section 6.8 that a main tool for studying the mean
value of £(us)) is the Dirichlet series which depends on three parameters s, t,

(25 +2t)( = Hgy) "o H o(l- H) lo H o(l- H,) ' [f](0),
and involves the operator H., := d/(ds)H; defined as

logm—l—x 1
31 H,[f = -2 .
(31) Z (m+x)? (m+a:>

With alternative expressions of these Dirichlet series at hand, we now perform the second step:
we find the dominant singularities of these Dirichlet series and their nature, and then transfer this
information for obtaining asymptotic expressions of their coefficients. The expressions obtained in
prove that the singularities of the Dirichlet series will be related to the dominant spectral objects
of the transfer operator H,. A precise study of these spectral properties will lead to the asymptotic
study of the coefficients of these Dirichlet series.

5.6. Spectral properties of the transfer operator H,. We now recall the main properties
of the transfer operator H, and its quasi-inverse (I — H,)~!. These properties depend on the
Banach space where the operator acts. Here, the Banach space is C!(Z), and we recall now the
main properties of the operator H, when acting on this functional space.

For R(s) > 1/2, the operator Hy acts on C!(Z) and the map s — Hj is analytic. For s = 1, the
operator is quasi—compact: there exists a spectral gap between the unique dominant eigenvalue
(that equals 1, since the operator is a density transformer) and the remainder of the spectrum. By
perturbation theory, these facts —existence of a dominant eigenvalue A(s) and of a spectral gap—
remain true in a complex neighborhood V of s = 1. There, the operator splits into two parts: the
part relative to the dominant eigensubspace, denoted P, and the part relative to the remainder
of the spectrum, denoted Ny, whose spectral radius is strictly less than n|A(s)|(with n < 1). This
leads to the following spectral decomposition

H,[f](z) = A(s)Ps[f](z) + Ns[f](2),

which extends to the powers H? of the operator

(32) HY[f](z) = A" (s)Ps[f](x) + NY[f](2),
and finally to the quasi-inverse (I — H,)~?

Als)
1—XA(s)
The first term on the right admits a pole (of order 1) at s = 1, while the second term is analytic on

the half-plane {R(s) > 1}. The dominant eigenvalue A(s) is analytic in a neighborhood of s = 1,
and the pressure function A(s) := log A\(s) plays an important rdle. In particular, near s = 1, one

has
(34) (1= H) 7 f1@) ~ 900) [ Fioy

(33) (I =Hy) "' [f](z) = P[f](x) + (T - Ny~ [f](2).

where —\'(1) is the entropy of the system, equal to 72/(6log 2) and ¢ is the Gauss density, already
mentioned in (1).

For Theorem 2, the Dirichlet series (1/t)F(2s,2t,J) defined in Section 5.5 can be viewed as a
perturbation of

Fi(2s,J) == —(I =H,)"'[1; - H, o (I — H,) " '[f])(0),
for small ¢. This Dirichlet series Fi(2s,.J) involves the operator H., := (d/ds)H,, has a pdle of
order 2 at s = 1, and satisfies for s close to 1, with (34)

e~ k) o o),

where H' := H) and ¢ is the Gauss density defined in (1). This explains why ¢ = H'[¢] introduced
in (2) plays a central role in our analyses.
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5.7. US Property for the Dirichlet series F(s). We have obtained a first information about
the singularities of the quasi-inverse (I —H,)~! and an alternative expression of ﬁc(s) as a function
of this quasi-inverse. We now wish to perform the second step and transfer this information for
obtaining asymptotic expressions of the coefficients of the Dirichlet series. As a main tool, we
rely on convenient “extractors” which express coefficients of series as a function of the series itself.
There exist an easy “extractor” for Dirichlet series: the (plain) Tauberian Theorems. However,
they do not provide remainder terms, and they are not adapted for our study, since we wish to
obtain uniform estimates with respect to auxiliary parameters §, w, ¢, J. We then adopt the Perron
Formula, which may provide remainder terms, as soon as we have a precise knowledge of Fo(s) on
vertical strips.

The Perron Formula of order two (see [10]) is valid for a Dirichlet series F((s) = > ., a,n™ 2% and
a vertical line &8s = D > 0 inside the convergence domain of F, B

D+ioco 2s+1
(35) W(T) =3 an(T—n) = i/ F(s)s(Ti ds.
n<T

2s+1)

D—ioco

It is next natural to modify the integration contour $ts = D into a contour which contains a unique
pole of F(s), and it is thus useful to know that the Property US [Uniform Estimates on Strips]
holds. We have already described this Property in an informal way in Section 1.3. It is now
necessary to describe it more precisely.

Theorem A. [US Property for the Euclidean Dynamical System] [Dolgopyat, Baladi, Vallée| [9, 2]
When the transfer operator Hy relative to the Euclidean dynamical system acts on the functional
space C1(Z) of functions with a continuous derivative on the unit interval Z := [0, 1], there exists
a > 0 for which the following holds on the strip § := {s,1 — a < Rs < 1}.
(i) The quasi-inverse (I —H)~! has a unique pdle in the vertical strip S := {s, |Rs — 1| < a},
located at s = 1.
(#4) There exist to > 0,£ < 1/5,C > 0, such that, on the truncated strip {s, |[Rs—1| < a, |Ss| >
to}, letting t := s,

I =) e =0 (8s°)  with ||f[[1:=sup |[f[+ (1/t)sup |f'].
From works of Dolgopyat [9] and Baladi-Vallée [2], we know that (I — H,)~! satisfies the US

Property, with a strip of width « > 0. With this US-Property, we can shift the integration
contour in (35). If, for instance

F(s) = (1~ Hop) g0 = - 2240,
we obtain B
2541 2541
U(T) := Z an(T —n) = Ress=1_¢ <5(12;+1)F(8)> + % /éRi:l_t_ F(s)ﬁ ds.

n<T

Finally, if the pole is simple, the residue is not zero, and the following estimate shows the importance
of the parameter o, defined as a lower bound for this width «, since it intervenes in the remainder
term, as

T372t
1 0)(3—20)

The real o mentioned in all our Theorems 1-7 is a lower bound for this width «.

(36) U(T) = Ress—1-¢F'(s) [1+O(T7%)].

6. PROOFS OF THEOREMS 1 AND 2

Here, we provide the complete proofs of Theorems 1 and 2. We first recall some notations.
On an input (u,v), the Euclid algorithm builds a sequence of remainders (uy) and a sequence of
rationals xx = ug41/uk.

We recall that Ps(u,v) is the smallest integer k for which lguy, is less than (1 — §)¢(ug). We are
interested in describing the position of the rational

T5y = Tg when Ps(u,v) = k.
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6.1. Proof of Theorem 2 — Step 1. The Dirichlet series of interest. We here provide an
estimate of the distribution of the rational Z 5y which is a probabilistic version of the rational s,
as we shall now explain.

We first deal with intermediate sets Vj(\ﬁ)M(J), Z/IJ(\,ky)M(J), defined as
V](\;C)M(J) ={(u,v) €Q; v=N,upy1 =M, 41 € J},

UP () = {(wv) €Q, v=N, u =M, a141 € J},
and the set

(37) Av, ) =31 S v VYD U o)

k>0 M<W MW

gathers the pairs (u,v) of Q with v = N for which the following is true: “if k& denotes the smallest
index for which the remainder u; has a denominator less than W, the rational x; belongs to J 7.
This shows that these intermediate sets will be closely related to our problem.

We now observe two facts: The f-weights ﬂg@M(J ),NE\I,C)M(J ) of the tilded version of the interme-
diate sets
Sk k 5 5 (k k 5
Vi (D) =V ()N, U () = Uy (1) N §
are easily generated by the transfer operator, since the two following equalities hold
~(k)

(38) U(Qs 2t, J, k) Z Z NQQMQt (I —Hp)™? []—J‘Hert OH};[fH (0),
N>1M>1
~(’f)
(39) V(2s,2t L k)= > N%Mgt (I =Hgpe)~ " [1y-BES] (0).
N>1M>1

On the other hand, there are nice relations between V(k) (J), L{I(\;i)M(J ) and their tilded versions,

as we now explain. Each of these two sets VN, M(J )s Z/{](v]i)]v[(J ) decomposes as a disjoint union

k k k k
V) = U (W) new).  ulu () = U (@) new).,
d>1 d>1
which involves the set Qg of pairs (u,v) of € for which ged(u,v) = d; the map (u,v) — (du,dv)
defines two bijections which preserve the f-weights,

first from 17](\?)1\/[(J) onto (Vc(ll]c\;,dM(']) ﬂQ[d]>, second from Z/l( ) v (J) onto (Méf\;,dM(J) ﬂQ[d}).

Then, the Dirichlet series U, V' and their tilded versions U , V are related via the Riemann (¢ function,
as follows:

u
(40) Uls,t, J k)= > Y JJ\\’/V]’W = ((s+t)U(s,t,J, k),
N>1M>1
o®
(41) Vis,t, k) => > ]NViVIMt = ((s+t)V(s,t, ], k).
N>1M>1

Finally, the series F(s,t,J) defined as
(42) F(s,t,J) = > [V(s,t,J.k) = U(s,t,J, k)]
k>0

admits with (40, 41, 38, 39) the alternative expression which involves the ¢ function and the transfer
operator Hj

(43) F(s,t,J) = ((2s+2t)(1 — Hyyy) "' [1; - (Hy — Hyyy) o (I — Hy) 7' [£]] (0).
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On the other hand, F(s,t,J) is a Dirichlet series of the form
an,m(
(5.0, = 30 Y Wl
N>1M>1

whose coefficient an,as(J) satisfies the following, with the definition of F' given in (42),

Z an,m(J Z Z(U%{)M g\l;)M(J)) :Z Z ”g\]fC)M(J) - Z u(k)

M<W M<W k>0 k>0 M<W M<W

and the last expression is exactly the f-weight of the set A (W,J) defined in (37). Finally, the
equality

Z An (2070 1) = {(u,v) € Qu; x5 € T}
—=2n— 1
holds and entails the equahty

2" —1

P, [ <5>EJ |Q |j NZ Z aN7M(J)

on IMSQ(I S)n

where |Q,|; is just the f-weight of {2,,. Comparing the Riemann sum to the integral entails

= Y A= Y Y fwf) = j0ul (127 0IA11)].

(u,v)EQ, p=2n—1u<v

We have finally to evaluate

Z >, anul))

N on— 1M<2(1 S)n

It is then sufficient to extract coeflicients from the Dirichlet series F'(s,t,J) given in (43). However,
it is not possible to directly deal with the characteristic function of the interval J, since it does
not belong to the “convenient” functional space C!(I) where the Property US holds. Then, for a
function e positive which satisfies e(x) < x, we replace the function 1; by two functions waa) and

1/1 7.0) of CY(I) which are good approximations of 1, and satisfy

_ _ 1 _
(44) 7/’(J75) <1,< w&e), ||¢E~:}7E) - 711((]75)”1,1 < mv /I|¢E":]7E) - ¢(J75)|(u)du <e(lJ]).
We replace the Dirichlet series F(s,t,J) by the series F (s,t, J,e), F_(s,t,J,e) defined as
(45)  Fu(2s,200,) = (25 +20)(T — Hop) ' [0, - (Hy = How) o (- Hy) (/] (0).

The coefficients of these series, denoted by aﬁ w(J€), have the following combinatorial sense :
The sum of these coefficients

(46) > anu(e)

M<W

equals the sum, taken over all pairs (u,v) with v = N, of the quantities f(zy) -w(ij E)(azk), where xy,
is the rational relative to the smallest index k for which uy is less than W. Then, the inequalities

(47) Z an.a(J€) Z anm(J) < Z ax’M(J,s)

M<W M<W M<W

hold, and show that it is sufficient to deal with the series F(s,t,J, ), denoted in the following by
F(s,t,J,¢e).



24 E. CESARATTO, J. CLEMENT, B. DAIREAUX, L. LHOTE, V. MAUME, AND B. VALLEE

6.2. Proof of Theorem 2 — Step 2. Extraction via the Perron Formula. The series F'
defined in (45) depends of two complex variables s and ¢ (with J and € as parameters). We will
use the Perron Formula, two times.

First suppose that the complex s is fixed, satisfies fts > 1 and consider the Dirichlet series F' as a
function of ¢, which has an only pdle at t = 1 — s in the strip 1 —a < R(s +t) < 14+ a. Then, with

the Perron formula,
aNM (J,¢)
> 2 X -
Wi<W M<W; N<1

=@ 2O [vgan [(F1 ) o 01 1] (o

1 W2t+1

+— 25 +2t) ——
2im R(s+t)=1—« g( ° )t(2t+1)

This is now a Dirichlet series with respect to s, which has an only pdle at s = 1 in the strip
1—-8 < Rs <1+ G, and using again the Perron Formula for extracting coefficients, we obtain
finally four terms for the sum of coefficients

EE(T,W,e) ZZ Z ZaNMJs

TW<T NZTy W1 <W M<Wy

F(2s,2t, J,€)dt.

namely
<<2>A, W/w(m E [¢] () du
1713 WZ'H1 _
T2 3 o O Wiy~ i)™ {%@ - ~ o) {—f(l)” ©

_m /ms_l_ﬁ Sf;fn Vg(l_:: ( /1 Ve @) (Hl_?l) o(I - HS)‘l[f](u)du> ds

C(28+2t) T23+1 W2t+1

- [m:ﬁﬂx ) 5(25 ¥ 1) t(2t + 1) (I_Hert)_l |:¢a:],5) ! (Hs - Hs+t> © (I - Hs)_l[f]} (O)det

Rs=1—0

If we choose oo = f3, it seems that the fourth term has a pole at t = 0, but this is not a “true” pdle,
since there is an occurrence of a secant operator, of the form (1/t)(Hsy¢ — Hy) which tends to the
operator H/, when t — 0. We then choose a = 3, and, for reasons which will appear later, due in
particular to possible applications of Proposition A, we choose a = § = ¢ := min(c,1/2)

The first term will provide the main term, which is ©(T2W), more precisely
T3 1
@) BETW) =o() W+ FETW)  with o)) = / H'[i0)(#)dt — / V()
J J

(For the computation of the constant a(.J), we used the equality ¢(2) = —\'(1)log2 which comes
from spectral properties at s = 1 described in Section 5.6). Then Theorem A entails estimates for
the four terms of F}F (T, W,e) — Fy (T, W, ), respectively

o(1)  OTw'=?)  O(T*~*ew?eth)  O(T*?2W).

Here, the constants involved in the O-terms depend only on J and e, but not in the same way
for all the terms: In the first and the third term, the interval J intervenes via the integral of the
function wt] o)~ U(7e) and, with (44), the constants are O (¢(]J])). In the second and fourth

terms, the interval J intervenes via the norm || - ||1,1 of the function w(‘LJ o)~ ¥y and, with (44),
the constants in the second and the fourth term are O(1/e(|J|). Finally

73 T\ >
(49) FH (T, W) — Fy (T, W) = [ (J)BW} C(J,W,e) |1+ 0 <W>

: — (D 1 —20
(50) with C(J,W,e):=0 ( ] + |J|5(|JDW ) .
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We now return to our object of interest, the quadruple sum
(51) BT W)= 3, >, > 2 awu(),
Ty <T N<T, W1 <W M<W,

for which equations (47,48) and (49) entail the estimate
T\ *
140 | =
()]

6.3. Proof of Theorem 2 — Step 3. Final estimates for variable z(§) on Q. The sum of
coefficients ZMgW an,m(J) is positive, so that

T B(T,Wh):= > Y anvu(J])

N<T M<W,

(52) E\(T, W) = a(.])%gw [+ C(J,W,e)]

where the function C(J, W,¢) is defined in (50).

is increasing. We first consider the corresponding estimates (52) with respect to variable T, each
value of the triple (W, J, €) being fixed. Then, it is possible to transform in F; (T, W) the double
sum over indices N into a simple sum with Proposition B of the Appendix (Section 7) and deduce
from the estimate of E;(T,W) an estimate for the sum
2 T\™°
BEy(T,W):= Y B(T,Wy)=a(J)T°W [1+C(J,W,e)] |1+ 0 <W> ] .
Wi <W

We will be interested in the following by E(T, W) := Eo(T, W) — E5(T/2, W) for which we get the

estimate
T —g
1+0( — .
+0(iv)

Applying now Proposition A of Section 7, with the choice (T — T_)/T = O((T/W)2/?) (always,
for each value of the triple (W, J,¢) fixed) provides the estimate
T —a/2
140 = .
o () ]

We now consider that T and W are polynomially related, (but J and ¢ fixed) and we let T = W¥,
with v > 1, and we wish to obtain an estimate of
EWY,W)—-EWY,W_)
W —-Ww_

(53) B(T, W) = % a(J)T2W [1 + C(J, W, ¢)]

E(T,W)—E(T_,W) 3

(54) T = S a(J)TW [L+C(J.W.e)]

First, observe the following decomposition
(55) E(WY,W)—E,(W",W_) = [E(W”,W) — E(Wz,W,)] — [E(W”,W,) — E(WK,W,)] .
Applying Proposition A to the first term, remarking that
3
EW",W) = a(J) W2 1+ C(J, W,e)] [1+0 (W—°+2)]

and choosing (W — W_)/W := ©(W~7/2) with 7 := min(dvo, 1), gives

EWY,W)—-EWY, W_) 3 2 —7/2
(56) T =2 @v+ Da()W [1+0 (C’(J,a,W) W ))}
For the second term, we take the same choice for (W — W_)/W, and we remark that, in this case
T-7- WY-Wr W —-Ww_ W —-Ww_
= g 1 —=T/2)] = ).
T W V4 1+0W )] =0 < i >

Using now (54), we obtain

E(WV, WV;/):ME/EWEa W—) _ ga(J) WV+1 [wafl] |:1 + O (C(J, W,&) + W*‘r/2>} .

(57)
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Finally, using (55, 56, 57) leads to
E(WY, W)~ E(W",W_) 3

(58) AT = Za(J)WQ" 14O (R(W))]
with

L €(|J|) 1 —20 —71/2
(59) R(W)._max< 5 ,WW W />.

We now counsider the case when the function e (which quantifies the approximation of the charac-
teristic function 1) is a power function, of the form x — x'*¢ We suppose that all our parameters
X € {|J],e(|J]), T, W} have an exponential dependence on n (now J and e vary), and we fix their
exponents e(X) :=n"1llg X as

eM =1, eW)=0=-08)==, elJ))=-27  e(J]))=-2(1+0).

R

Then, the exponents of the terms in R(W) are all at least equal to
p = min{2v60, 2a(1 — J§) — 2v(0 + 2), da/2, (1 — 9)/2}.

We first choose the best exponent of the function ¢ : z +— x'7? in order to equalize the first two
terms in the expression of p. Since the exponent # must be strictly positive, this leads to choose
v < (1/2)a(1 — 9), and finally

p > po:=min{o(l —9§) — 2v,0d/2}.
[remark that the fourth term in p has now “disappeared” due to the inequality ¢ < 1/2]. Suppose
now that the interval J is large enough (with respect to o, and the fraction (1 —4)), with e(|J]) =
27 < (1/2)a(1 — 6). Then, there is a lower bound p(9) for p, which depends only on ¢ and §, with

p(6) :==(1/2) ¢ min(1 — 6, 9).

Observe that p(d) is always less than (1/4)(1 — J).
Finally, we return to our initial problem, and with (58, 59), together with the definition of p(9)
and the expression of a(J) in (48), we obtain an estimate for

on_1q 1 o(1=8)n
Z o(I—3—p(@)n Z Z an,m(J)
N=2n—1 W=20-8)n[1-2-p@)n] M<W

- (322”> </J1/;(t)dt) [1+0(2*"P<5>} .

The first term equals the cardinal of €,,, and “disappears” when we return to probabilities.

This not exactly the expression (46) for M < 21=0)n but a smoothed version of it. Then, we do
not exactly study the variable x5y but a probabilistic variant of this variable that we now recall.
Consider the interval [2(1=9)7 (1 —27,(9)n) 2(1=9)n]  Choose an integer W uniformly in this interval.
Denote by Z(5) the rational xj associated to the first index k for which lguy is less than W. We
have studied this (probabilistic) variable z 4 and evaluate

P flzs) € J].
Remark that in any interval |A/2, A], there are at most two elements of the sequence zy, so that,

for n large enough, X5y equals z (g4 with 0 <7 < 2.

6.4. Proof of Theorem 1—- Step 1. The Dirichlet series of interest. We study, in the same
vein as before, a probabilistic version Ps of Ps. We prove that it follows an asymptotic gaussian
law on 2, from which it will be easy to deduce an asymptotic gaussian law for the deterministic
version Ps on ().

We wish to use the Quasi-Powers Theorem which provides sufficient conditions, which entail an
asymptotic gaussian behaviour.

Theorem B. [Quasi-Powers Theorem.] (Hwang) [15] Assume that the moment generating func-
tions E,, lexp(wR)] for a cost R are analytic in a complex neighborhood W of w = 0, and satisfy

(60) En tlexp(wR] = exp[8,C(w) + D(w)] (1 + O(k7")) |
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with B, £, — 00 as n — oo, C(w), D(w) analytic on W and the O—term uniform in WW. Then,
the mean and the variance satisfy

En f[R] = C"(0) B+ D'(0) + O(k,") . V[Rn] = C"(0) B + D"(0) + Ok, ")

Furthermore, if C"(0) # 0, the distribution of R is asymptotically Gaussian on Q,, with speed of

convergence O(k, 1 + 551/2)

)

R(z) — C'(0)n

P |4 | " (0)n

L
<Y|=—= [ eV dy+0@," +6,'7).
< ] or /_ N y+ Ok, +58,7)
We shall show that Theorem B can be applied to our framework, with

Bo=n,  ry=2""0  C(w)=26lg(r(w) - 1),

where 7(w) is the solution of the equation A(s) = —w which involves the pressure function A(s) :=
log A(s). This will entail Theorem 1.

We first wish to estimate the generating function E,, r(exp[wPjs]), as a quasi-powers. We deal with

the function G(s,t,w) := ((s+t) G(s,t,w) with
6(287 Qtvw) =e" (I - Hs+t)71(Hs - Hs+t) o (I - est)il[ﬂ(O)'

The series G can be written as a Dirichlet series which depends on two variables s, t, together with
a parameter w
b s
_ w(k+1) > _ wk i
(61) G(s,t,w)=> e Do e =2 Vst LE) = Ulst. LK),

k>0 N>1M>1 E>0

. . . k

where the functions U and V' are defined in (40, 41). Here, the coefficient 3,y bg\,’)M equals
the f-weight of pairs (u,v) with v = N for which ugy1 is at most W, while uy is greater than W.
Then, the quantity

on “
k
> > bw
N=2n—1 M§2(1—5)n
equals the f-weight of the subset of pairs (u,v) of size n for which Ps equals k + 1, and the
expression
on

> ety

N=2n—1 \f<2(1-8)n k>0

is the cumulative generating function of parameter Ps on €2,,. As previously, it is then sufficient to
extract coefficients from the Dirichlet series G(s,t, w).

6.5. Proof of Theorem 1 — Step 2. Extraction with the Perron Formula. This series G
defined in (61) depends of two complex variables s and ¢ (with w as a parameter). We will use the
Perron Formula, two times.

We proceed in two steps, as previously. We first consider the Dirichlet series as a function of ¢,
which has an only pole at ¢ = 1 — s in the vertical strip in the strip 1 —a < R(s+t) < 14+ «. Then

(k)
by

202 2D M=

Wi<W M<W; N<1k>0

2(1—s)+1 _
6 g [ (i) o (- ) M fl(wa
! ¢(2s+2t) W G(2s,2t,w)dt.

% R(s+t)=1—a t(2t + 1)
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This is now a Dirichlet series with respect to s, which has an only pdle at s = 7(w) in the vertical
strip 1 — 8 < Rs < 1 + B, where w is defined by the relation w = —A(s). Using again the Perron
Formula for extracting coefficients, we obtain finally four terms for this sum of coefficients

(62) DT Ww) =Y > S ST S e,
T <T NT, Wi <W M<W; k>0

namely

Vr(w) [f} W3—2‘r(w) T27’(w)+1 H‘r(w) —H,
) o) B3 )@ T J, ( T (w)

+Cywlf] TQT(“’)H/ ﬂ(I—H (w)+t) o (Hrgwy — He(u)pe) —2v__|(0)
R[7(w)+t]=1—c t(2t + 1) e e e 7/\/(7-(1“))

L ()0 o)

/ <(28 + 2t) T25+1 W2t+1
we=1-r(w)+s-a 412 s(2s+ 1) t(2t + 1)
Here, the first term involves the dominant eigenfunction ¢, of Hy and the dominant eigenmeasure
vs of the dual HY at s = 7(w) and the second term involves

CHLT 2 (w) (27(w) + 1)
We first choose, as in Theorem 2, a = 3 = ¢. The first term will provide the main term, which is

of the form A(w)W3—27(W)T27(w)+1 while Theorem A entails the following estimates for the other
three terms : [here, t(w) denotes the real part of 7(w)]

) el

(I-Hgps) to(Hs — Hyyg)o(I—eH,) "' [f](0)dsdt.

Rs=1(w)—B

O(W372p(w)f2gT1+2t(w)) O(T1+2t(w)72£W372t(w)72£) O(T1+2t(w)72gw372t(w))

Here, the constants involved in the O-terms are uniform when w is near 0. Finally
—20
T =

1+0 | = ,

6.6. Proof of Theorem 1- Step 3. Final estimates for variable Ps on (2. We now follow
the same lines as in the proof of Theorem 2. We first consider W as fixed. For transforming the
double sum over indices IV into a simple sum, it is more involved than above, since the positivity
argument cannot be used here, because w is a complex parameter. However, it is possible to apply
the Proposition C’ of Appendix, and transform the double sum over indices N into a simple sum.
We then deduce from the estimate of D(T, W, w) in (62) an estimate for the sum

Dy(T, W, w) Z SN Y ey,

N=T/2 W1 <W M<W; k>0
T —a
1+0( —= .
OB

Then, as in Section 6.3, we consider that 7" and W are polynomially related, and use two times
Proposition A as in Section 6.3. We obtain an estimate for

D(T,W,w) = R(’w)W372T(w)T27(w>+1 [1 + O(Wf2g)]

where R(w) is analytic and not zero when w € W.

= Rl(w)TQ(T(w)fl)W2(17T(w)) [1 4 O(W,Qg)]

on_1 o(1=8)n
1 1 wky (k)

|| Z 2(1=5—p(8))n Z Z Ze bN’M
nl N=gn-1 W=21-8)n[1-2-p()n] M<W k>0

= Ry(w)2?T D [1 02O with d(0) =1, p(6) = (1/2)emin(1 - 5,5).

Finally, we obtain an estimate for the moment generating function of the p(§)-probabilistic variant
Ps on €, namely

En,flexp(wPs)] = Rs(w)22m()=1) 11 +O(27p<5>n)}
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Then, the Quasi-Powers theorem, applied with
C(w) :=201g(r(w) — 1), D(w) :=1g R3(w)

entails an asymptotic gaussian law for the probabilistic variant Ps on 2,,. Furthermore, we have
already remarked that, in any interval |A/2, A], there are at most two elements of the sequence x.
Then, for n large enough, the two variables — the probabilistic variable Ps and its deterministic
version Ps— are closely related since they satisfy |Ps — Ps| < 2.

Finally, Proposition 1 of the paper of Lhote—Vallée [21], together with the inequality |Ps — Ps| < 2
proves that the asymptotic gaussian law also holds for Ps on €2, with a speed of convergence of
order O(n~1/3).

6.7. Proof of Theorem 4. Sketch. We study here the parameter Q5. We introduce here the
Dirichlet series which depends on two parameters s, t,
H(2s,2t) == ((2s + 2)(1 = Hoys) ™ (Hope — Hy) o H ) o (1 — Hy) 71 [£1(0),

It involves the weighted transfer operator Hy |4 relative to the binary size £ and already defined in
(30)

H; g[f](z) == Z (meimx))%f (mix) '

m>1
Applying the same principles as in Section 6.1 and 6.4 proves that it is well adapted to the study
of cost Q.

6.8. Proof of Theorem 5. Sketch. We study here the parameter £(u ). We introduce here
the Dirichlet series which depends on two parameters s, t,

L(25, Qt) = C(QS + Qt)(I - Hs+t)71 © H;—&-t © (I - Hs—&-t)il © H;-&-t © (I - Hs)il[f](()%

It involves the derivative of the operator H,. Applying the same principles as in Section 6.1 and
6.4 proves that it is well adapted to the study of cost £(ug)).

7. APPENDIX : PROPOSITIONS A, B, C.

We are interested in finding estimates for partial sums of coefficients, of the form
@, (N) = Z cx(w).
k<N
However, Perron’s formula of order two provide estimates only for double sums,
Uy(T) o= > ®u(N)= > > cx(w)
N<T N<T k<N
of the form
R(w)
63 U, (T) = ——~——
(63) (T) 27(w) + 1
where the two conditions are fullfilled:
(i) the real o belongs to ]0,1/2[ and the O-term is uniform with respect to w € W, as T — oc.
(i) R7(w) > 1/2 and IRy > 0 for which |R(w)| > Rg when w € W.
In this case, we say that U, satisfies (P) on W with the quadruple (7, R, 0, A).

T27'(w)+1 [1 +0 (AQ(w)T—QU)] ,

The main question is as follows:
From estimates on ¥,,(N), is it possible to deduce estimates for ®,,(N)?

It proves useful to introduce intermediate objects: for two indices N_ and Ny which satisfy
N_ < N < N, consider the two averages

Ny N
1 1
OH(N) = —r P ¢, (N)i=——7— P .
k=N+1 k=N_+1

The following of the appendix is devoted to the three main steps:
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(i) Tt is always possible to deduce from (63) estimates for ®X (), as soon as
N_:=N—|A(w)N'"?], Ny=N+[A(w) N'""7].

This is the aim of Proposition A.

(#4) Then, if the coefficients ¢, (w) are positive, these estimates can be tranferred into estimates
for ®,,(IN). This is the aim of Proposition B.

(7i7) Finally, if the coefficients ¢, (w) are dominated by ¢,(w) (i.e. |en(w)| < €, (w), and if
estimates for @w(T) of the same vein as ¥,,(7") hold, then it is possible to obtain estimates
for ®,,(N). This is the aim of Proposition C. Furthermore, this proposition naturally
applies to a “moment generating function” setting.

7.1. Statements of the propositions. We now describe the three results in a more formal way.

Proposition A. [Basic Version] Consider a sequence of functions ¢, : W — C for which U,
satisfies (P) on W with the quadruple (1, R,0, A). Then, for N = N — | A(w) N'=9|, the sum
. (N) satisfies

w

B2 (N): !

SV) = e 0 bulk) = R@)NT) - [+ O(A(w) N7,

N_<k<N

where the constant in the O—term is uniform on W. The same estimate holds for ®(N).

Proposition B. [Positive coefficients] Consider a sequence of functions ¢, : W — RT for which
U, satisfies (P) on W with the quadruple (T, R,c, A). Then the sum ®,,(N) satisfies

B (V) i= 3 Elw) = Bu)N*) - [1+ O(A(w) N7,

n<N

where the constant in the O—term is uniform on M.

Proposition C. [Domination]| Consider two sequences of functions ¢,, : W — C, ¢, : W — R™, for
which the sums ¥, @w satisfy (P) on W with the respective quadruples (1, R, 0, A) and (7, E, o, X)
Suppose furthermore that the following holds:

(1) ¢, dominates ¢y, i.e., |cp(w)| < E,(w), Yw e W.

(#4) The two functions T(w),7T(w) satisfy : Ja < /2, Yw e W, |R7(w) — RT(w)| < a,.

Then, the sum ®,,(T) satisfies, for any w € W,

Oy (T) = en(w) = R(w)T>"™) - [1 + O(B(w)T~7)),
n<T

with 8 := min(o,& — 2), B := max{A, A} and where the constant in the O—term is uniform on

W.

Proposition C’ [Particular case of Proposition C.] Consider the case when W is a neighborhood
of 0, ¢, : WNR — R, and ¢, (w)| < ¢, (Rw). We let in this case ¢,(w) := ¢, (Rw). Then, if U
satisfies (P) with the quadruple (7, R, o, A), the function 7(w) is real as soon as w is real, and T,
satisfies (P) with the triple (1(fw), R(Rw), o, A). If, moreover the function T is continuous, then
the difference Rr(w) — 7(w) = N7 (w) — 7(Rw) Is less than o /4 on a small enough neighborhood of
w = 0. And, it is possible to apply Proposition C, with § = o/2.

This framework arises in a natural way when we study moment generating functions, since, in this
case, the coefficient c,,(w) is a sum of terms of the form a; exp[wb; ]|, with reals a; n,b; n.

7.2. Proof of Proposition A. We suppose that the following estimate holds:
Uy(T)=Fu(T) [1+ 0 (A(w)T72°)] , T — o0,  with  F,(T) = b(w)T™),
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where b(w), a(w) satisfy Ra(w) > 0, b(w) # 0 on W, and the O-error term is uniform for w € W.
Denote by T :=T — |T'77]. The estimate of ¥,,(T) entails

1
T _T._ [\Ilw(T) -y (T*)]
= () - R + A o (my 1y
T-T_ T-T_

, Fl/ T A2 ™T 20

- o(C-DEm )|

Then, if a(w) # 1, our assumptions on Fy,(T) and a(w) imply
Fi(T) =0 (T7'Fy(T)),  Fi(T)=0(T*Fu(T))

with a uniform ©. Therefore, we choose
Fo(T)T-27\'/? _
T-T = (A*(w)—2— —0 (A(w)T'—°
(e pg—) e,

and we take the same choice when a(w) = 1. If we wish to transfer theses estimates on integer
parts, we need the condition o < 1/2.

We now apply this result to our framework. We denote
N_:=N-|[A(w)N'""7], Ny=N+|Aw)N'],

and we consider

N
1
+ - Pyp—
OF(N) = — k§N+j1<1> Oy(N) 1= _k:N§,+1(I)w(k).

From (63), we have obtained estimates for ® (V) of the form
DE(N) = Rw)NT [1+0 (Aw) N77)]
7.3. Proof of Theorems B and C. We compare now ®X(N) and ®,,(N). We have

If the coefficients ¢, (w) are real positive, the sequence k — ®,,(k) is increasing, so that
0, (N) < 4 (N) < @, (N)
and ®,,(N) has the same estimate as ®E(N). This is true in particular for o, (N) which has the
same estimate as ®* (), namely
B, (N) = R(w)N¥® [1 ) (N*f")} L B (V) — B (N)| = O(A(w) N2T@)=3)
This provides the proof of Proposition B.

We now prove Theorem C. If the series has no longer positive coefficients, but is dominated, we
observe that, for k < N,

N N
|0 (N) — o (k)| = Z cn(w)| < Z En(w):(/ﬁw(N)_&;w(k)a
n=k+1 n=k+1

which entails the inequality

@0 (N) = Dy (N)] < [Bo(N) — D5y (N)].

w

We apply the arguments of Proposition B which prove that

(@4 (N) = @, (V)] = O(A(w)N*)77),
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together with the estimate for @, (V) obtained in Proposition A, and finally
B, (N) = R(w)N?® [1 +0 (A(w) N=7) + O(A(w) NQ?(“’)‘QT(“’)‘E)]

= R(w)N*"™) [1+ O (B(w) N7)],
with 3 := min(s, 5 — 2a), B := max{A, A}. This proves Proposition C.

8. CONCLUSION

This paper provides the first average-case analysis of a subquadratic gcd algorithm. We therefore
extend the domain of applicability of dynamical analysis techniques, and show that such methods
are also efficient for studying more complex Euclidean algorithms. The type of analysis performed
here requires a precise study of the interrupted algorithms, and a precise description of the evolution
of the distribution during the execution of the algorithm. This heavily uses the powerful tools of
distributional analysis provided by [2, 21].

It would be also interesting to adapt the methodology developed here to other subquadratic ged
algorithms. We have in mind the algorithm recently designed by Stehlé and Zimmermann [25],
based on a division using the least significant bits of the integers. The analysis of the plain ged
algorithm using this division is done in [8]. This is clearly a first step in that direction; however,
a complete analysis of the SZ Algorithm would use Property US, and this Property is not known
to hold in the context of the dynamical system related to this ged using the least significant bits.
Anyway, comparing the average—case behaviour of the SZ algorithm to other HG algorithms would
be interesting since it would point out the influence of the division used, and explain experimental
results observed in [25, 22].
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