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1 Introduction

Among Non-Destructive Evaluation, vibration-based methods present some pe-
culiarities. Structural damages change the dynamic behavior of the system,
and vibrations should be used to detect these changes and to evaluate damages
placed not accessible locations.
These methods respond to the current tendency which is to integrate into the
structure identification and monitoring systems; to this aim transducers and
sensors are embedded with the mechanical system and driven by suitably de-
signed electronic controllers.
The major limit of this and the other indirect identification techniques based
on frequency response measurements turns out to be the small sensitivity to
local variations of mechanical characteristics: it reflects on a uncertainty on
the identified parameters, since it implies a small curvature of any reasonable
identification functional build on these quantities.
An enlightening example for the application of the proposed technique is given
through a beam-like structure coupled to a network of piezoelectric patches.
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Although the forces exerted by the piezoelectric transducers are not large, the
choice of such a kind of actuators/sensors implies the remarkable advantage of
dealing with highly sensitive and easily tunable devices.
The proposed damage identification procedure allows an effective damage esti-
mation -both position and intensity are estimated- through a suitable electronic
circuit. Under some hypothesis on the spatial distribution of the transducers,
the procedure allowing for the damage localization does not rely on the model
of the mechanical subsystem and, hence, could be applied to different structural
members.

2 System description

2.1 Auxiliary subsystems and measured frequency responses

Following [3] in the next it is assumed that the overall system is governed by
the equations of motion:


[k (x) w′′ (x, t)]′′ + ρ (x) ẅ (x, t) + c ρ (x) ẇ (x, t) +

N∑
i=1

gi ψ̇i p
′′
i (x) = f (x, t) ,

Yij ψj (t) +Rij ψ̇j (t) +Bij ψ̈j (t)− gi
∫ `
0
ẇ (x, t) p′′i (x) dx = qi(t),

(1)
and initial conditions: {

w (·, 0) = w0, ẇ (·, 0) = ẇ0,

ψ̇j (0) = ψj0, ψ̇j (0) = χj0,
(2)

The structural model assumed here is a simple 1-D Euler-Bernoulli like for
both the beam and the attached piezoelectric elements; therefore the scalar
field w(x, t) represents the transverse deflection of the beam axis and ψj , i =
1, ..., N is the vector of nodal flux linkages at the terminal of the N piezoelectric
transducers.
In equation (2), as usual, a superimposed dot represents a time derivative while
a prime is the derivative with respect to the spacial variable x.

The functions pi (x) for i = 1, 2, ...N are the characteristic functions of the
piezoelectric supports:

pi(x) :=
{

1x ∈ i− th PZT region
0 otherwise

and therefore their derivatives with respect to the abscissa x must be under-
stood in a distributional sense. The additional current due to electromechanical
coupling is computed as follows:

qCi (t) = −gi
∫ `

0

ẇ′′ (x, t) pi (x) dx = −gi `i ẇ′′|i (3)
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where li is the width of the i-th PZT patch.
A finite dimensional model for the overall system may be obtained by a

suitable projection of the displacement field:

w (x, t) :=
A∑
α=1

φα (x) Wα (t)

where φα ∈ C2(IR) are the shape functions. From equation (1) one gets:{
Kαβ (π) Wβ (t) + Cαβ Ẇβ (t) +Mαβ Ẅβ (t) + Γαi ψ̇i (t) = Fα (t) ,

Yij ψj (t) +Rij ψ̇j (t) +Bij ψ̈j (t)− Γαi Ẇα (t) = qi (t) ,
(4)

{
Wβ (0) = Wβ0, Ẇβ (0) = Vβ0,

ψ̇j (0) = ψj0, ψ̇j (0) = χj0,

where j = 1, ..., N , α = 1, ..., A, β = 1, ..., A and

Kαβ (π) :=

`∫
0

k (π; x) φ′′α (x) φ′′β (x) dx, (5)

Γαi := gi

`∫
0

p′′i (x) φα (x) dx = gi

`∫
0

pi (x) φ′′α (x) dx, (6)

Mαβ :=

`∫
0

ρ (x) φα (x) φβ (x) dx, Cαβ := cMαβ , (7)

F (t) :=

`∫
0

f (x, t) φα (x) dx. (8)

Here Wα and ψj represent the degrees of freedom of the given structure
and the additional dynamical system respectively. As a consequence K and
Y , C and R, M and B can be interpreted as the stiffness, damping and mass
matrices for the two subsystems, whilst F andQ are the external applied actions.
The matrix Γ models the gyroscopic coupling between the structure and the
additional subsystem. The structural stiffness matrix K is assumed to depend
on the set of monitored parameters π ∈ Π ⊂ RP .

The Laplace transform of (2.1) leads to:{ [
Kαβ (π) + sCαβ + s2Mαβ

]
W̃β (s) + sΓαi ψ̃i (s) = F̄α (s) ,[

Yij + sRij + s2Bij
]
ψ̃j (s)− sΓαi W̃α (s) = q̄i (s) ,

(9)

where {
F̄α (s) := F̃α (s) + (Cαβ + sMαβ) Wβ0 +Mαβ Vβ0 + Γαi ψi0,

q̄i (s) := q̃i (s) + (Rij + sBij) ψj0 +Bij χj0 − ΓαiWα0,
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and a superimposed tilde means the Laplace transform of the corresponding
time function, and s is the Laplace variable.

Solving (9)1 for the vector W̃ and replacing in (9)2 one gets:[(
Yij + sRij + s2Bij

)
+ s2 ΓαiHαβ (s, π) Γβj

]
ψ̃j = q̄i − sΓαi F̄α. (10)

where H (s, π) :=
[
K (π) + sC + s2M

]−1 is the frequency response matrix of
the mechanical sub-structure. The algebraic manipulation performed was aimed
to establish an explicit relationship between the additional degrees of freedom ψ̃
and their dual quantities q̃; both of them are supposed to be easily measurable
and/or imposable: in the instance considered below this is indeed the case, they
represent electric flux linkages and currents.

Consideration of equation (10) for vanishing initial conditions and mechan-
ical applied forces, i.e. when Wα0 = F̃α = Vα0 = 0 and ψi0 = χi0 = 0, allows
for the definition of two mutually inverse frequency response functions (FRF ):

Nij (s, π) ψ̃j = q̃i, Nij (s π) := Yij + sRij + s2Bij + s2 ΓαiHαβ (s, π) Γβj .

Tij (s, π) q̃j = ψ̃i, Tij (s π) :=
[(
Y + sR+ s2B + s2 ΓH (s, π) Γ

)−1
]
ij
.

The Nij(s) FRF asks for an electronic interface circuit devoted to write the
currents on each PZT patches whilst measuring their voltages. Moreover this
FRF enjoys the useful feature of being representable as the sum of the purely
electric admittance constant with respect to the parameters π, plus the function:

Hij (s, π) := s2 ΓαiHαβ (s, π) Γβj , (11)

which can be physically interpreted as the additional admittance seen in the
auxiliary subsystem because of its coupling with the preexisting structure.

Concerning the additional mechanical impedance H (s, π) we remark that:

• its experimental determination is obtained as a difference between the
frequency response Nij (s, π) and the purely electric impedance N0 (s) =
Y + sR+ s2B.

• is independent on the electric parameters Y , R and B; as this its sensitivity
can not be affected (in particular enhanced) acting on this parameters.

• it contains information only on the mechanical eigenfrequencies; actually
these are the poles of the function H (i ω, π) with respect to the pulsation
ω.

• it contains information on the mechanical eigenvectors as sampled and
filtered by the coupling matrix Γ.

More precisely, using the spectral decomposition of the mechanical frequency
response function:

Hαβ (s, π) :=
∞∑
h=1

u
(h)
α u

(h)
β

s2 +$2
h + 2 s δh$h

,
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in terms of mechanical eigenvectors
{
u(h)

}
h=1,2...

and eigenfrequencies {$h}h=1,2...,
one obtains:

Hij (s, π) = s2
∞∑
h=1

z
(h)
i z

(h)
j

s2 +$2
h + 2 s δh$h

, z
(h)
i :=

∑
α

Γαi u(h)
α . (12)

On the contrary the dependance of the FRF Tij on the constitutive matrices
Y , R and B of the additional subsystem, may be exploited – at the cost of
considering more involved relationships – to get a sensitivity enhancement in
damage detection. But this problem will be addressed in a future work.

Here the attention is instead focused on a damage identification procedure
taking advantage of the discussed properties of H.

3 Localization technique

3.1 Parametrization of stiffness distribution and damage
functional

In order to represent the stiffness variations on the structural member the fol-
lowing procedure is used:

• the whole domain is decomposed as the union of H macro-regions; such a
decomposition is induced by the actual partitioning of the PZT patches;

• a piecewise linear interpolation is performed for the bending stiffness func-
tion using the centres of mass (Gh) of these macro-regions.

In particular when the domain is monodimensional, as in the examined sys-
tem, the bending stiffness k(x) can be expressed as follows:

k (x) = k0 (x) +
H∑
h=1

dh fh (Gh, bh;x) = k0 (x) + ∆k (π, x) (13)

where fh (Gh, bh;x) is a function which is 1 in the center of mass of the h-th
macro-region and is 0 outside that macro-region, that is:

fh (Gh, bh; x) =


2
x−Gh
bh

+ 1, Gh − bh/2 ≤ x ≤ Gh

1− 2
Gh − x
bh

, Gh ≤ x ≤ Gh + bh/2

0, x ≤ Gh − bh/2, Gh + bh/2 ≤ x
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and

Gh −
bh
2
> 0 ,

Gh +
bh
2
< L ,

dh ≥ − min
x∈[0,L]

k0 (x) ,

bh < L .

The 2H scalar quantities bh and dh represent the unknowns of the identifi-
cation procedure.

Introducing in (13) the change of coordinates:{
dh =

√
Ahrh

bh =
√
Ah/rh

(14)

each damage width and depth can be expressed through its intensity Ah and
shape rh; the unknowns vector becomes:

π = π̂ (A, r) .

With this parametrization, it can be show that, for moderate damage intensi-
ties, the sensitivity of the frequency response function (11) with respect to the
damage shapes is vanishing, that is:

lim
‖A‖∞→0

∥∥∥∥ ∂∂rH (A, r)
∥∥∥∥
∞∥∥∥∥ ∂

∂A
H (A, r)

∥∥∥∥
∞

= 0. (15)

therefore the coordinates r can be exclude from the resulting expansion since
not observable quantities (see the appendix for an extended proof).

Within this context an identification procedure is reduced to the choice of a
suitable functional to be minimized on the space of damage unknowns A:

min
α ∈ IR+

‖a‖ = 1

F (α,a) (16)

where
α := ‖A‖ , A = α a, ‖a‖ = 1,

and F is an appropriate functional.
Common choices for the functional are either based on difference of eigenfre-

quencies either of eigenvectors ([2] - [4]). In the first case a suitable functional
may be:

F (α,a) =
∥∥$ (α,a)−$0

∥∥ (17)
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where $ (α,a) = {$∗1 , ..., $∗N} are the first N mechanical eigenfrequencies of
the damaged system, whilst $0 the initial state ones.

With the intent of parameters estimation it is more appropriate to introduce
the following modified functional:

F̃ (α,a) = ‖$̂∗ −$ (α,a)‖ = (18)
=

∥∥$̂∗ − $̂0 +$0 −$ (α,a)
∥∥ ≤ ∥∥$̂∗ − $̂0

∥∥+
∥∥$ (α,a)−$0

∥∥
where the measured eigenfrequencies $̂∗ and $̂0 in the damaged and initial
state have been introduced.
In (18) it has been tacitly assumed that $̂0 = $0, i.e. the model is perfectly
tuned to the system in its inital state.
Since $ (α,a) are monotonic function of local stiffness ([1]), the functional (18)
is convex in each parameter Ah.

On the opposite FRF functionals, even they are easily tunable and hence
suitable to perform sensitivity enhancement techniques, are generally not convex
in the damage intensities Ah. In the next sections we will focus localization
method based on eigenfrequencies while the problem of sensitivity enhancement
will be addressed in a future work.

3.2 Model independent pre-localization technique

In this section we examine the possibility of estimating the damage direction a
in a way that is as much as possible independent on the structural model.

To this end a spatial sampling of the FRF function h̃ij from all the H PZT
patches is used to extract information about the change of eigenvectors.
A weighted average of the eigenvectors variations leads to assign at each macro-
region a damage probability or in other words a normalized damage intensity.

The effectiveness of the proposed approach strongly relies on the following
assumptions:

• large eigenevectors differences are localized in macro-regions subjected to
damages;

• the PZT pathces are uniformly distributed to cover all the structural mem-
bers under observation.

In particular in the next we suppose that the FRF Hij has been measured
in the frequency range I = [ωi, ωf ] in both the damaged and the initial state;
such interval satisfies the inequalities:

ωi ≤ min
{
$0

1, $
∗
1

}
, ωf ≤ max

{
$0
M , $

∗
M

}
and it can be partitioned as:

I =
M⋃
m=1

I0
m =

M⋃
m=1

I∗m (19)
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where I0
m =

[
ω

0(m)
i , ω

0(m)
f

]
and I∗m =

[
ω
∗(m)
i , ω

∗(m)
f

]
are the sub-intervals ob-

tained taking two consecutive minima surrounding each resonant frequency $0
m,

$∗m respectively.
In the hypothesis of low damage intensities, we can suppose modal density un-
changed and it results that $0

m ≈ $∗m.
The subdivision (19) allow introducing the following function:

Ωk (g) :=

[
1

ωfk
− ωik

∫ ωfk

ωik

g (ω) g (ω) dω

] 1
2

(20)

which permit us to extract the contribution of the k-th eigenvector. More pre-
cisely, using the spectral decomposition of the response functions:

H0 (ω) ' −ω2
M∑
m=1

z
(m)
0 ⊗ z(m)

0[
($0

m)2 − ω2
]

+ 2 iω δm$0
m

(21)

H∗ (ω) ' −ω2
M∑
m=1

z
(m)
∗ ⊗ z(m)

∗[
($∗m)2 − ω2

]
+ 2 iω δm$∗m

together with (20), it results:

Ωk
(
H0
)

=

[
1

ω0
fk
− ω0

ik

M∑
m=1

∫ ω0
fk

ω0
ik

ω4 z
(m)
0 ⊗ z(m)

0

(−ω2 +$2
m)2 + 4ω2 δ2h$

2
m

dω

] 1
2

(22)

since
{
z
(1)
0 , z

(2)
0 , ..., z

(M)
0

}
are a set of orthonormal eigenvectors.

From the mean theorem for each k there exists a frequency ωξk
∈ [ωik , ωfk

],
such that:

Ωk
(
H0
)

=

 1
ω0
fk
− ω0

ik

M∑
m=1

ω4
ξk

z
(m)
0 ⊗ z(m)

0(
−ω2

ξk
+$2

m

)2

+ 4ω2
ξk
δ2m$

2
m


1
2

(23)

and in the case of low modal density, the following approximation holds:

Ωk
(
H0
)
'

 ω4
ξk

ω0
fk
− ω0

ik

z
(k)
0 ⊗ z(k)

0(
−ω2

ξk
+$2

k

)2

+ 4ω2
ξk
δ2k$

2
k


1
2

(24)

Equation ((24) show that the introduced functional Ωk effectively selects the
modal shape z(k)

0 associated to k-th frequency interval.
Once each eigenvector in the frequency range I has been extracted from both

H0 and H∗, the following weighted average:

ν =
ν̃

‖ν̃‖2
, ν̃ =

1
M

M∑
m=1

(
z
(m)
∗ − z(m)

0

)
(25)
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Figure 1: Electromechanical beam composed by 15-th piezoelectric patches.
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Figure 2: Stiffness variation (percentage) along the beam in the case of single
damage.

permit us to assign to each macro-region a scalar coefficient that represents a
normalized stiffness variation in that sub-region.
We remark here that the eigenvectors difference (25) from the function H in a
model independent way (in the hypothesis on PZT distribution clarified at start
of this section).
This estimation allow us to reduce the localization problem to:

min
α∈IR+

F (α,aP ) (26)

which can be solved with standard minimization techniques.

4 Numerical Examples

The effectiveness of the proposed method will be proved on a numerical problem
concerning the system represented in figure (1): it consists of a cantilever beam
with 10 PZT patches.

The cases of single and multiple damages occurring in the positions showed
in figure (2) - (3) have been examined and the result of the pre-localization
technique are shown in next figures.
In particular figures (4) - (7) represent the first two eigenvectors of the system
in the initial state and after the damage has occurred. They allow to calculate
through equation (25) the normalizes stiffness variation showed in the figures
(4) - (4) for the case of single and double damage respectively.

The reduced minimization problem (26) has been solved with the help of
Mathematica minimization routine based on Quasi-Newton method and the
results are showed in figure (10).
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Figure 3: Stiffness variation (percentage) along the beam in the case of multiple
damages.
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Figure 4: First eigenvector of the FRF extracted from the H0 (blue) and H∗

(red) in the case of single damage.
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Figure 5: Second eigenvector of the FRF extracted from the H0 (blue) and H∗

(red)in the case of single damage.
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Figure 6: First eigenvector of the FRF extracted from the H0 (blue) and H∗

(red).
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Figure 7: Second eigenvector of the FRF extracted from the H0 (blue) and H∗

(red).
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Figure 8: Normalized Stiffness Variation (estimated - red, actual - blue).
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Figure 9: Normalized Stiffness Variation (estimated - red, actual - blue).
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Figure 10: Results of the identification procedure on the case of study.

5 Conclusions

The damage detection method presented in this work is aimed to estimate both
damage positions and intensities. The localization is as much as possible inde-
pendent on the structural model and it is based on the change of the eigenvectors
of the Frequency Response Function (FRF ).
This procedure has the undoubted advantage to be easily measurable since it
reacquires the acquisition of the impedance matrix N through a simple electric
circuit.

Once the damages have been localized the estimate of their intensities re-
duces to a minimization problem with can be solved with standard technique.

Easily measurability and model Independence clearly demonstrate applica-
bility of the proposed method to real structures.

A Proof of main results

A.1 Independence of the damage functional on the shape

Equation (11) can be rewritten in terms of the r and A variables as:

Hij (A, r) := s2 ΓαiHαβ (A, r) Γβj , (27)

which by differentiation becomes:

∂Hij (A, r)
∂rh

=
∂Hij

∂bk

∂bk
∂rh

+
∂Hij

∂dk

∂dk
∂rh

; (28)

∂Hij (A, r)
∂Ah

=
∂Hij

∂bk

∂bk
∂Ah

+
∂Hij

∂dk

∂dk
∂Ah

;

The gradient C0
ijk of the function Hij (π) with respect to the parameters

near π = π0 is easily obtained using the definitions of H and H:

C0
ijk =

∂ Hij (π)
∂ πp

∣∣∣∣
π=π0

= −s2 Γαi
∂ Hαβ (π)
∂πp

∣∣∣∣
π=π0

Γβj =

= s2 ΓαiHαγ (π0)
∂ Kγδ (π)
∂πp

∣∣∣∣
π=π0

Hδβ (π0) Γβj (29)

12



hence in terms of damage width and height:

∂ Hij (A, r)
∂ bk

= s2 ΓαiHαγ (π0)
∂ Kγδ (π)
∂bk

Hδβ (π0) Γβj ;

∂ Hij (A, r)
∂ dk

= s2 ΓαiHαγ (π0)
∂ Kγδ (π)
∂dk

Hδβ (π0) Γβj .

Since ∆Kγδ (π) = Kγδ (π) −Kγδ (π0) and φ′′ρ are smooth functions of inte-
gration variable x, the following inequality holds

|∆Kγδ (dk, bk;x)| =

∣∣∣∣∣
∫ l

0

dkfk (bk;x)φ′′γ (x)φ′′δ (x) dx

∣∣∣∣∣
≤ |dk| |bk|max

x∈Fk

∣∣φ′′γ (x)φ′′δ (x)
∣∣

≤ c |bk| |dk|

being Fk =
[
Gk − bk

2 , Gk + bk

2

]
and c = maxx∈Fk

∣∣φ′′γ (x)φ′′δ (x)
∣∣.

For dk → 0 and bk → 0 respectively, one gets∣∣∣∣∂Kγδ (ξ,d,b;x)
∂dk

∣∣∣∣ ≤ c bk∣∣∣∣∂Kγδ (ξ,d,b;x)
∂bk

∣∣∣∣ ≤ c dk
hence ∥∥∥∥∂K∂b

∥∥∥∥
∞
≤ c ‖d‖∞ (30)∥∥∥∥∂K∂d

∥∥∥∥
∞
≤ c ‖b‖∞

In addition, from equation (14), the following holds:∣∣∣∣∂bh∂rk

∣∣∣∣ = δhk

√
Ah

2
√
r3h

;∣∣∣∣ ∂bh∂Ak

∣∣∣∣ = δhk
1

2
√
Ahrh

;∣∣∣∣∂dh∂rk

∣∣∣∣ = δhk

√
Ah

2
√
rh

;∣∣∣∣ ∂dh∂Ak

∣∣∣∣ = δhk
1

2
√
r3h
√
Ah

;
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where we have used the Kronecker delta δhk . Introducing the notation:∥∥∥∥∂b∂r
∥∥∥∥
∞

= sup
h=1,...,N

{ √
Ah

2
√
r3h

}
,∥∥∥∥ 1

2
√

A
√

r

∥∥∥∥
∞

= sup
h=1,...,N

{
1

2
√
Ah
√
rh

}
,∥∥∥∥∥

√
A

2
√

r

∥∥∥∥∥
∞

= sup
h=1,...,N

{√
Ah

2
√
rh

}
,∥∥∥∥ 1

2
√

r3
√

A

∥∥∥∥
∞

= sup
h=1,...,N

{
1

2
√
rh
√
Ah

}
,

the following inequalities hold:∥∥∥∥∂b∂r
∥∥∥∥
∞

≤

∥∥∥∥∥
√

A

2
√

r3

∥∥∥∥∥
∞

;

∥∥∥∥ ∂b∂A
∥∥∥∥
∞
≤

∥∥∥∥ 1
2
√

A
√

r

∥∥∥∥
∞

;

∥∥∥∥∂d∂r
∥∥∥∥
∞

≤

∥∥∥∥∥
√

A
2
√

r

∥∥∥∥∥
∞

;

∥∥∥∥ ∂d∂A
∥∥∥∥
∞
≤

∥∥∥∥ 1
2
√

r3
√

A

∥∥∥∥
∞
.

Previous equations along with (28) establish an upper bound for the sensitivity
of the functional with respect to damage shape and intensity:∥∥∥∥∂H (A, r;x)

∂r

∥∥∥∥
∞
≤ c ‖d‖∞

∥∥∥∥∥
√

A

2
√

r3

∥∥∥∥∥
∞

+ c ‖b‖∞

∥∥∥∥∥
√

A
2
√

r

∥∥∥∥∥
∞

,∥∥∥∥∂H (A, r;x)
∂A

∥∥∥∥
∞
≤ c ‖d‖∞

∥∥∥∥ 1
2
√

A
√

r

∥∥∥∥
∞

+ c ‖b‖∞

∥∥∥∥ 1
2
√

r3
√

A

∥∥∥∥
∞
,

It results

lim
‖A‖∞→0

∥∥∥∥∂H (A, r;x)
∂r

∥∥∥∥
∞∥∥∥∥∂H (A, r;x)

∂A

∥∥∥∥
∞

≤ lim
‖A‖∞→0

‖d‖∞

∥∥∥∥∥
√

A

2
√

r3

∥∥∥∥∥
∞

+ ‖b‖∞

∥∥∥∥∥
√

A
2
√

r

∥∥∥∥∥
∞

‖d‖∞

∥∥∥∥ 1
2
√

A
√

r

∥∥∥∥
∞

+ ‖b‖∞

∥∥∥∥ 1
2
√

r3
√

A

∥∥∥∥
∞

= 0

(31)
that is for small damage intensities the sensitivity of the response function H is
vanishing with respect to the damage shape.
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