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Abstract

For a homogeneous, transversely isotropic, second-order piezoelectric and infinitesimally prebent, pre-
polarized and prestretched prismatic bar, we find second-order Saint-Venant solutions. It is found that the
electric field alone does not introduce any bending in the second-order piezoelectric bar. However, the
electric field induced by the bending of the bar can be used to ascertain the magnitude and direction of the
bending vector. The curvature of the centroidal axis of the bar can be changed by the simultaneous ap-
plication of the electric field and the bending moment. © 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Saint-Venant [1,2] studied the extension, bending, torsion and flexure of a homogeneous
prismatic body made of an isotropic linear elastic material. Iesan [3-6] has analysed the Saint-
Venant problem for inhomogeneous and anisotropic linear elastic bodies, elastic dielectrics and
microstretch elastic solids. Dell’Isola and Rosa [7,8] and Davi [9] have investigated the problem
for linear piezoelectric materials and dell’Isola and Batra [10] for linear elastic isotropic porous
solids. Batra and Yang [11] have proved Toupin’s version [12] of the Saint-Venant principle for a
linear piezoelectric bar.

Rivlin [13] has used the second-order elasticity theory to explain the Poynting effect [14], i.e., the
axial elongation of an elastic bar subjected to torques only at the end faces is proportional to the
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square of the angular twist. Rivlin showed that the elongation was proportional to the second-
order elasticities. Signorini [15] proposed a perturbation method to reduce the solution of a
nonlinear elastic problem to that of a series of nonhomogeneous linear elastic traction boundary
value problems in which the loads for the nth problem depend upon the solution of the previous
(n — 1) problems. These loads must satisfy compatibility conditions for the nth-order problem to
have a solution. Truesdell and Noll [16] have reviewed the pertinent literature on the Poynting
effect and the Signorini method. Green and Adkins [17] pointed out that when the displacements
and infinitesimal rotations of the centroid of one end face vanish, then the compatibility condi-
tions for the loads in the nth order Signorini problem are automatically satisfied. Green and
Adkins [17] and Green and Shield [18] have studied the Poynting effect in nonlinear elastic
prismatic bodies.

Recently, dell’Isola et al. [19,20] used the Signorini expansion method to find a solution of
the Saint-Venant problem for a prismatic bar made of a second-order elastic material with the
first-order solution corresponding to either an infinitesimal twist or small bending and
stretching. Batra et al. [21] used the Signorini expansion method to analyze electromechanical
deformations of a transversely isotropic circular cylindrical bar made of a second-order pi-
ezoelectric material for which constitutive relations had been derived by Yang and Batra [22].
The first-order deformations were assumed to be an infinitesimal twist and small electric field.
Here Batra et al.’s [21] work is extended to a prismatic body of a general cross-section which is
initially twisted, stretched and electrically polarized by a small amount. For a bar subjected to
bending moments only at the end faces, it is found that there is a second-order Poisson’s effect
proportional to the square of the magnitude of the bending vector and a torsional effect pro-
portional to the square of the axial distance from the ‘clamped’ end. Other second-order effects
are stated in the paper.

2. Formulation of the problem

We consider a transversely isotropic and homogeneous prismatic body of cross-section .« and
length ¢ occupying the domain Q = .7 x [0,¢] in the stress and polarization free configuration
with its axis along the unit vector e that is also the direction of transverse isotropy. In the ref-
erential description of deformation, the balance of linear momentum, the balance of moment of
momentum, the Maxwell law for the electric displacement with the free body charge density set
equal to zero and the boundary conditions are

Div(T+TF) =0 in Q, (1)
(T+THF =F(T+T5" in @, (2)
DivD =0 in Q, (3)
(T+TEN =0, D-N=0 on d« x [0,4], (4)
(T+Te=f, D-e=gq on ./, and ./, (5)
u=0, H-H" =0, and = 0 at point C. (6)
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Here T is the first Piola—Kirchhoff stress tensor, T the first Piola—Kirchhoff-Maxwell stress
tensor, D the referential electric displacement, Div the divergence operator in the reference
configuration, F the deformation gradient, N a unit outward normal to the mantle in the reference
configuration, f the surface traction per unit undeformed area, ¢ the charge density, u=x — X the
displacement of a material point that occupied place X in the reference configuration and is at
place x in the present configuration, H= Grad u the displacement gradient, Grad the gradient
operator with respect to coordinates in the reference configuration, y the electric potential and
point C is the centroid of the cross-section o7y = .7 x {0}. The clamping condition (6) eliminates
trivial solutions of the problem.
For the problem to have a solution, f and ¢ must satisfy

/fdA+/ fd4 =0, qu—I—/ qd4 =0,
E7 7 N 7

(7)
/ x/\fdA+/ xAfd4d =0,
o A
where
aAb=a®b-b®a, (8)
(a®@b)e= (b-c)a,
for arbitrary vectors a, b and ¢. Egs. (4), (5) and (7) imply that
(/XT+T%uM>:4L (/uyemo =0,
o/ o/ (9)

/
(/xAUWJﬂaM)+XLW\/H+TﬁMA:Q
o/ o
where we have taken the origin of our coordinate system at the centroid of the cross-section .7
and set
X =r+-ze. (10)

In Eq. (9) a prime indicates differentiation with respect to the axial coordinate, z. Recall that

T=JoF ", T.=JsF", D=JF'D, (11)

where J = det F, ¢ is the Cauchy stress tensor, ¢© the Cauchy—Maxwell stress tensor and D the
electric displacement in the present configuration. X

For a piezoelectric material, we introduce, in the present configuration, electric field E and
electric polarization P through

D=P+E. (12)

Quantities P and E are related to their counterparts IT and W in the reference configuration by

IM=JF'P, W=FE=—Grady. (13)



24 S. Vidoli et al. | International Journal of Engineering Science 38 (2000) 21-45

The existence of Y is guaranteed by

%E-dx:o, (14)

where the integration is on any closed curve in Q.

In order to complete the formulation of the problem we need to give the constitutive relations.
We choose ¢ and 6 to be symmetric tensors so that the balance of moment of momentum (2) is
identically satisfied. Following Abraham et al. (see [23], Eqn.3.6,22,23) we take

of = (P®E)S+E®E—%E21, (15)
where
(aob),=(ab+boa)/2, (16)

E is the magnitude of E and 1 is the identity tensor. We assume that the prismatic body is made of
a transversely isotropic second-order piezoelectric material. For such a material, Yang and Batra
[22] have derived constitutive relations for the second Piola-Kirchhoff stress tensor S and the
referential polarization Il. We use those to obtain expressions for T and D and retain terms upto
second-order in H and W. These rather long expressions are omitted. However, the expressions
used herein to obtain a solution of the problem by the method of Signorini’s series expansion are
given in Appendix A.

3. Signorini’s expansion

We write the displacement field u and the electric field W as

u=we+v, W=—()e+grady). (17)

That is, w and v are the axial and in-plane components of the displacement u of a point and /' and
grady equal the axial and in-plane components of W. The operators grad and div signify, re-
spectively, the two-dimensional gradient and divergence operators with respect to referential
coordinates in the cross-section .o7.

The displacement u, the electric potential yy, surface tractions f and surface charge ¢ are as-
sumed to have a series expansion

u=nurit, =Yt 18)
f=nf+irf+ g=ng+n'g+-,

where # is a small, yet to be identified, parameter in the problem. Substitutions for u and  in the
expressions for the constitutive relations for T and D give
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Expressions for T, T, TE, D and D are given in the Appendix. Substituting from Egs. (18) and
(19) into the balance laws (1)—(3), the boundary conditions (4)—(6) and integrability conditions (9)
and equating like powers of # on both sides of these equations, we arrive at the following
equations for the first and second-order problems:

DivI =0, DivD =0 in Q,

TN=0, D-N=0ond x[0,4],

Te:f, D-e:q on .7y and <7,

. / . / (20)
(/TedA) =0, (/ID-edA> =0,
o o
(/X/\TedA) +X|;0A/ Tedd = 0;
o/ o/

Div(T+T°) =0, Div(D+JW — 2(H),W) = 0 in ©,
(T+T)N=0, (D+JW—2(H) W) -N=0on d x [0, 4],

N

(T+T£)e =f, (D+JW —2(H),W) e =g on .o, and .7,

(L(T+TE)edA>,_0, (L(D +JW = 2(H),W) -edA>/—0, -
(L[XA(T+TE)e+i1/\Te]dA>/+eAL(T+TE)eM+1‘1\;_0/\//TedA:0.

We decc;mpose T and D as h
T=T+T, D=D+0, (22)

where T and D are related to u and y in the same way as T and [ to w and . Expressions for T
and D in terms of i and y are

2T = p(gradv), + [(c3 + )W + Adivy — e |1

+ {[ﬁ(i?’ + gradw) — esgrad ] ® e}s

+[2(c1 + A/2 4¢3 + s + )i + (3 + A)divi — (e + e + 2e3)i Je @ e, (23)
D = (26 — 1)gradyy — es(V + grad )

+ 20+ e — DY — (e1 + e + 2e3) — exdivile.

Here I is the two-dimensional identity tensor and ¢y, ¢3, ¢4, €1, ey, e3,¢ and €, are material
parameters and i = (¢4 +2p)/2 is the shear modulus in the direction of transverse isotropy.
Eq. (23) with two superimposed dots replaced by a superimposed dot are constitutive relations for
a linear transversely isotropic piezoelectric material. We assume that A, u, ¢, cs,
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¢y, €1, e, e3, € and €, are such that the strain energy density is positive definite so that the
solution of a traction boundary value problem for a linear piezoelectric body is unique to within a
trivial solution. Substituting from Eq. (12) into Eq. (21) and rewriting equations in the same form
as Eq. (20), we obtain

DivI =b, DivD =¢ in &,

TN =", D-N=¢" on 8 x 0,4,

/TedA:/fdAJerS, /ﬁ.edA:/quJqus,
of o o o

/XA(Te)dAz/ X Afdd +R™, (24)
o o

/T/edA_hS, /Iﬁ)/-edA—iS,
o of

/(X/\"i"e)'dA—i—e/\/"i"edA:g‘,
o/ o

where

- se

b = -Divi™, ¢=-DivD”, " =-TN, ¢*=-D"-N,

RfS:—/ T ed4, R’”S:—/ XA (T e)d4, R‘fs:—/ D" . edd,
o/ of o
hS: —/(Tse)/edA,

o/

gsz—/(X/\Tme—i-il/\Te)/dA—e/\/
o

of
P = —/ (D7) - ed4, (25)
of

T edd — ﬁ|:_:0 /\/ TedA,
o

T°=1+1°, DY =D"+JW-2(H)W.

We assume that the first-order deformation corresponds to the infinitesimal bending, extension
and polarization of the bar. That is,

Y = z(w + be),
2 (26)
u=79(r®sx*r)b-— 3 (xb) — v(aw + €)r + z(aw + € + xb - r)e,

where

a=e/c;, v=21/2(A+un), sr=exr, b=ciler, V=_(c3+1)/2(A+ ), (27)
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€, o and b characterize the infinitesimal extension, polarization and bending of the prismatic
body. Note that vector b is in the cross-section .«/. Relations between w, € and b in terms of loads
and electric charge applied at the end faces are given below as Eqs. (46) and (47). In order for the
deformations caused by the bending, extension and the electric field to be of the same order of
magnitude, aw = ¢ = |b|R where 2R is the diameter of the cross-section, i.e., the diameter of the
smallest circle enclosing the cross-section .o7 and |b| is the magnitude of b. The small parameter 5
in Eq. (18) can be identified with aw, € or |b|R. The terms on the right-hand sides of Eq. (25) are
quadratic forms in @, € and b and their expressions given below were obtained by performing the
symbolic operations in Mathematica:

¢ =y b- bz,
q" = [10(xb) + 13(*b @ *b)r + y4(b ® b)r + yse(xb)] - Nz,
b’ = ysb - bze + y,0(xb) + 15 (b @ xb)r + 74(b @ b)r + 14¢(xb),

™ = z[y0(xb) + 15 (xb @ *b)r + y;53(b @ b)r + x14€(xb)] - Ne
b
z
+ ) [15(b @ b)N 4 y16(b - B)N] - [,700€ + Xlng + }51962 + 2200 (xb) - ¥

+ 121€(xb) -1 + g2 (xb - 1) (b - *1) + 125(b - r)z]N’

= XZS([b ’ &D)Z7
B = [1a6(b ® b) + )27 (b @ *b)]r + 1252(b - b)e + ya9e(xb) + 1300 (xb),
g' = z[(131(b ® b) + 13, (b @ *b))r + (1336 + y340) (xb)]

+ [as(xb) - 1+ y36€ + x370) (b - 1)e,
2
. Z
R* = 5}{38([b -b)4 + ()(3962 + )(400)2 + 241€0)A + ypd 4 - (b @ b)

+ xa3da - (xb @ xb), (28)
2

. z
RF = 5144<[b “B)A + (fa7€” + Las®” + Lao€®)A + 150d4 - (b @ b)

+ x51d - (xb @ *b) | e + z(yys€ + 1460)A(xb),

[3S]

z

R" = 5 (X526 + x530)A(xb) + (y55€ 4 x560)da (xb) + zys4d s - (b @ (xb))e.

Here y,, x,, - - -, xs¢ are material constants; their expressions in terms of the elastic constants used
in the constitutive relation are given in Appendix A. 4 equals the area of the cross-section,

JA:/(*r(g)*r)dA
o

is the inertia tensor, vectors g and R™ are equivalent to the skew symmetric tensors g* and R™,
respectively.
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Substitution for T and D from Eq. (23) into Eq. (24);-Eq. (24), and recalling Eq. (17), we

arrive at the following field equations for the determination of i and :

F(V) + (c3 + A+ fr)grad ' — (e, + eg)gradiﬂ/ + iV =b" in o/,

» . A "
Arw + (¢35 + 2 + )divv +2<01 +§+C3 + ¢4 + u)w

o . 29
—(e1 +ex+2e3)yy =0b*, in o, (29)

Arlr — (€3 + e3)divi’ + 2(e; + €2 — 1/2)i)
—(e1 +e+2e3)wW" =¢ in o/,

GWVN + [(c3 + A — e [N = f™7 on 9.,

gradw-N+ v - N = /™ on d./, (30)

gradlz ‘N—esvV-N=¢g™, on 0,

where

F(v) = uAgv+ (4 + p)graddivy,

G(v) = 2u(gradv), + A(divv)I, a1
‘31:}: l]‘;‘.’—eﬂk lz: —63\;\;’—'—(262— l)ll]a
bs — bs.p/ + bsee, fms — fms&f +fmsee’

Ay is the Laplacian operator and F = divG is the Navier operator in the cross-section .o7.

4. A Saint-Venant/Almansi solution

We seek a solution of Eq. (29) of the form

m _j m _j m

W= T, ¥ =), tﬁzzzf;ibi(r)- (32)

i=0 " i=0 i=0 !

Substituting from Eq. (32) into Eq. (29), recalling Eq. (28) and equating like powers of z'/i! on
both sides, we obtain partial differential equations, boundary conditions and integrability con-
ditions to determine terms in Eq. (32). For i > 3, these boundary value problems have null so-
lutions. Henceforth we denote various constants by a superscript zero. For i =3, the solution is

V3 = v+ 05(xr), s = wd, iy =yl (33)

The integrability conditions for the torque, axial force and the charge require that
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=0 wi=&b-b, yYI=&b-b 34
3 =Y, w3 = 53 L) lﬁ3 - 54 W, ( )

where &3, &, and other {’s introduced below are defined in terms of other elastic constants in
Appendix A. With Egs. (32) and (33), equations for the determination of v,, w, and v, are

F(#) =0, Agin=0, Awh,=0, in .o,
G(v2) = x15(b @ b)N + (316 + e384 — (c3 +4)&5)(b-b)N, on d.7, (35)
gradw, - N = —iv) - N, grady), -N=e3v)-N, on 8.7,

and their solution is

Vs = V) + 05(+r) + B,r,

. “ (36)

W2:Wg_v(3)'r7 l//2:lpg7
where

B, = &s(b-b)r + & (b ® b)r + &,(xb ® «b)r. (37)
The integrability conditions for the torque, axial force and the electric charge require that

9(2] = (2 + 113 + 235)(J x b) - Ib/(ﬂ/ (" + grad ¢ - *r)dA>a (38)

o

wi=0, ¥)=0.

Field equations and boundary conditions for the determination of v;, w; and t}l are
F(¥) = (c3 + VS, Apiwy = &b - b, Aghy = &b - b,
G(Vi))N = (c3 + A)(¥) - 1)N,
gradw; - N = —(v3 - N+ 05 51 - N) + (1,0 + j14€) (xb) - N — jiés(b - b)r - N (39)

+ (13 — 1) ((b@ b)r) - N+ (35, — &) ((xb @ *b)r) - N,
grad i, N = el N+ es00(s1) - N+ (100 + 756) (o) - N+ exés((b- b)r) - N
+ (14 + esC) (b @ b)r) - N+ (13 + €3&) (b @ *b)r) - N.

The solution of the boundary-value problem (39) is
Vi = V) 4+ 00(xr) + T(r @ #1), % V),
i =] =31 4 030(r) + (& + Eoe) (xb) -1 + (Byr) -, (40)
¥, = YL+ (E3o + Epge) x b1+ (Byr) -1,
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where

B, = [£10(b ®b) + & (xb ® xb) + &j5(b - )i]

: (41)
By = [¢15(b ® b) 4 &6(xb @ *b) + &;7(b - b)I],

and vV = (c3 + 4)/2(A + p) is the Poisson’s ratio in the direction of transverse isotropy. Equations
for finding fields vy, Wy and i, can be written as

F(Vo) = (c3 4+ VS — O[(cs + A+ )grad ¢ + u(xr)] + (&30 + &9€) (xb) + Br,

= 0 7 0
Apwy = 522"3 T, Ay = 523"3 - T,

G(Vo)N = [(c3 + A) (v -1 — 03(15) + L1706 + 11507 + 1106 — (c3 + )W) + ez‘/f(l)

+ (Exw + Exp€) x b+ (Br) - 1/2]N + s (b - 1) (xb - 1) (xN), 42
(gradwy) - N= — R[v] + 0 (xr) + 9(r @ #r), * v§] - N,
(gradlzo) N = e[V + 00 (+r) +3(r @ #r), * V)] - N,
where
B = x3(xb ® *b) + yo(b®@ b) — 2(c3 + 4 + )B,, + 2(ez> + e3) B, — iB,. (43)

Note that B is a bilinear form in b and its eigenvectors are b and *b. The solution of Eq. (42) is

o = V) 00(s1) + 3(0r @ 1), (1)
4 (x170€ + Xlswz + X1962 —(c3+ i)w? + eztp?)r

2(4+ )
—i—%(r@r)—(*r@*r)*h%—@(r), (44)
o = Wy — V) 1+ 01 (r) + &6 ®(r) + < P (r),
o = Yo — En®(r) + ExP(r),
where functions @, ¢ and ¥ are solutions of
F(@) = — 03[(cs + A+ fi)grad ¢ + fu(+r)] + Br,
1
_ _p - .
G(O)N = — 0,¢N + 7 (Br) - rN, (45)

¢ = fszg ‘1, grad® - N =&u(r® *r)é(*vz)
Y= 523V(3) -1, grad? -N =&5(r® *r)s(*v3)'

The clamping conditions (6) require that

=0, w)=0, 00=0, yg=0, v' =0. (46)
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The second-order solution is specified by seven constants vJ, v9, 67, w) and ¥ representing

second-order flexure, bending, torsion, elongation and electric potential, respectively.
We now consider the case when the resultant loads are

RF:/fdA:Ne, RQ:/qu:Q, RM:/X/\fdA:Me/\k, (47)
o/ o of
where k is a unit vector in the cross-section .o/. For these loads,

€=CoN + 8300, o=CyN +E630, b= —ENMJZI(*k)a (48)

where E is the Young’s modulus in the direction of transverse isotropy; an expression for £ in
terms of other material constants is given in the Appendix (see the line between expressions for &34
and &;,). For loads given by Eq. (47)

V(r,Z) = ‘\3(1 + 5326 —+ 633(1))(1' X *r)sh + [ — V(GCU —+ E) —+ 534606 + 53562

2
+ &350 + (J/4) - (Exsb @ b + &3 % b @ xb)]r _%(1 + V(&€ + E33w)) x b

2
+%(r®r—*r®*r)*b+@(r)—l—%(@g*l‘-*—Bvl’),
J

1 (Cisb ® b + &30 x b ® +b) (49)

w(r,z) = z[aa) + € — V(356 + Eygew + Exg”) — ¥

3
t 2o r(1+ PEe + TE30) + 2[09p(r) + Bor - 1] +%£3[b b,

Y(r,z) = z{w + be — V(B Exs€” + Eygew + Exa’ @) — V(BI/A) - (Egb @ b

3
+ g x b @ b) + Byr - +%¢4b-b.

5. Discussion of results

We now observe a few interesting features of the solution. When N =0 =0 and M # 0, i.e.,
the end faces of the bar are subjected to a pure bending moment, we conclude from Eq. (48)
that ¢ = w = 0 and from Eq. (49) we get a second-order Poisson’s effect proportional to ||b|*
and a torsional effect proportional to the square of the axial distance from the end face whose
centroid is clamped. The term (z?/2)B,r implies that a circular cross-section will be deformed
into an ellipse and this distortion of the cross-section is proportional to the square of the dis-
tance from the ‘clamped’ end face. In addition to the classical axial strain in the linear theory,
there is an axial strain which depends quadratically upon b and also on z?>. For an isotropic
material & = —1 and our results reduce to those of dell’Isola et al. [19]. The term zegqﬁ(r) in
Eq. (49), is associated with the torsional effect mentioned above. The potential difference
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between the end faces is proportional to the cube of the length and is quadratic in b. The term
multiplying z in Eq. (49); can vanish for some cross-sections but that multiplying z3 is always
non-zero. Even if the magnitude of &, is small, one can enhance the potential difference by
increasing the length of the bar. One can determine the direction of bending because of the term
zByr-r and the eigenvectors of By are b and +b. For an arbitrary choice of the values of
material parameters and a circular cross-section, Fig. 1 depicts the electric potential generated
by the term zByr -r for z=1.

When M =0, b =0 but w and e need not vanish. In this case we get second-order Poisson’s
effect, axial strain and potential difference between the end faces which are the same for every
cross-section. Even for a second-order piezoelectric material, the electric field does not induce any
bending of the bar.

The loadings M # 0 and QO # 0 result in interesting coupling effects between bending and
electric polarization. The curvature of the centroidal axis is given by

V” —0 — *[h)(l =+ ‘\7(5326 + 63360)). (50)

Thus the electric field influences the curvature of a prebent bar. The Poisson effect and the axial
strain associated with this are represented by the terms V(r ® *r) (&3€ + E330)b, V(E3ze + E330) *
b-rin Eq. (49), and Eq. (49),, respectively.

Fig. 1. The electric potential generated by byr - r in a circular bar bent about the horizontal axis.
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For a prismatic bar of circular cross-section J is a spherical tensor, (J *b)-b =0 and from
Eq. (38), we obtain 03 = (. The boundary-value problem (45), and (45), for the determination of
O simplifies to

UARO + (A + p)graddiv® = Br in o7,

R (51)
2u(grad ©), + A(div O)IN = % (BN-N)N, on /.

For the bending vector b directed along a principal axis of inertia of a rectangular cross-section,
the boundary-value problem (45), and (45), for ® can also be somewhat simplified.

6. Conclusions

We have found a second-order solution for the Saint-Venant problem for a straight,
prismatic, homogeneous and transversely isotropic body made of a second-order piezoelectric
material. The bar is stress and polarization free in the reference configuration. It is initially bent,
stretched and electrically polarized by an infinitesimal amount and then deformed by loads and
electric potential applied to its end faces. The displacements, infinitesimal rotations and the
electric potential are assumed to vanish at the centroid of one end face to eliminate trivial
solutions of the problem.

It is found that there is a second-order effect, not of the Saint-Venant type, which is quadratic in
the bending vector b, electric field o and the axial elongation e and varies as r> where r is the
distance of the point from the centroidal axis. The in-plane displacements represented by @ in
Eq. (49); can not be characterized unless the plane elliptic problem defined by Eq. (45); and
Eq. (45), has been solved.

For a prismatic circular bar subjected to bending moments only at the end faces, in addition to
the second-order Poisson’s effect proportional to ||b||*, there is also a torsional effect proportional
to the square of the distance from the ‘clamped’ face. The circular cross-section is deformed into
an ellipse and the distortion of the cross-section is proportional to the square of the distance from
the ‘clamped’ end. The potential difference between the end faces of a prebent bar is proportional
to the cube of its length and is quadratic in b.

When a bending moment and an electric charge are simultaneously applied to the end faces of a
prismatic bar, then the curvature of its centroidal axis is altered by the electric field.
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Appendix A

Using the notations
E=M+H)/2 E=HH/2
I :e-(Ee), I :e-(Ee), Ih=wH, I, =K,
h=W-e, il,=e-(Ee), ilh=(rE)? I[,=W W, [l,=e  (EW)+W - (Ee),
constitutive relations for second-order transversely isotropic material with the axis of transverse
isotropy along the unit vector e are as follows:
T= (20111 + ey + €1j3)e Qe+ (20212 + el + e2j3)1
+cy(e @ Ee), + 2¢sE +es(e @ W),
T = 2¢11, + el + 3/111'f + 2530115 + Mﬁ + AsIT,
+ JodDs + 2vi0 105 + szi + v 0I5 + voIl, + V14j2j3]e e
+ Reads + esly + 3als + Jal; + 204l 11y + AITy + 2siT5
+ 2v3lh15 + V41§ + vgIT;5 4 vioIls + vigl 131
+ 2c4(e @ Ee), + 2(Asl) + sl + vsi3) (e @ Ee),
+2¢5E + 2(270 ) + 2Agly + vl 3)E + 2(vol | 4 violy + vi113) (e @ W),
+300(E)* +vioW @ W + 2vi3(e @ EW + W @ Ee),
+ H{(261j1 +e3ly + 6113)9 ®e-+ (202j2 + el + 6213)1
+ cy(e @ Ee), + 2csE + es(e @ W)},
D= — (261j3 +el; + ezfz)e + (1 - 262)W — 2e;Ee,
D= (1 - Qez)W + LH — 2EW — [261f3 +ed, + e, + 3u1f§ + u2ﬁ3 + vll'? +2v,051, + v3f§
4 2vyl 3Dy 4 vsIT) + veITy + vy I14 + vigl i 1))e
— 2[u2f3 + .0, + v8f2]W — 2esEe — 2(v9f1 + ol + v11i3)Ee — 2y, EW — 2v13E2e.
Here ¢y, c¢a,..., €1, €, ooy A1, A2y ooy VI, V2, .y €1, €, ..., and fy, ,, ... are material parame-

ters. Expressions for y,, x,... and &, &, ... in terms of these material parameteres are given
below, and b”c equals b raised to the power c.

%1 = e1 + 2e; + 3es,
2 = ((34+ 2p)ezes) /(2(4 + p)es),
%= (34 +2p)es)/(2(4 + p)),
X4=—()€3)/( (44 w),

= ((34+2pes)/(2(2 + w)),



X6 =
X1 =

X3 =

X9 =
A0 =

i =
L2 =
L3 =
L4 =
A5 =
L6 =

X171 =
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—24—3pu—2¢c; —4cy — (5¢4)/2,
—1/(4(A+ p) AN 2c3)e2(6A N3 +44 N 2pu
—O0AUN2 —4uN3—=8(A+u)AN2c; —5iNcy — 112ucy — 6p A 2¢y
+ 240N 205 + 8A N 225+ 16Auds + 8 A 275 + 16Aphs + 16p A 224 + 84 A 276 + 1641146
+8u A 206 —8AN247 — 8Audy + 124 N 225 + 8Auls + 8u A 225 + 64 A 249) + 2(4 + p)
X c3(2(A + w)ey + les + 4les + dpey — 4uvy + 2Avg — 42vig — duvig — 24vig — 22v14),
—1/(4(A+p) AN2)(6AN3+42N2pu
—6AUN2 —4u N3 —=8(A+ ) AN2c1 —2(AN24+3Au+2u A 2)cs
— SAN2¢q — 11 Aucy — 6 A\ 2¢q + 241 AN 275 + 82 N 223 + 16Auds + 8 A 245 + 16414
+ 160 A 224 + 84N 26 + 164106 + 8 A 206 — 8L N 227 — 82ulq + 122 N 228
+ 8Apdg + 8u A 245 + 64 A 21),
(A(=2242p+ 2¢5 = c4)) [ (4(2 + ),
—1/(4(A+ p) A 2e)(e2(6A N3 +4AN2pu
—O6AUN2 —4u N3 —8(A+ u) N2¢i — 52N 2¢q — 112pucy
—O6UN2cs +24uN22 + 8L N 205+ 162ph5 + 8u A 225 + 164 ulds + 16 A 224
+ 84N 2% + 16Aude + 8u N 246 — 8AN227 — 8Auds + 122 AN 2705 + 8u A 205 + 64 A 219)
+ ley +4le; + dues — 4uvs + 22vg — 4Avig — duvig — 22vi4 — 2uv14),
—((32+21) (21 + ca)ex) /(4(2 + pes),
B0+ s + (324 20) 2+ ) /(40 + ),
(A2u+ca))/ (42 + 1),
—((BA+21)(2u+ ca)) /(42 + ),
2p,
=24 —2u — c3,
—1/Q2( 4 ) A2c3e2)e3(3AA3 + 5 A 2u
FO2UA2 4 12U A 2 + 42 A 2 + 8t -+ dit A 205 + 8441l
FSUA 20 4A A2 + 8k + A A g — 4D A 20y — Ay + 61 A 2hg + Al
+ 4 A 205 + 34N 20) +2(A+ ) A 23 (=1 + 2vy + 2vg)
+ 2(A+ wezer (A + ey — 2(2uvy — Avg + 24vi0 + 2uvio + Avig + vig)),
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s = —1/ (A0 + 1) A 262 (2(3AN3 + 54 A 2u
F2AUN2 4+ 12uAN2h + 44N 205 + 8Auds + 4 A 243 + 8Audy
8L A 20+ 4IN 20 + 8ot + B A 2 — dAdy — Adpid + 6 A 20 + Adpids
+ AU A 208 + 34 AN 249)2(A + ) A2¢3(—1 + 24 + 2vg)
+2(A+ p)czer (A + e — 2(2uvy — Avg + 2Avig + 2uvip + Avig + pvig))),
o = —1/(A0+ 1) A 2€2)(2(3A A3+ 54 A 2u
F22UN2+ 12U N2 + 4L N275 + 8Auds + 4u N 22; + 8Audy
8L A 20 + AN 20+ 8Apidg + A A 26 — dIN 200 — Alida + 61 A 20 + Alids
+ AU N 208 + 34N 20) + 204+ p) A2¢3(—1 + 24 + 2vg)

+2(A+ p)czer (A + wes — 2(2uvy — Avg + 2Avig + 2uvip + Avig + pvig))),
Yoo = —1/(2(A4+ 1) AN2¢3)(e2(BAN3+SAN2u+ 24 N2+ (AN2 43+ 2u A 2)c;

12U A 20+ 4 A 20 + 82pths + A A 2s + 8Apds + 81 A 20 + 44 A 2
4 8Aptdg + AN 20 — A0 N 20 — A + 64 A 20+ dAgids -+ 4 A 20 + 30 A 22)
+ 2(A 4 p)es(=2uvs + Ave — 22vi9 — 2pvip — Avig — [WV14)),

Yo1 = —1/(2(A+ 1) N2e)(ea(BAN3+SAN2u+2Au N2+ (AN2 4 3Au+2p A 2)cs
120 A 2 + 4 A 2 + 841ds + dit A 205 + 8ipiia + 81t A 2 + 44 A 2
 8ptds + AL A 20 — A3 A 20y — gl + 64 A 2 + dipuis + 4 A 2s + 34 A 27)
+2(4+ p)es(—=2puv3 + Ave — 2Avi9 — 2uvip — Avig — uig)),

Yo = 1/(A(A+ ) A2)BAN3+SAN2u+ 22 N2+ 2p(A + p)cs
12U A 2+ 4 A 20 + 82 + it A 2is + 8gds + 81t A 204+ 44 A 2
81+ Al A 2k — A3 A 2y — AApids + 6 A 2 + dagds + i A 20g + 34 A ),

Ios = —AN2[(4(2 + ),

Yas = e + 2(ex + e3),

Ya6 = (A2p+ca)) /(42 + ),

Yo7 = (0Ap+4u N2+ 8(A+ p)ey +4(A+ 2u)cs + Skeq + 6ucs) /(44 + w)),

Yas = —2¢1 — 3c3 — 2(A+ u+ ),

Yoo = 1/(4(A+ wex) ((64u + 4 A2+ 8(2 + p)ey
+ SAcq + 6ucy)ey — des((A+ wey — pey + 22es + 2ues)),
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230 = 1/(4(Z + wes) ((64p + 4 A2+ 8(A+ wer
+ 52cq + 6ucy)es — des((A+ w)ey — pes + 22es3 + 2pes)),
131 = 1/4(=44 =4 — (3Ap) /(2 + p) — 4cr — 6c3 — 4ey — (32¢4) /(207 + 1)),
Y3 = —1/(8(A+ 1) (B8AAN2+ 10+ 4 A2+ 16(1 + u)cy + 4(42 + Su)es + Thcs + 10ucy),
233 = 1/(8(2+ wex) ((64p + 4 N2 = 8(A+ ey
+ Adeqg — 2ucq)er + 4es (A + p)ey — pes + 2e3 + 2ues)),
234 = 1/(8(4+ w)ea)(6Ap + 4 A2 = 8(Apu)ey
+ Aca — 2ucq)er + 4es((A+ pey — pes + 2es + 2pes)),
Yas = QA+ 2U N2+ 400 + ey 4 200+ 2p)cs + 2Acq + 3ucs) /(A4 + ),
736 = 1/(8(2 + u)ez)((6ﬂu +4uAN2+8(4+ per
+ 52cq + 6ucy)es — des((A+ w)ey — pes + 22es3 + 2pes)),
2z = 1/(8(4+ w)es)(6An + 4 A2+ 8(4 + p)er
+ Shca + 6ucs)er — 4es((A+ pwer — pes + 20es + 2ues)),
Y3 = €1+ 2(ex +e3),
T = 1/(4e3(A+ ) A2)(12¢3(A+ 1) A 2(1y + i1y)
—4cser(A+ 1) (A2 4+ 3vin + 2vip 4+ 2va + 2v7) + u(1 + 3viy + 2vin + 2v2 + 214
+ 2v; + 2vg)) + e§(3e2i N2+ 4desA N2+ dey)u+ 8esdu+ 2eu A2
+desu N2+ 2e1(A+ ) AN2+4LA2v; + 8Avvy +4u A 2vy + 4Auvig + dp A 2vyo
+ 8ANA2v;3+ 16Auvis + 8u A2vi3 +4Auvig + 4 A 2vig +4u A 2vs + 44 A 2vs
+ 82uvs + 4 A 2vs + 64 A 2vg + 8Auve + 4 A 2vg + 42 A 2vg + 8Axpvg + 4 A 2v4)),
Yao = 1/(Ac3(A+ 1) A2)(12¢3(2 + 1) A 2(py + )
—4czer (A4 1) (A2 4 3viy + 2via + 2vy + 2v7) + (1 4+ 3vip + 2vin + 2vy + 21y
+2v7 +2v8)) + €5(3esA A2 + des i A2 + dey g + Besdu + 2ert A2
+desu N2+ 2e1(A+ ) A2+ 42N 2v + 8Avvy +4u A 2vy + 4Auvyg + 4 A 2vy
+ 8L A 2vi3 4+ 16Auvis + 8u A 2vis +4Auvig +4u A 2vig + 4 A 2vs + 42 N 2vs
+ 82uvs + 4 A 2vs + 64 A 2vg + 8Auve + 4 A 2ve + 42 A 2vg + 8Auve + 4 A 2vy)),
Lo = 1/(2czer(A+ p) A 2)(1205(/1 + 1) A2(p + o)
—4cser(A+ 1) (A2 4+ 3vi + 2vip 4+ 2va + 2v7) + u(1 + 3viy + 2vin + 2v2 + 214
+ 207 4 2v8)) + 4u A 275 + 34 A 209) + e3(3ead A2 +desd A2 + deydu + 8ezip
+2eu N2+ 4despu N2+ 2e1(A+ 1) A2 +42NA2v + 8Avvy +4u A 2vy + 4l uvyo
+ 4N 2vi0+8ANA2vi3 + 16Auvis + 8 A 2vis + 4Auvia + 4 A 2vig +4p A 2vs + 44 A 2vs
+ 8Auvs + 4 A 2vs + 64 A 2vs + 8Auve + 4 A 2vg + 44 A 2vg + 8Auvg + du A 2vy)),
Yar = (AN2)/(4(4 + p) A\ 2),
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Yaz=e1/24+es+ 1/4es(2+AN2/(A4+ 1) A2) +vi+vig — (Avio)/(A+ 1) + 2vi3 + vig
— () (A4 ) +vi+ (AA293) [ (A+ 1) A2 — (24v3) /(A + u) + vs + vg
+ (AN 2v6)/(2(A+ ) A 2) + vo,

Yas = —2¢1 — 3c3 = 2(cq + A+ ),

245 = 1/ (es(i+ ) (ex(Scu + bean
FO6A+4uN2+8ci(A+ ) —4de;(2esh — ea + 2esu+ e (A+ p))),

tas = 1/(es(A+ ) (ea(Sca + bean
+6u+d4un2+8ci(A+p) —4dc;(2esd — eap + 2esu + e (A + p))),

oy = 1/ (4200 + ) A2)(—E(12¢4A A2 + 3 A3+ 124 A 204 + 44 A 25
+ 124N 205 +4AN 26 + 144 AN 207 + 6A A 245 + 124 A 249 + 24c4p + 204 A 21
+ 2400+ 162730 + 8Adapt + 244 4sp0 + 16446t + 242270 4 1622310 + 244910
1264 A2 + 304U A2 + 12000 A2 + 12200 A2 + 122314 A2 + 124w A2 + 12051 A 2
P 12260 A2+ 12050 A2+ 1280 A2+ 12200 A2 + 120 A3+ 12617+ ) A 2)
+2¢5(2+ W) A (=1 +4de; +4ey — 4viy — 2viy — 2v; — 2v4 — 2v7 — 2v3)
+czer(—er(SAN2 +16Au+ 12u AN 2) +4(A+ 1) (2Avy + 2pvy + 2210 + dpvyo + 44vy;
+ duvis + Avig + 2uvig + 2uvs 4+ 22vs + 2uvs 4+ 22ve + 2uve + 42vg + duvg))),

tas = 1/(AR0 A+ 1) A2)(—e2(12¢4/ A2+ 3 A3+ 124 A 22, + 44 A 25
+ 124N 25 +4AN 24 + 14A N 247 + 6A A 245 + 124 A 249 + 24c4u + 204 A\ 2
+ 2477010 + 1622300 + 824t 4 24450+ 16Ad6pu + 24470 + 1622310 + 2444911
+ 12c4u A2+ 30Au A2+ 1204 u A2+ 1220 A2 + 1223 A2 + 1224u A2 + 1225 A 2
F 12260 A2 4+ 12050 A2+ 12081 A2+ 12200 A2 + 120 A3+ 12¢1(7 4 1) A 2)
+ 20%(/1 + ) A (=1 +4e; +4ey —4viy — 2vip — 2vy — 2v4 — 2v7 — 2vg)
+ cier(—er(SAN2 +16Au+ 12u A 2) + 4(A+ 1) (2Avy + 2pvy + 2210 + dpvio + 44v13
+ duvis + Avig + 2uvig + 2pv3 + 22vs + 2uvs + 22v6 + 2uve + 4Ave + 4uvg))),

Yoo = 1/(2cse2(A+ 1) A2)(—e3(12¢4A N2+ 32 A3+ 124N 20 +4A N 203
+ 124N 205 +4AN 24 + 14A AN 227 + 6A A 245 + 124 A 249 + 24c4 2+ 204 A\ 21
+ 24701+ 164230 + 82241 + 24250 + 164461 + 2440710 + 1624514 + 244491
+ 12c4u A2+ 30Au A2 + 124 u A2+ 12u A2 + 12230 A2 + 1274u A2 + 124510 A 2
F 12460 A2 + 1229 N2 + 122 A2 + 1229pu A2 + 120 A3 4+ 12¢1 (A + p) A 2)
+ 205(/1 + ) A (=1 +4e; +4ey —4viy — 2vip — 2vy — 2v4 — 2v7 — 2vg)
+ czer(—er(SAN2 +16Au+ 12u A 2) + 4(A + p)(2Avy + 2pvy + 22v10 + dpvio + 44v13
+ Auvis + Avig + 2uvig + 2pv3 + 22vs + 2uvs + 22v6 + 2uve + 4Ave + 4uvg))),

Ts0 = — (2 A 2es + )/ (402 + ) A2),
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Y51 = — 1/(A(A4+u) N2)(12¢4A N2+ 34N+ 122N 20 +4AN243 + 122 N 275
+4IN20 +14AN 227 + 64 N 225 + 124 A 229 + 24cqAp + 204 A 2u + 244 1 + 164431
+ 8Adgpt + 247 A5 + 16446 + 242270 + 16423 + 24491 + 12¢4u N2 + 30Ap A 2
F 12U NAN2+ 122u A2+ 123u A2 + 1224u A2+ 12Asu A2+ 12460 A2+ 12270 N 2
+ 1225u A2+ 1220u N2+ 12u A3+ 12¢1 (A4 1) A2+ ¢c3(9A A2+ 2021+ 12u A 2)),
Zs2 =1/(4ex(2 + p))(—ex(5cal + beap
+ 6+ 4u N2+ 8ci(A+ p) +4c3(2e34 — et + 2e3u + e (A + 1)),
xs3 =1/(4es(A+ p))(—ex(5cal + 6¢cap + 641
+Au N2+ 8ci(A+ p) +4c3(2e3h — eap + 2esu + e (A + p))),
Ysa =(2¢ah 4 3catt + 224 2u A2 4 dey (A + ) + 2¢3(h 4 2u)) [ (4(4 + ),
Iss = — 1/(4ex(2 + 1) A 2)(12¢1€2(A + ) N2
+ (124 A N2+ 32N+ 12AN20 +4AN 243+ 12AN 205 + 42N 206 + 14 N 224
+ O6ANA24 + 12A A 249 + 24c4Ap + 204 A 20+ 2474 1 + 164431 + 844 + 244451
+ 164461t + 2470 + 164231 + 24700 + 12¢4pt N2+ 30Au A2 + 122,04 A 2
+ 12U A2+ 12230 A2+ 1224u A2+ 122su A2 4+ 12260 A2 4+ 12270 A 2
+ 12250 A2 + 1220 A2 + 12u A 3) + c3(Tea A A2 + 18er A+ 12e3u A2 — 44 A 2,
— 8Auvy —du A 2vi — 44N 2vi9 — 124uv19 — 8 A 2vig — 8A A 2vi3 — 16Auv3
—8UA2vi3 — 2 A 2viy — 6Auviy — Au A 2viy — 4Auvs — Au A 2vs — 44 A 2vs
— 8uvs — A A 2vs — A4A N 2vs — 8Auve — 4p A 2ve — 8A N 2vg — 16Auvg — 8 A 2vy)),
Yse = — 1/(des(A+ 1) A2)(12¢1ex(A+ u) A2
+e(12¢4A N2 +3AN3+ 120 N2 +4AN205 + 124N 205 +4A N 206 + 144 N 214
+ O6A A28 + 12A A 249 + 24c4Ap + 204 A 20+ 2474 1 + 1644301 + 844 + 244451
+ 162461t + 24700 + 164231 + 247700 + 12¢4pt N2+ 30Au A2 + 127,10 A 22
F 122u N2+ 12750 AN +H1224u N2+ 12Asu A2 + 12460 A2 + 12270 A2 + 122gu A 2
+ 122u A2+ 120 A 3) + c3(TeaA A2 + 18er A+ 12, A2 — 44 A 2v,
— 8Auvy —du A 2vi — 44N 2vi9 — 124uv19 — 8 A 2vig — 8A A 2vi3 — 16Auv3
—8UNA2vi3 —2uUN2vig — 6Auviy — A 2viy — dAuvs — du A 2vy — 44 N\ 2vs
— 8uvs — 4 A 2vs — 4A N 2vs — 8luve — dpu A 2vg — 8A A 2vg — 16Auvg — 8u A 2vy)),

B e+ A
et

o+ 34+2u
== 200+p)

&y :((2 —4¢ — 462)0% + C4(—€1€2 — 56% + 2ese3 — 51+ 10614 + 10e3/ — 4,u + 861# + 862/1)
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— 2(201e§ —2cieze; +2c1 4 — dejei A — dexey A
+ ef)u + Sejezl + 6e§i + 2c1u — dejcpn — dere pu + efu + 3ejeput + 4e§,u
+dejesp + derespt + desp + 4 — 8eip — 8erdu + 21 — dey it — deryl®)
+e3((—=1+ 261 + 26)cq +2(2e1e; + €3 — eje3 + deres — 2e§ + A =264 — 26l
—2utdeu+4den)) /(=24 46 + 462)c§ + c3(eq — 2€1¢4 — 26¢4 — dejey + 2ege3
— 10ese5 + 4e3 + 60 — 12610 — 126510) + ca(erer + 5€5 — 2eze3 + 54 — 10614 — 10e,4
+4u —8e u — 8extt) + 2(c1e3 — 2ciezes + 2c1 A — dercid — descid + el + Sejes
+ 6e§ 4+ 2c11 — dejcr i — b+ ef,u + 3ejep + 4e§,u + dejesu + derespu + 4e§,u
+ 4ip — 8er iy — 8 + 27 — dey i’ — deyyl’)),
&y =(2¢3(cs(ea — e3) = 3esd — eapt — 2esp — ey (A + 1)) /(=2 + €1 + 4ea)es + ¢3(c
— 26104 — 265¢c4 — dejer + 2e1e5 — 10eye3 + 4e§ +6u — 12e1p0 — 126310) + c4(eren
+ Seg —2eye3 + 54-10€1 4 — 10e24 + 4 — 8eypu — 8eapt) + 2(2016% — 2c1e5e3 + 2¢1 A
—deic1) — 4erc A+ efi + Sejesz/ + 6e§i + 211 — dejcrpu — deye n+ ef,u + 3ejert
+4esp + deres i+ desesp + desp + diu — 8y p — Seadp + 2P — dey 1t — deyi?)),
Es=((2—4de1 —de)c + (=1 + 261 + 26)cq
+2(2e1e; — eje3 + Sepe; — Ze§ +2/— 4l —4ded —2u+de 4+ deyu))
—c3(cq(eren + Seg —2eye3 + 64 — 12614 — 1264 + 4u — 8ey it — 8expt)
+ 2(2C1€% —2c1ere3 + 2c14 — dejei A — dere A+ e%/l — 3ej1er ) — egl + 6eje3d — Terez A
+ Segi — 42623 + 201 u — dejcip — derer i+ ef,u + 2ejepu + 3e§,u
+dejespi + 2eresp + deip + 64 — 126, — 12670+ 2% — dey pi? — deaii?))
+ Aeq(—erer — 56% + 2ere3 — 57+ 10€; 2 + 1034 — 4+ 8eyp + 8er )
— 2(201e§ — 2c1e3e3 + 2c1 A — dejci A — dexe A
+ ef)u + Sejesp + 6e§i +2ciu — dejcru — dere i+ efu + 3ejern + 4e§,u
+4dejesu + deresp + 4€§H + 4 — Bei i — e+ 21 — deju’ — deat”)))/
2(A+ 1) (2 —4e — 462)0% + cy(—erer — Seg 4 2eses
— 524 10614 + 10624 — dp + eyt + 8eapt) — 2(2c1€5 — 2c1eze3 + 2¢1
—4deic1) — 4ere A+ ef/l + Sejesz/ + 6e§/1 +2c1u — dejc p+ e%u + 3ejerut
+4elu + dejes i+ deses i+ dAu — 8ei A — 8exdp + 21 — dey i — eyl
+c3((=1 + 261 + 26))cq + 2(2e1e, — ere; + Sezes — 2e3 — 3+ 66+ 66210)))),
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— (4es((—1 4+ 2¢ + 262)c§ + 204e§ — 2cuere;3
+ 2¢4/ — dejcsd — dercal + e%/l + Seje3 ) + 6652 + 241 — dercait — dercqt
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