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Abstract. The solid mass of the saturated viscous, heat-conducting sediment-water layer below
temperate glaciers grows by abrading the underlying rockbed. We propose to model
this layer as a saturated mixture continuum of fluid and solid. We formulate its balance
laws in volume and jump local forms following, e.g. Germain and Muller (1986). The
water balance accounts for its drainage into the rockbed and the melting of ice within
the overlaid ice sheet. Dissipation due to the power expended by stresses, the Darcy
interaction force and sliding friction governs this thermomechanical system. Our
analysis establishes that, contrary to what is stated in the literature, the listed dissipative
mechanisms are all relevant.

Keywords: continuum theory of mixtures / dissipation in till layers

Modélisation en mécanique des milieux continus des
phénomeénes de dissipation dans la couche sédimentaire
saturée d’eau au-dessous des glaciers

Résumé. Nous proposons d'utiliser la théorie axiomatique des mélanges pour modéliser la
couche de sédiments rocheux saturée d’eau au-dessous des glaciers (lit souple). Dans
cette couche : la masse sédimentaire est accrue par abrasion du lit rocheux séparé du
glacier par elle ; la masse d’eau est changée par la fusion dans le glacier au-dessus et
par le drainage a travers le lit rocheux ; il y a propagation de la chaleur. On formule
des lois de conservation et de comportemeni et on trouve les équations aux dérivées
partielles et aux discontinuités associées, voir Germain et Muller (1986). On montre
que, dans le lit souple, contrairement a ce qui est admis dans la littérature (Alley et al.,
1987a,b ; MacAyeal, 1992), les énergies dissipées a cause de —au moins — cing
phénoménes différents sont comparables.

Mots clés : théorie axiomatique des mélanges / dissipation dans le lit souple des
glaciers

Note présentée par Paul GERMAIN.
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Version francaise abrégée

Parmi les problemes que 1’on rencontre dans 1'étude des phénomenes de désintégration des glaciers
dans la partie occidentale de la région Antarctique, celui qui est peut-étre le plus important, concerne la
détermination de I"importance relative des différents mécanismes de dissipation, qui ont lieu dans la
couche sédimentaire saturée d’eau (lit souple) qui sépare le glacier de son support rocheux, aussi dit lit
rocheux ou lit dur. Dans la littérature, des efforts remarquables ont été faits pour analyser ce probleme
(Mac Ayeal, 1992), mais jusqu’a présent, il n’y a pas, a notre avis, d’analyse compléte des phénomenes
thermodynamiques complexes qui ont licu dans le lit souple. Dans cette note, on se propose de
modéliser le lit souple, dans le cadre de la théorie axiomatique des mélanges (e.g., Truesdell, 1969),
comme un mélange de composants solide isotrope (la masse sédimentaire) et liquide (1’eau), tous deux
incompressibles, visqueux et conducteurs de chaleur. Cette possibilité d’application de la théorie des
mélanges n’a, semble-t-il, jamais été envisagée précédemment. Pour le milieu continu considéré, on
formule séparément les lois de conservation de la masse et de la quantité de mouvement pour les deux
composants, et celles de I’énergic de I'ensemble du mélange (pour une discussion détaillée des
conséquences thermodynamiques de cette hypothése de travail, Truesdell, 1969) et on I'ajoute les lois
de comportement qu’une analyse phénoménologique précédente (Vulliet et Hutter, 1988 ; Svendsen et
Hutter, 1995) a déterminé comme des plus adaptées a la description du lit souple au-dessous des grands
glaciers. Puisque les champs de vitesse dans la couche sédimentaire sont trés petits (voir la discussion
quantitative dans la derniére section), on a négligé toute puissance de la vitesse supérieure a la premiére
dans les lois de conservation et de comportement quand elle est comparée & des quantités plus
importantes (ce qui n’arrive que dans les équations (11) et (14)). Dans les deuxiéme et troisiéme
sections, en employant la méthode exposée par exemple par Germain et Muller (1986), on trouve les
équations aux dérivées partielles et aux discontinuités associées aux lois de conservation et de
comportement. Les équations aux dérivées partielles sont valables a I’intérieur de la région occupée par
la couche sédimentaire, tandis que celles aux discontinuités sont valables aux frontieres de la couche
avec le glacier au-dessus et le lit de roche au-dessous. Pour compléter la formulation mathématique du
modele, il faut finalement ajouter les équations cinématiques pour les deux frontieres citées. Ces
équations s’étayent physiquement sur les observations suivantes : la masse sédimentaire n’est accrue
que par I’abrasion du lit (dur) rocheux et la frontiere commune de la couche et du glacier est
imperméable pour le sédiment ; la couche est définie comme la région « spatiale » occupée par les
sédiments rocheux détachés par abrasion du lit (dur) rocheux ; le mouvement du lit de roche peut-€tre
déterminé si ’on connait ’épaisseur du glacier qui est soutenu par le lit méme. Le probleme
mathématique ainsi formulé est un probléme a frontiere libre pour un systeme d’équations aux dérivées
partielles qui parait novateur et donc, mériterait une étude mathématique soigneuse. Pour évaluer la
capacité prédictive du modele proposé, ce probleme sera étudié & I'aide d’une analyse numérique
(dell’Isola et Hutter, 1997). Néanmoins, on peut analyser les équations obtenues, et en particulier, celles
qui représentent la loi de conservation de I'énergie, pour déterminer et comparer 1’ordre de grandeur
des différents mécanismes de dissipation qui sont considérés dans le modele proposé. Dans la dernicre
section, cette analyse est effectuée : on emploie les valeurs connues des constantes physiques utilisées
dans le modele développé et des estimations de toutes les quantités qui caractérisent le processus
«mouvement d’un grand glacier sur son lit dur lié aux changements climatiques ». Clairement. les
valeurs des estimations appartiennent & une plage et par conséquent on parvient aussi pour 1’énergie
dissipée par chacun des mécanismes considérés 4 une plage de valeurs. Le résultat — a notre avis — le
plus intéressant obtenu 2 travers la modélisation proposée consiste & montrer que : i) I’énergie dissipée
par la force d’interaction 2 la Darcy entre les constituants, ii) la puissance développée par les efforts
intérieurs dans le mouvement du mélange, iii) I'énergie dissipée a cause du frottement dans le
glissement du glacier sur la couche, iv) 1’énergie dissipée dans le glissement de la couche sur le lit dur
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et a cause de I’abrasion de roche du lit dur, v) la chaleur latente produite par la fusion de la glace a la
frontiere entre la couche et le glacier, ont des ordres de grandeur comparables.

1. Introduction

Solid rock or a layer a few metres thick consisting of sediments (till in glaciological jargon) saturated
with water form the so-called hard and soft beds of large ice sheets. The large velocities observed in ice
stream B of Antartica and the conjectured disintegrations in the distant past of the West Antartic Ice
Sheet are attributed to the thermomechanical behaviour of the till layer, but, to date, a convincing
thermomechanical theory of the physical process arising in the soft layer does not exist, see Alley et al.
(1987a,b), MacAyeal (1992) and Svendsen and Hutter (1995).

In this paper we propose to model the till layer as a saturated mixture of an isotropic, incompressible,
viscous, heat-conducting solid and an incompressible, viscous, heat-conducting fluid.

For an exhaustive (and already classical) presentation of the axiomatic theory of mixtures that we use
here, we refer to Truesdell (1969). To be precise we use a generalized version of classical mixture
theories: we postulate two balance equations for mass and force (one for each mixture component) but
only one balance of energy for the mixture as a whole. In Truesdell (1969) the mathematical and
thermomechanical implications of such an assumption are discussed: in particular it is proven that only
one energy balance law, in the form we use in the present paper, is suitable to describe mixtures in
which both components have, at the same place and at the same instant, the same temperature. This is
exactly the case in the till layer whose model we are looking for.

Generalizing the reasonings developed in Vulliet and Hutter (1988) to the example considered here,
we assume that the shear viscosity of the solid is given by a power law, that of the fluid is constant, and
the interaction force contains a Darcy term that is linear in the relative velocity of the constituents.
Apart from this, the stresses and the interaction force have equilibrium contributions involving the
saturation pressure, a variable maintaining the saturation constraint, and a thermodynamic pressure
derivable from the free energy, as shown by Svendsen and Hutter (1995).

The boundary conditions at the top interface, between the temperate ice and the till layer, and at the
bottom interface, between the till layer and the rock bed, both involve the kinematic equations,
describing their evolutions, and the jump conditions cbtained by the balance of mass, momenta and
energy. These jump conditions incorporate the mass flow of moisture from the temperate ice above and
the melting of ice at the top interface together with the drainage of water from the till layer into the
rockbed and the abrasion of till from the hard rockbed at the bottom interface. Dissipation due to
sliding at the interfaces and to the energy flux and stress powers within the layer is very important: it
determines the amount of ice that is melted. The water drawn into the layer and the till abraded from
the rockbed determine, together with the saturation pressure, the volume fraction of sediment and
thereby the thickness and the mobility of the sediment layer and consequently the overall horizontal
velocity, as lower kinematic boundary condition, of the ice sheet above it. This velocity is the main
variable determining the stability or disintegration of the ice sheet.

The aim of this paper is manifold:

(1) to find a new application for the axiomatic theory of mixtures, introducing a model for the till
layer below glaciers;

(2) to establish, contrary to what is stated in the literature, that several dissipative mechanisms
occur in the till layer and are together all relevant;
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(3) to formulate a new free moving boundary problem describing the time evolution of the till layer;
(4) to motivate the need for more sophisticated models to describe the thermomechanical behaviour
of till layers: the formulation of such a model will be attempted in dell’Isola and Hutter (1997).

2. Field equations

Based on Svendsen and Hutter’s (1995) thermodynamic formulation of the axiomatic theory of
mixtures (Truesdell, 1969), we propose a mixture model for till layers constiting of viscous, heat-
conducting solid—fluid constituents. It is given by the following balance equations (the upper dot
denoting material time derivative with respect to the fictious barycentric velocity)

ap,
a—thrdiv(pavu):(),div T,+m,=0 (a=fs) N

pé=—divq +tr

(2 Tu> (2 £,D, + sym (grad &, ®va>>

and is completed by the following constitutive equations (discussed in a slightly different context by
Vulliet and Hutter (1988) and fully justified from the thermodynamic point of view by Svendsen and
Hutter (1995)):

n

T, = —v(—fv+p) L+ (A)#( (D)) "5 D,

Ty=—(1-v) pl+pD;
m =-m;=[p+(1-&)p]

6= 2 Cate= (18 ed Vo) + & e(0) + [(1 = &) ¢+ &1 (8- 0p)
qzi(kf-’_ks)gradﬁﬁg(Tz-uaipasa“a) (2)
where
{B. 1y Agy i, my, £,(Dy), €0 B, k, } are constants, 3)
and the following denotations are used

~ . l
pu:vapa’pzlzpa’ Ve =V, v:/_)zpava' u,=v,—v
a a

&= palp.D,=symgrady, VS(H(S): =3 1r(8).(S): =S- 1 (rS$)I) (@)

We explicitly remark that the previous equations are obtained from those valid for a generic mixture
(see Truesdell (1969) for more details) when neglecting
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(1) material derivatives of kinetic energy and inertial forces expressed in terms of powers (of order
higher than one) of the velocity fields with respect to stress power and divergence of stress, respecti-
vely;

(2) volume forces with respect to divergence of stress.

This hypothesis seems to be well-grounded from the physical point of view (see Alley er al.,1987a,b)
and will become more evident in the last section.

Equation (1) together with the definitions (4), the constitutive relations (2) and the physical constants
(3) form nine non-linear partial differential equations for nine independent fields v, p, v(a =f, s,
characterizing the fluid and the sediment, respectively) and .

In the above, p,, p,, p. v, are, respectively, the constituent densities, constituent true densities, the
mixture density and the constituent volume fractions; v, v, u,, D, are the constituent velocity
vectors, the barycentric velocity, the diffusion velocities and the constituent strain rate tensors,
respectively; T,, m,, p are the partial Cauchy stress tensors, the constituent interaction forces,
satisfying > m, = 0, and the saturation pressure, a constraint variable, maintaining the saturation
>v, =1, v;: 1 -v, &,é U, q are the constituent internal energies, the mixture internal energy,

tﬁe Kelvin temperature (where ¥, = 273.15 K) and the heat flux vector, respectively. Moreover, in
writing down equations (1)—(3) terms that are quadratic and of higher order in the velocities as well
as accelerations (Stokes approximation) have been ignored. Dissipative mechanisms operate in the
energy equation through the energy flux and the dissipative power of the stresses. Besides the
conductive heat the energy flux vector q also contains contributions attributable as power of stresses
working along the diffusive velocities and diffusively convected energy. Moreover, it is the power of
the mixture stress expended on the stretching of the barycentric motion that incorporates implicitly
the dissipation due to the Darcy forces.

3. Boundary conditions

The above equations must be complemented by boundary conditions. The physical nature of the
problem we are dealing with implies that the boundaries of the till layer are free moving boundaries. As
a consequence the balance and constitutive laws introduced in the previous section form, with the
conditions we find in the present section, a free moving boundary problem which, to our knowledge, is
new.

The top interface between the sediment water layer and the ice sheet is assumed to be material for
the sediment, but allows for the water flux through it and melting of ice. As the latter is assumed to
slide over the interface, this viscous process is a dissipative mechanism contributing to the melting of
ice. The bottom interface is non-material for both constituents, as water can be drained into the rockbed
and till abraded from it by sliding friction, another dissipative mechanism of the sistem. These
prerequisites determine the form of the kinematic surface condition and the jump conditions of mass,
momenta and the energy, holding at and across the surface, respectively.

At the ice/till-layer interface, the kinematic equation thus takes the form

af, 1ot 0 )
———=+W, ‘N =
V1 + VA
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where x, y, z denote Cartesian coordinates and z = f,(x, v, ), is the equation of the top (index 1)
surface, while n is its unit normal pointing into the ice and V = (4, d,). Alternatively, the jump
conditions of mass, momenta and energy lead to the equations

/},{1—v)(vf—vs)-nszeriz’f (6)
T:nzav(Tn)icw Tfn= (l_av)(Tn)ice (7)
[e] (Ps+ M) =[q.n+ VT .n| (8)
where
HSH:-L+§;(8fﬁ(‘6‘0)_8;(60))+ [Cz_(l_fs)cf_fxcs] (ﬁ*'@()) (9)

19-10] = (Qerm + ((ke+ &) grad 0) ) .n+ Lj* .n+

PE(1 = &) [edBg) — (V) + (¢r~¢,) (8 =0)] (v;—v,).m

(=B +p) (v, = v) = ((A Y w(H(D;)) 5 DY (v,—v)} - n

+{(1=v) p(v;=v) = (D7) (v,—v)}.n. (10)

_%,](1-0®n) (Tn),,|*
8 |n.(Tn)|?

vT - n [(I-n®n) v (11

Here the left hand side of equation (6) is the flow of fluid mass into the layer while .# r1s the water
flow from the ice onto, and Py is the mass of the ice melted at, the interface; the former is provided
by the ice sheet and is here considered to be known, the latter follows as a result of the dissipation
mechanisms of this theory. The tractions of the partial stresses on the layer side of the interface are
given by the corresponding traction on the ice side with distributing factors av and (1 — av),
respectively, where o = 1. In the second equation of (7) the impulsive flux of water, which is very
small, has been ignored. The energy jump condition (8) is the equation determining the melting rate
of ice. Apart from a jump in energy flow explained above, it consists of a dissipation term due to
sliding, which is quadratic in the tangential velocity jump, quadratic in the shear traction and
inversely quadratic in the normal pressure. In (10) j* and gy, respectively, denote the vector of
moisture flux and of heat extraction from the ice sheet.

At the till-layer/rockbed interface, the kinematic equation can be written as

9 : M e
£+%v|:fb_(f2_§;[—l(x’y$t))j|: [)+ 1+‘Vfb|2 (12)

-

where z = f,(x,y, 1) is the equation of the bottom (index b) surface, p,, p;, p, are the densities of
the ice, rock and asthenosphere, H is the local thickness of the glacier, f} the relaxed position of
interface without ice, 7, the relaxation time with which the lithosphere—asthenosphere system reacts
to the ice load and .#" is the abration rate of sediment mass from the sediment bed

ME =L |a)? (13)

454



Continuum modelling of sediment water below glacier

In the energy jump condition, since no phase change occurs, the jump M(/ﬂfb — %) is very
small and may be ignored; thus the energy jump condition reduces to

[q-nj=-77""3V 14

In the above n is the unit normal vector pointing into the rockbed and
v, =(I-n®n)v,7= (I-n®n)Tn,o=n.Tn (15)

where Tn is the total traction acting on the interface; %, in equation (14) and m’ are two
phenomenological coefficients. On the rock side of the bottom interface the heat flow normal to the
bed is either prescribed as geothermal heat (g ), = —Qpeqi, OF computed from a thermal model
of a layer of rock. We treat it here as known. Otherwise [q . n] is given as stated in equation (10).

4. Order of magnitude for the various dissipation phenomena

Based on the well-known numerical values of the physical constants and on estimates of process
quantities arising in the present formulation (the interested reader will find all of them collected in
dell’Isola and Hutter, 1997) we will now give the orders of magnitude for the important dissipative
terms. As for process quantity v € [0.5,0.85] we have & e [0.7,0.9]. On the other hand the
moisture content in ice is approximately 1-2% and the basal melting rate of ice is no more than
approximately Smma™’ = 1.6 x 107" ms™' corresponding to 1.6 x 1077 kgm™?s~".

Let us now turn to the energy jump condition (8) at the top interface. The dominant term of [¢” in (9)
is the latent heat of ice L =3.35x 10°Jkg™' with a comparable, but an order of magnitude
smaller, contribution from the term ¢ (g(8y) —e{¥y)) of the same sign; the term in (9)
involving the specific heats is about two orders of magnitude smaller, so that
[g] =3.3X% 10° Jkg™'. With the estimate of the melting rate of ice and the flow of moisture from
the ice side to be of the order of 1.6 x 107 kgm™ 57!, the left hand side of (8) yields

[e](Pr+ My) = 53 x 107 Wm'>

The two terms on the right hand side of (8) must have the same order of magnitude. As for |q - n|, the
conductive contribution is of the order of magnitude of the geothermal heat flow, which is
approximately 5 x 102 Wm™; the corresponding contribution in the ice can be ignored, because of
the very small value of the Clausius—Clapeyron constant. Alternatively, taking an overly pessimistic
value for the moisture diffusion velocity of 1 ma™ it can be easily shown that Lj - n has an order of
magnitude of 10 Wm™ which is not negligible. A typical component of the stress or pressure
dependent term in (11) is vp(v,—v) -n. Using v = 0.5,p <2 x 10’ Pa and an upper bound
for the diffusion velocity given by u,-n<1ma' we obtain |vpu, n|e [107, 107 ]JWm™>
indicating that the omission of these terms may not be justified. Using the same estimate for the
diffusion velocity u, - n it may be concluded that | 3p, &, u, - n| € [1072, 10°]Wm™ Thus, none of
the terms in q ought to be ignored. Next, we need 10 estimate the stress power |[v - Tn]. With shear
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stresses as high as 10"+ 10°Pa and sliding velocities of 1+ 10ma™, we obtain
[v-Tn] e [31,’-10’3, %]Wm’2 making the stress power equally significant. In summary, all terms in
equations (8)-(11) contribute to the energy jump balance, except those involving the specific heats
in (9). A similar analysis of order of magnitude estimates can also be performed with the energy
jump balance (14), valid at the bottom interface, which is better written as [q-n]={v- Tnj
However, this is now straightforward: from the rockbed below we have the geothermal heat flow
4 x 10> Wm™, On the layer side, there is no reason that the various contributions to q - n should
not be of similar magnitude as those at the top interface. So the same terms as obtained above are
important and contribute to the energy balance. Finally, as abrasion occurs, its contribution to the
generation of heat is non-negligible and produces heat of a similar, if not higher, order of
magnitude, as does the friction of ice over its bed. Thus, the term on the right hand side of (14) is
very significant. We turn our attention next to the local energy balance. This equation must transport
heat from the bottom interface to the top interface. If we envisage the dominant heat flow to be
transverse to the interface, assume vector q to be between 1 and 10 times the geothermal heat flow
and take a layer thickness of 5-10m we obtain |divq|e [4x 107, 8 x 102]Wm™>. This
number must be compared with the representative term in t/( TD ). The dominant term of this must
be rp, where 7 is a representative shear stress and 7 the corresponding shearing. With 7 < 10° Pa
and y~v/H, where v~100ma™' and H~5 + 10 m this yields 7 € [1072, 10°] Wm>.

Thus, we have made it plausible that all terms in the local energy balance and energy jump
conditions contributing to dissipation must be accounted for.

Note remise le 20 septembre 1996, acceptée apres révision le 15 avril 1997.
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