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Abstract

We consider the problem of estimating a sparse linear regression vector 5* under a gaussian
noise model, for the purpose of both prediction and model selection. We assume that prior
knowledge is available on the sparsity pattern, namely the set of variables is partitioned into
prescribed groups, only few of which are relevant in the estimation process. This group sparsity
assumption suggests us to consider the Group Lasso method as a means to estimate 3*. We
establish oracle inequalities for the prediction and /5 estimation errors of this estimator. These
bounds hold under a restricted eigenvalue condition on the design matrix. Under a stronger
coherence condition, we derive bounds for the estimation error for mixed (2, p)-norms with
1 < p < co. When p = oo, this result implies that a threshold version of the Group Lasso
estimator selects the sparsity pattern of 5* with high probability. Next, we prove that the rate
of convergence of our upper bounds is optimal in a minimax sense, up to a logarithmic factor,
for all estimators over a class of group sparse vectors. Furthermore, we establish lower bounds
for the prediction and ¢, estimation errors of the usual Lasso estimator. Using this result, we
demonstrate that the Group Lasso can achieve an improvement in the prediction and estimation
properties as compared to the Lasso.

An important application of our results is provided by the problem of estimating multi-
ple regression equation simultaneously or multi-task learning. In this case, our result lead to
refinements of the results in [22] and allow one to establish the quantitative advantage of the
Group Lasso over the usual Lasso in the multi-task setting. Finally, within the same setting, we
show how our results can be extended to more general noise distributions, of which we only
require the fourth moment to be finite. To obtain this extension, we establish a new maximal
moment inequality, which may be of independent interest.



1 Introduction

Over the past few years there has been a great deal of attention on the problem of estimating a
sparse' regression vector 3* from a set of linear measurements

y=XB+W. (1.1)

Here X is a given N x K design matrix and W is a zero mean random variable modeling the
presence of noise.

A main motivation behind sparse estimation comes from the observation that in several practi-
cal applications the number of variables K is much larger than the number N of observations, but
the underlying model is known to be sparse, see [8, 12] and references therein. In this situation,
the ordinary least squares estimator is not well-defined. A more appropriate estimation method
is the /;-norm penalized least squares method, which is commonly referred to as the Lasso. The
statistical properties of this estimator are now well understood, see, e.g., [4, 6, 7, 18, 21, 36] and
references therein. In particular, it is possible to obtain oracle inequalities on the estimation and
prediction errors, which are meaningful even in the regime K > N.

In this paper, we study the above estimation problem under additional structural conditions on
the sparsity pattern of the regression vector 3*. Specifically, we assume that the set of variables can
be partitioned into a number of groups, only few of which are relevant in the estimation process.
In other words, not only we require that many components of the vector 5* are zero, but also
that many of a priori known subsets of components are all equal to zero. This structured sparsity
assumption suggests us to consider the Group Lasso method [39] as a mean to estimate 3* (see
equation (2.2) below). It is based on regularization with a mixed (2, 1)-norm, namely the sum,
over the set of groups, of the square norm of the regression coefficients restricted to each of the
groups. This estimator has received significant recent attention, see [3, 10, 16, 17, 19, 25, 24, 26,
28, 31] and references therein. Our principal goal is to clarify the advantage of this more stringent
group sparsity assumption in the estimation process over the usual sparsity assumption. For this
purpose, we shall address the issues of bounding the prediction error, the estimation error as well
as estimating the sparsity pattern. The main difference from most of the previous work is that
we obtain not only the upper bounds but also the corresponding lower bounds and thus establish
optimal rates of estimation and prediction under group sparsity.

A main motivation for us to consider the group sparsity assumption is the practically important
problem of simultaneous estimation the coefficient of multiple regression equations

y o= Xipfi+ W
Yy = Xoff5 + W,

(1.2)

yr = XrpBr+ Wr.
Here X,..., X7 are prescribed n x M design matrices, 53;,..., 3 € RM are the unknown
regression vectors which we wish to estimate, ¥; . . . , yp are n-dimensional vectors of observations
and Wy, ..., Wy are i.i.d. zero mean random noise vectors. Examples in which this estimation

I'The phrase “3* is sparse” means that most of the components of this vector are equal to zero.



problem is relevant range from multi-task learning [2, 23, 28] and conjoint analysis [14, 20] to
longitudinal data analysis [11] as well as the analysis of panel data [15, 38], among others. We
briefly review these different settings in the course of the paper. In particular, multi-task learning
provides a main motivation for our study. In that setting each regression equation corresponds to a
different learning task; in addition to the requirement that M > n, we also allow for the number
of tasks 7" to be much larger than n. Following [2] we assume that there are only few common
important variables which are shared by the tasks. That is, we assume that the vectors 37, ..., G7
are not only sparse but also have their sparsity patterns included in the same set of small cardinality.
This group sparsity assumption induces a relationship between the responses and, as we shall see,
can be used to improve estimation.

The model (1.2) can be reformulated as a single regression problem of the form (1.1) by setting
K = MT, N = nT, identifying the vector [ by the concatenation of the vectors 1, ..., 87 and
choosing X to be a block diagonal matrix, whose blocks are formed by the matrices X5, ..., X,
in order. In this way the above sparsity assumption on the vectors (; translate in a group sparsity
assumption on the vector *, where each group is associated with one of the variables. That is,
each group contains the same regression component across the different equations (1.2). Hence
the results developed in this paper for the Group Lasso apply to the multi-task learning problem as
a special case.

1.1 Outline of the main results

We are now ready to summarize the main contributions of this paper.

e We first establish bounds for the prediction and /5 estimation errors for the general Group
Lasso setting, see Theorem 3.1. In particular, we include a “slow rate” bound, which holds
under no assumption on the design matrix X. We then apply the theorem to the specific
multi-task setting, leading to some refinements of the results in [22]. Specifically, we demon-
strate that as the number of tasks 7" increases the dependence of the bound on the number of
variables M disappears, provided that M grows at the rate slower than exp(T').

e We extend previous results on the selection of the sparsity pattern for the usual Lasso to the
Group Lasso case, see Theorem 5.1. This analysis also allows us to establish the rates of
convergence of the estimators for mixed (2, p)-norms with 1 < p < oo (cf. Corollary5.1).

e We show that the rates of convergence in the above upper bounds for the prediction and
(2, p)-norm estimation errors are optimal in a minimax sense (up to a logarithmic factor) for
all estimators over a class of group sparse vectors 3*, see Theorem 6.1.

e We prove that the Group Lasso can achieve an improvement in the prediction and estimation
properties as compared to the usual Lasso. For this purpose, we establish lower bounds for
the prediction and ¢, estimation errors of the Lasso estimator (cf. Theorem 7.1) and show
that, in some important cases, they are greater than the corresponding upper bounds for the
Group Lasso, under the same model assumptions. In particular, we clarify the advantage of
the Group Lasso over the Lasso in the multi-task learning setting.



e Finally, we present an extension of the multi-task learning analysis to more general noise
distributions having only bounded fourth moment, see Theorems 8.1 and 8.2; this extension
1s not straightforward and needs a new tool, the maximal moment inequality of Lemma 9.1,
which may be of independent interest.

1.2 Previous work

Our results build upon recently developed ideas in the area of compressed sensing and sparse
estimation, see, e.g., [4, 8, 12, 18] and references therein. In particular, it has been shown by
different authors, under different conditions on the design matrix, that the Lasso satisfies sparsity
oracle inequalities, see [4, 6, 7, 21, 18, 36, 41] and references therein. Closest to our study is
the paper [4], which relies upon a Restricted Eigenvalue (RE) assumption as well as [21], which
considered the problem of selection of sparsity pattern. Our techniques of proofs build upon and
extend those in these papers.

Several papers analyzing statistical properties of the Group Lasso estimator appeared quite
recently [3, 10, 16, 19, 25, 24, 26, 31]. Most of them are focused on the Group Lasso for additive
models [16, 19, 24, 31] or generalized linear models [25]. Special choice of groups is studied
in [10]. Discussion of the Group Lasso in a relatively general setting is given by Bach [3] and
Nardi and Rinaldo [26]. Bach [3] assumes that the predictors (rows of matrix X) are random
with a positive definite covariance matrix and proves results on consistent selection of sparsity
pattern J(3*) when the dimension of the model (K in our case) is fixed and N — oo. Nardi
and Rinaldo [26] address the issue of sparsity oracle inequalities in the spirit of [4] under the
simplifying assumption that all the Gram matrices W; (see the definition below) are proportional
to the identity matrix. However, the rates in their bounds are not precise enough (see comments in
[22]) and they do not demonstrate advantages of the Group Lasso as compared to the usual Lasso.
Obozinski et al. [28] consider the model (1.2) where all the matrices X; are the same and all their
rows are independent Gaussian random vectors with the same covariance matrix. They show that
the resulting estimator achieves consistent selection of the sparsity pattern and that there may be
some improvement with respect to the usual Lasso. Note that the Gaussian X; is a rather particular
example, and Obozinski et al. [28] focused on the consistent selection, rather than exploring
whether there is some improvement in the prediction and estimation properties as compared to
the usual Lasso. The latter issue has been addressed in our work [22] and in the parallel work of
Huang and Zhang [17]. These papers considered only heuristic comparisons of the two estimators,
i.e., those based on the upper bounds. Also the settings treated there did not cover the problem in
whole generality. Huang and Zhang [17] considered the general Group Lasso setting but obtained
only bounds for prediction and /5 estimation errors, while [22] focused only on the multi-task
setting, though additionally with bounds for more general mixed (2, p)-norm estimation errors and
consistent pattern selection properties.

1.3 Plan of the paper

This paper is organized as follows. In Section 2 we define the Group Lasso estimator and describe
its application to the multi-task learning problem. In Sections 3 and 4 we study the oracle properties
of this estimator in the case of Gaussian noise, presenting upper bounds on the prediction and
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estimation errors. In Section 5, under a stronger condition on the design matrices, we describe
a simple modification of our method and show that it selects the correct sparsity pattern with an
overwhelming probability. Next, in Section 6 we show that the rates of convergence in our upper
bounds on prediction and (2, p)-norm estimation errors with 1 < p < oo are optimal in a minimax
sense, up to a logarithmic factor. In Section 7 we provide a lower bound for the Lasso estimator,
which allows us to quantify the advantage of the Group Lasso over the Lasso under the group
sparsity assumption. In Section 8 we discuss an extension of our results for multi-task learning to
more general noise distributions. Finally, Section 9 presents a new maximal moment inequality
(an extension of Nemirovski’s inequality from the second to arbitrary moments), which is needed
in the proofs of Section 8.

2 Method

In this section, we introduce the notation and describe the estimation method, which we analyze in
the paper. We consider the linear regression model

y=XpB +W, 2.1)

where * € R¥ is the vector of regression coefficients, X is an N x K design matrix, y € R" is
the response vector and W € R¥ is a random noise vector which will be specified later. We also
denote by z, ...,z the rows of matrix X. Unless otherwise specified, all vectors are meant to
be column vectors. Hereafter, for every positive integer /, we let N, be the set of integers from 1
and up to . Throughout the paper we assume that X is a deterministic matrix. However, it should
be noted that our results extend in a standard way (as discussed, e.g., in [4], [8]) to random X
satisfying the assumptions stated below with high probability.

We choose M < K and let the set GGy, . .., G, form a prescribed partition of the index set Ny
in M sets. Thatis, Ny = Ujj‘ilGj and, for every j # j', G; N Gj = (). For every j € Ny, we
let K = |G| be the cardinality of G; and denote by X, the N x K; sub-matrix of X formed by
the columns indexed by G7;. We also use the notation ¥ = XTX/N and ¥; = X, X¢; /N for the
normalized Gram matrices of X and X, respectively.

For every 8 € R¥ we introduce the notation 3/ = (85 : k € G;) and, for every 1 < p < oo,
we define the mixed (2, p)-norm of /3 as

3=

Y MG
1Blzs = | D | D 5 =<ZWHP>
j=1 \keG, j=1

and the (2, co)-norm of 3 as

— J
1811200 =  maz 1167,

where || - || is the standard Euclidean norm.

If J C Ny, we let 3, be the vector (371{j € J} : j € Ny), where I{-} denotes the indicator
function. Finally we set J(3) = {j : 87 # 0, j € Ny} and M(B) = |J(B)| where |J| denotes
the cardinality of set J C {1,..., M}. The set J(J) contains the indices of the relevant groups
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and the number M () the number of such groups. Note that when M = K we have G; = {j},
J € Ng and || 8|2, = ||B|lp, where ||3]|, is the £, norm of (5.

The main assumption we make on 5* is that it is group sparse, which means that M (5*) is
much smaller than M.

Our main goal is to estimate the vector 5* as well as its sparsity pattern J(5*) from y. To this
end, we consider the Group Lasso estimator. It is defined to be a solution B of the optimization
problem

M
L)L 2 - K
nun{NHXﬁ—yH +2;Ajugﬂ\| :BER } (2.2)
where A\, ..., \js are positive parameters, which we shall specify later.

In order to study the statistical properties of this estimator, it is useful to present the optimality
conditions for a solution of the problem (2.2). Since the objective function in (2.2) is convex, B is
a solution of (2.2) if and only if 0 (the K -dimensional zero vector) belongs to the subdifferential
of the objective function. In turn, this condition is equivalent to the requirement that

1 M N
-V (NIIXﬁ - y||2) €20 (Z MWH) :
j=1

where 0 denotes the subdifferential (see, for example, [5] for more information on convex analy-
sis). Note that

- . . i . .
3(2 )\ﬂ‘ﬁ”’) _{HERKGJ_)\]ﬁIfﬂj#O, and H93H§)\]1fﬂj—0,j€NM}
j=1

Thus, 3 is a solution of (2.2) if and only if

1 Ao 3

—(XT(y—Xp)y = Ajm, if 37 40 (2.3)

N

1 . .
FIE @ =XB)1 < A, if 7 = 0. (2.4)

2.1 Simultaneous estimation of multiple regression equations and multi-
task learning

As an application of the above ideas we consider the problem of estimating multiple linear regres-
sion equations simultaneously. More precisely, we consider multiple Gaussian regression models,

y o= Xupi+ W,
Yo X5 + Wy

(2.5)

yr = XpBp+ Wr,



where, for each ¢ € Ny, we let X, be a prescribed n x M design matrix, 3; € RM the unknown
vector of regression coefficients and y; an n-dimensional vector of observations. We assume that
Wi, ..., Wr are i.i.d. zero mean random vectors.

We study this problem under the assumption that the sparsity patterns of vectors [3; are for any
t contained in the same set of small cardinality s. In other words, the response variable associated
with each equation in (2.5) depends only on some members of a small subset of the corresponding
predictor variables, which is preserved across the different equations. We consider as our estimator
a solution of the optimization problem

T

Mo/ T 3
) 1 1
min TZEHXtﬁt_ytHQ—FQ)\Z(ZBEj) Bi,...,pr e RM (2.6)
1 j=1 \t=1

t=

with some tuning parameter A > 0. As we have already mentioned in the introduction, this estima-
tor is an instance of the Group Lasso estimator described above. Indeed, set K = MT, N = nT,
let 3 € R¥ be the vector obtained by stacking the vectors 3, ..., 37 and let y and W be the ran-
dom vectors formed by stacking the vectors v, . . ., yr and the vectors W7, ..., Wy, respectively.
We identify each row index of X with a double index (¢,7) € Ny x N,, and each column index
with (¢, 7) € Np x Nj,. In this special case the matrix X is block diagonal and its ¢-th block is
formed by the n x M matrix X; corresponding to “task ¢”. Moreover, the groups are defined as
G; = {(t,j) : t € Np} and the parameters ); in (2.2) are all set equal to a common value \.
Within this setting, we see that (2.6) is a special case of (2.2).

Finally, note that the vectors 3/ = (3; : t € Ny)" are formed by the coefficients corresponding
to the j-th variable “across the tasks”. The set J(3) = {j : 87 # 0, j € Ny} contains the
indices of the relevant variables present in at least one of the vectors i, ..., 7 and the number
M () = |J(5)| quantifies the level of group sparsity across the tasks. The structured sparsity (or
group sparsity) assumption has the form M (3*) < s where s is some integer much smaller than
M.

Our interest in this model with group sparsity is mainly motivated by multi-task learning. Let
us briefly discuss the multi-task setting as well as other applications, in which the problem of
estimating multiple regression equations arises.

Multi-task learning. In machine learning, the problem of multi-task learning has received much
attention recently, see [2] and references therein. Here each regression equation corresponds to a
different “learning task™. In this context the tasks often correspond to binary classification, namely
the response variables are binary. For instance, in image detection each task ¢ is associated with
a particular type of visual object (e.g., face, car, chair, etc.), the rows z;; of the design matrix X;
represent an image and y;; is a binary label, which, say, takes the value 1 if the image depicts the
object associated with task ¢ and the value —1 otherwise. In this setting the number of samples
n is typically much smaller than the number of tasks 7. A main goal of multi-task learning is to
exploit possible relationships across the tasks to aid the learning process.

Conjoint analysis. In marketing research, an important problem is the analysis of datasets con-
cerning the ratings of different products by different customers, with the purpose of improving
products, see, for example, [1, 20, 14] and references therein. Here the index ¢ € N refers to the
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customers and the index ¢ € N,, refers to the different ratings provided by a customer. Products
are represented by (possibly many) categorical or continuous variables (e.g., size, brand, color,
price etc.). The observation y,; is the rating of product x;; by the ¢-th customer. A main goal of
conjoint analysis is to find common factors which determine people’s preferences to products. In
this context, the variable selection method we analyze in this paper may be useful to “visualize”
peoples perception of products [1].

Seemingly unrelated regressions (SUR). In econometrics, the problem of estimating the regres-
sion vectors f; in (2.5) is often referred to as seemingly unrelated regressions (SUR) [40] (see
also [34] and references therein). In this context, the index ¢ € N,, often refers to time and the
equations (2.5) are equivalently represented as n systems of linear equations, indexed by time. The
underlying assumption in the SUR model is that the matrices X; are of rank M, which necessarily
requires that n > M. Here we do not make such an assumption. We cover the case n < M
and show how, under a sparsity assumption, we can reliably estimate the regression vectors. The
classical SUR model assumes that the noise variables are zero mean correlated Gaussian, with
cov(Wy, Wy) = 04lpxn, S,t € Np. This induces a relation between the responses that can be used
to improve estimation. In our model such a relation also exists but it is described in a different
way, for example, we can consider that the sparsity patterns of vectors i, ..., 3} are the same.

Longitudinal and panel data. Another related context is longitudinal data analysis [11] as well
as the analysis of panel data [15, 38]. Panel data refers to a dataset which contains observations
of different phenomena observed over multiple instances of time (for example, election studies,
political economy data, etc). The models used to analyze panel data appear to be related to the
SUR model described above, but there is a large variety of model assumptions on the structure
of the regression coefficients, see, for example, [15]. Up to our knowledge however, sparsity
assumptions have not been been put forward for analysis within this context.

3 Sparsity oracle inequalities

Let 1 < s < M be an integer that gives an upper bound on the group sparsity M (5*) of the true
regression vector 5*. We make the following assumption.

Assumption 3.1. There exists a positive number k = k(s) such that

AN X | |
min{ 1220 <5 A e REN {0}, ST A7) <33 A7) b > s,
{WHAJH Z ! Z ’

where J¢ denotes the complement of the set of indices J.

To emphasize the dependency of Assumption 3.1 on s, we will sometimes refer to it as As-
sumption RE(s). This is a natural extension to our setting of the Restricted Eigenvalue assumption
for the usual Lasso and Dantzig selector from [4]. The ¢; norms are now replaced by (weighted)
mixed (2,1)-norms.

Several simple sufficient conditions for Assumption 3.1 in the Lasso case, i.e., when all the
groups G; have size 1, are given in [4]. Similar sufficient conditions can be stated in our more
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general setting. For example, Assumption 3.1 is immediately satisfied if X" X /N has a positive
minimal eigenvalue. More interestingly, it is enough to suppose that the matrix X " X/ satisfies
a Restricted Isometry condition as in [8] or the coherence condition (cf. Lemma A.2 below).

To state our first result we need some more notation. For every symmetric and positive semi-
definite matrix A, we denote by tr(A), ||A||r and |||A||| the trace, Frobenius and spectral norms of
A, respectively. If py, ..., pj are the eigenvalues of A, we have that tr(A) = S2F  pi, || Allm =

VI, p? and [ A]| = maxt, .

Lemma 3.1. Consider the model (2.1), and let M > 2, N > 1. Assume that W € RY is a
random vector with i.i.d. N(0,0?) gaussian components, 0® > 0. For every j € Ny, recall that
U; = X, X, /N and choose

20
A > \/—N\/tr(\lfj) 120|105l (2q log M + /K ;qlog M), (3.1)

Then with probability at least 1 — 2M*~9, for any solution B of problem (2.2) and all 3 € R¥
we have that

1 o * - nij j 1 *
FIX (B =89 +;Aj\|ﬁ” =Bl < SIX6 -89

+4 7 Aymin (#1187 - &) (32)
JeJ(B)
1 A ~ 3
NH(XTX(B = B9)) < EAJ‘, (3.3)
N 4¢max A *\ (12
M(B) < )\glinNHX(/@ - B89, (3.4)

where Ay = minj]\i1 A and Puax is the maximum eigenvalue of the matrix X" X /N.

Proof. For all 5 € R¥, we have

M M
SIXB =y + 23 M < X6 -yl + 2 3 Al
j=1 j=1
which, using y = X 3* 4+ W, is equivalent to
SIX( = )P < SIX(E — 8 + W X(3 ) +2fjAj(||ﬂf|| — 181, 35
j=1
By the Cauchy-Schwarz inequality, we have that

M
WIX(B =) <) IXTWYIE -5
j=1
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For every 7 € N, consider the random event

M
A= ﬂ Aj, (3.6)
j=1
where
A=y < 67)
/ N -2 '
We note that
1 A S (62— 1)
P(A) =P =WXg X, W< —j}> =P =1 Dt < )
) =# ({ g XX, W < 5 Rl "
where &, ..., ¢y are i.i.d. standard Gaussian, v;,...,v; y denote the eigenvalues of the matrix

Xg; ng /N, among which the positive ones are the same as those of ¥;, and the quantity x; is
defined as
. NiN/(40°) — tr ()
’ V2[5
We apply Lemma A.1 to upper bound the probability of the complement of the event A;. Specif-
ically, we choose v = (v;1,...,v;n), © = z; and m(v) = |||¥,]||/]|V;|lr and conclude from
Lemma A.1 that

72
P(AS) < 2¢ (— . ) :
() = 2o\~ A e T )

We now choose z; so that the right hand side of the above inequality is smaller than 2M ~9. A
direct computation yields that

;> VW {[/1¥ g log M + /2(]|¥; |l log M)? + 2qlog M,

gives inequality (3.1). We conclude, by a union bound, under the above condition on the parameters
A;, that P(A°) < 2M'~%. Then, it follows from inequality (3.5), with probability at least 1 —
2M'79, that

which, using the subadditivity property of the square root and the inequality || U;||m < /&|||Y,]l|

1 R Moo 1 M I . .

SIKB =B+ YN8 - Fl < SIXE =B +2D A (18 - #1+ 1871 - 177])
j=1 j=1

1 . . ,

SIX@E =B+ 47 Agmin (18], 187 - 21

JEJ(B)

IN

which coincides with inequality (3.2).
To prove (3.3), we use the inequality

1 o
F X =X <X, (3.8)
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which follows from the optimality conditions (2.3) and (2.4). Moreover, using equation (2.1) and
the triangle inequality, we obtain that

1 A . 1 A ) 1 )
—IXTX(B—=B)| < =|I(X"(XB~-1)) —[(XTWY.
CIXTX (B = 5V < I8 = )]+ (Wi
The result then follows by combining the last inequality with inequality (3.8) and using the defini-
tion of the event A.

Finally, we prove (3.4). First, observe that, on the event .4, it holds, uniformly over j € N,
that

CITX G- g)p) = 2 i A

This fact follows from (2.3), (2.1) and the definition of the event .A. The following chain yields the
result:

4 1 A .
MB) < 55 D wl(XTXE =8P
jes(B)
4 T A *\\J
< N N2 Z I(XTX(6 -5
FE)
4 ~
< WHXTX(B—B*)W
4 max A *
< X (- )

where, in the last line we have used the fact that the eigenvalues of X" X /N are bounded from
above by @nax. |

We are now ready to state the main result of this section.

Theorem 3.1. Consider the model (2.1) and let M > 2, N > 1. Assume that W € RY is a
random vector with i.i.d. N'(0,0?) gaussian components, 0> > 0. For every j € Ny, define the
matrix ¥; = X, X, /N and choose

20
A > —N\/tr(\lfj) 1 20|95l (2qlog M + /K ;qlog M),
Then with probability at least 1 — 2M*~4, for any solution B of problem (2.2) we have that
1 A *\ |2 * M
SIXB =87 < 4187|201 max A;. (3.9)
N j=1

If, in addition, M (5*) < s and Assumption 3.1 holds with k = k(s), then with probability at least
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1 — 2M'9, for any solution ﬁ of problem (2.2) we have that

1 D *\ |12 16
FIXB =8 < Z A2, (3.10)
jEJ
5 . 16 )\f
18 =8y < — > - 3.11)
JeJ(B*)
2 64¢max )‘3
MPB) < —3% >, o (3.12)
jeJ () M
where Ay = mln 1 Aj and Quax is the maximum eigenvalue of the matrix X" X/N. If, in

addition, Assumptlon RE(25 ) holds, then with the same probability for any solution ﬂ of problem
(2.2) we have that

410 X jessy N
K2(28)  AminV/S
Proof. Inequality (3.9) follows immediately from (3.2) with 8 = §*. We now prove the remaining

assertions. Let .J = J(8*) = {j : (6*)7 # 0} and let A = 3 — *. By inequality (3.2) with § = §*
we have, on the event A, that

18- < (3.13)

1 ,
FIXAE <4 A <4 3 A3 (1A (3.14)
jed jes
Moreover by the same inequality, on the event A, we have that Z]Nil NIAT| < 4 Zje A AT,
which implies that > ;. ;| A7]| <337, ; A;[|A7|. Thus, by Assumption 3.1
XA
o) < X2 (3.15)
KN

Now, (3.10) follows from (3.14) and (3.15).
Inequality (3.11) follows by noting that, by (3.2),

Z/\ A <4 NIA <4 [ N2A,) <4 ZA?”XA”

jeJ jeJ jeJ

and then using (3.10) and 377 |A7]] < 372 (IA]|A; / Asnin-

Inequality (3.12) follows from (3.4) and (3.10).

Finally, we prove (3.13). Let J’ be the set of indices in J¢ corresponding to s largest values of
A;||A7||. Consider the set Jos = J U J'. Note that |.Jos| < 2s. Let j(k) be the index of the k—th
largest element of the set {\;||A7]| : j € J°}. Then,

)\j(k)HAj(k)H < Z Ml A7)/ .

jeJe

11



This and the fact that 3. ;. N;[|A7[| <337, A;]|A7|| on the event A implies

| o0 Al A’
Z)‘?HAJW < Z (ZZEJ il H)

L2
jeJs, k=s+1
2 2
_ (e MIAD? 9 (Sees MlAY)
- S - S
_ 9 e j)IIAJHQ 9 e MDA
- S S
Therefore, it follows that .
Noinl &g |12 EZAEHAJQS 2
jeJ
and, in turn, that
|A[? <D N h IIAJ2S
/\
]EJ min

Next note from (3.14) that

1
SIXAP <4 /S ALl

jeJ
In addition, ). . M [|A7|| <337, Ajl|A7|| easily implies that
PIRV I LD PRM I
jEJQCS jeJQS

Combining Assumption RE(2s) with (3.17) we have, on the event .4, that

4,/ a2

JEJ g

A < S+ -

This inequality and (3.16) yield (3.13).

(3.16)

(3.17)

The oracle inequality (3.10) of Theorem 3.1 can be generalized to include the bias term as

follows.

Theorem 3.2. Let the assumptions of Lemma 3.1 be satisfied and let Assumption 3.1 holds with

K = /1(82 and with factor 3 replaced by 7. Then with probability at least 1 —

solution 3 of problem (2.2) we have

SIX(E =) <mind 22 ST N+ X(8 - 87 B € RF, M

JEJ(B)

12
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This result is of interest when (5* is only assumed to approximately sparse, that is when there
exists a set of indices .Jo with cardinality smaller than s such that ||(3*) ¢ ||* is small.

Proof. Let [ be arbitrary. Set A = B— . By inequality (3.2), we have, on the event A that

—IIX(ﬁ BN+ ZM|N|<—HX(ﬁ BNP+4 D Al

JeJ(B)
Let y > 0 be arbitrary. We consider two cases:
case i) 4Zjej(@) MAT|| > %HX(B — 54|17
case i) 43", ;5 MIAT] < % I1X (8 = 892

In case i), we have

—IIX(B g H2+ZA 1A% <8 > Alla).

JEJ(B)

Do NI <T Y AllAT.

jeJ(B)e jeJ(B)

Thus, by Assumption 3.1 (with factor 3 replaced by 7), we have

This implies

[ XA
A < )
H J(ﬁ)” > H,\/N
We obtain
M
1 A . . XA
WG+ ona < L5 el
j=1
8 IX(3 -89 . I1IX(8- 8
< =1y Agl +
"\ sers VN VN
LIX(3— B9 32 2
<y w - taXxX
JjeJ(B)
IIX(ﬁ B )||2 16 2
AXEZIOR G 5
JGJ B)
Hence

96
—HX(ﬂ g |!2+2ZM|NH< doX+ —HX(ﬁ B

JEJ(B)

13



Case ii) gives

1 2 * - j 2 *
FIXG= 2P+ LMl < X = 2
Hence

Lo |96 , 2 .
~I1X6B =5 < min ?Z Aj+ X B =617 -
JjeJ(B)
n

We end this section by a remark about the Group Lasso estimator with overlapping groups,
ie., when Ng = UYL, G; but G; NGy # 0 for some j,j' € Ny, j # j'. We refer to [42] for
motivation and discussion featuring the statistical relevance of group sparsity with overlapping
groups. Inspection of the proofs of Lemma 3.1 and Theorem 3.1 immediately yields the following
conclusion.

Remark 3.1. Inequalities (3.2) and (3.3) in Lemma 3.1 and inequalities (3.10)—(3.12) in Theorem
3.1 remain correct in the more general case of overlapping groups Gy, ..., Gyy.

4 Sparsity oracle inequalities for multi-task learning

We now apply the above results to the multi-task learning problem described in Section 2.1. In
this setting, K = MT and N = nT’, where T is the number of tasks, n is the sample size for each
task and M is the nominal dimension of unknown regression parameters for each task. Also, for
every j € Ny, Kj =T and V; = (1/T)Ipyp, where Iy, is the T' x T identity matrix. This fact
is a consequence of the block diagonal structure of the design matrix X and the assumption that
the variables are normalized to one, namely all the diagonal elements of the matrix (1/n)X "X are

equal to one. It follows that tr(¥;) = 1 and |||¥,||| = 1/T. The regularization parameters \; are
all equal to the same value A, cf. (2.6). Therefore, (3.1) takes the form
20 2
A > 1+ = (2qlog M + /Tqlog M). (4.1)
ST T qlog glog

In particular, Lemma 3.1 and Theorem 3.1 are valid for

\ > 220 1+@logM

—vnT 2 T
since the right-hand side of this inequality is greater than that of (4.1).
For the convenience of the reader we state the Restricted Eigenvalue assumption for the multi-
task case [22].

Assumption 4.1. There exists a positive number Kyt = kyr(S) such that

: | XA MT
mind ———— : |J|<s,AeR 0}, |A e
\yia M MO8

where J¢ denotes the complement of the set of indices J.

21 < 3HAJH2,1} > KMT,

14



We note that parameters &, ¢n,.x defined in Section 3 correspond to kyrr/ VT and our/T
respectively, where ¢y is the largest eigenvalue of the matrix X ™ X /n.
Using the above observations we obtain the following corollary of Theorem 3.1.

Corollary 4.1. Consider the multi-task model (2.5) for M > 2 and T,n > 1. Assume that
W € RY is a random vector with i.i.d. N'(0, %) gaussian components, o> > 0, and all diagonal
elements of the matrix X" X /n are equal to 1. Set

2v/20 (1 N zéllog]\/[>1/2
vnT T ’

where A > 5/2. Then with probability at least 1 — 2M*~24/3, for any solution 3 of problem (2.6)
we have that

A:

1 ooa 8v/2 Alog M\'?
G- < 222 (1 A2 Dy, 4

Moreover, if in addition it holds that M (5*) < s and Assumption 4.1 holds with kyr = Ry (s),
then with probability at least 1 — 2M'~24/5 for any solution /3 of problem (2.6) we have that

1 5 oy 1280% s Alog M
XG0 < B2 (14 25 @3
1 4 . 3220 s Alog M
Tl - s < 227 (14 2N (4
n(p) < B (4.5)
Kirr

where ¢\t is the largest eigenvalue of the matrix X ™ X /n. R
Finally, if in addition kyr(2s) > 0, then with the same probability for any solution ( of
problem (2.6) we have that

16v/50 Alog M 1/2
SR < s () “o

Note that the values 7" and v/T in the denominators of the left-hand sides of inequalities (4.3),
(4.4), and (4.6) appear quite naturally. For instance, the norm ||B — [*||2,1 in (4.4) is a sum of M
terms each of which is a Euclidean norm of a vector in R7, and thus it is of the order /7 if all
the components are equal. Therefore, (4.4) can be interpreted as a correctly normalized “error per
coefficient” bound.

Corollary 4.1 is valid for any fixed n, M,T"; the approach is non-asymptotic. Some relations
between these parameters are relevant in the particular applications and various asymptotics can
be derived as special cases. For example, in multi-task learning it is natural to assume that 7" > n,
and the motivation for our approach is the strongest if also M >> n. The bounds of Corollary 4.1
are meaningful if the sparsity index s is small as compared to the sample size n and the logarithm
of the dimension log M is not too large as compared to 7.

15



More interestingly, the dependency on the dimension M in the bounds is negligible if the
number of tasks 7" is larger than log M. In this regime, no relation between the sample size n and
the dimension M is required. This is quite in contrast to the standard results on sparse recovery
where the condition

log(dimension) < sample size

is considered as sine qua non constraint. For example, Corollary 4.1 gives meaningful bounds if
M = exp(n?) for arbitrarily large v > 0, provided that 7" > n".

Finally, note that Corollary 4.1 is in the same spirit as a result that we obtained in [22] but
there are two important differences. First, in [22] we considered larger values of A, namely with

(1 + Al\(}g?M) 2 in place of (1 + AlOTgM) 1/2, and we obtained a result with higher probability. We
switch here to the smaller A since it leads to minimax rate optimality, cf. lower bounds below. The
second difference is that we include now the “slow rate” result (4.2), which guarantees convergence
of the prediction loss with no restriction on the matrix X " X, provided that the norm (2, 1)-norm

of 5* is bounded. For example, if the absolute values of all components of 5* do not exceed some

constant Jp,x, then ||5*]|21 < BuaxsVT and the bound (4.2) is of the order \/ig (1 + M)m.

S Coordinate-wise estimation and selection of sparsity pattern

In this section we show how from any solution of (2.2), we can estimate the correct sparsity pattern
J(*) with high probability. We also establish bounds for estimation of 3* in all (2, p) norms with
1 < p < oo under a stronger condition than Assumption 3.1.

Recall that we use the notation ¥ = %X T X for the Gram matrix of the design. We introduce
some additional notation which will be used throughout this section. For any j, j' in N, we define
the matrix ¥[j, j/] = %ngXG],, (note that ¥[j, j] = ¥; for any j). We denote by ¥[j, j'|;»+, where
t € Ng,, 1" € Ng,, the (t,t')-th element of matrix ¥[j, j']. For any A € R¥X and j € Nj; we set
AN =(Ay:te Ng; ).

In this section, we assume that the following condition holds true.

Assumption 5.1. There exist some integer s > 1 and some constant o > 0 such that:

1. Forany j € Ny andt € N, it holds that (V|j, j]); = ¢ and
)\min¢ 1

4o maxs /KKy

(W[, 1)ew| < 1

ax
1<t,t/ <K t#t

2. Forany j # j' € Ny, it holds that

Amin®
\:[] . < min
1§t§11111i}1%1}§j,1(j/) (21 7 e < 14apaxs
and
)\min(,b 1

Ul 4 < .
1§t§Kj,¥%%’}éKj/,t7ét’ (20,5 D] < ldad s o /KK

16



This assumption is an extension to the general Group Lasso setting of the coherence condition
of [22] introduced in the particular multi-task setting. Indeed, in the multi-task case K; = T,
Amin = Amax, and for any j € Ny, the matrix X¢; 1s block diagonal with the ¢-th block of size
n x 1 formed by the j-th column of the matrix X, (recall the notation in Section 2.1) and ¢ = 1/T.
It follows that (V[j, j'])¢» = O for any j, ;' € Ny and t # ¢’ € Np. Then Assumption 5.1 reduces
to the following: maxi<;<7 [(V[j, j'])14| < 1oz Whenever j # j” and (¥, j]);. = 7. Thus, we
see that for the multi-task model Assumption 5.1 takes the form of the usual coherence assumption
for each of the 7' separate regression problems. We also note that, the coherence assumption in
[22] was formulated with the numerical constant 7 instead of 14. The larger constant here is due
to the fact that we consider the general model with not necessarily block diagonal design matrix,
in contrast to the multi-task setting of [22].

Lemma A.2, which is presented in the appendix, establishes that Assumption 5.1 implies As-
sumption 3.1. Note also that, by an argument as in [21], it is not hard to show that under Assump-
tion 5.1 any group s-sparse vector 3* satisfying (2.1) is unique.

Theorem 3.1 provides bounds for compound measures of risk, that is, depending simultane-
ously on all the vectors 37. An important question is to evaluate the performance of estimators for
each of the components 3’ separately. The next theorem provides a bound of this type and, as a
consequence, a result on the selection of sparsity pattern.

Theorem 5.1. Let the assumptions of Theorem 3.1 be satisfied and let Assumption 5.1 hold with

the same s. Set 5 6
=4+ —. 5.1
¢ (2 s 1)) -1

Then with probability at least 1 — 2M*~9, for any solution B of problem (2.2) we have that

A~ % C
||5 - /8 ||2,oo S _>\max- (52)
¢
If, in addition,
< 2c
min ) > _/\rnaxy 53
i (5] > 53

then with the same probability for any solution B of problem (2.2) the set of indices

j:{jw@u>§&m} (5.4

estimates correctly the sparsity pattern J(5*), that is,
J = J(5").

Proof. Set K, = max;<;<y K;. We define first for any j,j e Ny the K, X Ko matrix ﬁ![j,j’]
as follows. If j # j’ we have (‘I’[j,j’])teNKj,t/eNK,, = V[j,7'] and (V[j, j'])ipy = 0if t > K, orif
t' > K. If j = j' we have (\if[j,j])m/eNKj = U[j, j] — lw,xx, and (V[j, ])ew = 0if t > K orif
t' > K. Similarly, for any A € R¥ and any j € Ny, we set A7 € R¥> such that (Ai)teNKj = AJ

and A{ = 0forany ¢t > Kj.
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Set A = B — *. We have
DI All2.00 < NTAfl2,00 + (¥ — ATk w i) All2,00- (5.5)

Using Cauchy-Schwarz’s inequality we obtain

[ K, M Ky 2 1/2
(¥ — ¢lrxr)All2,00 = max Z ZZ ( /)W A{,’
t=1 j=1t'=1
[ K; o 1/2
Slg}%}}w = (Z( 7, J ) JA@)
9o 1/2
T Z 21 127&( M), 69

We now treat the first term on the right-hand side of (5.6). We have, using Assumption 5.1 and
Minkowski’s inequality for the Euclidean norm in R%, that

K m o7 1/2 X u 91 1/2
X )\min¢ :
/ J < J
g [T (S 000), 5) | = et | ()
)\min¢ A
- 14a)\maxs”AH2’l
)\min¢

—||A
- 1404)\maX5H H2’1’

since ||Al|21 < ||All2.1 by definition of A. Next we treat the second term in the right-hand side of
(5.6). Cauchy-Schwarz’s inequality gives

2o 1/2

K; 4§
b > (i), 5

t=1 \j/'=1¢/=1t'#t

)\mingb i |At’|
= T 12385 |76 2 | 2222 /K

M K. ~ 7
< _min® min¢ zj: ’Ai/ ’
— 1406)\maxs s v A /Kj/
rnlng25 m1n¢

A .
T ldadpaxs Taons | Allzr = l4daAmaxs Tian,s Al
Combining the four above displays we get

2)\min

Al|2.00 —\I/A o+ ——
8l € WA faoe +

1A[l2,1-
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Thus, by inequalities (3.3) and (3.11), with probability at least 1 — 2M 79, it holds that

3 16
A oo< o L =) >\max-
18l < (35 + 725

By Lemma A.2, ak? = (o — 1)¢, which yields the first result of the theorem. The second result
follows from the first one in an obvious way. [ ]

Assumption of type (5.3) is inevitable in the context of selection of sparsity pattern. It says that
the vectors (3*)’ cannot be arbitrarily close to 0 for j in the pattern. Their norms should be at least
somewhat larger than the noise level.

Theorems 3.1 and 5.1 imply the following corollary.

Corollary 5.1. Let the assumptions of Theorem 3.1 be satisfied and let Assumption 5.1 hold with
the same s. Then with probability at least 1 — 2M*'~9, for any solution 3 of problem (2.2) and any
1 < p < 0o we have that

hSA

||/é - B*HQ,ZJ < %)‘max Z — 5 (57)

A A
JEJ(B*)

160 \"? (3 16 \'7»
o= (G) Graasn) oY

If, in addition, (5.3) holds, then with the same probability for any solution B of problem (2.2) and
any 1 < p < oo we have that

where

p

. o A2
— < § )
”5 5 ”2719 = ¢)‘max — o\ ) (5.9)

JE

min/\max

where J is defined in (5.4).

Proof. Set A = B — (. For any p > 1 we use the norm interpolation inequality
1 1—-1
[A]|2p < [[A[]51[[Al]g,o0 -

Combining inequalities (3.11) and (5.2) with k = /(1 — 1/a)¢ (cf. Lemma A.2) and the last
inequality yields (5.7). Inequality (5.9) is then straightforward in view of Theorem 5.1. [ ]

Note that we introduce inequalities (5.2) and (5.9) valid with probability close to 1 because
their right-hand sides are data driven, and so they can be used as confidence bands for the unknown
parameter 5* in mixed (2,p)-norms.

We finally derive a corollary of Theorem 5.1 for the multi-task setting, which is straightforward
in view of the above results.
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Corollary 5.2. Consider the multi-task model (2.5) for M > 2 and T',n > 1. Let the assumptions
of Theorem 5.1 be satisfied and set

A

B 2v/20 (1 N AlogM)l/2
vnT T ’

where A > 5/2. Then with probability at least 1 — 2M'~24/5, for any solution B of problem (2.6)
and any 1 < p < oo we have

1 4 2v/2ci05'/P Alog M 1/2
—|B = pB* < — |1 5.10
ﬁ ||/8 ﬁ ||27p = \/ﬁ + T ) ( )
where c, is the constant defined in (5.8) and we set /> = 1 for any x > 0. If, in addition,
. 1 . 4\ 2co Alog M) 1/2
min —||(5%)’|| > 1+ , 5.11
i > P (14 2 e
then with the same probability for any solution B of problem (2.6) the set of indices
A A B 2/ 2co AlogM)1/2
J = s —=||]] > 1+ 5.12
{j Tl > 2 (14 2 5.1

estimates correctly the sparsity pattern J([5*), that is,

~

Jj=Js).

6 Minimax lower bounds for arbitrary estimators

In this section we consider again the multi-task model as in Sections 2.1 and 4. We will show that
the rate of convergence obtained in Corollary 4.1 is optimal in a minimax sense (up to a logarithmic
factor) for all estimators over a class of group sparse vectors. This will be done under the following
mild condition on matrix X.

Assumption 6.1. There exist positive constants r, and ko such that for any vector A € RMT\ {0}
with M(A) < 2s we have

XAl _ XAl
< .
@ A = ®) A ="

Note that part (b) of Assumption 6.1 is automatically satisfied with k2 = ¢\ where ¢yrr is
the spectral norm of matrix X X /n. The reason for introducing this assumption is that the 2s-
restricted maximal eigenvalue 3 can be much smaller than the spectral norm of X X /mn, which
would result in a sharper lower bound, see Theorem 6.1 below.

In what follows we fix 7' > 1, M > 2, s < M /2 and denote by GS(s, M, T) the set of vectors
B € RMT such that M () < s. Let £ : RT — R be a nondecreasing function such that £(0) = 0
and ¢ # 0.
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Theorem 6.1. Consider the multi-task model (2.5) for M > 2 and T, n > 1. Assume that W € RN
is a random vector with i.i.d. N'(0, 0?) gaussian components, o* > 0. Suppose that s < M /2 and
let part (b) of Assumption 6.1 be satisfied. Define

o st/P log(eM/s)\ "/
n = — 1 I 9 1 S S )
Yo K2 /1 ( " T ) b=

/o0 = 1. Then there exist positive constants b, ¢ depending only on ((-) and p such

where we set s
that

— 1
inf su El | by t—|r — B >>E, 6.1
R U 6.

T B*eGS(s,M,T

where inf, denotes the infimum over all estimators T of 3*. If, in addition, part (a) of Assump-
tion 6.1 is satisfied, then there exist positive constants b, ¢ depending only on ((-) such that

inf  sup )Eé(l?w;éﬁll)f(f—ﬁ*)ll)za 62)

T B*€GS(s,M,T

Proof. Fix p and write for brevity 1,, = 1,,, where it causes no ambiguity. Throughout this proof
we set 71/°° = 1 for any x > 0. We consider first the case T < log(eM/s). Set 0 = (0,...,0) €
RT,1=(1,...,1) € R”. Define the set of vectors

Q={weR"" :w e{0,1},j=1,...,M, and M(w) < s},

and its dilation
C(Q) = {Vhnpw/s'? 1 we Q},

where v > 0 is an absolute constant to be chosen later. Note that C(2) C GS(s, M, T).
For any w, w’ in © we have M (w — w') < 2s. Thus, for 8 = Y, ,w/sYP, B' = v, ,w' /sH/P
parts (a) and (b) of Assumption 6.1 imply respectively

K1Y Yn 0w, )T

1 /112

Lxp - gz e ©3)
1 k322 plw,w)T

Lixg— x| < B bnsller ) (6.4)
n s2/p

where p(w,w’) = Zj\il I{w? # (W)} and I{-} denotes the indicator function. This and the
definition of 1, , yield that if part (a) of Assumption 6.1 holds, then for all w,w’ € €2 we have

1 K20 log(eM /s
X8 = X 2 (14 B ), 65)
2

Also, by definition of 3, 3/,

log(eM /s
o N g(eM/

1 / o ) V2 ny\1/p /
8= ey = 2% (14 EED) o) o 2 @) 60
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For § € RY, we denote by P the probability distribution of A/ (6, 02y« y) Gaussian random
vector. We denote by (P, Q)) the Kullback-Leibler divergence between the probability measures
P and (). Then, under part (b) of Assumption 6.1,

1
K(Pxp, Pxgr) = 551X8 = XB
K22
T ol )T
7*s[T +log(eM/s)]
2v?slog(eM/s) (6.7)

IN

IA A

where we used that p(w,w’) < 2s for all w,w’ € Q. Lemma 8.3 in [32] guarantees the existence
of a subset \V of ) such that

log(IN]) = éslog <%) (6.8)

S

plw, ) > s/4Vwu, €N, w#d,

for some absolute constant ¢ > 0, where |[\| denotes the cardinality of A/. Combining this with
(6.5) and (6.6) we find that the finite set of vectors C(N) is such that, for all 5, 8" € C(N), 8 # /3,

1/p ] M 1/2
yos os(eM/s)\"* _
S8 =y > o (14 ) T Ay

and under part (a) of Assumption 6.1,

1 K20%s log(eM /s 72
n_THXﬂ - XA > ’7241%—2’@ <1 + %) = I’f%?ﬁi,z-
2

Furthermore, by (6.7) and (6.8) for all 3, 3 € C(N') under part (b) of Assumption 6.1 we have

K(Pxs, Px) < 75 1os (IV1) = =< Tog ()

for an absolute constant v > 0 chosen small enough. Thus, the result follows by application of
Theorem 2.7 in [35].
Consider now the case 7' > log(eM/s). Introduce the set of vectors

O ={weR" :w= (' ...,0"), w €{0,1}"if j < sand w’ = 0 otherwise} ,

and the associated dilated set C(2') defined as above. Note that C(Q2') C GS(s, M, T).

For any w,w’ € Q' we define p/(w,w’) = Zj\il Zthl Hwy # wij} = Z;Zl Ethl Hwy #
wéj}.

We assume first that 7" > 16 and s > 16. Then Varshamov-Gilbert Lemma (see Lemma 2.9 in
[35]) guarantees that there exists a subset N of €’ such that

N> 2T 6.9)
/ / TS /
plw,w) > §wa€/\/ w# W,
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Next for any w, w’ € N’ we have M (w — ') < 2s, and thus under parts (a) and (b) of Assump-
tion 6.1 we have, respectively,

1 P i A N ne < FBPUE (W)
SPCED G = HPCED G

2/19 ’ 52/19

where 3 = y,w/s'/P, 3 = v’ /s'/P are any two elements of C(N”).
Now, using Lemma A.3 in the Appendix we get that, for all w,w’ € N’ such that w # w’,

1/p \/_
o —ofllap > (35) -0 ¥1<p<oo (6.10)
Thus, for all 3, 8’ € C(N”) such that 3 # ' we have
/ . Yn
ﬁ”ﬁ—ﬂ l2p = p \/—H W'll2p = 161/1’4%

(recall that v, = 1), ,), and under part (a) of Assumption 6.1,

1 V2 skio? log(eM/s) V2
X8 - XA > LT (o T 22
TLTH ﬁ /8 || - 8 /f%n + T 8 K;l n,2

Furthermore, for all 5, 5" € C(N”) under part (b) of Assumption 6.1,
1
K(Pxp, Pxp) < 27°sT < 7 18 (ICAN))),

where, in view of (6.9), the last inequality holds for an absolute constant v > 0 chosen small
enough. We apply again Theorem 2.7 in [35] to get the result.

Finally, if 7" > log(eM/s) and T' < 16, s < 16, then the rate ), is of the order 1/n. This is the
standard parametric rate and the lower bounds are easily obtained by reduction to distinguishing
between two elements of G'S(s, M, T). u

As a consequence of Theorem 6.1, we get, for example, the lower bounds for the squared loss
{(u) = u? and for the indicator loss £(u) = I{u > 1}. The indicator loss is relevant for comparison
with the upper bounds of Corollaries 4.1 and 5.2. For example, Theorem 6.1 with this loss and
p = 1,2 implies that there exists 5* € GS(s, M, T') such that, for any estimator 7 of 3*,

\/%HX(T g > C\/g (1 N %y/z
and

1 . s log(eM/s) 12 1 . s log(eM/s) 12
=gz o2 (14 T L g, > 02 (14 )

with a positive probability (independent of n, s, M, T') where C' > 0 is some constant. The rate on
the right-hand side of these inequalities is of the same order as in the corresponding upper bounds
in Corollary 4.1, modulo that log M is replaced here by log(eM/s). We conjecture that the factor
log(eM/s) and not log M corresponds to the optimal rate; actually, we know that this conjecture
is true when 7' = 1 and the risk is defined by the prediction error with ¢(u) = u? [32].

A weaker version of Theorem 6.1, with /(u) = u?, p = 2 and suboptimal rate of the order
[slog(M/s)/(nT)]*/? is established in [17].
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Remark 6.1. For the model with usual (non-grouped) sparsity, which corresponds to I’ = 1, the
set GS(s, M, 1) coincides with the (y-ball of radius s in RM. Therefore, Theorem 6.1 generalizes
the minimax lower bounds on (y-balls recently obtained in [30] and [32] for the usual sparsity
model. Those papers considered only the prediction error and the {5 error under the squared loss
{(u) = u®. Theorem 6.1 covers any {, error with 1 < p < oo and applies with general loss
functions ((-). As a particular instance, for the indicator loss ((u) = [{u > 1} and T = 1, the
lower bounds of Theorem 6.1 show that the upper bounds for the prediction error and the (,, errors
(1 < p < o0) of the usual Lasso estimator established in [4] and [21] cannot be improved in a
minimax sense on {y-balls up to logarithmic factors. Note that this conclusion cannot be deduced
from the lower bounds of [30] and [32].

7 Lower bounds for the Lasso

In this section we establish lower bounds on the prediction and estimation accuracy of the Lasso
estimator. As a consequence, we can emphasize the advantages of using the Group Lasso estimator
as compared to the usual Lasso in some important particular cases.

The Lasso estimator is a solution of the minimization problem

1
in —|| X5 —y|*+2 7.1
min = |X5 = y|" + 2015 (7.1)

where ||(]]1 = Zfil |5;| and r is a positive parameter. The following notations apply only to
this section. For any vector 3 € R¥ and any subset J C Ng, we denote by s the vector in
RE which has the same coordinates as 3 on .J and zero coordinates on the complement J¢ of J,

J'(B) ={j : 8 # 0} and M'(B) = |J(B)].
We will use the following standard assumption on the matrix X (the Restricted Eigenvalue
condition in [4]).

Assumption 7.1. Fix s’ > 1. There exists a positive number £’ such that

[ |xa] , X ,
min{ =2 g < A e RE\ {0}, S04, <33 Ay b > w,
{mmJu Z ’ Z ’

where J¢ denotes the complement of the set of indices J.

Theorem 7.1. Let Assumption 7.1 be satisfied. Assume that W € RY is a random vector with
i.i.d. N(0,0?) gaussian components, o> > 0. Setr = Ao/ % where A > 2+/2 and ¢ is the
maximal diagonal element of the matrix ¥ = %X X, If ﬁL is a solution of problem (7.1), then

2
with probability at least 1 — K= we have

1 A s A2 plog K

NG = = ()RS (7.2)
. A A plog K
18" =8l 2 2¢U \/M’(Mé%, (7.3)
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where Puay is the maximum eigenvalue of the matrix V. If, in addition, M'(5*) < &', and

. . . 3 165
min{|W;; 57| : j € Ny, B # 0} > (5 o |\Ifjk\) r, (7.4)

where U ;i denotes the (j, k)-th entry of matrix U, then with the same probability we have
M'(BY) = M'(8°). (7.5)

Proof. Inequality (B.3) in [4] yields (7.2) on the event A = {%HX TW||OO < g} of probability

P(A) >1- K%,
Next, (7.3) follows from (7.2) and the inequality
1

(5 = BTXTX(BE — 57) < Guall B — 5711

We now prove (7.5). If M'(B%) < M'(53*) then there exists j € J’(BL) N J'(8*). Set
A = B* — B and recall that ¥ = %X X. Using that any Lasso solution BL satisfies

N (X (y = XBh); = sign(éf)r, if 5} #0, 06
L(XT(y - XBY)); if 3 = 0. |
and the triangle inequality we get, on the event A, that |(VA);| < 2. Consequently,
;8] | = |¥3;4,] = =D 7Y <2y 1Al max @] (7.7
k#j

Next, Corollary B.2 in [4] yields that, on the event A,

[AZESHEl

Thus, the Cauchy-Schwarz inequality, Assumption 7.1 and [4, Inequality (7.8)] give that, on the
event A,

165’

_4‘/_( ATTA)? < T (7.8)

1AL < 4)AEalh < 4V A ey <

12
Combining (7.7) and (7.8) yields, on the event .4, that

(3 168
|\Ilj]ﬂj| < (5 2 e |\I’]k|> r

which contradicts the condition (7.4).
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Let us emphasize that the Theorem 7.1 establishes lower bounds, which hold for every Lasso
solution if B 1, 1S not unique.

Theorem 7.1 highlights several limitations of the usual Lasso as compared to the Group Lasso.
Let us explain this point in the multi-task learning case. There, the usual Lasso estimator BLisa
solution of the following optimization problem

17 T M
. 2
mln{fZEHXtﬁt—ytH +2TZZ‘6@’}
t=1 t=1 j=1
By comparing the prediction error lower bound in Theorem 7.1 for this estimator with the corre-

sponding upper bound for Group Lasso estimator derived in Corollary 4.1, we reach the following
conclusions.

o The usual Lasso does not enjoy any dimension independence phenomenon as compared to
the Group Lasso.

In the multi-task learning setting we have N = n1T', K = MT. Assume that the tasks’
design matrices are orthogonal, namely X," X;/n = Iy for every ¢ € Np. Hence, ¥ =
Iryvixram /T, so that ¢ = ¢ = 1/T and W;; = 1/T for all j. Let a special instance of
group sparsity assumption be realized, namely, all vectors 3; have exactly s non-zero entries
at the same positions. Then, M (5*) = s and M'(5*) = sT. Moreover, condition (7.4)
simplifies to the requirement that

3A log(M'T
win |57] > 247, [1o8MT).
j:ﬁj#O 2 n

We conclude by inequalities (7.2) and (7.5) that, with probability at least 1 — (M T)l_ATQ,

%HX(BL = BIIP = A2azsbgi—j\fT). (7.9)
This bound holds no matter what the number of tasks 7" is. In contrast, the bounds in Corol-
lary 4.1 can be made independent of the dimension M and of the number of tasks 7" as soon
as T' > log M. Specifically, under the above assumptions we have, recalling Definition 4.1,

that kyr > 1 and by (4.3), with probability close to 1, every Group Lasso solution [ satisfies
Alog M )

(7.10)

1 - s
— |1 X(B - BY)|* < 12802 [ 1
FIXG - P < 128022 (14 222

e The Group Lasso achieves faster rates of convergence in some cases as compared to the usual
Lasso. We consider separately two cases. The first one is already discussed the preceding
remark. It corresponds to 7" > log M. Then the upper bound for the Group Lasso (7.10) is
smaller than the lower bound (7.9) for the Lasso by a logarithmic factor. This factor can be
large if 7' is large, for example exponential in 7, so that (7.9) gives no convergence result
for the Lasso. The second case is 7" < log M. Then the lower bound (7.9) is of the order
s(log M) /n, while the upper bound (7.10) is of the order s(log M)/(nT'). The ratio is of the
order 7" in favor of the Group Lasso.

In (7.9) and (7.10) we have only compared the prediction errors of the two estimators. In view of
inequality (4.6) and Theorem 7.1, similar observations are valid for the /5 estimation errors.
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8 Non-Gaussian noise

In this section, we show that the above results extend to non-gaussian noise. We consider here

the multi-task setting described in Section 2.1 and we only assume that the components of random

vector W are independent with zero mean and finite fourth moment E[Wé]. As we shall see the

results remain similar to those of the previous sections, though the concentration effect is weaker.
We need the following technical assumption.

Assumption 8.1. The matrix X is such that

max E max |(zy); < 22
tENT ]GN]W
for a finite constant x..

This assumption is quite mild. It is satisfied for example, if all (z;;); are bounded in absolute
value by a constant uniformly in ¢, ¢, 7. We have the two following theorems.

Theorem 8.1. Consider the model (2.1) for any M > 2, T''n > 1. Assume that the components
of random vector W are independent with zero mean, maxen, jen,, E[W;5] < b*, all diagonal
elements of the matrix X" X /n are equal to 1 and M(*) < s. Let also Assumption 8.1 be
satisfied. Set

\ b . (log M)3/2+6 1/2
= —I— s
VnT ( VT )

/To o 2. 111/2 ~
with 6 > 0. Then with probability at least 1 — 1/ 108ADIE log(1200)) 7411 , for any solution 3 of

(log M)3/2+96
problem (2.6) we have
/2
1 A 4a.,.b (log M)¥2+e\ "2
XG-S0+ CEE) 8.1

If, in addition, Assumption 4.1 holds, then with the same probability for any solution B of problem
(2.6) we have

1 . 16220* s (log M)3/%+0

—IXB-BP < =2 (14l 8.2
X - g < 2 (14 SEVTY 2)

/2

1. 162,b s (log M)3/2+0\ !
B = Blas < Sy NS 8.3
\/THﬂ 5 ”2,1 > KJIQ\/IT \/—< + ﬁ ) ( )

.64
M(B) < fMT s, (8.4)
MT

where iy is the largest eigenvalue of the matrix X" X /n. If, in addition, kyir(2s) > 0, then with
the same probability for any solution (5 of problem (2.6) we have

\/_HB gl < 4;/22;* \/;(MLWY/Q
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Theorem 8.2. Consider the model (2.1) for M > 2, T',n > 1. Let the assumptions of Theorem 8.1
be satisfied and let Assumption 5.1 hold with the same s. Set

. 3 L 8 b
c=(=+——)z.b.
2 T(a—-1)
° o 2.,111/2
Let \ be as in Theorem 8.1. Then with probability at least 1 — V! g(“ffifﬂfg(}fff )7+ , for any

solution B of problem (2.6) we have

1. g log M)3/2+6\ /2
-8 Hz,oo§—<1+—( ) |
VT Vn VT
If, in addition, it holds that

1 2 log M )3/2+0\ /?
_c(Hw) |

i I > VT

then with the same probability for any solution B of problem (2.6) the set of indices

1 3/2+46\ /2
(1 ;. (og M) )
VT

| > ==

-{j: fn@ﬂ =

estimates correctly the sparsity pattern J((3*):

~

J = J(B).

Proof. The proofs of these theorems are similar to those of Theorems 3.1 and 5.1 up to a modifi-
cation of the bound on P(A°) in Lemma 3.1. We consider now the event

T n 2
= max Z (Z Ty;) Wti> < AnT

Define the random variables

n 2 n
Y, = (Z(xti)jwﬁ> = ) PEWVE], j=1,....M, t=1,....T

=1 =1

We have

P(A°) = P | max <i(xm)ij> > (AnT)?

1<j<M
t=1 \i=1

T
< P ( max ZY;j > xianﬁ(log M)3/2+5>

1<j<M
t=1

T
E max<j<nm ‘Zt:l \

2202n/T (log M)3/2+5
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Applying the maximal moment inequality of Lemma 9.1 below with m = 1 and constant ¢(1) = 2
we obtain

T T 1/2
E max, ;Ksj < /8log(2M) E > 12%43% (8.5)
1/2
< /Slog(2M) ZE (13%4 Y2)
A 1/2

n

Z(xti)jwti

i=1

T
< 44/log(2M) b4xfn2T+ZE max
— <i<

By the maximal moment inequality of Lemma 9.1 with m = 4 and constant ¢(4) = 12 (since
M > 2) the last expectation is bounded, for any ¢t = 1,...,7, as

n 4

Z(fﬂtz’)thi

=1

E | max < (8log(12M))’E

1<5<M 1<j<M

2
max (a:'tz) Wfl]

=1
Setting for brevity T; = max;<j<nr ()5 we have

n

E

IN

2
max (xm) Wj]

1<j<M

(Zmﬁzgg)

£k
n

= bt (ZE) < birin?
i=1

4,/Tog(2M) [(810g(12M))2 + 1] 2
(log M)3/2+0

=1

Combining the above four displays yields

P(A%) <

9 Maximal moment inequality

In this section we prove the following inequality for the m-th moment of maxima of sums of
independent random variables.

Lemma 9.1. (Maximal moment inequality) Let 71, ..., Z, be independent random vectors in
RM, and let Z; ; denote the j-th component of Z;. Then for any m > 1 and M > 1 we have

B <mM m) < [stostetman] e ([mZ r/) ,

where c(m) = min{c > 0: e™ ' —1 < (¢ — 2)M}. In particular, 2 < c¢(m) < e™ 1 + 1.

n

> (Zm- — EZZ-J)

i=1
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Before giving the proof, we make some comments. The case m = 2 of Lemma 9.1 implies
— modulo constants — Nemirovski’s inequality (see [27], page 188, and [13], Corollary 2.4). In
general, Nemirovski’s inequality concerns the second moment of ¢,-norms (1 < p < oo0) of
sums of independent random variables in R™, whereas we only consider p = oo. On the other
hand, even for m = 2 Lemma 9.1 is more general than what is given by Nemirovski’s inequality
because we interchange the maximum and the sum on the right hand side. The case M = 1 of
Lemma 9.1 yields the Marcinkiewicz-Zygmund inequality (see [29], page 82), and as an immediate
consequence the inequality

<(Z§Z

for independent zero-mean random variables &;. Thus, as a particular instance, we give a short
proof of (9.1) and provide the explicit constant. This constant is of the optimal order in m but
larger than the one obtainable from the recent sharp moment inequality due to Rio [33].

) [Blog(c(m))]™/*n™* 1Y "E|&G[™, m > 2, 9.1)
i=1

Proof. Let (¢1,...,¢,) be a sequence of i.i.d. Rademacher random variables independent of Z =
(Zy,...,Z,). Let Ez denote conditional expectation given Z. By Hoeffding’s inequality, for all
L > 0andallzand j,

Ez exp|Z; jei/ L] < exp[Z};/(2L?)]. (9.2)

Define
Z Zz ]52

Using successively Jensen’s inequality (the function z + log™ (z + €™ ! — 1) is concave for
x > 1), the inequality eltl < er 4 e ", Vx € R, the independence of ¢;, and (9.2), we obtain

= max
1<]<M

Ez((™) < L™Eg logm{exp [C/L] +em™ ! — 1}

< Lm logm{EZ exp [(/L] 4+ e™ ! — 1}
M n
Lm 1ogm{z Ez exp Z Z; i€ 1}
j=1 i=1
m m 2 2 m—1 _
< L™log {2Mexp [113}3}54212”/(2L )} +e 1} :

Note that 2Mz + ™1 — 1 < ¢(m)Mz for all x > 1, where c(m) is the constant defined in the
statement of the lemma. This and the previous display yield

IN

/L

Max<j<m Zl 250"
2172 '

= L" {log(c(m)M) +
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Choosing

I — \/HIEBLX1<J<]MZ:Z 1Z2

2log(c(m)M)
gives
n m/2
2
(11;1}%4 > Zi > < [2 log(c(m)M) 12}@%244
Hence,
2
(mM > % ) < [prsteomin | { | ey 322,

Finally, we de-symmetrize (see Lemma 2.3.1 page 108 in [37]):

n m\ 1/m 1/m
(E max Z;(Z” ~EZ,;) ) (E max | Z > :
|
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A Auxiliary results

Here we collect some auxiliary results which we have use in the paper.
The first result is taken from [9, Eq. (27)] and was used in the proof of Lemma 3.1.

N
Lemma A.l. Let &y,..., &y be iid N(0,1), v = (vy,...,on) #0, 1, = \/iluvu ST (€2 — 1)v; and
=1

m(v) = Hﬁ’ﬂrr’. We have, for all x > 0, that

B(n.| > z) < 2exp (—2<1+ﬂm(0))) .

The next lemma provides the link between Assumptions 5.1 and 3.1 and was used extensively
in our analysis in Section 5.

Lemma A.2. Let Assumption 5.1 be satisfied. Then Assumption 3.1 is satisfied with k = /(1 — 1/«)¢.
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Proof. We use here the notations introduced in the proof of Theorem 5.1. For any subset .J of N,
such that |.J| < s and any A € RX we have

K; Kj/

ESUETIFIIYIES D
7,g'€J t=1 t'=1

min(K; K/

=2 )

jg'ed t=1

(¥13.41),, 154157

(¥13.41), | 154157

LYY Y

J7'€ed t=1 t/=1t'#t

(913.41),, 1871871

We now treat separately the first and second terms in the right-hand side of the above display. For
the first term we have, using consecutively Assumption 5.1, Cauchy-Schwarz and Minkowski’s
inequality for the Euclidean norm in R¥7, that

j j min¢ j
> 3| ), |13 < 14Mmaxsz<2m>

5,3'ed t=1 JjeJ
min® A
T ldoAnaxS Th2,1
)\ .
< Dmin® AR,
1danax

For the second term we get, using Assumption 5.1 and Cauchy-Schwarz’s inequality twice, that

1),

2

)\min¢
HA ‘ 14 maxs Z \/_jzlA]

IN

Sy @

GleT t=1 t/=1'#t

)\min¢
< W”AJHQ-
Combining the two above displays yields
AGJUA; - 4 AV — dplkwk)Ay
1A[? 1A[?

2)\min
> 1——).
= ( 14oz/\max)

We proceed similarly to treat the quantity |A ;e WA ;|. We have, using Assumption 5.1, Cauchy-
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Schwarz and Minkowski’s inequalities, that

INVINTESD S Z

jeJe,jled t=1

(¥3.01), 132087

LYYy

jegegled t=1 t'=14'#t

(913.57),, 1320132

)\min¢
< Ay A
< 14a}\mxsll sell2 1l Az
K; K;
mln¢ - ]- )
ol APY Z
1404)\maxs ey K; T
2)\min¢
—A Ajellar.
< oo A B
Next we have, for any vector A € R* satisfying the inequality 3. ;e \;[|A7]| < 337, Al A7),
that
1Aelza = > [1A]
jege
Aj 1A
< Z r”A I
jGJc min
< ZA 1A7]]
3A
< max A .
o )\min || J||271
Combining these inequalities we find that
ATUA - A}\I/AJ+2A}C\I!AJ
1A = AP 1A
C 2Main® 12¢[|A 13,
- ldadnae  1das||Agl)?
1
. (1-)e
o'
|

Lemma A.3. Let T > 16 and s > 16. If w and w' are two elements of N' such that p'(w,w') > %,
then the cardinality of the set J(w,w') = {j <s:30 Hwy # wii} > 1%} is greater than or
equal to 7%
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Proof. Assume that |J(w,w’)| < s/16. Then, denoting by J(w, w’)¢ the complement of J(w,w’),
and using that |.J(w,w’)¢| < s, we get

T
Plaw) < ST ST Huy £y} + [J(w,u)IT < Ts/s,

jeJ(ww')e t=1

which contradicts the premise of the lemma. [ ]
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