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ABSTRACT

In the literaturc distributed arrays of piezeoclectric patches are employed to actively control structural vibra-
tions. In the present work in order to damp beam vibrations a completely passive electric controller is proposed,
exploiting distributed piczoelectric transduction. The optimization of the distributed clectric controller is per-
formed analyzing the frec wave propagation in the composite smart beam. The proposed controller allows for
an optimal attenuation of wave propagation over any frequency range. A prototype of the proposed novel smart
structure (Piczo-ElectroMoechanical beam) is designed, allowing for appreciating its technical feasibility and ef-
fectiveness. :

Keywords: Smart structurcs, wave propagation, piczoclectric transducers, distributed control, coupled problems.

1 Introduction

®

The aim of this paper is to prove that attenuation of wave propagation over any frequency band is technically
fcasible, when cxploiting purcly passive electric networks and available piczoelectric transducers. Indeed the
authors prove that multimodal damping of mechanical vibrations by mecans of truly passive electric circuits can
be obtained by uniformly distributing piczoclectric transducers on the host structure and suitably designing an
optimal interconnecting clectric passive network (the resulting smart structure is called PiezoElectroMechanical
structure, PEM for brevity). This concept scems an interesting development of the method of “piczoclectric
shunting” proposed by Hagood and von Flotow in! for single mode and extended by Hollkamp and Fleming,
Behrens and Moheimani to multimodal control (? and?). :Indeed the method here presented is based on the
shunting of an array of distributed piczoelectric transducers with multiterminal terminals passive electric network:
more preciscly, instead of coupling cach piczoelectric transducer to a single (eventually multifrequency) electric
resonator, the whole sct of transducers is coupled to a distributed clectric network. It has to be remarked that the
electric controller which is introduced evolves with differential equations coupled to those governing the evolution
of the mechanical system to be controlled and therefore the concept introduced here differs from that studied
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in,2.% Indeed, in the quoted papers the distributed array of piezoelectric transducers is actively driven by a voltage
ficld, which is the output of a suitable feed-back loop (in this way onc gets a smart structure which is in gencral
non-conservative). Instcad, the piezoelectric controller here introduced is a completely passive controller, so that
PEM structurcs arc passive.

In Scction 2 a refined (microscopic) model for PEM beams is introduced, in which the lumped nature of the
electric network and the localization of piezoelectric applied couples are accounted for.

Iu Section 3 the homogenized model is deduced from the previously introduced refined model. Such a homog-
cnized model:

1. is valid when the wave length is sufficiently larger than the size of each piczoelectric clement,,
2. is morc handleable when seeking passive optimal controllers,

3. is sufficiently detailed to suggest design criteria for truly lumped PEM beams.

In Scction 4 the electromechanical wave propagation in homogenized PEM beams is addressed, without spec-
ifying complctely the cvolution equations of the electric controller, which is assumed to belong to a rather wide
class of (local) differential controllers.

In Scction 5 the pole placement technique is exploited to determine - in the class previously specified - the
optimal passive clectric controller.

In Scction 6 the theoretical results previously established are exploited to start the design of a prototype PEM
beam.

2 Refined model for PEM beams

We counsider an unlimited host beam of width w and thickness h on which an array of uniformly distributed
piczoclectric transducers is positioned as shown in Fig. 1 (covering both the beam faces). The length of the
transducers is assumed to be equal to [, while the width is assumed to be equal to that of the beam; d denotes
the distance between the adjacent patches.

Electrical circuit

Figure 1: Geometry of the problem.

The piczotransducers are placed along the beam axis and polarized in the transverse dircction, in the so called
bender configuration (sce c.g.%). These transducers will be interconnected by an clectrical network which will be
synthesized in order to accomplish given optimality conditions on the attenuation of propagating waves.




Introducing a sct of nodes {z;} representing the geometrical centers of the transducers, defined by:
zi = (Ip + d)1 (1)

the contact couple M at the section labelled by the abscissa x, over the beam span, can be expressed as the sum
of mechanical and piezoelectric contributions as follows®:
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H is the Heaviside function, 4, is the flux linkage! of the i—th transducer measurcd with respect to a common
reference ground for every transducer, u is the beam deflection field, Ey is the Young modulus of the material
of the beam, [, is the beam section moment of inertia (I, = h®w/12), é is the transducers thickness, s is
the piczoelectric mechanical compliance, da; is the piezoelectric coupling coefficient, ¢ denotes the time variable
and superposed dot and prime respectively mean time and space derivative. The distributed inertia can be
accounted for by introducing the following constitutive equation for the applied load (external mechanical forcing
is excluded):

5 = ;
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where p, and p,, are respectively the mass density per unit volume of the beam and transducer materials.
The balance cquations for the considered electrically excited vibrating beam yield:
M (z,t)" = by (z,t) =0 (5)
when M (2,t) and by (z,1) arc given by Eqgns. (2) and (4) respectively.

From a purcly clectrical point of view the i—th piezoelectric bender transducer can be described as a capacitor
in parallel connection with a “mechanically driven” current source, which injects into the clectrical circuit the
current J; driven by its mechanical time rate of deformation (see Fig. 2)

Ji = ke (0 (2 + 1,/2,t) — @' (2 — 1,/2,1)) .

The capacitance of cach piczoclectric bender transducer can be estimated to be cqual tof:

w (sﬁeg - d%l)l
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The clectrical system interconnecting the electrical terminals of the bender transducers is assumed to be a

multiterminal network the admittance Y5 of which, in the Laplace domain, is given by:

e e 1 e

YR

IThe flux linkage 3, represents the time integral of the voltage V; of the i—th transducer measured with respect to the common
ground, i.c. ¥, = V.
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Figure 2: Sketch of the mechanically fed clectric controller.

where s is the Laplace transform variable and the residues K7 (electrical stiffness) and Dy (clectrical damping)
arc assumed to have finite bandwidth 2V — 1.

Thus, by Kirchhoff balance of currents at node 4, the evolution equations for the variables ¢, are given by the
following sccond order system of ODEs:

i+ N i+N
ket + Y K&y + > Dty — ke (1 (w5 + 1y /2,8) = @/ (2 = 1,/2,)) =0 (7)
j=i—N j=i—N

3 A class of Homogenized models for PEM beams

When it can be assumed that the number of piezoelectric transducers is sufficiently large, a continuous flux
linkage field 4 (, #) can be introduced and the bending moment constitutive relation (2) becomes (for more details
on the needed homogenization techniques see):

M= (El)]b + kamm) '’ + ka'me/(./); (8)
where ¢y represents a covering factor defined as:

1
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while the applied load (4) becomes:

6
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The governing equation cxpressed in terms of the deflection w is readily scen to be:

-1
Knu'™ + pit + cphmet) =0,

with:
KM = Eb[b + Cy km,m,
6 g
p= wh (Pb + 2Cf—l;pp) (J)




Thus the dimensionless form of the mechanical evolution equation becomes:

ot = Ky
i+ e’V + 2 /1];” =0 Vl4pw% ! (10)
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where a characteristic frequency wg, a characteristic length equal to the beam length [, a characteristic deflection
ug and a characteristic flux linkage 1, have been introduced. As this cannot causc misunderstanding, we have
adopted the same letters to denote both dimensional and dimensionless differential operators and kinematical
descriptors.

Furthermore, when the number of transducers can be assumed to be sufficiently large, the electrical system
can be described by a sole PDE which, expressed in terms of the dimensionless flux-linkage 4, reads:

" ) . . P km.e
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where it is assumed that K and D are (local) spatial differential operators of the following form:

A d(2é)q
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and ag; and b, arc positive real constants to assure the passivity of the interconnecting network, and the indices
A and B arc positive.

This hypothesis on the structure of the clectrical stiffness and damping, respectively K [-Jand D[], scems to
be general cnough for our design aims and leads to a simple solution of the synthesis problem of determining an

optimal lumped clectrical circuit to be piezoelectrically coupled to the given flexible structure.

Thus the dimensionless form of the cevolution clectromechanical equations is:

IV 9t a4=_f\_j\/{_
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where, in order to preserve the form of a gyroscopic coupling, the characteristic flux linkage and displacement are
chosen to satisfy the following relation:
Crkee Uy
lpp Yo
Let us underline that the quantity
Cf kee

[

by

=: (13)
represents the capacitance per unit length of the PEM beam.

The coupling cocfficient 3% can be expressed in the following form:

1 1

22
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The class of differential operators of the form (11) has been considered for the following rcasons:




1. when boundary conditions are introduced, the clectrical system piezoelectrically coupled to the flexible
structurce does not introduce any spillover phenomenon among the mechanical vibration modes;

2. the synthesis of an clectrical circuit governed by a discrete form of these operators is very casy, exploiting
the methods adopted in®;

3. it includes at least two interesting interconnection schemes for piczoclectric arrays, developed in the vibration
control literature (,18).

When the stiffness operator is limited at the 0 term every piczoelectric element is interconnected to a single
grounded inductor and no “cooperation” cxists in between the piezoelectric transducers. When only the second
term is accounted for, cach piczoelectric transducer is connected to the adjacent onc by a floating inductor,
providing a sccond order transmission line piezoelectrically coupled to the vibrating structure (8).

4 Wave propagation in homogenized PEM beams

In this subscction the wave propagation analysis in a PEM beam is performed.

Let us consider the wave solution of (12):

e8] =l [ "

in terms of the wave length A € IRY and the Laplace transform variable s € C. Substituting (14) into (12), with
simple algebraic manipulations we obtain

Il

0 (15)
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where the polynomials Pk [QT"} and Pp [%\1] arc defined by the following

= (16)

The algebraic cquations (15) yicld the following dispersion relation:
27 ] . or\! or\* 2T . 2m or\* or\* 2r
S P |2 s fulid Rlil T s THaZZ) s+ (o= Tl=o0ar
s"+ p 3 57 4 (L)\ + ﬁ)\ + Pk 3 $“+ Pp 1 a/\ s + a/\ Pk X 0 (17)

5 Design of the passive optimal controller

In this scction we will design the optimal passive distributed controller following the pole placement technique
applicd to the cvolution of cach pair of electrical and mechanical waves. In particular, we will determine an
optimal cxpression for the stiffness and dissipative polynomials Pk and Pp appearing in (15); consequently, we
will establish the forms of the operators K and D.




The chosen optimality condition requires the determination of the values of Pk and Pp in order to maximize
the exponential time decay rate 7 of the clectromechanical wave propagating with the wavelength A, defined as:

T’\: mln {]Re[ ]l}

52 being the zeros of (17).

In order to maximize the exponential time decay 7%, the optimal cxpressions of Px and Pp are found by
. . . . . C
requiring the four zeros s to be coincident (pole placement technique, sce e.g.! and?).

Hence we enforce the polynomial in the RHS of (17) to be factorized as:

(s + 20 D s+ (o 2 +wN?)) .

Equating the coefficients of the above mentioned polynomials the following set of conditions is obtained:
Pp [oﬂ] = 4o [A]
((03)"+ (95" + P []) = 60 D+ 20
Po [£] (0%)" =40 [\ + 40 [\ w [
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The previous sct of relations imposes the following matching conditions on the clectrical controller:

{PK[ ]:(ZI)I ] (19)

Y 2
Po [5] =2(8%)
Conscquently, from Eqns. (18) the values of the real and imaginary part of the coincident roots are found to

be: prr2
dﬂzﬁﬁ;L

Wl = \/ (et - L5)

hence, the damping ratio (defined as the sinc of the phase of the coincident roots mecasured from the imaginary
axis) becomes:

o _
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Taking into account the definitions (12) of the parameters o and 3, we get the following expression in terms
of the propertics of the piezo-electromechanical beam:

cfk‘/m,e
A = ——== 21
A = 5 1)

Finally, let us express the damping ratio as a function of the piczoclectric material characteristics, the beam
geometry and material propertics by:

S[A] = \/ \/E?\/(S% < - ) ; ka1 = dml\/;—%; (22)
(Eosfy)
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where the clectromechanical coupling coefficient k3; has been introduced.

Equation (22) clearly indicates that the damping ratio is independent of the mode under control and is an
increasing function of the variables:

L. clectromechanical coupling coefficient k33,

‘ o : . 8

2. ratio of the patches thickness over the beam thickness 7

)
3. covering factor cy;
4. ratio of the patches clastic modulus over the beam Young modulus (Eysf;)

Conditions (16) establish that the optimal distributed passive circuit to be mechanically fed by the piczotrans-
ducers has to be governed by the following PDE:

b+ K[y + D M =0, (23)

where the stiffness and damping operators are defined by:

{ K] = a*yp’"

D M = %" (24)

REMARK 1. The found electrical interconnecting network can be thought as the beam analog circuit, with an
internal dissipation proportional to the curvature velocity w”. This circuit guarantees the mazimum exponential
time rate decay 7 for every wavelength \. Exploiting different circuits included in (11) it is possible to mazimize
™ only at a given wavelength .

The synthesis problem of finding an analog circuit of the Euler beam has been addressed in'® and.®

6 Design of a prototype

In order to assess the physical realizability and the efficiency of the proposed device, we will consider an
aluminum beam, the gcometry of which is presented in table 1:

Table 1: Properties and dimcensions of the host beam.

l Cocfficient | Value | Units |

w 2 cm
h 2 mm
FE 70 GPa
2 2700 | kg/m3

Let us exploit bender transducers constituted by piezoceramic patches made of lead zirconate titanate [PZT)
(for morc details on the different kinds of piezoclectric actuations see!!).

The characteristics of these piezoceramic transducers are listed in table 2.




Table 2: Propertics and dimensions of the the piczoelectric transducers (Piezo System T110-H4E-602, made of
PSI-5H4 piccoceramic).

l Cocfficient l Value | Units ]
2y 7800 kg/m?>
(sE)" |62 GPa
day 3201012 mjv
T 38008.8510-1% | F/m
1) 267 mim
L, 25 mim
d 2.273 mm

Thus the covering factor can be estimated to be:

¢f = 91.67%.

While the capacitance and coupling coefficient of the bender transducers arc:

_ Qw (blEl€:)[; — dgl)

e = Iy = 1849 nF
| s z ’
e = Sl = 1,436 1073 C
7
11

The stiffness and mass per unit length of the PEM beam can be cvaluated to be:

Ky = Eyly + ka'mm = 2.032 Nm?
p=wh (p, + 2Cf%pp) = 0.2462 Kg/m

From Eqn. (21) the damping ratio of any propagating wave is determined to be:

o [\] = 17.74%.

7 Conclusions

In the present paper the concept of piczoelectric shunting by means of a single transducer suitably positioned
on a structural member is generalized. Indeed we consider a beam hosting an array of uniformly distributed
piczoclectric transducers and look for a distributed electric network shunting them in an optimal way. If waves
with wavclength rcasonably greater than the size of the used transducers are considered, then we expect that
the homogenized model for the controller may be suitable. In Section 3 such an infinite dimensional model is
found, while in the subsequent sections its clectric components are optimized to get the most efficient damping
of clectromechanical waves. We have proved that, in principles, a wavelength independent (i.e. a complete
broadband) wave attenuation is possible by means of a completely passive clectric controller. This is obtained
by synthesizing a distributed clectric circuit governed by the same PDE governing the beam flexural vibrations.
However, the synthesis is achieved by the use of lumped circuital components, therefore the following problem
arises: how cfficient the finite dimensional circuit results arc when compared with their homogenized counterpart.
This is a crucial issuc when prototypes of PEM beams must be designed, as sketched in the final scction.




Future works will be devoted to the comparison between the performances of homogenized clectric controllers
and their lunped approximations.
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