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Parameter estimation by contrast minimization for noisy
observations of a diffusion process

Benjamin Favetto®*
aUniversité Paris Descartes

(v2 released November 2012)

We consider the estimation of unknown parameters in the drift and diffusion coefficients of
a one-dimensional ergodic diffusion X when the observation Y is a discrete sampling of X
with an additive noise, at times id,7 = 1... N. Assuming that the sampling interval tends to
0 while the total length time interval tends to infinity, we prove limit theorems for functionals
associated with the observations, based on local means of the sample. We apply these results
to obtain a contrast function. The associated minimum contrast estimators are shown to be
consistent. Some examples are discussed with numerical simulations.

Keywords: contrast function; diffusion process; hidden Markov models; parametric
inference; discrete time noisy observations

AMS Subject Classification: 62M09; 62F12

1. Introduction

Statistical inference for continuous time models based on high frequency data has
been the subject of a huge number of recent papers. On one hand, continuous time
stochastic processes are increasingly used for modelling purposes. On the other
hand, such kind of data is now commonly available in various fields of applications
whether in finance or in biology and medicine.

Among continuous time models, one-dimensional diffusion processes have re-
ceived a lot of attention. More precisely, let (X;) be given by the stochastic differ-
ential equation:

dXt = b(Xt,li)dt+U(Xt,)\)dBt, X() =n (1)

with B a standard Wiener process and 7 a random variable independent of B, and
b(.,k),o(.,A) real valued functions, defined on R, depending on unknown param-
eters (1,\) € R4 x R%. The estimation of § = (x,\) based on a discrete sample
(Xis,i < N) with small sampling interval § has been largely investigated. (see
e.g. [6], [7] for contrast-based estimator of the drift parameter, [22] for maximum
likelihood estimator, [8] for the estimation of the diffusion coefficient of multidi-
mensional diffusion process, [16] for the case of an ergodic diffusion observed on a
long-time interval, [2], [21], [1] ...)
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In this paper, we suppose that, instead of observing exactly X;s, the observation
at time 40 is given by

Yis = Xis + peis (2)

with (g;5,4 > 0) a sequence of ii.d. random variables, satisfying E(g;s) = 0,
E((ei5)?) = 1, independent of the process (X;). This kind of model takes into
account measurement errors or, in the case of financial data, the so-called mi-
crostructure noise. In this context, the estimation of the integrated volatility has
been widely investigated (see e.g [23]). Jacod et al. in [15] consider the same kind
of observations for 6 = dy, over an interval of length Noy = ¢ fixed, to estimate
the integrated volatility fg o(Xs, \)2ds.

From now on, our concern is the joint estimation of § = (k,\) using discrete
observations 2 over a long-time interval.

The exact likelihood of (V5,7 < N) given by (1)-(2) is generally intractable
except for few models (essentially for Gaussian diffusions with additive Gaus-
sian noise, see e.g. [3], [17], [5]). For data within a fixed length-time interval
(6 =0n = %, Non = 1), estimation for a general diffusion with additive Gaussian
noise is investigated in [12]. The authors use a contrast method and only diffusion
coefficient parameters can be consistently estimated in this case. For the nonpara-
metric case, the inference of the drift function and the diffusion coefficient have
been studied in [20] and [19].

In this paper, we study observations given by (1)-(2) where 6 = dy — 0 while
Noyny — oo, under ergodic properties for the hidden diffusion X and propose con-
sistent estimators of both the drift and diffusion coefficient parameters (x, \). The
noise distribution is unknown, the variance p? of the noise term may be known or
unknown and we assume that p is fixed.

Our starting idea is to reduce the influence of the noise by splitting the sample
into sub-samples and taking empirical means of the sub-samples. More precisely,
the sample is split into k& blocks of size p, with N = pk, where p = py and k = kn
tend to infinity with N. Then, setting Ay = pnydny where py and dy are chosen
such that Ay — 0, we build the empirical mean of the j** block:

Y =XI+pel, j=0,1...ky—1, (3)
where, for Z =Y, X ¢,
oo vl
zi = o ; ZiAn+io- (4)

Thus, Ay defines a coarser sampling interval than dp, still tending to 0 while
N6 N = k NA N — OQ. )

Our statistical procedure is based on the ky— sample (YJ,5 = 0...ky — 1)
and follows a scheme analogous to the one in [11]. Hence, the empirical mean

X! = ]% fz(;l Xjay+isy of the diffusion is closed to the integrated process
ALN / j(itl)AN Xsds as 0y is sufficiently small. The parameter estimation of x and A

based of the observations of an integrated diffusion process has been investigated
by Gloter in [9], [10] and [11]. Our approach is based on these considerations.

We study the differences vi - X iax (Proposition 3.2) and prove a regression
type relation for the Yi's (Proposition 3.4) which is the base of the statistical
applications. These results allow us to prove limit theorems for the variation and
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the quadratic variation of (Yg') which hold by setting oy = py® with 1 < o < 2
(Theorems 4.2 and 4.3). We introduce contrasts and prove the consistency of the
associated minimum contrast estimators. The study of the asymptotic distributions
of the minimum contrast estimators is studied in another paper, as it requires
further developments (see [4]).

The paper is organised as follows. In Section 2, notations and assumptions on
the model are precised. Section 3 is devoted to the small sample properties of the
empirical means sample (Y§') and Section 4 to uniform convergence in probability
results. In Section 5, we introduce the contrasts and prove the consistency of the
estimators. We also deal with the case p unknown and prove that p? can be replaced
by an estimator in the contrast formula. Section 6 is devoted to examples and
numerical results. For several models, we implement our estimators on simulated
data for different choices of (IV,dn,pn) and of the noise level. Section 7 contains
some concluding remarks. Proofs are gathered in Section 8, and some auxiliary
results are recalled in the Appendix.

2. Assumptions and Notations

Consider the one-dimensional stochastic differential equation
dXt = b(Xt, Ko)dt + O'(Xt, )\Q)dBt, XO =1 (5)

where B is a standard Brownian motion and 7 is a real valued random variable
independent of B. The functions b(x, k) and o(z, A) are respectively defined on
R x ©1 and R x Oy where O (resp. ©3) is a compact convex subset of R (resp.
IRdQ). For simplicity of notations, in proofs, we assume that d; = dy = 1. We denote

by 6y = (ko,Ag) the true value of the parameter and assume that 6y € © where
0= @1 X @2.

From now on, we set b(z) = b(z, kg) and o(x) = o(x, A\g) and make classical as-
sumptions on functions b and o ensuring that (5) admits an unique strong solution
(Xt)t>0, defined on a probability space (€2, F,P), and that this solution is positive
recurrent on R.

(A1) Functions b and o belong to C2(R), o(z) > 0 for all x, and there exists ¢ > 0

(A2) For zp € R, let s(z) = exp( 2f0

such that for all z € R:

[b(2)] + [V ()] + b"(2)| < ¢
o(z) + |0’ (z)] + |o"(2)] < (1 + |z]).

02 ) du denote the scale density and

m(z) = W the speed density. Assume [ _ s(z)dz = f+<><> v)dz =
andf+°° (z)dz = M < .

(A3) Let vy(dx) = £rm(z)dz. For all k > 0, 1y admits a finite moment of order k.
(A4) For all k > 0, sup,s E(|X¢[*) < oo.
(A5) The common distribution of the random variables €;s5,, admits a 8th order mo-

ment, and is symmetric.

Assumption (A1) implies that (1) admits a unique strong solution on R. Under
(A1) and (A2), vp is the unique invariant probability of (5) and (X}) satisfies the
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classical ergodic theorem (see e.g. [18])

1 T
Vf e LY (dw), T/o F(Xs)ds — wo(f)  a.s.

Moreover, under Assumption (A1), for all £ > 1, there exists a constant ¢(k) such
that, for all ¢ > 0:

E ( sup \Xs\k‘ gt) < e(k) (1 +1X/°). (6)
sE[t,t+1]
where G, = 0(Bs,s < t;n). (See e.g [9]). Furthermore, Assumptions (A1)-(A3)
imply (A4) if n has distribution vy or 7 is deterministic (for the latter case, see
[11], Proposition 3). Below, we first assume that the noise level p is known and
discuss later the case where p is unknown.
Define the o-fields

AY = o(epantion: 1 <pn — 1,k <j—1) = o(eisy, | < jAN — ON)

(7)

For 0 < j < kxy — 1, the random variable YJ is ’H;-VH measurable. We introduce,
for further use, a condition on functions g : R x @ — R:

(C1) The function g is the restriction of a function defined on R x O with O an open
neighbourhood of © and

Je>0,Vz € R suplg(z,0)| < c(1l+|z]).
0cO

We need the following statistical assumptions ((A6) is the usual identifiability
condition for this problem and (A7) is a smoothness condition for the contrast):

(A6)

o(x,\) =o(x,\o) vy almost everywhere implies A = Ag,
b(x, k) = b(x, ko) vy almost everywhere implies k = Kg.

(A7) The partial derivatives d,b, b, 0y0, Oro, O2,b, O2,.b, 02,.b, Oyyo, 03,0 and 92,0
exist, are continuous and satisfy Condition (C1).
3. Small sample properties of the local means sample

In this section, some local properties of the local means are gathered ton enlight
first order approximation of Y§ — X;a, and YJ vy,

The following random variables appear in the expansions below:

1 Pyl e(i+1)AN , 1 Pyl (1) Antidy
Gow=oo > [ TaBe Gan=oo > | aB,, (8)
" PN =5 Jian+ion TN py =0 JUt+)AN

Consider also the following random variables which will appear in further ex-
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pansions:
¢ 1 \/(j+2)AN((‘ NA \iB o)
LN = 57 j+2)Ay — 5)dB,,

T AR Jnan

, 1 FAN+(i42)0n
§i+1,j,N = 3/2/ (]AN + (Z + 2)5]\7 - S)st. (10)

Oy~ JiAN+(i+1)dn

Some basic properties of these random variables are summarized in Lemma 8.1
and in Lemma 8.2 in Section 8.

Proposition 3.1: Let X; = Aj\,l fj(ij;l)AN Xsds. Under Assumption (A1), we
have

—1
_ ‘ 1
X;— X =\/on ( Z U(XjANHaN)f;,j,N) teiN

PN 20
with (see (7))
N 2 N 2 A
Je>0, [E(ejn|H;') < done(l+[XjauD),  ElejnlHy) < one(l+ [Xja, )
The following proposition precises the local asymptotic behaviour of the observa-

tion blocks, by a first order comparison between Yy and X;a . It can be compared
to Proposition 2.2 in [9].

Proposition 3.2: Under (A1), we have for j < ky — 1,
Y — Xjay = U(XJ‘AN)\/E%,N + ¢} 5+ pel (11)
with |[E(e;N|”H§V)] < cAN(1+|Xjal) and
E(ehn 1Y) < eAR (L4 1Xa00Y), By 1)) < AR (1 + X8, ).
If moreover (A5) holds, for k <8,

Je>0,Vj < kny—1,E <|Y.] — XjAN|k’ Hév) <c (A%Q(l + |XjAN|k) + p*E (\e{|k>>
(12)
We deduce:

Corollary 3.3: Assume (A1) and (A5), and consider f : R? x © — R such
that f,0.f, 02, f satisfy (C1). Then

Je>0,Yj > 0,70 € O,

E(F0.0) ~ F(X50,.0) ) )| < c(An(@ + |X50,12) + 2\ ECED)Y)
(13)
and forl=1,2

E((F7,0) = F(X0,0,0)*| 1Y) < el + [Xja,[? + /P E((ED)))

(AN L+ [ Xjay ™) + o E((ED)1).
(14)
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The following proposition is essential for the limit theorems of Section 4 and for
the statistical application.

Proposition 3.4: Under Assumptions (A1) and (A5), we have
Yo =Yy — Anb(YY) = 0(Xja, ) (Gs1n + Gron) + v + p(ed ™ —€])

where Tj N 18 H;VH mesurable, and there exists a constant ¢ > 0 such that

E(mjn )] < cAn(An(1+ [Xja,P) + p*VE()Y),

E(77 N HY ) 4 [E(r,n G, v [HGO] 4 [E(7 v o [HY )| <
CAN(L+ [ X, [P + PPE())) (AN (1 + [ Xja, [!) + 02 E((£2)Y)),

3.0.0.1. Remark: . In [9], Theorem 2.3., it is proved that

Xj+1 X ANb \/ U ]AN 5],N+§j+1 N)+T.7

where 7; y satisfies \[E(fj7N|Q;V)] < eA%(1+|X;a,[3). In Proposition 3.4, addition-
nal terms due to the noise appear.

4. Uniform convergence in probability results

In this section, asymptotic results for functionals of local means are stated.
They are involved in the asymptotic study of the minimum contrast estimators
described in Section 5

From now on, f : R x © — R denotes a C? function, such that f, 0,f,
02, f and Oy f satisfy (C1). The assumptions on asymptotics are denoted (AH)

(AH) The number of observations N — oo, with oy — 0, pxy — o0, ky — 00,
AN :chSN — 0 and N(SN = k‘NAN — OQ.

The first result is an ergodic theorem for the local means.
Proposition 4.1:  Under Assumptions (A1)-(A5) and (AH), we have
kN—l

on(f( Z F(Y3.0) — vo(£(..6)) (15)

uniformly in 0, in probability.

The next theorem precises the variation of the process (Y.])
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Theorem 4.2: Under Assumptions (A1)-(A5) and (AH), with dy = p~,a €
(1,2], (Ax = px ) we have

kN72
IN(F(0) = e > FOL 00 Y8 = Axb(E ) D0 (16)
EnAn st
uniformly in 6.
The late result deals with the quadratic variation of VY.
Theorem 4.3: Assume (A1)-(A5) and (AH).
(1) If oy = p™ with a € (1,2) (Ay = py ®), then
= _ j—1 J+1l _ yi)2 z 2
QN (f(-6) = -5~ ; FOTTLOOTH =Y = Su(f(0)0%),
(17)
(2) If on = p5* (AN = =), then
- 2
QN (f(.0)) == Sr(f(0)0%) +20"0(f(,0)). (18)

uniformly in 6 € ©.

The proofs of these two last theorems are based on the results of Proposition 3.4
and Lemma A.3 in the Appendix. Theorems 4.2 and 4.3 can be compared to the
following results from [16]:

kn—1
1
knAN Z f(XjAN7 9)(X(j+1)AN - XjAN - ANb(XjAN)) - OP(1)7 (19)
=0
1 kn—1
e > F(Xjaw O)(Xganay — Xiay)? = w(f(,0)0%) + op(1). (20)
=0

Theorem 4.2 gives the analogous result as (19), under the condition 6y = py®,
a € (1,2] and provided that we introduce a lag to avoid correlation terms of order
Ay (if no lag, the limit is not 0, see for instance [11]). Theorem 4.3 underestimates
vo(f(.,0)0?%) because the variance of (ji1 n + (jo,n (see Proposition 3.4) is equiv-
alent to %A ~ and not to Ay. For oy = pj_vz, an additional bias appears due to the
noise.

5. Estimation by contrast minimization

The main results about minimum contrast estimators using local means are de-
scribed here. The contrasts presented in this section are inspired by the works
of Kessler (see [16]) and Gloter (see [9] and [11]). They derive from the log-
likelihood of independent Gaussian random variables of mean X(;;1)a, — Xjay —
ANb(Xjay, k) and variance Ayo?(X;a.,\) previously used to build a contrast
for directly observed diffusions. Some corrections are needed to deal with the local



November

2,

2012

16:8 Statistics: A Journal of Theoretical and Applied Statistics

favetto_contrast_noise_V2

8 Benjamin Favetto

means (Y.J ), mainly justified by the asymptotic behaviour of the quadratic vari-
ation in Theorem 4.3. These constrasts have been modified in [11] to deal with
parameter estimation for integrated diffusion processes.

5.1. Definition of the contrasts
Define

k:N—Q ]—‘,—1_ j_ j—l K 2 .
ZOEDS {M?’N - +1og<a2<Y.ﬂ—1,A>>}. (21)
J= ’

When oy = py® with a € (1,2], let en p(z,A) = o%(2, \) + 3A?p2 and define

ky—2 j+1 j j—1 2
3 (YT —Y) — Anb(Y k) -
P — ; ’ j—1
HO= % {%N enp (YN sl 1A (22

We have imyn_o0 cnp(2,A) = cp(x, A) with ¢,(z,\) = 0(z,A) if 1 < o < 2 and
cp(z,N) = o?(z,\) + 3p? if @ = 2. Let Ox and 6%, be the associated minimum
contrast estimators, defined as any solution of

O = arginf Ex(0) and 6%, = arginf £5.(6). (23)
USS) 0€e

Theorem 5.1: Assume (A1)-(A7), and consider Oy and é?v defined by (23).

(1) If 6y = py®, a € (1,2), the estimator Oy is consistent: O — 0 in Py,
probability. A
(2) If a € (1,2], the estimator 6%, is consistent.

Note that point 1 does not require the knowledge of p.

The parameter « links the number of observations py in a subsample and

the length Ay in the time-interval of this subsample, as Ay = pyony = (517
Tuning « depends on the total number of observations, to deal with a rather
large number of observations in each subsample and denoise sufficiently each local
mean (See Table 1 in Section 6 for a numerical example).

The limit value @ = 2 is determined by the apparition of the variance of the
additional noise: there is not enough observations in each subsample to neglect p.
Hence, the choice of the contrast £, is motivated by the second result in Theorem
5.1.

5.2. Estimation with unknown observation noise level

Assuming (B1) with unknown p, we consider the estimator p3, =
7 Z (Y(z+1 — Y5, )2, which is the half of the quadratic variation of the

observatlons
Lemma 5.2: Assume (A1)-(A5) and (B1). Then we have p3 N p%, when

N — 0o, with o5 — 0 and NSy — oc. If, moreover, N6%, — 0, VN (p% — p*) —
N(0,3p%).
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The minimum contrast estimator éfi,” based on the constrast SJQ,N (0) satisfies:

Corollary 5.3: Assume (A1)-(AT), (B1) and 6y = py™ with a € (1,2]. The

estimator 9%” 18 consistent.

6. Examples

In this section, simulation results are given for several examples of diffusion models
on simulated data.

6.1. Exzample 1. The Ornstein-Uhlenbeck process
The hidden diffusion solves

ClXt = I"»'Xtdt + )\dBt (24)

with k < 0 and A > 0, and X is deterministic or follows the stationary distribution
of X. We consider several distributions for the noise. A

In this model, we can compute explicitly the estimator 8y by minimizing the
contrast. With the expressions of 0,En(0) and 9 En (), we find

k’N72
. 3 : : :
2 11 . —1)2 2 :
W gy & T AR R
-l ‘ .
Av (v

We can replace A2y by

kn—2

_ 3 . . . _

Moo= gpons 2 09T =Y =358 0y, s Af = Xk = 0p(1).
=1

In Tables 1-5, the common distribution of ;5 is AM'(0,1) and Table 6 presents
some results with other distributions. Tables 1, 2 and 3 give mean and variance
of Oy for different values of 0, and N (6 = p~%). The values of the parameters
are kg = —1,\9 = 1,p> = 0.5. We have used 500 replications, and we give the
empirical mean and variance in parenthesis.

N =5000,6 = 0.01 (N6 = 50, N62 = 0.5) g = —1, Ao = 1, p2 = 0.5

a=117(p =50,k =100) «=15(p=22,k=227) a=_2(p=10,k = 500)
7in (102 Var) -0.58 (1.53) -0.76 (2.75) -0.82 (3.26)
A2, (102 Var) 0.76 (1.19) 1.07 (1.25) 0.86 (2.61)

Table 1. Influence of the size of blocks on the estimators, Ornstein-Uhlenbeck model.

First, we remark that the empirical variance is larger in the case o = 2 than in
the other cases. The parameter kg is always underestimated, but the estimation
of kg is clearly improved as N grows, and § is close to 0. The estimation of \g
is better in Table 2 than in Table 1, and similar in Tables 2 and 3. The variance
decreases strongly in the case a = 2.
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N = 20000, 5 = 0.005 (N§ = 100, N62 = 0.5) ko = —1, Mg = 1, p? = 0.5

a=135(p =50,k =400) a=15(p=34k=588) a=2(p=14,k=1428)
kn (107 Var) -0.74 (1.08) -0.81 (1.47) -0.87 (1.51)
A% (10® Var) 0.95 (3.87) 1.05 (3.88) 0.92 (11.07)

Table 2. Influence of the size of blocks on the estimators, Ornstein-Uhlenbeck model.

N = 100000, 8 = 0.001 (N§ = 100, N62 =0.1) kg = —1, Ao = 1,p2 = 0.5

o =1.3(p =200,k =500) a=L15(p=100,k=1000) o=2(p =32,k = 3125)
%in (102 Var) ~0.81 (1.36) -0.89 (1.49) -0.96 (1.95)
A2, (103 Var) 0.90 (2.74) 1.02 (1.99) 0.92 (3.85)

Table 3. Influence of the size of blocks on the estimators, Ornstein-Uhlenbeck model.

In Table 4, we study the influence of the noise on the estimators, in the case
a = % We use 500 replications, with § = 0.001 and N = 10°, and we give the
empirical mean and standard deviation in parenthesis.

N=10%,0=103,a=15,kp= -1, =1

p? =0.1 p?=1 p? =2 P’ =5
iy (10% Var) | -0.91 (1.49) -0.89 (1.50) -0.86 (1.75) -0.83 (1.52)
A% (10° Var) | 0.96 (1.71)  1.17 (2.92)  1.47 (4.33) 2.37 (13.42)

Table 4. Influence of the observation noise variance on the estimators, Ornstein-Uhlenbeck model.

A strong bias appears for Ay when p? is bigger than 1, whereas there are no sig-
nificant changes in the estimation of the drift parameter k. The empirical variances
for the estimation of Ay also increases: the presence of noise in the observations
contaminates the estimation of the diffusion coefficient in this case.

In Table 5, we study the influence of the value of the diffusion coefficient on
the estimators, in the case a = % We use 500 replications, with § = 0.001 and
N = 10°, and we give the empirical mean and variance in parenthesis.

N=10°,0=103a=15,kp=—1,p> =1

M =01 A =05 N=1 N=2
kn (107 Var) | -0.81 (1.48) -0.87 (1.54) -0.90 (1.64) -0.89 (1.62)
A% (10° Var) | 0.23 (0.12)  0.58 (0.78)  1.01 (1.95)  2.01 (6.93)

Table 5. Influence of the diffusion coefficient on the estimators, Ornstein-Uhlenbeck model.

The smallest value of )\3 is overestimated by A2 and this result confirms the
ones of Table 4 about high levels of noise. For the other values of A2, no bias is
observed.

We finally study in Table 6 the influence of the distribution of the errors on the
estimators. We choose in this case a = %, ko = —1,A = 1,p> = 0.5 . We use
500 replications, with 6 = 0.001 and N = 10°, and we give the empirical mean
and standard deviation in parenthesis. We make the appropriate corrections on
the distributions of €;5 to have unitary variance.

We observe that, except in the case of a Uniform distribution, the estimators
give results close to the Gaussian case. For the case ;5 ~ Uniform(—\/g, \/g), a
significant positive bias is observed, and the variance is larger in this case than in
the case of Gaussian distribution.

These simulations point out two facts : first, the value a = % for the local mean
size parameter appears as a good compromise, with a bias in the estimation of

lower than the bias observed for values of « close to 1, and an empirical variance
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N =106 =10"3,a =15,kp = =1, = 1,p*> = 0.5

N(0,1) Laplace((),%) Uniform(—+/3,/3) Logistic(O,?)

&y (102 Var) | -0.89 (1.65)  -0.90 (1.52) -0.87 (1.53) -0.89 (1.65)
A% (103 Var) | 1.02 (2.11) 1.02 (2.18) 1.31 (3.45) 1.02 (2.10)

Table 6. Influence of the distribution of the noise on the estimation, Ornstein-Uhlenbeck model.

on simulations lower than the variance observed for @ = 2. The second remark
concerns the number of observations: for N = 5000 observations, k is underesti-
mated, for all the values of a considered. Thus, the context of high frequency data
requires a large number of observations, with a very small discretization step, to
be taken into consideration.

6.2. Comparison with a discretely observed Ornstein-Uhlenbeck process

We are interested in the comparison, on simulated datasets, of our method with
the methods based on the direct observation of the diffusion at discrete time (see
e.g. [7] and [16]). To compare the quality of the noise reduction and its influence on
the estimation of the parameters, we compare the results for discrete observations
with noise, based on the minimization of the contrast built on the (YJ') (Tables
1, 2 and 3) with those obtained for the discrete observations without noise, based
on the minimization of the contrast built on the (Xj;s,). In both cases the same
datasets of N observations with a Jdy-step of discretization are considered. The
hidden diffusion (X}) is an Ornstein-Uhlenbeck process (24). The results based on
the direct observations are given in Table 7.

a=1.5,k9 = —1, 9 = 1, no noise
N =5103,§=10"? N =210%0=5.10"% N =10°,6=10"3
iy (Var) -1.04 (0.21) -1.02 (0.13) -1.01 (0.14)
A3 (Var) | 0.99 (1.98 x 1072) 0.99 (9.80 x 1073)  1.00 (4.30 x 1073)

Table 7. Parameter estimation with direct observations of the Ornstein-Uhlenbeck model, for several numbers
of observations.

The estimation of kg is better for a direct observation of the diffusion, but in
this case, the whole set of N observations is taken into account, whereas the size

of the set of local means is ky = N(Sf,.

6.3. Example 2. The Cozx-Ingersoll-Ross process

Consider the one-dimensional diffusion process (Cox-Ingersoll-Ross process), solu-
tion of

dX; = (kXt + ) dt + \/ X d By, Xo =, (25)
with Kk < 0, ¥ € R and A > 0, and 7 a positive random variable independent of

(By)-
We assume that the observations at time tg < --- < ¢ty are given by

}/ti = Xti eXp(Eti)

where (g¢,) is a sequence of independent N (0, p?) random variables. Hence the noise
is multiplicative, and the observations remain positive. We consider U;, = log(Y;,)
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to have real valued observations. The process Z; = log(X;) solves the stochastic
differential equation

2
Z
dZ; = (k+ (K — %) exp(—2Z))dt + )\exp(—?t)dBt.

We set k" = k' — /\72

In this case, the scale density is s(z) = exp ( —2—'36‘6 — 2)\2 x) and the speed density
is m(z) = 3 exp (( ‘4 1)z + 3e”). Provided k < 0 and 25 "+ 1> 0, Assump-
tions (A2), (A3) are ensured, and (A4) holds with n ~ 1. However, Assumpt1on
(A1) does not holds, but 6y is explicit, and the consistency can be proved directly.

Explicit expressions for the estimator Oy = (AN, K N, 5\?\,) are derived: (Ry, K" N)
is solution of the system

AN Z?IZV;Q exp(Yd ™) Ankn . AN\ _ 2521—2 exp(Yj_l)(YjH‘ —Yd)
Ankn Ay Y2 exp(-viTh) ) \ K SN - YY)
and
kN—2
8= =2 ST exp(YITY) (VI = Y — An (i + /'y exp(—YI))2.
2kNAN j:1 [ ] [ ] [ [ ]

Recall that the following explicit expressions for the estimator Oy =
(RN, K'N, A%;) are available when the diffusion (X;) is directly observed ([16]):

AN ZkN_2 Xia AkaN ( RN ) _ kZ§£;2(X(j+1)AN — Xjay)
Anky AN Yt K'N ST A (X Ginay — Xjay)

Xia JIAN

and
1 kn—2 1
5\2 - X(j - Xj — An(EnvX ! 2
T kvAy ]z; XJ‘AN( U+DAN JAN N(ENXjay + K'N))

Simulation results are presented in Table 8 (with noise) and Table 9 (directly
observed). For this study, = 500 trajectories are simulated with parameters
Ko = —2,K( = 3, Ao = 4 ,0 = 0.5, and then s = 1. Due to the sunulatlon study
for the Ornstein- Uhlenbeck process, we have chosen the value o = 2 as local mean
size parameter.

ko= -2,k =1, 0 =4,p>=05a=15

N=510%6=10"2 N=210%6=510"° N =10°,0=10"
N (107 Var ) -1.43 (6.28) -1.56 (3.14) -1.78 (3.37)
a 7 (102 Var) 0.99 (4.57) 1.03 (2.12) 1.13 (2.44)
)\2 (10% Var) 4.23 (37.61) 4.35 (15.15) 4.40 (8.15)
Table 8. Parameter estimation for the Cox-Ingersoll-Ross process with a multiplicative noise for different values
of a.
In Table 8, we observe that xj = 1 is well estimated, Whereas the estimation of

Ko is negatively biased. The emplrlcal variance, for Ay and &% decreases between
N = 5000 and N = 20000 observations, but there is no 51gn1ﬁcatlve improvement
between N = 20000 and N = 100000 observations. For the diffusion parameter Ag,
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the estimator Ay is positively biased, with a variance decreasing as the number of
observations grows.

These results can be compared with the case of direct observations, given in
Table 9.

ko= —2,Kkh =3, 0 =4,a=15p2=05

N=51036=10"% N =210%0=5.102 N =106 =107
~ (107 Var) -2.04 (11.03) -2.03 (6.65) -2.46 (53.45)
i’y (10% Var) 3.02 (13.47) 3.03 (8.17) 3.45 (65.44)
A%, (10% Var) 4.11 (0.95) 4.05 (0.20) 4.01 (0.36)

Table 9. Parameter estimation for the Cox-Ingersoll-Ross process with direct observations for different values of
a.

Notice that there is no bias in the estimation of kg and k; for N = 5000 and
N = 20000, contrary to the noisy case. Moreover, the estimation of )\(2) is more

accurate, with a lower empirical variance for )\?V.

7. Concluding remarks

The contrasts presented in this work give associated estimators for parameters
involved in a non-Markovian setting: one-dimensional diffusions observed with a
noise. The consistency of these minimum contrast estimators is illustrated on sev-
eral simulations, and the estimated values are close to the values obtained for a
direct observation of the diffusion, without specific assumption on the distribution
of the noise. The asymptotic normality is studied in a companion paper [4].
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8. Proofs

The following lemma, based on elementary computations, is mentioned in [9] and
summarize the properties of the random variables §; y and 5;» +1,v defined in Section
3.

Lemma 8.1:  The random variables {; v and £§+1,N are independent and gaus-
sian; £ N s Q]]-\jrl measurable and independent of QJN; §§'+1,N 18 gj{’w measurable
and independent of QJJ»YH. We will use the following expectations:

E(&n107) = E(g]11n197) =

E(&3 N\9N> E(¢; HN\QM
[E((m—f) \9N> E((¢ §HN 1) rgN> 2,
E((€2y — D)€ N|gN>—[E<<5gHN—§> N|9N> 0,
E(gnE nIGN) = L.
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It is useful to introduce the intervals I, v := I = [JAN + kén, jAN + (K +
1)on), for k =0,....,py — 1, j = 0,...,knx — 1, which satisfy for all j, if & # £’
IixNIjy =0and for j #j and all k, &', I;, N I p = 0.

Lemma 8.2: The random variables (j41.n and C;'+1,N are G(j41)a, measurable,
<J/‘+2,N is independent of G(j11)a,, and the following holds:

1 pn—1 1 pn—1
N = — ST (k1 / dBy, 'y = — 1k / dB,. (26
Ci+1,N o Z( ) Gjt2,N o Z (PN ) f (26)

k=0 ik k=0 Gtk

Moreover, we have

! ! A 1
E(GNIGY) =0, E(GaanlG) =0, E(GunGnld)) = = (1 - 192) ’
N

1 1
(G0 = 8 (54 o+ o )+ E(Gaw6) =bx (3- 5+ o

3 2pn  Opy

Proof of Lemma 8.2 Using (8), we can rearrange terms to exhibit non-
overlapping intervals, hence conditionally independent variables, and obtain (26).
Afterwards, the proof is achieved by elementary computations. O

Proof of Proposition 3.1 First, note that, as (X, ¢ > 0) and (egs, ) are inde-
pendent, for [ =1, 2,

E(e! n[Hjn) = E(el nIGjn)-

Thus we study the expectations given G; y. Using Ay = pndy yields

pn—1
Rjn=X;-X]= Z / XjAn+ksy )ds.
pN =0 X

J

Then,

Rj N / / (b(Xy)du + o(X,)dB,,) ds.
’ [)N 5\ I, JjAN+kSN

By the Fubini theorem, we get

-1
1 PN
Rin =Von | — Y o(Xjantkon)Chjn | +ein
PN =0
where e; vy = oy + BN, with
1 pal
]7N = N Z / ]AN + (k + )5N - S)( (XS) - O-<XjAN+k6N))dBS
k=0

and

PN 1
BjN = / / w)duds.
! 6N I JJAN+EKON ( )
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Under Assumption (A1), we have |8 | < cdn (1 + supsepjay,j+1)ax] [ Xs])- And
for all p > 0, by (6),

E(185,n[71G7) < e (14 | Xjan[?)-
Also [E(ozj,N|g]N) =0, so we get |[E(ej,N|g]N)| < dnc(l 4 |Xjayl]). Furthermore, we

get with the Jensen inequality, the Ito isometry and the Fubini theorem

pn—1
E((ajn) ‘gN <c— Z/ (XjANJrkaN))Q\g]]‘V)dS
k=0 *1ix

]

With Proposition A.2 in the Appendix, it comes [E <\aj7N|2}g]N> < 0801

|X;a,|?). This implies the result. O
Proof of Proposition 3.2 We have

where ee/ is independent of ’H;V . Proposition 2.2 in [9] states that, using the random
variables (9),

Xj— Xjay = 0o(Xja )WANE N+ &N

with |E(g;,n[HY)| = |[E(éj NG < eAn(1 + |Xjayl) and E@ y|H]Y) =
E(e ]N\QN) < cA2 x(1+|Xja, [)- With Proposition 3.1, setting e} y = e; N + €N,
we get the first part of Prop081t10n 3.2. Now we need to prove that, for some ¢ > 0
E(Irin | #7) = E (I l| 61) < o1+ 1X58,0") (27)
where
1
TjN = — Z U(XjANJrz‘zSN)fg,j,N
PN 50

and & ; v is defined in (10). With elementary computations on conditional expec-
tation, we get (see notation (7))

PN—

E (Irinl6)) < Z o (Xjav+ion)IEEL ) v 19580401

[en]

As & ; v is independent of Gja +isy

pn—1

1
E (\Tj,N\k’%N> <o D E(L+ [ Xjayvisy [FIG))

=0

which implies (27). Finally, IE(|5{|k|H§V ) = E(|e2|¥) because &) is independent of
HY. O
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Proof of Corollary 3.3 We have, with Taylor’s formula (order two):

D] f(Y] 9) f( JAN> ) 8f( JAN> )(W_XjAN)+2a:%:cf(Z79)(Yoj_XjAN)2

with Z € (Y.] , Xjay)- Then, with the Cauchy Schwarz inequality, using that the
derivatives satisfy (C1), and Proposition 3.2, there exists a constant ¢ > 0 such
that, for all 8 € O,

[E(D;|HY)| < (1 + | X, ) E(E) v H

+e(1+ | Xjay | + o/ E(
< cAN(1+[X;a,[%)

+e(1+ [ Xjay |+ py/ E((£2)2))

X(AN(L+[Xja, %) + P E((€)1):

)
DOWVET = Xja 1))

HN
((e

With Taylor’s formula (order one), there exists a random variable Z € (Y.J DTN

and a constant ¢ > 0 independent of 6 such that D2 (8:£(Z,0))2(Yd — Xjny)?
and

D3 <c(1+ sup [ Xo* + P2lElP) (YT — Xjay )2
s€[jAN,(GHAN]

Using the Cauchy-Schwarz inequality and condition (C1),

E(DFIHY) < c(1+ | Xjay > + pPE(E)) (AN + X ay ) + 2V E((ED)Y):
Analogously, D = (8, f(Z,0))*(YJ — Xja, )t and

D} <c(1+ sup (Xl Yl (VY = Xjan),
s€[jAN,(j+1)AN]

with ¢ independent of 8. Using the Cauchy-Schwarz inequality, it comes

E(DJIHY) < e(1+ | Xjay|" + p'E(E) ") (AR (L + 1 Xjay ") + 2" VE((ED)®)):

O
Proof of Proposition 3.4 In this proof, we study all conditional expectation
given QJN as they are identical to conditional expectations given ’H;-V in all the
terms involved below. We have

VI - ¥E = X - X pled - ed).
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Setting C; = X2 — X and rearranging terms yields
& L

-1
1 PN
Cj=— > (X(r1)anrhin — Xidn-rkin)
PN 1
1 pv—1lpn—1
=— dX,
PN kZ:O 1=0 /Ifk+l
1 pn—1 1 pn—1
=— > (k+1) [ dXi+— > (py—k-1) dX,
PN 120 L N k=0 s

‘We use

/ dXs = b(Xjay+koy)ON +/ (b(Xs) = b(Xjax+ksy))ds
Ij,k Ij.k

o(Xjaveisy) [ dBot [ (0(X0) = 0(X5a has,))dB.
Ij,k I]'_’k

By splitting Ay into Ay = (k+ 1)0n + (py — k — 1)dn for all k, we get (see
notation 8)

= O-(XjAN)(CjJrl,N + C]/'+2,N) + Tj N —+ p(gj.+1 _ Ej.)

where 7; v = 4: 7 and for £ = 1,....,4, 7O =0 1O with
s /=1 ],N j,N _],N ],N
m _ 1R~ ~
TN Z (k+1)n(b(Xjay+ksy) — (YY), (28)
PN R
m _ 1RS ~
sin=—)_ (on—k—1)0N(b(Xinantrsn) — b(YT)), (29)
PN =0
@ 1=
= e 3 e Do(Xianis) [ dB = o(Xa )G (30)
PN 120 Lir
@ 1=
siv=——_(on—k—=1)0(X(j11)Ay+kox) dBs — 0(Xjay )2, (31)
-]7
PN =0 Tjtak
@ 1=
SUEE D SICREIY I UC ARTC FPN) (32)
PN 0 Ik
@ 1=
=S on k1) [ (00 = b)), (33)
PN 2o Livaw
(4 1 pn—1
= ST k) [ (00X~ 0(Xjaa)MB (39
PN 0 Ik
w 1
= LS oy k1) / (0(X.) — 0(X 1180445, ))dBs. (35)
PN 120 Lo
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(0

We mainly treat the terms TiN because the others are analogous. We have
[E(T';?V’gjjv) =0 and [E(Sg}éj)v|gjjv) =0 for ¢/ = 2’4 Next,
1 Pl
(A1) < oo 2 (k+ DONEG 8 0s0) = b(O)IG)]

k=0

We use, for Kk =0...py — 1 and s € I, the inequality

[E(B(Xs) = b(Xjay+ron )G )] < AN (1 +[Xja, ).

With (13), it comes |[E(rj(1]2,\QJN)] < AN(AN(1+ | Xjay?) + P2/ E((eD)4)). Then,
with the Fubini theorem, we derive |[E(T](3]\)[|QJN)| < A% (14 |X;a,[?). Hence

|[E(7'j,N|ng)| < ANAN+ | Xjan?) + 02V E((ED)4)).

Now we deal with [E((r]“]{,)ﬂgjfv) With Proposition 3.3 and the Cauchy-Schwarz
inequality, it comes

E((0(YJ)=b(X;jan))*1G)) < (14| Xjay P+ E((ED) ) (AN 1+ Xjay ) +07 E((£d)4))-

Applying the Cauchy-Schwarz inequality, and after elementary computations, we
obtain

1 ; j
E((r)216Y) < A% (14 X a0 + P2E(()2) (AN (14 X5, ) + 02 E((£5)4).
With analogous techniques, we have

E((ri)?0Y) <edl sup  E((b(X.) — b(X;a,))2IGN)
s€[jAN,(j+2)AnN]
< eA}(1+ X a, 1),

Using Lemma 8.2, we obtain

iy
rB == 3 b+ D(0(Xja k) — 0(Xjay)) / dB,,
PN P I
1 pn—1
55721)\7 = (pn =k = 1) (0 (X(jp1)Ay+hon) — U(XjAN))/ dB;.
PN k=0 Livix

Thus 7%, = [ATV2Y f(s)dB, with

pn—1

£5) = — 37 (b + 1)(0(Xjan tksx) — 0(Xian)) 11, (5) (36)
PN =0
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With the Ito isometry and the Fubini theorem, we have

E(r26Y) = ij b+ D20NE((0(Xansi5a) — o(X;a))2GY)
k=
2 (1

2
PN
A ‘X]AN| )

We use similar techniques with r](-flj)\, and sfj)\, to obtain

E((r )+ ()°16)) < AR (1 + X a,l").

Collecting terms, we get the bound for E(7; N\QN ).
Now, using (28) (8), Lemma 8.2 and the Cauchy Schwarz inequality we have

EC{G 10193 < ARG 201050 — b)PIG).

Corollary 3.3 implies

IN™

EGS R GnlGN)] < cA]%v(H!XjANIer\/ E((2))) (VAN L+ X ay ) +oE((ED)))5).

The same inequality holds for [E(T](»}K/CJI‘H,NWJN), [E(sg-}J)VCjH,NWJJ-V) and
1
EsynGiaanlG)):
We can write (j11,8 = f(jH VAN 4(s)dB, with g(s) = o LS v H 1+ 1)1, (s).
Using (36) and Corollary 3. 3 we obtain

Er 2 ¢GnlG)) T Z 120N |E(0(Xjantrsx) — 0(Xja)GY)]
N

[ /\

k=
An(1 +IXjANI+02[E((6Z)2))(AN(1+IXjAN|2)+,02 E((e2)4))-

The same inequality holds for |[E(r](2]2,§j’ Lo, Nyng ).

(3)

For r;’y (see (32)), we use the Cauchy Schwarz inequality:

1

gjv)

EGS 1m0

1 3/2p
Z )L+ 1)8% < sup (b(Xs) — b(XjAn+kon))?

T
N i=0 €Lk

Hence
3 G 1 XAy
|[E(]](‘,J)\7Cj+1,N| ]N)| < CA2N( + [ Xja |2)

3
Furthermore [E(r](.7]2,C]'<+27N]g]]-V) =0.
With the Fubini theorem and the Ito isometry, we have

1
1 PN—
Er D Gnia™) = - 3 (k+ 1) / E(0/(X) — 0(X;aniks0)|GN)ds
PN =0 Lk
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Introducing Lf = %Qf” + bf’ yields

S 1 S
0(Xs) — 0(Xjan+kon) = / Lo(X,)du + 2/ o(Xy)o' (Xy)dB,.
JAN+KON JAN+ESN

Therefore, |E(o(Xs) — J(XjAN+k5N)|QJN)] < eAN(1+ |X;a,|*) which implies

4
|[E(r§"]2[<j+1,N|gjv)’ <AV (14 [Xjaylh).

Furthermore [E(r](-?,q» +2N|QJN ) = 0. The terms containing s§3])v and 55.4])\,
are treated analogously. This gives the bound for ][E(Tj,NCj+17N|QJJ-V )| and
E(7.8 o, |G-

Finally, we have to bound the fourth order conditional moment of 7; 5. We

only study the terms rt ]2, and rj( ]27 Using (36), the Burkholder - Davies - Gundy

inequality and Prop031t10n A.2, we have

(2) \4|~N U+DAN 2 ’ N
E((r®)4GY) < o / f(s)%ds | |G}

JAN

ScARE(  sup  (0(Xs) = o(Xjay))tG)) < AL+ [ X a,lh).
s€lidn,(+1)An]

With similar computations, we derive [E((TJ@K,)4 + (rﬁ)‘*\gj\f) < AN (14X a,]Y).
Using Proposition 3.3, we get

4 pv—1

E(r3)16)) £ 20 3 b+ DIE(B) — (Xja0005.)16)

k=0
(141 Xa5]" + P E(ED D) AR+ [Xjay ) + o VE((ED)))-

Analogously, using Proposition A.2, [E((rj(:”}v)ﬂng) < A (1 + |Xjay[h). Finally,
we get the bound for E(7; N|QN)

Proof of Proposition 4 1 By Lemma A.1, it is enough to prove the L' conver-
gence to zero of

kn—1
sup — fYJ — f(Xjay,0)|
e 2 1 (¥iav-0)

By Taylor expansion and condition (C1) we derive the bound

Aj = sup [f(YT,0) = F(Xjay, 0)] < c(U+ [Xjay| + [YIDIYS = Xjal.
€

Hence, the Cauchy Schwarz inequality and Assumption (A2) imply

E (A;|HY) < el + | Xja,] + m/[E((eZ)2))\/[E (|Y.j - XjANP\ H;.V).

Then, with (12), Assumptions (A5) and (B1), and E((¢})2) = z%’ the result holds.
g
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Proof of Theorem 4.2 We have
N 1 kN—2
In(f(.,0)) = In(f(.,0) + Y ST OANBYT) - b(YITh),
kNAn =

where In(f(.,0)) = 5= S¥ 2 VN (0) with VN (0) = f(Yd~ 1 0) (v —vi —

Anb(Y{)). We only need to prove that In(f(.,6)) — 0 in probability, uniformly in
§ € O, as the second term is op(1), uniformly in 0. As VjN(G) is ”Hﬁz—measurable,
we split the sum into three parts

kN—2
dDvin@®) = > Vun®+ D Van@+ D Viyan(0).
i=1

1<3j<kn—2 1<3j+1<ky—2 1<3j+2<ky—2

We treat only the sum with indexes multiples of 3 and set:
1 2 3
‘/31]\7(9) = Uéj,)N(e) + Uéj,)N(e) + Uigj,)N(a)
where

U:%')N(@) = f(Y.ijl, 0)o (Xzja5)(Gajr1,v + C3jt2.N);
U3j N(H) = f(YQSJ'_17 H)p(€§J+1 - 62])7
v () = FYIL,0)ms .

In order to prove the pointwise convergence in 6 to zero, we use Lemma A.3. As

1 1 P
Y- ng Ay are M) N_measurables and 3’ ™! — 3 is independent of Hé\g, we have

E( 1)3] N (0)|HE ;) =0 and [E(véjN( )\’ng = 0. By Proposition 3.4,

[E(rsjn |H3))| < eAn (1 Xajay P+ E((eF) ) (AN (1 X5a4 ) +0° E()Y).

Using (A4), this implies ﬁ D 1<3j<kn—2 [E(véi’)N(Q)]Hé\;) = op(1). We also have
to verify for £ =1,2,3, -

kn—2

1 () 214N
s > E((0) ()2 HE) = op(1).
(kvAn)? & y y
For £ =1, we have
LY B Rem)
2 j
bNAN)* | i
= (knAy)? Yo fYTL0 o(Xsia,)°E ((cng,Nug,jH,N)?(Hgg)

1<3j<ky—2

1 2 ‘

NS Fn Y371 0)20(X5ia.)2 = op(1).

— Nén ky 1<3; f( M ’ ) U( 3]AN) OP( )
<3j<kn—2
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For ¢ =2,

1 2 )2 N 1 31 N2 20/ 3j+1
3 E((v OHY) = 73 >, FI L0 E(edt

2 Z 3j N 3j 2 . ’ .
(knAn) 1<3j<kn—2 " (knAn) 1<3j<kn—2
_ 2p2 i Z f(}/.3j71’ 9)2
NonpNAN kN

1<3j<kn—2

As pnAN = p?\,—a, with 1 < a < 2, the above term is op(1).

For ¢ = 3,
kNAN T 2 B2 O)1ME) = Z o3 1) [E(q-Q,Nméi»):oP(l),
j=1

using that, by Proposition 3.4, A;VZ[E(TJZNH{;-V) is Op(1).
To obtain uniformity in 6, we shall use Proposition A.4 and evaluate
sup yey E(supgee [99In (fo)]). To study

kn—2

VN (6),
kNAN; bV (0)

OpIn(fo) =

we use the same method, split the sum in three parts, and define:

WO = Y o),

knA
NEN 3 <ky—2

The sum for ¢ = 3 is the simplest. With assumption (C1) for dyf, we deduce
[E(Sup 105053 (O)[H5)) < c(1 + [YI )\ JE(TS, I HED).
With the Cauchy Schwarz inequality, we have

E(sup 000l (O [H3) < e/ B0+ YN+ Xy |+ o E()2)
(VAN + [ Xaian ) + 0 (E((9)") )

and with Lemma A.1 and (A4)-(Ab5), this implies

N

sup E(sup ](995](\?)(6)\) < 0.
NeN 0eO

We cannot use the same method to study S%)(H),f = 1,2. Instead, we use
Theorem 20 in Appendix 1 of [14]: it is enough to show that, for ¢ = 1,2, there
exists two constants M > 0 and € > 0 such that:

Vo€ O,YN eN, E(SVP) <M (37)
and V0,0 € ©,YN €N, Dy(0,0') < M|0 — 0|2+

where Dy (6,0") = [E(’S](f)(g) _ S%)(@/)‘QJre)_

—e)?)
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For ¢ = 1, using the Rosenthal inequality for martingales (see [13]), we get, for
any € > 0:

145
(1) gy12+ey < 1 (1) 2| N
HISK O < gt |20 E(C8NO[)
1 M) g2+
+ e E(vg,;/n (0)]77)
(knApn)?te 1<3§N2 33N
Then it comes:
145
1 < 1 143
E Z E ((Ui(ij,)N(e))2)Hé\§> <k} Z E (‘[E <(U:(;j,)N(9))2‘H?J,\§') ) >
1<3j<kn—2 1<3j<kn—2

With E((Gaj1,8 + Chran)2HY) = Ay (1 -1 (Pg;l)) Assumption (A5) and
(C1), we derive

SJU]\I?[E (‘[E ((v:%,)N(H))Q‘ ’Hé\;) )H;) < CA}V% and s]u]\I;[E (‘vi%,)N(e))HE) . cA}Vﬁ_

Hence

2+€ 1 1 1
E(|sP ) <c -+ -— | .
<‘ v )’ (kvAN)™*E 0 (kvAN)TTE g2

The study of Dy(6,6’) is analogous, so (37) holds. This implies S](\})(H) = op(1)
uniformly in 6.
We use similar tools for SJ(\?). With the Rosenthal inequality, we have

1+£
. 1
ESY O < apt || 2 E(@n@)|d)
1<3j<kn—2
1 @) (gy|2+e
+ 2Fe Z [E(|U3',N(9)| )-
(knAn) 1<3j<kn—2 ’

; (2) 2| 4N _ 2 37—1 92 Y 372
Hence, with [E((vgw(e)) \’ng) = 222 f (Y 0)20(X3ja, )PE((eY)?) and
E((e¥)?) = z%’ and Ay = pi®, we obtain (37). Finally In(fs) = op(1), uni-

formly in 6. O ' ' '
Proof of Theorem 4.3 Let W; y(6) = f(Y.J_l,@)(Y.ijl —YJ)%. By Proposition
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3.4, we have W; y(0) = 26:1 wj(ZEV(H) with

wih(0) = FYI™1,0)0(Xja0) (Cary + Can)

W (0) = FT0)2 (e — el

W (0) = SV ) (AND(YI) + 730)?

W (0) = FOVT1,0)20(X;a0) (Grn + o n)p(el — )

Wi (0) = FOT 0020 (X0, (G1.x + o) (ANBOYD) +730)
W (0) = F(VI,0)20(3" — ) (Axb(Y) + 730),

where we recall that Yd _1, Xja, are Hév -measurable and 3! — &] is independent

of H;V . Therefore, splitting again into three parts, we consider, for £ = 0,1, 2,

: 1
7 (0) = wl (8 fori=1,...,6.
en(0) =15 1§3j+ze£lm st N ()

We start by studying TO(R[(H):

By (O)H3) = FOP,0)0(X318,)"An <1_;<p?§%; 1))

and

- 92 1 2
E((wly (0))21H5)) = 3£ (Y 71,0)20(X3ja, ) A% (3 + ?)102> .
N

Applying Lemma A.3 with Lemma A.1, we get, for all 6, Té%(@) = % X
2u0(f(.,0)0%) 4+ op(1). Thus

T26) + TERE) + T 0) = Sulf(,6)0%) + op(1).

Then, we study Téig,(@):

E(wi (0)[HE) = FYI1,0)pE((e9! - ¥)?)
= 2f (Y7~ 1,9)p2p7v1

and

E((w)y (0) 1) = FYI1,0)2p E((e3H! — €)1
= FYI1,0)%0" (12p32(1 + 0(1)))

Recall that AN—p]lVO‘ 1<a<2 If a <2, with Lemma A.3, T(]zf—OP( 1). But

if « =2, i.e. Ay = —, and p = p, we have TO(?K,(G) =1 x2p%0(f(.,0)%) + op(1).
and

Ti2(0) + T (0) + T2 (8) = 200 (f(,0)%) + op(1).
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We easily deduce from Proposition 3.4, Lemma A.3 and Lemma A.1 that To(, 12,(9) =
op(1). For Téi{,(@), we have

[E(wsj N(OHE) =2f (Y I, 0)0(Xajn, ) PE((Caj41,n + Gypan) (69T — €37) | H35)

Given Hy;, the random variables (3115 +C3; 5 ) and (6371 — ¥ are indepen-

dent, so [E(w3 N( )|H35) = 0. Furthermore
E((wh)y ()2 (M) = 4f (Y ™1,0)20(Xsa, ) 0PE((Caj1n + Chipo ) 2T — e3)2HE)
. 9 1\ 1
=8F(YI L 0)20(X3:0. )2 0%AN [ = + — )| —.
f( ° ) ) U( SJAN) 10 N 3 + 3]9%\[ pN

Then, with Proposition 3.4, Lemma A.3 and Lemma A.1, TO(4]2,(19) =op(1).

We have

E(ng W (OHE) = 2f(YI0)0(Xsa, )E((Cjrn + o n) (AN + 7358 [HE).

With the Cauchy Schwarz inequality,

(i) O] < el F (Y, 0)|o(Xajan ) VA E(ANDYE) + 73y0)2HEY)
VAN AEDYIRIHY) + E(r, M),

< C|f(}/03J 17 9)’ X3]AN

Moreover, with the Cauchy Schwarz inequality,

E((wly (0))°H3) = 47 (Y™, 0)%0 (Xaja ) PE(Gaj1.x + Ghyro n)(Anb(YSY) + 735,0)°H)
< ef (VI ,0)%0(Xaja,) D% E(AND(YY) + 7.0 [HE).

%) = op(l).

Then, with Proposition 3.4, Lemma A.3 and Lemma A.1 T, % = op

With some straightforward computations, T:S(?)N =op(1).
We prove now uniformity in 6 in these convergences, using Proposition A.4. For

wj(ljz,(ﬁ) , we get

with

E(0(Xjan)*(Garn + Cron)?| HY) < cAno(Xja,)>.

With similar arguments for w(z) Nv(0),i=2...6, we derive uniformity in 6. O
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Proof of Lemma 5.2 We have pr — p2 =ay1,N + az N + a3z N Where

N—-1 N—-1
2 1

p
QLN = 5N 1_0{ (i+1)6n — Eion ) — 2}, N = 55 ;(X(i+1)6N — Xisy )%,

N-1
P
N = o Z (i41)5y — Xisn ) (E(i41)5y — Eidn)-
=0
With the usual law of large numbers, a; y = op(1). With Proposition A.2,

o
E(az) < edn (1 +swpE(XP) = 0x0(1),  E((axn)?) < 7
t>

Hence py — p?> = op(1). Moreover, \/]VCLQ,N = VNénOp(1) and \/NCL&N =
VONOp(1) tend to 0 as N — oo for N§%, = o(1). To study the main term, let

us set u; = %(E%N —1—¢&(i—1)55€isy) SO that \/N@LN = Zfi_ll u; +op(1). With

N-1
E(uilesy £ <i—1)=0, Y E(uflers, £ <i—1)=3p"+o0p(1),
=1
[E(u?‘ﬁg&\”f <i— 1) = OP(l)a

we conclude by the Central Limit Theorem for martingale arrays. O
Proof of Theorem 5.1. For this proof, recall that b(.) = b(., ko), c(.) = ¢(., \o)
denote the drift and diffusion coefficients at the true value 6.

The steps of the proof of the convergence of Oy to 6y are similar to Section
4 of [16], and we only give details here for the convergence of k%SN(H) and

ﬁ(é‘]\/(h, )\) — gN(h?o, )\))

Developping En(0) (see (21)) yields:

En(6) = ko { 5@ (5 + P lloB(e(. 1)

s {pon (MR g ()}

Proposition 4.1, Theorem 4.2 and Theorem 4.3 imply that Ex(#) is the sum of two
terms with different rates of convergence. Therefore, to prove consistency of 0y,
we must proceed in two steps as in [16] and [11]. It is enough to prove that, first,

EgN(e) — <C(" M) log(c(., A))) (38)

N—o0 C(.,)\)

in probability, uniformly in 6. This will ensure the convergence of AN to Ao (as in
Theorem 1 of [16]). Second, we prove that

KR)— Y 2
kNlAN(gN(Hv)‘)_SN(&(]v)‘)) N:;O gy()((b(-, ) . b(a 0) > (39)

in probability, uniformly in §. Using Theorem 4.2, Theorem 4.3 and Proposition
4.1, with Ay — 0 we obtain (38) and (39).
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For the second case, we have |cy,(., A) = ¢5(., A)||oo = 0 if @ = 2, and

lenp (o A) = o A)[loo < BAR p% if a € (1,2).

Then, ¢y, converges uniformly (in (x,A)) to c,. Moreover, by Assumption (A7),
¢! satisfies (C1). Thus

len,o(2, 1) 71 = ep(a, )T < ellenp (- A) = o, Moo (1 + [2]*)

and

[log(enp(z, A)) —log(cy (2, \))] < cllenp(A) = ol M)lloo (1 + ).

The end of the proof is identical, replacing Ex by £X and ¢ by ¢, in the limits
(38)-(39).0
Proof of Corollary 5.3. As formerly, we evaluate

”cN,ﬁN('v)‘) - Cp('v)‘)HOO < 3Af‘p2 - ﬁ?\f|

We conclude using Lemma 5.2. O
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Appendix A. Appendix

The following lemma can be found in [11], and precises a result from [16] :

Lemma A.1: Assume (A1)-(A3). Let f € CHR x O), where O is an open
neighbourhood of ©, satisfy

zgg{lf(ffﬁ)\ +[0:f (2,0)[ + 00 f (x,0)[} < C(1 + |z])

then:
1 Rl
E Z f(XjAN,Q) lchéO VO(f(ae)) (Al)
§j=0

uniformly in 6, in probability.

The following proposition can be found in [9] and [11], and the numerical constant
c may varies.

Proposition A.2: Assume (A1) and let f € CY(R) satisfy:
Jy > 0,3c > 0,z € R|f'(z)] < (1 + |z).

Then for all integer k > 1, there exists ¢ > 0 such that, for all j > 0:

E sup IF(Xs) = F(XGa)FIG)Y | < eAZ 1+ [Xa, ")
s€[jAN,(j+1)AN]

In particular, with f(z) = z, we have:

E sup [ X — Xjay [F| G ) < AP+ X a0
s€[jAN,(j+1)AN]

We also recall the following lemma which is given in [8], setting QJN =Giny

Lemma A.3: Let X;\/; U be random wvariables, with X;-V being gjv—measumble.
The following two conditions:

N P
SUNGTECNIGN ) = U,
N— P
Z?:o ! E(()?GN,) =0

. kn—1 P
imply Zjio Xév —U.
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The following proposition is given in [11], to obtain convergences in probability
uniformly in 6.

Proposition A.4: Let S, (w,0) be a sequence of measurable real valued func-
tions defined on 2 x © where (2, F,P) is a probability space, and © is product
of compact intervals of R x R%. We assume that S,(.,0) converges to zero in
probability for all 8 € © and that there exists an open neigbourhood of © on which
Sp(w,.) is continuously differentiable for all w € Q. Furthermore, we suppose that
sup,,en E(supgeg |VoSn(6)]) < co. Then

Sn(0) — 0

uniformly in 0, in probability.



