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Embedding mapping class groups of orientable
surfaces with one boundary component

Lluis Bacardit*

Abstract

We denote by S, an orientable surface of genus g with b boundary
components and p punctures. We construct homomorphisms from the
mapping class groups of Sy 1, to the mapping class groups of Sy 1 (5-1),
where b > 1. These homomorphisms are constructed from branched or
unbranched covers of S; 10 with some properties. Our main result is
that these homomorphisms are injective. For unbranched covers, this
construction was introduced by McCarthy and Ivanov [10]. They proved
that the homomorphisms are injective. A particular cases of our embed-
dings is a theorem of Birman and Hilden that embeds the braid group on
p strands into the mapping class group of S(,_9)/22¢ if p is even, or into
the mapping class group of S(,_1)/2,1,0 if p is odd. We give a short proof
of another result of Birman and Hilden [4] for surfaces with one boundary
component.

2000 Mathematics Subject Classification. Primary: 20F34; Secondary: 20E05,
20E36, 57M99.

Key words. Mapping class group. Automorphisms of free groups. Ordering.
Ends of groups.

1 Main results

We fix non-negative integers g, p and a positive integer b. We denote by S, ),

an orientable surface of genus g with b boundary components and p punctures.
Our main theorem is the following.

Theorem 1.1. Suppose (g,p) # (0,2). Let k : Sy p0 — Sg1,0 be a finite index

reqular cover with p branching points in Sg10 which lift to q points in Sy .
Suppose every branching point of Sg10 lifts to the same number of points in

*The research was funded by Conseil Régional de Bourgogne and the MIC (Spain) through
Project MTM2008-01550.



Sy bo- Let &' 1 Sypg — Sgap be the corresponding unbranched cover. Let h
be a homeomorphism of Sy1, which fixes the boundary component pointwise.
Suppose h lifts to Sg . Let h be the lift of h which fizes the b-th boundary
component pointwise. Let f be the extension of h to Sy vo- If the restriction
off to Sy 1,0-1) € Sy o 18 isotopic to the identity relative to the boundary
component of Sy 1 -1y, then h is isotopic to the identity relative to the boundary
component of Sg1 p.

Let Mg, be the mapping class group of S, relative to the bound-
ary components. That is, My, is the group of homeomorphisms of Sy,
which fix the boundary components pointwise modulo isotopy relative to the
boundary components of Sg;,. Since b > 1, we are restricting ourselves to
orientation-preserving homeomorphims of S .

The following result is immediate from Theorem 1.1.

Corollary 1.2. Suppose (g,p) # (0,2). Let £ : Sy p0 — Sy1,0 be a finite index
reqular cover with p branching points in Sg109 which lift to q points in Sy .
Suppose every branching point of Sg10 lifts to the same number of points in
Sg 0. Let &'+ Sy g — Sga,p be the corresponding unbranched cover. If every
homeomorphism of Sy, which fizes the boundary component pointwise lifts to
a homeomorphism of Sy 4, then My 1, embeds in My 1 p—1).

In the literature there are results about embeddings of mapping class groups
constructed from branched covers. Let  : Sy 0 — Sy0 be a branched cover
with p branching points in S, . o which lift to ¢ branching points in Sy ;9. Birman
and Hilden [4] have results about these covers if (g,¢) = (0,1) or ¢ = 0. For
(9,¢) = (0,1), Birman and Hilden [4, Theorem 5] consider the hyperelliptic
covers of the disc k : Sp_9)/220 — So1,0 if p > 4 is even, and k : Spp_1)/21,0 —
So1,0 if p > 3 is odd. Birman and Hilden prove that there are embeddings
Mo1p = Mp—2)/2,20 for p > 4 even, and Mo, — M_1)/2,1,0 for p > 3 odd.
See Farb and Margalit [9, Section 9.4] for a short proof of these embeddings.
We will recover these embeddings in Example 3.1. We see Corollary 1.2 as
a generalization of these embeddings. For ¢ = 0, Birman and Hilden prove [4,
Theorem 2]. From Theorem 1.1 we can prove the following analog of [4, Theorem
2] for surfaces with one boundary component. Notice that we do not need the
hypothesis that the group of deck transformations (or covering transformations)
is solvable.

Theorem 1.3. Suppose (g,p) # (0,2). Let k: Sy po — Sy1,0 be a finite index
reqular cover with p branching points in Sy 1. Suppose every branching point of
Sg.1.0 lifts to the same number of points in Sy 0. Let f be a homeomorphism of
Sg' b0 which fizes the b-th boundary component pointwise and preserves the fibers
of kK 1 Sypo — Sg10- Then f induces a homeomorphism f of Sg10 such that
/{f = fk. [ff 15 1sotopic to the identity relative to the b-th boundary component,
then f s isotopic to the identity relative to the boundary.



Proof. 1t is a general fact that if f preserves the fibers of k : Sy 0 — Sg1.0,
then f induces a homeomorphism f of Sy such that s f = fk. In particular,
f sends branching points to branching points.

Let ' : Sy 4. = Sg1,p be the corresponding unbranched cover. Since f sends
branching points to branching points, f restricts to a homeomorphism h of S ; .
Let h be the lift of h which fixes the b-th boundary component of Sy a pointwise.
Notice h extends to a homeomorphism of Sy . This extension of h coincides
with f f f is isotopic to the identity relative to the b-th boundary component,
then the restriction of f to Sg1,-1) € S¢ 0 is isotopic to the identity relative to
the boundary component of S ' 1,(b=1) Then by Theorem 1.1, h is isotopic to the
identity relative to the boundary component of S, 1 ,. This isotopy extends to an
isotopy relative to the boundary component of Sy from f to the identity. [

In the literature there are results about embeddings of mapping class groups
constructed from unbranched covers. Let &' : Sy, — Sg01 be a degree m
unbranched cover. Ivanov and McCarthy [10] construct embeddings if g > 2
and the cover &' : Sy o — Sy, is characteristic. The condition that the cover
Kt Syom — Sg0.1 is characteristic ensures that every homeomorphism f of
Sg,0,1 lifts to a homeomorphism of Sy o ,,. Then, there is a distinguished lift of f
by distinguishing one of the m punctures of Sy (. This gives a homomorphism
My0,1 — Mg 0,m- To see that this homomorphism is injective, the fundamental
group of Sy o.m, denoted 71 (Sy 0.m), is identified via the cover &’ : Sy o.m — Sg01
with an index m (characteristic) subgroup of m;(Sy0,1). Then, the proof is com-
pleted by using some properties of 71 (S,0.1). The strategy to prove Theorem 1.1
is very close to this point of view: Theorem 1.1 is for surfaces with one boundary
component as Ivanov and McCarthy construction is for once punctured surfaces.
We can see Corollary 1.2 as a generalization of Ivanov and McCarthy embed-
dings in the sense that we allow a finite set of branching points. The technical
difficulty of a branched cover k : Sy 0 — Sg1,0 is that (S, 40) cannot be
identified via the cover with a subgroup of m;(Sy1,0)-

Aramayona, Leininger and Souto [1] construct embeddings My 00 — My0.0
from unbranched covers &’ : Sy o9 — Sg0,0 Which satisfy some algebraic proper-
ties. These embeddings My g9 — My 0,0 follow the construction of Ivanov and
McCarthy. Using the algebraic properties of the cover &' : Sy o9 — Sg00, they
manage to avoid the presence of punctures. Aramayona and Souto [2] prove that
every non-trivial homomorphism My ., = Mg 44, where g > 6, ¢’ < 2¢g — 1 and
q > 1if ¢ =2g—1, is induced by a geometric embedding Sy ., < Sy 4, that is,
a composition of forgetting punctures, deleting boundary components and sub-
surfaces embeddings. Corollary 1.2 does not fit in this situation since, in general,
¢" will be bigger than 2g — 1. Example 3.2.(a) shows that the embeddings of
Corollary 1.2 are not simple.



2 The algebraic analog

In this section we translate into algebra Theorem 1.1 and Corollary 1.2. We
prove the algebraic analog of Theorem 1.1. Instead of dealing with S,;, and
homeomorphisms of S, ; , which fix the boundary components pointwise, we will
deal with the fundamental group of Sy, denoted m(Syp,). Since b > 1, we
choose the base point of m(S,s,) in the b-th boundary component. In this
way, a homeomorphism of S, ; , which fixes the boundary components pointwise
induces an automorphism of 71 (Sy4).

Notation 2.1. Let GG be a group and let g, h be elements of G.

We denote by g the inverse of g. We write ¢g" for the conjugate of g by
h, that is, ¢" = hgh. We denote by [g] the conjugacy class of G, that is,
(9] = {9% | a € G}. We write [g, h] for the element ghgh of G. Let g1, ga, ..., gr
be elements of G. We write I1¥_, g; for the element gyg, - - - gx of G.

We denote by Aut(G) the automorphism group of G and by Out(G) the
group of outer automorphisms of G. Given ¢ € Aut(G), we write ¢ for the
image of g by ¢.

Notation 2.2. Let F;, be the rank 2g+(b—1)+p free group with generating set
{@i, yih<i<g U{zhi<icp-1) U {ts h1<k<p- We identify Fy; , with 7(Sg ., %), the
fundamental group of S, , based at a point * in the b-th boundary component.
In addition, for every 1 < [ < (b — 1), z represents a loop around the [-th
boundary component; for every 1 < k < p, t; represents a loop around the
k-th puncture, and (TTZ_, [z, y;]II2Z{ %115 _ ;) ~! represents a loop around the
b-th boundary component.

Let f be a homeomorphim of Sy, which fixes the boundary components
pointwise. Then f induces an automorphism f, of Fj;, which fixes the set
of conjugacy classes of t1,%s,...,¢,. Since f fixes the boundary components of
Sypp DoOINtwise, we see that f, fixes (II7_, [z, yi] 1~ 211X ;) ™! and the conju-
gacy class of 2z, for all 1 <[ < b — 1. Two isotopic homeomorphisms of S,
induce the same automorphism of F;,. Recall we consider isotopies relative to
the boundary components. Notice the Dehn twist with respect a loop around
a boundary component is isotopic to the identity, but it is not isotopic to the
identity relative to the boundary. To capture this fact, we associate to f an au-
tomorphism of Fy; , % (e1, €2, ..., ep—1) | ) which maps Fy;,), to itself and respects
the following sets

(1) {ngl['rivyi]H?;lllegzltk}v
(2.2.1) (i) {z'h =% 700
(i) {[tk]}1<nsp-

Recall z; represents a loop around the [-th boundary component which is
based at a point in the b-boundary component. For every 1 < [ < (b — 1),
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we view ¢; as an arc from the base point in the b-th boundary component to
a chosen point in the /-th boundary component. We view €z, = 2" as a
loop around the [-boundary component and based at the chosen point in the
[-boundary component. Since the homeomorphism f fixes the [-boundary com-
ponent pointwise, the automorphism f, fixes Z;*. For example, the Dehn twist
with respect to the loop represented by z;" gives the following automorphism of

Fypp* (e, €2, .. e0-1)|)
€ = zey,
a = a, a€{x,Yit<i<gU{tibi<i<p YU {z <o U{er << vz

Definition 2.3. We denote by AM,;, the subgroup of

Aut(F,p, * (e1,€e2,...,e1 |)) consisting of all the automorphisms of F,, *

(e1,€2,...,ep—1y |) which map F,;, to itself and respect the sets of (2.2.1).
We call AM,;,, the algebraic mapping class group of Sy ,, an orientable

surface of genus g with b boundary components and p punctures.

The mapping class group of Sy, denoted My, is defined as the group of
homeomorphisms of Sy, modulo isotopy relative to the boundary components.
The above discussion shows that there exists a map My, — AM,;,. By
Dehn-Nielsen-Baer Theorem for surfaces with boundary, M,;, ~ AMg; ,, see
[8, Theorem 9.6] and [9, Chapter Eight]. See [8] for a background on algebraic
mapping class groups, with some changes of notation.

For (¢,b) = (0,1) and p > 1, AMy;, is isomorphic to the p-string braid
group. We have AMy;, = (01,09,...,0,-1), where for all 1 < i < (p —1),
o; € Aut(Fp,,) is defined by

i = tiga,
(2.3.1) Fi=X tiy — G

e — tg, forall 1 <k <p, k#i1i+ 1.
Let d € Z, d > 2.

Notation 2.4. Let N, be the normal closure of t¢,t4, ... ,tg in Iy ,. We denote
by F, | @ the group Fy;,/Ny. For every 1 <k < p, we denote by 7, the image
of ¢ by the natural homomorphism F,;, — Fy1p@-

Notice that if p =0, then Ny =1 and F); ;@) = Fy 1.

Definition 2.5. Let AM_ ; , denote the group of all automorphisms of F| | @
that respect the sets

L [, il Iy e}y {[Te brcnsn-



Since the sets {I1Y_; [z, y;) IIV_ ¢}, {[ k] }1<k<p are respected by elements of
AM, 1 p, the natural homomorphism Fy;, — Fy1p@ induces a natural homo-
morphism

lp : .AMgJ,p — .AMg,Lp(d).

Notice that if p = 0, then Fy,, = F,; ,@ and ¢ is the identity.

Theorem 2.6. The homomorphism v : AMy 1, — AM ;| @) is injective.

We prove Theorem 2.6 in Section 4.

For the rest of this section we consider a regular cover x : Sy 50 — Sg1,0 Of
index m with p branching points in S, ;¢ which lift to ¢ points in Sy ¢ such
that every branching point of Sj ;¢ lifts to the same number of points in Sy 4.
We denote by &' : Sy pq — Sg1,p the corresponding unbranched cover. Recall
that Fj 1, is the fundamental group of S, with base point * in the boundary
component and Fj ;, is the fundamental group of S, ;, with base point * a
lift of % in the b-th boundary component. We identify Fj,, with & (Fy p,)-
Hence, F 4 is a normal subgroup of F} ; , of index m. In Remark 2.7 we define
a basis {iiagi}lgigg’ U {21}1§l§(b*1) U {ng}lgkgp of Fg’,b,q- From this basis, we
deduce two technical results: Lemma 2.8 and Proposition 2.10. In Remark 2.11
we discuss the embeddings Sy 4 < Sy 1,0-1)4q and Sy 1 (6-1)+9 = Sg.1,6-1)
in terms of fundamental groups and the basis {Z;, ¥ }i<i<g U {Z i<i<p—1) U
{fk}lgkgp- Finally, we state and prove the algebraic analog of Theorem 1.1 and
we state the algebraic analog of Corollary 1.2.

Remark 2.7. We set G:= F1,/Fy », the group of deck transformations of the
unbranched cover &' : Sy 44 — Sg1p-

Let o be the image of IIY_,[x;, y;]II7_ tx by the natural homomorphism
Foi1p = Fy1p/Fybe = G. Let ¢ be the order of p in G. Since ¢ = 1 in
G, we see that (ITY_, [x;, y;|IIh_ tx)¢ € Fyp,. Notice that (I, [z;, ] ITL_ t) €
represents a loop around the b-th boundary component. We take a basis
{#:, 9ihi<icg U {2 1<i<-1) U {Tk a<keq OF Fypq such that

09 (&, G T0)— 2007y g, = (XX [, eI 1) .

Recall G has cardinality m. The subgroup (g) < G has index b = m/c. For
every 1 <[ <b—1, we take w; € Fy 1), — Fy 4 such that

& =Wy (I [g, el TG £,) .

Let p; be the image of w; by the natural homomorphism Fj 1, — Fy1,/Fy g =

G. Then G = (0)p1U(0)p2 - - -U(0) pr—1)U(0). That is, the boundary components

of Sy 3, are image by deck transformations of the b-th boundary component.
For every 1 < k < p, let g be the image of t; by the natural homomorphism

Fo1p— Fyi1/Fybqe=G. Let di be the order of g, in G. Since ¢ corresponds

g
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to a branching point, we see t;, ¢ Fy,, and d; > 2. Since gik =1inG =
Fy15/Fybq we see that tzk € Fy 44 Notice that tik represents a loop around a
lift of the k-th puncture of Sy ,. The subgroup (gx) has index m/dj in G. Since
all the branching point of S, ; ¢ lift to the same number of points in Sy 0, m/dy =
m/dy for all 2 < k < p. Hence, d; = dj, for all 2 < k < p. Let d = d;. We have
G = (or)preU{0k) P2,k - -U(0k) Prmja, Where pjp = ujFgpq € G = Foup/Fypg
for all 1 < j < m/d. Notice that (t¢)“r (td)uzk . . (t4)4m/ak represent loops
around the m/d lifts of the k-th puncture. We choose u g, ugg, . . s Um/dk €

F, 1, such that {(t%)“l*, (t%)““, . (tz)“m/d*} C {fl, to, ... ,fq}. Then

p

(2.7.1) {t,ts,. .. ,fq} - U{(tz)ul,k’ (thyun ot}
k=1

Recall N, is the normal closure of ¢4, ¢4, . .. ,tg in Fyq,.

Lemma 2.8. With the above notation, Ny is equal to the mormal closure of
tl, t2, cee ,tq m Fg’,b,q-

Proof. By (2.7.1), the normal closure of t1,%y,--- ,#, in Fy b4 is a subgroup of
Nd.

Let 1 <k < pand w € F,;, By (2.7.1), it is enough to prove (t¢)* =
(td)w+v for some 1 < j < (m/d) and v € Fyp,. Recall G = F,1,/Fy 44, 0k =
tk;Fg’,b,q € Gand G = <Qk>p17kU<Qk>p2,kU' . 'U<Qk>pm/d,ka where Pik = Ujkag/JLq S
G forall<j<(m/d). Let 1 <j < (m/d) such that wFy ;, € (ok)pjr- Let
1 <r <dsuch that wFy ,, = 0.pjr = thujkFy pqe Then w = tLu; v, for some

v E Fyag and ()" = (i) = (i), 0
Recall F,;,/Nqg = F, 1 @, and for every 1 < k < p, we denote by 75 the
image of ¢ by the natural homomorphism Fy, — F, ;1 ,@.

Notation 2.9. Let H < F;, be a normal subgroup of finite index such that
Nq < H. Notice H/Ng < F, | ;. We set

AMgJ,p(H) = {‘b € -AMg,l,p | H? = H}7

and _
AM, | o (H/Ng) = {$ € AM, | o | (H/Ny)? = H/Ny}.

Proposition 2.10. Suppose (g,p,d) # (0,2,2). Let H < F,,, be a normal
subgroup of finite index such that Ny < H. Let ¢ : AMg1, — AM, | ) be
as in Definition 2.5 and ¢ € AMg1,(H). Then ¢(¢) € AM, 1y (H/Na). If
?/)(¢)|H/Nd = 1, then gb = ]_



Proof. Since Ny and H are ¢-invariant, we see H/Ny is 1(¢)-invariant. Since
U(p) € AM, | @, we have ¥(p) € AM,1 ,(H/Ny)

Since H has finite index in F}; ,, there exists r € Z, » > 1, such that
(T, [, il IT,_ k)" € H.
Fix 1 <k < p. Since H is normal in Fj; ,, we see
Ek(ngl[ZL‘i, yi]]:[i/:ltk/)rtk € H
If w(¢)|H/Nd = 1, in Fg,l,p(d)’
T (T [z, w11 _ 7o ) T
=T (I, [, yi]Hifsz’)er)w(qb)
=(¢ r (o
:Tk( )(H§=1[$i,yi]HZ/=1Tk’) k( g

Then, in F,; @, 7 (@)%, commutes with (IT9_, [s, w17, _ 7r)". Recall

_ d . d d
Foip@ = glp/Nd Hence, F 1 @ =~ Fyi0* (71,72, 7p | 70,78, -,T5)-

Hence, w((b)T S (Hf 1[!Ezayz]Hk/:17'k'>> and,
(2.10.1) T = (T [, w0, 7o) 7,

for some r’ € Z. Recall [T]g}(@] =[], for some 1 < j <p. If (g,p) # (0,1), and
if (g,p,d) # (0,2,2), then (2.10.1) implies 7’ = 0 and T;pw) = Tk.

Fix a € {x;,yi}1<i<y- Since H has finite index in Fj,, there exists s €
Z,s > 1, such that a® € H. If ¢(¢)|u/n, = 1, then (a*)¥®) = a*, and, a¥®) = a.

Since F, 1 @ = Fgio* (T1,72,..,7p | Tfl,TQd,...,Tg>, a?® = q for all a €
{z:, yih1<i<g, and, Tw(d)) =7, forall 1 <k < p; wesee ¢(¢) = 1. By Theorem 2.6,
6=1. 0

Remark 2.11. Let ¢ € AM, 1 ,. Suppose Fy p, is ¢-invariant. Then ¢ induces
an automorphisms of Fj ;, by restriction. In Fj; , we have

/

() T i, G Y 2T B = (T [, gl T 1)
ii) 2 is conjugate to (IT9_, [x;, y,]IIP_ ¢;) ¢, for all 1 <1 < (b—1);
=1 k=1
(iii) ti is conjugate to t?, 1<j<pforalll <k<gq.

If we identify F/bq with Fy 1 —1)4¢ by identifying Z; with f, forall 1 <1<
(b — 1), and £ with t(b Dtk for all 1 < k < g¢; then the restriction of ¢ to
Fy 1,(b-1)+4¢ lies inside AM ¢ 1,(—1)+q-

Let h be the homeomorphism of S ; , which fixes the boundary component
pointwise and h, = ¢. Since Fy; , is ¢-invariant, h lifts to a homeomorphism
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h of Sg b,q Which fixes the b-th boundary component pointwise. Since h may
not fix the first (b — 1) boundary components pointwise, i does not represent
an element of My 4, but it represents an element of My 1 ,—1)44, that is, we

have to convert the first (b — 1) boundary components into punctures. If i fixes
the boundary components pointwise, we can conserve the first (b — 1) boundary
components. Algebraically, if we want to have an element of AM 4 ,, we have to
define the image of €1, éa, ..., €p—1). Since Fy 3, is ¢-invariant, we see ¢ induces
an automorphism of G = F,;,/ F o bg 1 (;S induces the identity of G, we can
define an element of AM 4, from ¢.

Recall Ny is the normal closure in F,, of t{,t4,... ,tg. By Lemma 2.8, Ny
is the normal closure in Fy ;. of t,tg, - ,fq. Hence, Fyp0 = Fypq/Na. We
identify Fyp0 with Fyy -1y by identifying 2, with fyforall 1 <1< (b—1).
Hence, Fy 1, -1) = Fypq/Na. Since Fy 4 is ¢-invariant, by Proposition 2.10,

there exists the restriction ¢(¢) cFya-1) = Fy10-1)- Recall his a

|Fg’,1,(b*1)
homeomorphism of Sy ,. Since h, = ¢, we have h* = |Fg/,b,q' Notice h extends

to a homeomorphism f of Sy 0. Notice f restricts to a homeomorphism of
Sg1,0-1) € Sg p0- Since h, = ¢|Fg,bq and Fy 1 5-1) = Fg p,4/Na, the restriction

of f to Sy 1,0-1) € Sy b0 induces the automorphism w(¢)|pq, Y

We, now, can state and prove the algebraic analog of Theorem 1.1.

Theorem 2.12. Suppose (g,p) # (0,2). Let k : Sypo — Sgi10 be a finite
index regular cover with p branching points in Sg10 which lift to q points in
Sg.b0- Suppose every branching point of Sg1, lifts to the same number of points
in Sypo. Let &' Syp, — Sgap be the corresponding unbranched cover. Let
)y be as in Definition 2.5 and ¢ € AMy;1,. Suppose
Fy b4 is ¢-invariant. ]f () 1, then ¢ = 1.

Proof. Since F; @ = F,1,/Ng, the natural homomorphism Fj;, — F, i p@
restricts to the natural homomorphism Fyp, — Fyr 1 p-1)-

Since v : AMy;, — AM, ;@ is given by the natural homomorphism
Foip = Fyyp@, we see (@) : Fy @ — F, @ completes the following com-
mutative square

|Fg’,1,(b—1)

¢
Fg,l,p — Fg,l,p
4 4
Fy 1 p@ we Fy 1 p@

where the vertical arrows are the natural homomorphisms. Notice
?/)(¢)|Fg/’1’(b_1) : Fyip-1) = Fy1,0-1) completes the following commutative

square
¢lr

g’,b,q
Fg’vbvq ? Fg’vbvq
1 {
Y()|F ,
g’,1,(b—1)
9", 1,(6-1) — Fya,0-1)



where the vertical arrows are the natural homomorphisms. By Proposition 2.10,

if 1/1(¢)|Fg,71’(b71) =1, then ¢ = 1. I

We state the algebraic analog of Corollary 1.2.

Corollary 2.13. Suppose (g,p) # (0,2). Let k : Sypo — Sy10 be a finite
index regular cover with p branching points in Sy which lift to q points in
Sy p,0- Suppose every branching point of Sq 10 lifts to the same number of points
in Sypo- Let K @ Sype — Sgi1p be the corresponding unbranched cover. If
Fypq 1s AMy 1 p-invariant, then AMy 1, embeds in AMgy 1 —1). In fact, the
embedding is given by ¢ — (o) where ¢ : AMg 1, — AM, 1 @ is as
in Definition 2.5.

‘Fg/,l,(b—l)’

3 Examples

We fix g, p such that (g,p) # (0,2). Let S be the universal cover of Sg1p- The
fundamental group of S, ; ,, denoted Fy; ,, acts on S. Let H be a subgroup of
F, 1, of index m. Suppose H is AMj ; ,-invariant. The quotient space S/H is an
orientable surface, denoted Sy ;,. We identify the fundamental group of Sy 44,
denoted Fy 4, with H. The cover S — S, 1, induces a cover Sy 4, — Sg1,, With
group of deck transformation G:= F, 1 ,/Fypq Wty & Fypqforall 1 <k <p,
then the corresponding cover Sy o — S51,0 has p branching points in Sy
which lift to ¢ points in Sy 3. Since H is AM; ,-invariant, it can be seen that
every branching point of S, ;, lifts to the same number of points in Sy ;0. By
Corollary 2.13, we have an embedding AM, 1, — AMy 1 p-1). By choosing
an appropriated basis of H/Ny, we can compute elements in the image of this
embedding from elements of AMj 1 ,,.

Example 3.1 is Birman and Hilden [4]. In Example 3.2.(a), we give a basis
of Fy1,u—1) and compute elements in the image of AMg 1, — AMy 1 (—1)-

Example 3.1. Let H be the kernel of the homomorphism Fy 1, — (7 | 7?) such
that tx — v for all 1 < k < p. It is standard to see that H is a free group of rank
2p — 1 with basis 3, t1ta, tts, . . ., tity, tita, tits, . . ., t1t,. It is easy to see that H
is invariant by the generators of AMg 1, given in (2.3.1). For 1 < k < p, notice
that o, = txH has order 2 in G:= Fy,/H ~ (v | ¥*). Hence, (g;) has index 1
in G and the k-th puncture in S, ; , lifts to one puncture in Sy ,. Thus, ¢ = p.

(a). If p is odd, then ITI¥_,t, ¢ H and ¢ = II}_ ¢, H has order 2 in G. Hence,
0) has index 1 in G and b = 1. Since Fj ,, has rank 2¢' +b— 1+ ¢ and H
g k) 7q
has rank 2p — 1, we have 2¢'+1—14+p=2p—1and ¢’ = (p—1)/2. Hence,
AMo1p = AMp_1)/2,1.0, if p is odd. See [3, 9.2 Example] for a basis of
Flp-1)/2,1,0-
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(b).

If p is even, then ITI}_,t;, € H and o = II}_ ¢t H has order 1 in G. Hence,
(o) has index 2 in G and we have b = 2. Since Fy ;, has rank 2¢'+b—1+¢
and H has rank 2p —1, we have 2¢' +2—1+p=2p—1and ¢ = (p—2)/2.
Hence, AMo1, — AMp_9)/2.1,1, if p is even. See [3, 9.3 Example] for a
basis of Fi,_2)/2,1,1-

Example 3.2. Let F3:= (ay, as, a3 | ). Let H be the kernel of the homomorphism
F3 = (v | 92) X {2 | 73) X {73 | v3) such that aj, + vy for all 1 < k < 3. Tt is
standard to see that H is a free group of rank 17. It can be shown that H is a
characteristic subgroup of Fj.

(a).

We identify Fp ;3 with F5 by putting ¢, <+ a, for all 1 < k < 3. Notice that
0 = titats H has order 2 in G:= Fy13/H ~ (71 | 73) x (v2 | 73) X (v3 | 73).
Hence, (p) hasindex 4 in G and b = 4. On the other hand, for all 1 < k < 3,
or = txH has order 2 in GG. Hence, for all 1 < k < 3, (gx) has index 4 in
G and the k-th puncture in Sp;3 lifts to 4 punctures in Sy p,. Thus,
q = 12. Since Fj ;4 has rank 2¢’ +b — 1+ ¢ and H has rank 17, we have
2¢'+4—1+12 =17 and ¢’ = 1. Hence, AMq 13 — AM; 1 3. It is well-known
that AMg 13 = (01,09 | 010201 = 090103), where

t1 — 1o, t1 — 1y,
g1 = ty > tt12, 09 = to — i3,
ty — s, ty — 5.

Let N, be the normal closure of t3,3,¢2 in Fyi13. Then Fyi3/Ny =
Foi3@ = (11,7, 73 | 77, 75, 75) and H/N, ~ Fy 15 We take the following
basis of H/Ny: & = TomsTiT3TaTy, §J = TiTaTiTa,t1 = (TsTamiTamam ), ty =
(7’37’27’17’37’27’1)T3T1T3, 7?3 = (7’37’27’17’37’27’1)T1T3. Then [Zi‘, Q]flfgfg = (7'17'27'3)2 and

‘. N PN PN A
o= g lagthitet g T =T
?) = Iga y = $y21t27
(A71 = tl — tl, 6'2 = tl — t37
A N N G=la—lanp 2 2
t2 — t37 9 t;l v xyt1t2t3,
p1a1a—1ps—1anr 2 2 PO
~ YT ET T T 2gtitats ; Lt tats
\ t3 H t2 9 \ 3 |—> tl .

. We identify Fj,, with F3 by putting « <+ a1,y <> a2 and t <> as. Notice

that o = [z, y]tH has order 2 in G:= Fy11/H ~ (v | 7) x (72| 73) x (73 |
v2). Hence, (o) has index 4 in G and b = 4. On the other hand, o; = tH has
order 2 in G. Hence, (01) has index 4 in G and the puncture in S, lifts
to 4 punctures in Sy p,. Thus, ¢ = 4. Since F;, has rank 2¢' +b—1+¢
and H has rank 17, we have 2¢' + 4 — 1+ 4 = 17 and ¢’ = 5. Hence,
AM1,1,1 — AM5,1,3-
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4 Proof of Theorem 2.6

Definition 4.1. An element of Fj ;, is said to be t-squarefree if, in its reduced
expression, no two consecutive terms in {tk,fk}lgkgp are equal; for example:
r121tat3 is t-squarefree; xqtatoy, is non-t-squarefree.

To prove Theorem 2.6 we need the following theorem (compare with [3, 7.6
Corollary]).

Theorem 4.2. For every ¢ € AM,1,, the elements of {x2,y? }1<icg ULt 1<r<p
are t-squarefree.

Proof. (of Theorem 2.6) If p = 0, then o : AMy 1, — AM, ; @ is the identity
and nothing needs to be said.

Suppose p > 1. Recall F, | ) >~ Fy10% (T1,72,...,7 | & rd, .. .,T;l>. Let
a € {x;,yit1<i<g U {tk }1<k<p. If ¢ is an element of the kernel of ¢ : AM,,, —
AM, | @, then (o) is the identity of Aut(F,, ). Hence, a® and a have the
same image by the natural homomorphism Fy 1, — F} ; ;. On the other hand,
by Theorem 4.2, a? is t-squarefree. Hence, a® has the same normal form in F} ; ,

as in F | ,@. Thus, a® = a. O

The rest of the paper is dedicated to prove Theorem 4.2. Notice Theorem 4.2
is trivial for p = 0. We will suppose p > 1. To prove Theorem 4.2 we will use
ends of F,,, that is, reduced right-infinite words of F;,. We will recall that
there is an action of Aut(F};,) on the set of ends of F|;,. In particular, there
is an action of AM, 1, < Aut(Fy,) on the set of ends of F} ;.

The strategy to prove Theorem 4.2 is the following. We define a subset A of
the set of ends of F};, such that:

(a) Ais AM,; -invariant,
(b) every non-t-squarefree end of F,;, (see Definition 7.1) lies in A,

(c) for (g,p) # (0,1), (0,2) and a € {t,} U {z:, vi, Ti, U; }1<i<q, the end of F 1,
a(T1_, [z, ys) ITE_, tx)>° does not lie in A.

From (a) and (c) we see that for (g,p) # (0,1), (0,2) the set A does
not intersect the AM, 1 ~orbit of a(I9_;[z;, y]ITh_ ), where a € {¢,} U
{x:i, vi, @i, U; h1<i<g- Then, by (b), for (g,p) # (0,1), (0,2) the elements of the
AM, 1 p-orbit of a(II7_, [x;, ]I} _,t,)>° are t-squarefree. From this fact, and an
easy analysis in the special cases (g,p) = (0,1), (0,2), we prove Theorem 4.2.

The subset A is defined via a linear ordering of the set of ends of Fj .
To prove (a) above we need the fact that this ordering is respected by the
AM, 1 p-action. To prove (b) and (c) above, we have to check same inequalities
with respect to this ordering.

In Section 5 and Section 6 we define the ordering of the set of ends of F ;,
and we show that this ordering is respected by the AM, ; ,-action. In Section 7
we prove (a), (b) and (c) above.
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5 McCool’s Groupoid

For the rest of the paper we suppose p > 1.

In this section we define McCool’s groupoid via Whitehead’s graphs, we
remark that AM,;, is a subgroup of McCool’s groupoid and we recall that
McCool’s groupoid is generated by Nielsen elements. These facts will be useful
to see that the ordering that we will define on the set of ends of Fy, ; , is respected
by the AMj ; ,-action.

Let n:= 2g + p, and, let F,, be the free group on X, where X is a set with n
elements.

Notation 5.1. Let w € F,,. In this section we will denote by [w] the cyclic word
of w.

Definitions 5.2. Let T" be a set of words and cyclic words of F},. Suppose the
elements of T' are reduced and cyclically reduced, respectively. We define the
Whitehead graph of T as the graph with vertex set X U X, and, one edge from
a€ XUX tob€ XUX for every subword @b which appears in w or [u], where
w and [u] are elements of T. We say that a is the initial vertex and b is the
terminal vertex of the edges corresponding to the subword ab. Repetitions have
to be considered. For example, since the subword ab appears twice in abab, the
Whitehead graph of {@bab} has 2 edges from a to b (and one edge from b to @).
A word II¥_,a; produces k — 1 edges in the Whitehead graph. A cyclic word
[IT¥_, a;] produces k edges in the Whitehead graph. For example, the Whitehead
graph of {a} does not have any edge and the Whitehead graph of {[a]} has one
edge from @ to a.

We say that T is a surface word set if the Whitehead graph of T is an oriented
segment, that is, the Whitehead graph of T is connected with exactly 2n — 1
edges, every vertex but one is the initial verter of exactly one edge, and, every
vertex but one is the terminal vertex of exactly one edge.

Example 5.3. Let F,:= (a,b,c,d |).
(i). Let T:= {@dcb,[db], [ca]}. The Whitehead graph of T is
Ga—sc—b—d—=c—a—d—b
Hence, T is a surface word set.
(ii). Let T:= {adcb, db, [ca]}. The Whitehead graph of T is
a—c—=b d—c—a—d—b

Hence, T is not a surface word set.
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(ii).

Let T:= {adcb, dc, [db], [ca]}. The Whitehead graph of T is
a—sc—b—d=c—a—>d—b

Hence, T is not a surface word set.

We illustrate the following remarks with examples in Fy = (a,b,c,d | ).

Remarks 5.4. Let T be a surface word set.

(1)

(iii)

The Whitehead graph of T defines a sequence (ay)i1<k<2, Which lists the
element of X U X such that for all 1 < k < (2n— 1), the Whitehead graph
of T has exactly one edge with initial vertex a; and terminal vertex a1,
equivalently, arax; is a subword that appears exactly once in 7. We say
that (ax)i1<k<2n is the associated sequence of T

In Example 5.3(i), the associated sequence of T is (a,¢,b, d, c,a,d,b).

We can recover T from the associated sequence of 7. The process to
recover T from its associated sequence is the inverse process to construct
the Whitehead graph. We give two examples below. From this process, it
is easy to see that T has exactly one word, and, all other elements of T
are cyclic words.

In Fy, from the sequence (a,b,c,d,@,b,c,d) we have the surface word set
{abedabed}, and, from the sequence (a, b, ¢, d, d, ¢, b, @) we have the surface
word set {a, [ba], [cb], [de], [d]}.

Let p be the cardinality of 7" minus one. We say that 7T is a (g, p)-surface
word set, where g = (n — p)/2. By induction on n, it can be seen that
n > p and n — p is even. Hence, g is a non-negative integer.

Definition 5.5. Let ¢ € Aut(F,).

We say that ¢ is a type-1 Nielsen automorphism if ¢ restricts to a permutation
of XUX.

We say that ¢ is a type-2 Nielsen automorphism if there exist a,b € X U X
such that a # b, b and

gb':{a — ab,

c — ¢ forallce X, c#a*t

We denote ¢ by (a — ab) or (@ + ba).

Definition 5.6. Let G, , be the groupoid with objects (g, p)-surface word sets,
and, given T}, T two (g, p)-surface word sets

where T¢:= {w®?, [u?]
reduced. Hence, [v] =

HOHl(Tl, Tg) = {(b € Aut(Fn) | T1¢ = T2}7

| w, [u] € Ty}. Here, w? is reduced and [u?] is cyclically
[u®] means that v and u® are conjugate.
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We say that (T3, 75, ¢) € Hom(T},T5) is a type-1 Nielsen element of G, , if ¢
is a type-1 Nielsen automorphism. Similarly, for type-2 Nielsen automorphisms.
We say that (71, Tz, ¢) € Hom(T7,T5) is a Nielsen element if it is either a type-1
Nielsen or a type-2 Nielsen.

We illustrate the following remarks with examples in Fy = (a,b, ¢, d | ).
Remark 5.7. Let (73,73, ¢) be a Nielsen of G .

(i) If (T1,Ts,¢) is a type-1 Nielsen, then the associated sequence of T; is
obtained from the associated sequence of T} by applying the permutation
¢ to every element of the sequence.

In Fy, let Ty = {ad be, [ab], [ed]}. Notice the associated sequence of Tj
is (a,b,¢,d,b,@,d,¢). If ¢:= (a = b,b — c,c = @, d — d), then the
associated sequence of Tp = T = {bde a, [be], [ad]} is (b, c,a,d, ¢ b,d, a).

(ii) Suppose (11,715, ¢) is a type-2 Nielsen. Then ¢ = (a; — ba;) for some
1 <i<2n, bée XULX such that a; # b,b. Since in the Whitehead
graph of Ty there are exactly 2n — 1 edges, there exists w € T7 or [u] € T}
such that applying ¢ to w or [u] produces a cancellation. If the cancellation
appears from the subword @;_;a;, then b = a;_;. If the cancellation appears
from the subword @;a;y1, then b = a;,1. Hence, either ¢ = (a; — a;_1a;)
for some 2 < i < 2n, a; # G;_1; or ¢ = (@; — G;G;41) for some 1 < i <
(2n — 1), a; # @;11. In the former case the associated sequence of T5 is
obtained from the associated sequence of 71 by moving a; from immediately
after a;,_; to immediately before @; ;. In the later case the associated
sequence of T, is obtained from the associated sequence of T7 by moving
a; from immediately before a;,; to immediately after @;;.

In Fy, let T} = {abcdabed}. Notice the associated sequence of T) is
(a,b,¢,d,@,b,¢,d). If ¢:= (b — ab), then the associated sequence of
T, =T is (a,c,d,b,a@,b,¢ d). In fact (abedabed) b= = abacdbed. 1f ¢:=
(@ ~ ab), then the associated sequence of Ty = Tf’ is (b, c,d,a,b,a,¢d).
In fact (abcd abed) @) = babed a d.

Remark 5.8. It is easy to see that {II_,[z;, vi]IIh_ ty, [t1], [ta], ..., [Ep]} 1s a
(g, p)-surface word set of Fj 1 ,. Its associated sequence is

(Elayla "L‘lathZ)yQa 5527%7 cee 7Egayga :L‘gaygatlailat%%% s 7tp7%p)'
We say that {T17_, [x;, yi| T8 _ tx, [t1], [T2], - - ., [€,]} is the standard (g, p)- surface

word set of Fy .

Remark 5.9. AM,;, = Hom(7,T'), where T is the standard (g, p)-surface
word set of Fj 1.

Theorem 5.10 (McCool [11],[7]). G, is generated by Nielsen elements.
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6 Ends of free group

In this section we define, for every (g, p)-surface word set, an ordering of the set
of ends of F,, where n = 2g + p. In particular, we define an ordering for the
standard (g, p)-surface word set, called the ordering of the set of ends of F}; .
There is an action of AM,;, on the set of ends of F;,. We show that the
ordering of the set of ends of F} ;, is respected by the AM, ; ,-action. We use
shadows of the set of ends of F), and results of Section 5.

Recall n:= 2g + p and F,, is the free group on X, where X is a set with n
elements.

Notation 6.1. Let Hf“‘:lai be the normal form for w € F,,. Then we say that w
has length k, denoted |w| = k . The set of elements of F,, whose normal forms
have I1¥_,a; as an initial subword is denoted (w=); and, the set of elements of F,
whose normal forms have IT¥_ a; as a terminal subword is denoted (xw). The
elements of (wx) are said to begin with w, and the elements of (xw) are said to
end with w.

Definition 6.2. An end of F), is a right-infinite word Ily>;ar = a1as - - - where
a, € X UX and a4, # Gy for every k > 1.

We denote the set of ends of F,, by OF,.

For each w € F,,, we define the shadow of w in OF;, to be

(wd) = {Ily>1a; € OF, | Hzﬂlak = w}.
Thus, for example, (14) = OF,,.

Definition 6.3. Let T be a surface word set. We now give 0F,, an ordering,
<r, with respect to T as follows. Let (ag)1<r<2, be the associated sequence of
T. Recall (ay)1<p<an is a listing of the elements of X U X . For each w € F,,
we assign an ordering, <r, to a partition of (w<) into 2n or 2n — 1 subsets,
depending as w =1 or w # 1, as follows. We set

(a14) <7 (a24) <7 (a3€) <7 - - <7 (G2n—14) <7 (a2, ).
If 1 <i<nandw € (xa,), then we set

(wai+1<) <T (wai+2<) <T (wai+3<) <7 -
s < (wagy, 1 4) < (wag,4) <r (wa;4) <7 (way4) <7 (waz4) < ---
- <7 (wai_2<) <T (wai_ld).
Hence, for each w € F},, we have an ordering < of a partition of (w<t) into 2n
or 2n — 1 subsets.

If g>10, and Ilp>1cp are two different ends, then there exists j € Z,j > 0,
such that IIJ_ by = II)_ ¢ and bjy1 # ¢jy1. Let w = I, _ b, = II]_ ¢, in
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F,. Then Ilj>1b; and Ilx>icx lie in (w<), but lie in different elements of the
partition of (w<) into 2n or 2n — 1 subsets. We then order Il;>1b; and Ig>;cg
using the ordering of the elements of the partition of (w<t) that they belong to.
This completes the definition of the ordering <7 of OF,.

Remark 6.4. Let w be the non-cyclic element of 7. In (9F,,, <r), the smallest
element is w> and the largest element is w°.

For example, in Fy = (a,b,c,d |) we take the surface word set T =
{ad be,[ab], [ed]}. The associated sequence of T is (a,b,c,d,b,a,d,¢). In
(OFy, <r), the smallest element is (ad bc)>, and, the largest element is (cbda)>.

Notation 6.5. We denote by < the ordering of 0F,;, with respect to the
standard (g, p)-surface word set of F, 1.

Review 6.6. Let S be the universal cover of S,;,. Suppose S, 1, has negative
Euler characteristic, that is, 29 +p > 2. Then S can be identified with a convex
region of the hyperbolic plane H?. Let dS be the boundary of S. Then 95 is
a union of geodesic segments of the hyperbolic plane H?. The union of dS and
the set of geodesic rays of S, denoted S, can be identified with the boundary
of a disc, that is, RU{co}. Let % be the point in 98 corresponding to oo by this
identification. By work of Nielsen-Thurston [5], [12], there is an action of M, 1,
on &S UHS~ which fixes * € S UAS~. This action is defined as follows. There
is a bijection between point of 98 and geodesic segments of S with starting
point * and endpoint in dS. There is a bijection between geodesic rays of S and
infinite geodesic segments of S starting at *. Let 4 be such a (finite or infinite)
geodesic segment. Let v be the projection of 4 in S. Let [f] € My, We can
suppose that f is an isometry of S. Then, f(7) is a geodesic segment. Define
[f] -4 as the lift of f(v) with starting point *. Notice this lift defines a point of
0S UOS™ and * € 99 is fixed by this action. Hence, there exists an action of
M,1, on R. By [12] or [6, Chapter 7], this action respects the usual ordering of
R. Corollary 6.8 gives the analog statement for AM, 1, and 0F .

Let ¢ € Aut(F,). It is proved in [5] that (Iy>iaz)? = limg oo (115 ;a;)?
defines a map OF,, — OF},, which we still denote by ¢.

Proposition 6.7. Let T1,T; be surface word sets of F, and (Ty,T2,¢) €
Hom(T',Ty). Then ¢ : (OF,,<r) — (OF,, <r,) respects the orderings.

Proof. By Theorem 5.10, we can restrict ourselves to the case where (11,75, ¢)
is a Nielsen.

By Remark 5.7(i), the result is clear if (77, T3, ¢) is a type-1 Nielsen. Hence,
we suppose (11, Ts, ¢) is a type-2 Nielsen.

Let (ax)i<k<on be the associated sequence of 7. Then either ¢ = (a; —
a;_1a;) for some 2 < i < 2n, a; # @;_1; or, ¢ = (@; — @;a;41) for some 1 < i <
(2’/’L — ].), a; 7é ai—l—l-
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Suppose ¢ =

(a; — a;_qa;) for some 2 <1 < 2n, a; # @;_;1.

The following correspondence by the action of (a; — a;_1a;) is clear.

(CLZ' —> ai,lai)

(x@;a;_1) — (*@;),
(xa;_1) — (x@;a;_1) — (xa;_1),
(xa;) — (xa;),
(xag) — (xag),
(x@;_1) S (*@i—1)
(xa;) — (xa;a;q

+1
ak?’éaz 1 a;

- (*aia'i—l)a

The following correspondence by the action of (a; — a;_1a;) is clear.

(ai — ai_lai)

+1
a’k%az 1

(a;i-1 @) — (a;

(a; <) — (ai_1a; <),
(a, <) — (ay, ),
(@i_10; <€) — (a; <),
(Gi—1 €) — (a;_10; €) — (@1 ),
(@; <) — (a; ).

From the first row of the first table and the second table we deduce the

following table.
((li = a;—1a; )

L

Notice the cases (xa;a;—1)(@;i—10; €) and (xa;a;—1)[(a;—1 <) —

+1
ak%a'l a4

(Ei_lai 4)] do

not have to be considered since they are not in reduced form.

Let e,f € OF,, such that ¢ = (wa;a;_1)¢,

f = (wa;a;—1)f and the first letter

of ¢ is different from the first letter of f. Let 1 < j < 2n such that a; = @;_;.
By the third table, ¢(@=%-1a) = (yg;)e”, §@i~%-19) = (yg;)§” in reduced form.
Let (bg)1<k<2n be the associated sequence of Ty. Recall (by)i<k<2, is obtained
from (ay)1<k<2n by moving a; from immediately after a;_; to immediately before
a; = @;—1. There are two cases according to j <i—1or¢—1<j.

If 7 <i—1, then

(O)1<e<i-1) = (ar)1<r<-1);
(b]) = (ai)7

(br)G4ny<h<i = (k) j<k<(i-1),
(br) i+1)<k<on = (k) (@i+1)<k<2n



The partition with respect to (ag)i<k<on of (@; €4) = (a;-1 «) is (a1 <€),
(aj+2 4),...,(012‘_1 4),((% <),(ai+1 4),...,(a2n 4),(&1 4),((12 4),...,
(aj_; <«). The partition with respect to (by)i<k<on of (@, <) is (a; <),
(ajﬂ 4),..., (ai,l 4), (aiH 4),(ai+2 4),...,(&2,1 4),(&1 4),(&2 ‘),...,
(a;j_; «). By the third table,

(ai — ai_lai)

(waiai—1)(aj41 <) — (ud;)(aj41 <),
(waa;-1)(aj12 € — (u@;)(aj+2 ),
(wﬁiaz,l)(ai,Q 4) — (u&i)(ai,Q ‘),
(wa;a;—1)(ai—1 <) — (ua;)[(ai-1 <) — (ai-1a; Q)]
(wﬁiaz,l)(ai ‘) — (u&i)(ai,lai 4),
(wa;a;-1)(ai+1 <) — (ua@;)(ait1 ),

(waa;—1)(ag, 4) — (ua;)(az, <),

(wa;a;_1)(a; <) — (ua;)(a; ),

(waza;—1)(ay ) — (ua;)(ay ),

(wa;a;—1)(aj—1 <) — (ua;)(aj—1 ).

Since a; = @;_1, the first column is ordered with respect to 77. On the other
hand, a; = @;_; implies that the partition of (u@;)(a;—1 <) with respect to T
ends with (u@;)(a;—1a; «€). Then, the second column of this table is ordered with
respect to 1. Hence, if (wa;a;—1)¢" <7, (wa;a;—1)f" then (ua;)e” <, (ua;)f”.

If7—1 <7, then

(bk)lgkg(i—l) = (ak)1§k§(z—1),
(bk)i§k<(]—2) = (ak)(z’+1)§k<(rl)’
(bj-1) = (a),

(Or)j<w<on = (ar)j<w<on

The partition with respect to (ag)i<k<on of (@; €4) = (a;—1 «) is (a1 <€),
(aj+2 4), ceey (agn 4),((11 4), ((ZQ 4), Ceey (ai_l 4), (ai 4), (ai+1 4), Ceey (aj_l 4).
The partition with respect to (by)1<k<2n of (@; €)is (a; <€), (aj41 ), ..., (a2, <),
(a1 ‘), (CLQ ‘), ceey (ai,l 4), (aiH 4), (ai+2 4), RN (aj,1 4) By the third table,
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(ai — ai_lai)

(waiai—1)(aj+1 <) — (v@;)(aj41 ),
(wa;a;—1)(aj42 <) — (u@;)(aj+2 ),

(wa;a;—1)(az, <) — (ua;)(az, <),

(waza;—1)(a; <€) — (ua;)(a; ),

(wa;a;_1)(as <) — (ua;)(ay ),

(w&iai_l)(ai_g 4) — (u&i)(ai_g 4),
(wa;a;—1)(a;i—1 <) — (ua;)[(ai-1 <) — (ai-1a; Q)]
(wﬁiai,l)(ai 4) — (uai)(ai,laz 4),
(wa;a;-1)(ait1 <) — (ua@;)(ait1 ),
(wa;a;—1)(aj-1 <) — (u@;)(a;—1 <)

Since a; = @;_1, the first column is ordered with respect to 77. On the other
hand, a; = @;_; implies that the partition of (u@;)(a;—; <) with respect to T
ends with (u@;)(a;_1a; «€). Then, the second column of this table is ordered with
respect to Ty. Hence, if (wa;a;,_1)¢ <7, (wa;a;—1)f then (ua;)e” <, (ua;)f”.

For every row of the first table, there is a case which needs to be considered.
Similarly, in all these cases, it can be shown that if ¢ <7, f, then e(®™®%-19%) <,
f(ai»—mi_lai).

The case ¢ = (a; — @;a;41) for some 1 < i < (2n — 1), a; # Qiyq, 18
similar. O

Since AMy 1, is the subgroup of McCool’s groupoid based at the standard
(g, p)-surface word set, see Remark 5.9, we have the following.

Corollary 6.8. The AM,;, acts on (0F,1,, <) respecting the ordering.

7 t-squarefreeness

In this section we define a subset A of JF};, such that A is AM, ,-invariant,
every non-t-squarefree end of F 1, (see Definition 7.1) lies in A and for (g, p) #
(0,1), (0,2) the end a(T17_, [a;, y;|]IIE_ 1), where a € {t,} U{x;, i, i, U; hr<i<y,
does not lie in A. From these, and studying the special cases (g,p) =
(0,1), (0,2), we complete the proof of Theorem 4.2. We use the ordering of
O0F, 1, and results of Section 6.

Recall 2g +p =n and F, , is the free group on {z;, ¥ h1<i<g U {tx }1<k<p-
The following definition extends Definition 4.1 to Fy 1, U 0F} .
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Definition 7.1. An element of F,; ,UJF, , is said to be t-squarefree if, in its
reduced expression, no two consecutive terms in {tk,fkhgkgp are equal.

Notation 7.2. Recall that if G is a group and g1, g2, . .., gx € G, then II¥_,g; =
G192 - - - gx. We use the notation IIi*g; = grgp_1 -+ - g1.
In the standard surface word set, we denote
Z1 = Hi‘yzl[l‘i) yl]H]];:ltk = [:L‘la yl][l‘Za ?/2] et [xga yg]tth ot tp)
1= Hlf:pfknzlzg[yia i) = tplp—1 - 1[yg, Tgl[Yg—1, Tg-1] -+ - [y1, 2]
From Remark 6.4, the smallest element of (OFy 1 ,,, <) is Z° and the largest el-
ement of (0F, 1, <) is 2°. We denote by min(9F,;,) = z{° and max(0F, ) =

27° these facts.
Given two ends e, € OF 1 ,, we write

[e,f]={g € 0Fy1ple<g<f}
Definition 7.3. For every 1 < k < p, let
Ay = U [wtw(23°), whw (25°)] € OF, 1,
WEFg,1,p—(xty)— (¥tk)

Let
A= |J A COF,,.

1<k<p
Lemma 7.4. The set A C 0F,; , is AMg 1 p-invariant.

Proof. Let ¢ € AM, 1 ,. By definition, ¢ permutes the set of conjugacy classes
[t1],[t2], ..., [,). Hence, ¢ fixes the sets

{wtkﬁ | 1 S k S p, w - Fg717p — (*tk) — (*fk)} Q Fg717p,

and
{w%k@ | 1 S k S p, w e Fg717p — (*tk) — (*fk)} Q Fg 1,p-

By definition, ¢ fixes z; = II{_, [z;, y,]IT}_ tx. Hence, ¢ fixes the sets
{wtw(E?) [1 <k <p,w € Fyip— (k) — (x)} € 0Fy 1,

and
{wtyw(zP) | 1<k <p, welF,;,— (xtp) — (k) } COF,1,.

Now, Corollary 6.8 completes the proof. O
Lemma 7.5. Let 1 < ko < p andw € F,; ,— (xtg,) — (¥tx,). Then the following
hold in (0Fy 1, <):
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(U' wtkom(cho) < wtko((Hizkotkngzl[l‘ia yi]H]Iz():Eltk)oo) = min(wtkotko 4);
(ii). max(wtyyty, €4) < min(wty,ty, €);
(111). max(wty,ty, €)= wfko((Hlf:kokai:g[yi, :L’Z-]H::flfk)oo) < Wi, w(25°).

Hence, (Wit ty, €) U (wigty, €) C [wig,W(Z), wir,w(25°)]. In particular Ay,
contains all non-ty,-squarefree ends of Fy 1, and A contains all non-t-squarefree
ends of Fy1 .

Proof. Recall < is the ordering with respect to the sequence

(flayla 5517@17527?/27 5527%7 T 7§gayg7xgaygatlagla t27¥27 e 7tp7¥p)'
(i). It is straightforward to see that

Wty (T T [, il T2 1)) = min(wiyo by, <)

1=

Let @ € X UX be such that w((II_, [z;, 4] ITi_ tx)*°) € (a «). Note a # .
If a # ty,, then (wtg,a €) < (wity,ty, ), and we have

wtkow<§?> = wtkow«l—[?:l[xiv yi]Hizltk)w) < mirl(wtk‘otko)'

If a = tx,, then W is completely canceled in wW((II7_, [x;, v:| I} _,tx)>°), and, more-
over,

wtkoﬁ(cho) = wtkow((ngzl[xia yi]Hizltk)oo)
= Wiy (T, T T [, ] TS ) )
= min(wtg,ty, ).
(ii). It is clear.
(iii). It is straightforward to see that
max(wtg,ty, €)= wfko((l_[lf:kofkﬂi:g [yi,xi]l_[::flfk)oo).
Let a € X UX be such that w((IIFPEIT 9 [y;, ;1)) € (a ). Note a # t,.
If a # ty,, then (wig,ty, €) < (wiy,a «), and we have
max (why, Ly, €) < why,W((F PRI y;, 24])>) = why, W(25°).

If a = T, then @ is completely canceled in wW((IIF=", 19 y;, x;])>), and, more-
over,

Wl (=) = Wy (PRI s, ) )
= il (5T, T 1T0))

= max(wig,ly, «).
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Lemma 7.6. Let 1 < ko <p and w € F,;, — (xtg,) — (¥tx,). Suppose (g,p) #
(0,1), (0,2). Then one of the followings holds in (0F,; ,,<):

(i) t,(Z5°) > wiyw(27°);
(i) t,(Z3°) < wty,W(Z5°).

Hence, 1,(Z°) ¢ [wtr,w(Z5°), wiy,w(25°)].  In particular, t,(Z5°) ¢ Ak, and
() ¢ A.

Proof. Recall < is the ordering with respect to the sequence
(fla Y1, xlaglaf% Y2, $27§27 T 7§ga Yg, :L‘gagga tlagla t27¥27 e 7tp7¥p)'
By Lemma 7.5,
W (T [, Yl Ty 1)) < wlyg (T8I g, 2:])).
Case 1. w = 1. Since (t,71 €) U ({,t, €) > (Ix,l, €), we see
T (500 7 0o 7 k=pz 17i= oo 7 0o
tp(Z1°) = tp(Ty [, il Ty £) ™) > g (T8I, 2])™) = Ty (21°).
Thus, (i) holds.
Case 2. w ¢ (t,x) U{1}. Since (¢, €4) > (wiy, «), we see
tp(Z1°) = G (L [, wil Iy 1))
Wl (T PHIT [y, 7)) = why,W(27).
Thus, (i) holds.
Case 3. w € (t,l,*%). Since (1,7, <€) U ({,t; €4) > (wiy, «), we see
tp(27°) = tp (I [, wil Ty 26)™)
> wi (Tl [ys, 2.])™) = why,W(2).
Thus, (i) holds.

Case 4. w € (tyx) — (plp%).
Here,

Wl W(ZT7) = wip (T [, T, 1)) € (wiy, €) C (T, <) = (Gt ).

Hence,

(I [, wil T ) ™) = min((7, <) — (£,t, @)
< wtp (L [z, ya Iy ) ™).
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To prove (ii) holds, it remains to show that
tp (T2 [s, il Ty 88) ™) 7wt (T [, yal Ty 84) ™),

that is, (I, [x;, il I} t5) > # tpwt, W( (I [, vl IR, 1)), that is,
tywty, W ¢ (M7 [, vl I} _1tx). We can write w = f,u where u ¢ (t,x). Then
tywty, W = uty,uty, in normal form. Thus it suffices to show

Uk, Ulyp ¢ <Hf:1[xi,yl-]l_[£:1tk>.

If u =1, then uty ut, ¢ (I17_, [z, y;|] 117 _,t), since (g,p) # (0,1), (0,2).

If w # 1, then uty,ut, ¢ (7 [x;, yi]lI}_,tx), since uty,ut, does not lie in
the submonoid of F};, generated by II_,[z;, y;]II}_ tx, nor in the submonoid
generated by IV =7, 117y, ;). O

Lemma 7.7. Let 1 < ky < p,w € Fy1, — (xt,) — (xtg,) and 1 < iy < g. If
a € {Ziy, Tiy, Yig» Ui, }» then one of the following holds in (OF 1 ,, <):

(i). a(2%) > whe,w(7°);
(7). a(25°) < wtg,W(Z5°).
Hence, a(25°) ¢ [wity,W(Z5°), wik,w(z°)]. In particular, a(25°) ¢ Ay, and
a(z°) ¢ A.
Proof. Recall < is the ordering with respect to the sequence
(fly Y1, T, @1, 527 Y2, T2, y27 Tt 7§g7 Yg, Ly, gg) tl) Ela t27 EQ? e 7tp7 Ep)
Let a {xim El'ou Yio ym}
Case 1. w = 1. Since (a €) < (tg, <€), we see
a(27°) = al (LI lyi, 7)) < g (W s, il T 1)) = 1 (57°).
Thus, (ii) holds.
Case 2. w ¢ (ax) U {1}.
If (a €) > (w <€), then (a €) > (w <€) D (wity, <) and
a(2°) = a( (LI [y, 2,])™)
> wh, W By, 2.])™) = why, W(=).
Thus, (i) holds.
If (o« €) < (w <€), then (o €) < (w <€) D (wty, «) and
a(25%) = a((Ty " 8IT, 7 [ys, 7)) ™)

< W (T [2q, ys) 1L, _1 ) ™) = wig,w(Z7°).
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Thus, (ii) holds.

Case 3. w € (aty*).

Since a((IT{ =", 1179 (y;, 2;])°) = max(af, <€), we see

a(2°) = a((I LIy, 2.]))
> wi, (I [ys, :])™) = why,(25°).
To prove (i) holds, it remains to show that
a((Ty BT [ys, 2:])™) # wihi@((I 8T [yi, :])),

that is, (TTy & I0 [y;, 2:])* # awte, (T8I0 [y;, 2;])>), that is
awly, @ ¢ (I17PL Iy, ;]). We can write w = al,u where u ¢ (t,%). Then

awty,w = tyuly,ut,a, in normal form. Thus it suffices to show that
bpulyoutya & (78I [ys, i),
which is clear since t,uty,ut,a does not lie in the submonoid of F,;, generated
by 171, I1,79[y;, ;], nor in the submonoid generated by TI7_, [z, %] T2 _, t..
Case 4. w € (ax) — (at,x), |w| > 2.
If (at, €) > (w <), then (at, €) > (w <€) D (wity, <€) and
00 k=p7 7i= oo
a(z7°) = a((I 81T ys, 2:])%)
> why, (LI [y, 21])™) = wii, W(=).
Thus, (i) holds.
If (at, 4) < (w <), then (at, €) < (w €4) D (wity, 4) and
a(z°) = a((I "By, 7))
< Wty (T i, Ty 1)) = wta, ).
Thus, (ii) holds.

Case 5. w =a.
Since a(2{°) = max(af, <), (al, <€) D (al,y,T, <) and (at,y,7, <) >
(aty,at, ), we see

a(z°) = a((I "I Ty, 2.)) )
> al o (I [y, 7)) = alia(27°).
Thus, (i) holds. O

Proposition 7.8. If (¢g,p) # (0,1), (0,2) then the following hold for each
» € AM 1 ,:
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(i). Zﬁ(ij") is a t-squarefree end,

(). for every 1 < iy < g and every a € {Ziy, Tiys Yig: Ui }» a%(27°) is a t-
squarefree end.

Proof. (i). By Lemma 7.4, A is AM,; ,-invariant. By Lemma 7.6, ,(z5°) ¢ A.
By Lemma 7.5, A contains all non-t-squarefree ends of 0F};,. Thus, fﬁ (Z9°) =
(£,(z5°))? is a t-squarefree end of F ;.

(ii). By Lemma 7.4, A is AM,; -invariant. By Lemma 7.7, a(Z7°) ¢ A.
By Lemma 7.5, A contains all non-t-squarefree ends of 9F, . Thus, a?(z°) =
(a(z°))? is a t-squarefree end of F) 1. O

Proof. (of Theorem 4.2) The case (g,p) = (0,1) is clear since AMy;1 = 1.
Recall (2.3.1). AMy ;12 = (01), and

m 0_2m+1 m m
{t2]6€ AMo o} = {151,550 |mez} =" 40" | m e 7}

Thus, every element of {tf | o € AMg 12} is t-squarefree.

Suppose, now, (g,p) # (0,1), (0,2). Let 1 < iy < g and a € {x;y,yi, }-
By Proposition 7.8(ii), a?(2{°) = a®((II} 7%, 11" [y;, 2,])>) is a t-squarefree end.
Hence, either a® is t-squarefree or a® = utyt,v in normal form, and t,v is can-
celed in a®(23°) = utptrv(2°); moreover uty, v are t-squarefree. By Proposi-
tion 7.8(ii), '

@ (27°) = @ ("I [y, 2a]) ™)
is a t-squarefree end. Hence, a® # 0t,1,1.

Since ¢ permutes the set {[#x]}1<k<p, We can write fﬁ i+, where 7 is a

permutation of {1,2,...,p} and w, € F, 1, — (ty=*) — ({,=%). It is not difficult
to see that

79 (—c0 — 7 o0 —
ty (27°) = Wytprwy (I [, y: Ty 1)) € (W), «0).

By Proposition 7.8(i), fo (Z9°) is a t-squarefree end. Hence, w, is t-squarefree.

Since w, is t-squarefree, f;f = Wylyw, is also t-squarefree. Hence, t;’f is t-
squarefree.

Suppose, now, p > 2. Let 1 < k < p. Since ¢, is in the AM, ; ,-orbit of t,,
we see tf is t-squarefree for all ¢ € AM ;. O
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