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PILING OF MULTISCALE RANDOM MODELS

YANN DEMICHEL

ABSTRACT. This paper considers random balls in a D-dimensional Euclidean space whose
centers are prescribed by a homogeneous Poisson point process and whose radii are forced
to be in a finite interval with a power-law distribution. Random fields are constructed
by counting the number of covering balls at each point. We are mainly interested in the
simulation of these fields and in the empirical estimation of its index H. Finally simulations
are given.

INTRODUCTION

Various random fields are obtained by summing elementary patterns properly rescaled and
normalized. A pioneer work in this area is due to Cioczek-Georges and Mandelbrot [5] where
a sum of random micropulses in dimension one, or generalizations in higher dimensions,
are rescaled and normalized in order to get a fractional Brownian field of index H < 1/2
(antipersistent fBf). In that paper, it is emphasized that the power law distribution prescribed
for the length of the micropulses makes it impossible to get H > 1/2. Using similar models
in dimension one, recent works ([6, 7]) have examined the internet traffic modeling. The
resulting signal is proved to exhibit a long range dependence (H > 1/2), in accordance with
observations. Such a range for index H is made possible either by prescribing the connection
lengths with heavy tails, or by forcing the number of long connections.

In the present paper, we build elementary fields by counting the number of balls whose cen-
ters and radii are distributed according a Poisson point process. If the centers are uniformly
distributed in the space, we force the radii to be in each given slice (a/™!, a’] (a € (0,1) is
fixed and j ranges in Z). Moreover their distribution has a power-law density of the type
r~D=142H 7 ¢ R. Next we build a piling field F; summing all the slices from juyin to
jmax-

We are mainly interested in the simulation of fields obtained by piling elementary slices
and in the estimation of its index H. Let us note that simulating such fields appears as very
tractable since the basic objects are balls and the basic operation consists in counting. We
first simulate each slice and then proceed to the piling of the slices. This procedure is similar
to the construction of the ”general multitype Boolean model” in [10].

Concerning the index estimation, we use the structure functions as introduced in [17].
Roughly speaking, the g-structure function of a given function f is equal to the L%-norm
of the e-increments of f. We use these tools to provide two different empirical estimators
of the H index: The first one takes into account the small scales and the second one the
intermediate scales.

mins;Jmax

OUTLINE OF THE PAPER
The random fields we deal with are introduced in Section 1. First the piling field is
obtained by summing the elementary slices between a lower and an upper scale. In Section 2,
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we introduce a notion of D-dimensional g-structure functions. They are used to estimate the
H index of the piling field. Two cases are presented: working at small scales (i.e. working
with small balls) in dimension D = 1 and working at intermediate scales for any D. Section
3 is devoted to the simulation procedure of the fields on a cube as well as the numerical
computation of the structure functions. We conclude this section by numerical examples.

1. SOME MULTISCALE RANDOM MODELS

1.1. Elementary slices.
Let H € R. For a € (0,1) and j € Z we consider ®; = {(X]”, R;‘)n} a Poisson point process
in RP x R* of intensity

vi(de,dr) = dz ® T_D_1+2H][(aj+ljaj}(7’)dr. (1)
Note that ®; is well-defined since v; is a nonnegative measure on RP x R*. We write B(x, )
for the closed ball of center = and radius r > 0 with respect to the Euclidean norm ||-||. We

consider the associated so called "random balls field” T; as defined in [3] that provides, at
each point y € R”, the number of balls B (X;-l, R;‘) that contain the point y, namely

Ti(y) = Z Ip(xn,mm)(y) - (2)
(XPRY) € ®;

Equivalently, we can represent the field T} through a stochastic integral
1) = [ A (0)Ny(da, ), 3)
RD xR+

where N, is a Poisson random measure on RP x R* of intensity vj.
In order to ensure that the right hand side of (3) is well defined, it is sufficient to remark
that, by Fubini’s theorem,

ol

1— 2H )
/ Tp () (y) vi(de,dr) = Vp / r e = v <a) a*M < 400,
RD xR+ ’ i+l 2H

where Vp is the Lebesgue measure of B(0, 1).

Let us remark that due to the translation invariance of the Lebesgue measure, the random
field T} is stationary. Moreover T; admits moments of any order and according to [1], for
n > 1, the n-th moment of 7}(y) is given by

B = 3 K<>H(/

Tk
]IB(x,r) (y>k vy (dl’, dT’))
(r1,...,rn)€I(n) k=1

— Z Kn(rl, ey rn) <VD <2}I> a2H]> B s

(r1ye.yrn)EIL(N)

n

-1
n
where I(n) = {(rl, ceoyn) €N S kg = n} and Ky(ry,...,m) =n! < I1 rk!(k!)”> .
k=1 k=1
Finally let us mention that the covariance of T} is simply given by

Cov(T(y), T;(¥/)) =/ |B(y,r) N By, r)|r P2 ar,

J+1
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where |A| denotes the Lebesgue measure of a set A.

Notice that the covariance function of the field (Tj(aly))y crp 18 obtained by considering the

field (Tj-1(y)),.rp according to the following scale invariance

yeR
Cov(Tj(a'y), Tj(a'y')) = o*™ Cov(Tyi(y), T (y").

It yields a kind of aggregate similarity property as defined in [2]:
Proposition 1.1. Let a € (0,1) and j € Z. Then, for any | € Z such that m = o2l ¢ N,

fdd "

k
{Tm(aly); y € RD} = {ZT]( ')y € RD} ,
k=1

where (T(k)

i )k>1 are 1id copies of Tj.

Proof. Let us assume that there exists [ € Z such that m = o?#! € N. Let p > 1 and
yl,...,ypeRD, Ui, ..., up € R. Then

P 1 /LXP: ]IB(z,'r)(aly’ﬂ)
log E exp <z Z un Ty (a yn)> = /RD - <e n=1 - 1> Vi (dx, dr)
X

n=1
p
Z ”]I x,r ( 'fl) Ui P
_ a2Hl/ (elnzlu Blentind 1> v;(dz,dr) = ZlogEexp iZunTj(yn) )
RP xR+ k=1 n=1
where the second line is obtained by a change of variables. Hence the result follows. O

1.2. Piling of the elementary slices.
Now let us consider the associated piling random field. Let (®;);cz be independent Poisson
point processes in RY x R, with each ®; of intensity v;(dz, dr) given by (1). FOr jmin, jmax €
Z with Jmin < Jmax the piling random field

jmax

ijinajmax (y) = Z j—b(y) b y E RD (4)

J=Jmin
can be considered as the random balls field associated with a Poisson random measure
N; of intensity

yjmirnjmax (dx7 dr) = d‘r ® T7D71+2H]I(ajmax+1’ ajmiﬂ] (T)d?" ° (5)

min,Jmax

Increments.

Let us mention some facts about the regularity of Fj . ; . . Since Fj is discrete valued,
it is not continuous. However one can look at the second order regularity. The increments of
Fj i imax are clearly centered. Let us compute their variance.

For all y,3' € R” one has, using (4) and (3) :

min,Jmax

Fjjmin :jmax (y) - ijin 7jmax (y/) - / (]IB(I,T) (y) - ]IB(I,T) (y,))ijin 7jmax (dx? dr)
RP xR+

- /]RD R+ (]IB(yiyl’r) (.T o y,) o ]IB(O’T) (x - y/))ijinvjmax (de dr) .
X
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Therefore, using the translation invariance of the Lebesgue measure :

ajmin

Var(ijinajmax (y) - Fjjmin:jmax (y,)) - /]RD / (][B(y—y’,r) (U) - I[B(O,’I“) (u))QT_D_1+2Hdu dr :

Jmax+1

Since the increments are centered, using Fubini’s theorem, we deduce the exact expression :

aJmin
E(Fj i inax (U) = Finjmas (¥')° = / |B(y -y, r)AB(0, )|~ P12 ar - (6)
Q

Jmax+1

where AAB is the symmetrical difference between two subsets of RP.
Moreover one has the bound
2 —_D—
E (F,’jrninyjmax (y) - ijinyjmax (y/)) < / }B(y - y,? T)AB(O7 r)’ r b 1+2Hdu dr *
RD xR+
Therefore, using now the rotation invariance of the Lebesgue measure :
2H
E(F?jminyjmax (y) - ijinvjmax (y/))2 g CDvH Hy - y/H (7)
with
CpH= / |B(e1,r)AB(0, )| P12 gr and e; = (1,0,...,0) € R, (8)
R+

Finally, notice that for any v € RP and r € R, one can find a constant C(u) € (0, +00)
such that

|B(u,r)AB(0,7)] < C(u) min (rD,erl) .

Thus Cp g is a finite constant for all H € (0,1/2). In these cases Inequality (7) appears as
an Holder condition as the second order.

Convergence of the piling.
When jmin = —00 and jmax — +00, Equality (5) invites us to consider a Poisson random
measure N of intensity

v(de,dr) =dr ® T7D71+2H]I(0,+Oo) (r)dr.
Note that v satisfies

VyeRP / Mg (y) v(de,dr) = +oo
RD xR+

so that the stochastic integral (3) is not well-defined. However, in view of (7), when H €
(0,1/2), one can consider the random field Fpy defined as

Fu) = [ (aan(s) = Taep (O)N(do,dr) .y € BV, )

We obtain a random balls field known as fractional Poisson field (fPf) (see [2, 14]). The
fPf is a centered process with stationary increments. Even though the fPf is not Gaussian,

it shares the same covariance function as the fractional Brownian field By of index H (see
[15]):

C
Cov(Fa (), Fu(y)) = =22 (IyI* + |/ = lly = /| (10)

where Cp g is given by (8). Similar random fields are obtained in [9, 8] where Poisson random
measures are also used but yield a different model.
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We can easily link the limit behaviour of the piling field F}
Jmax — +0o0 to Fp.

when jnin — —oo and

mins;Jmax

Proposition 1.2. Let H € (0,1/2). Then, for allp > 1, y1,...,yp € RP, the sequence

(ijinyjmax (yl) - ijinajmax (0)’ R ijinyjmax (yp) - ijinvjmax (0))
converges almost surely as jmin — —00 and jmax — +00 to (Fu(y1),...,Fu(yp)) where Fy
is a fPf.

Proof. Let us fix y € RP and write M,, = Fon(y) — Fon(0), n > 0. The sequence (My,)n>0
is a martingale with respect to its natural filtration o(M,/, 0 < n’ < n). Thus in order to

prove that (M, ),>0 converges almost surely it is enough to prove that it is bounded in L?(Q).
Since H € (0,1/2), (7) yields :

E(M2) < Cp.u |ylI*", Cpu < oo,

which proves the required condition. Hence (M, ),>0 converges almost surely to a limit M}
as n — +00.

Similarly, we prove that the sequence (F_mo(y) — F—n,o(o)) converges almost surely to a

n=0
limit M as n — oo.

Thus’ the Sequence (ijinyjmax (y) - ‘F?jrninvjmax (0))] in,J
M + MY as jmin — —00 and jmax — +00. Finally it remains to check that the limit M,
is a fPf. This may be simply done computing the limit of the characteristic function of

converges almost surely to My, =

(ijinyjmax (yl) - ijinyjmax (0)7 R ijin,jmax (yp) - F]’minyjmax (O))

as Jmin — —00 and Jpmax — +00. O

Normal convergence.
A classical normal convergence is obtained for shot noise fields when the number of shots tends

to 400 (see [11] for instance). Here we can obtain such a convergence. Let (F (k) be

jmin:jmax)k,‘}l
iid copies of F} According to the Central Limit Theorem :

minsJmax *

K
1 k k fdd
{mZ(ﬂ‘mL,jm(w—F}njn,jmxt)));yeRD} L Wi W) y €RP} (1)
k=1

K—4o00
where Wj . s is a centered Gaussian process with stationary increments, Wj . . . (0) =0
and a variance given by
ajmin
Va‘r(ijirnjmax (y)) = / ’B(y7 T)AB(()? T)’ T7D71+2H dr' (12)
oJmax+1

Looking at Figure 2 one can observe that the limit field seems more regular than the original
piling F} . s ... This is due to the fact that second order regularity implies almost surely
regularity for a Gaussian field.

2. EMPIRICAL ESTIMATION OF THE H INDEX

According to (4) and (5), H appears as the important parameter of the field F;_, ;.. . This
section is devoted to its estimation. Our method is inspired by the inequality (7). One can
think of the quadratic variation method (see [12]) but here, in practice, it is very difficult
to get arbitrary small increments. Thus we present an alternative method using simulated
samples of the field F

minsJmax *
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2.1. General tools.
If f:RP — Ris a continuous function then one can consider, for ¢ > 0, the functional

D
1
S = 520 [ Itee) —fe—ce)ldr, e >0, (13)
D= Joyr
where {e1,...,ep} denoted the canonical basis of R”. Such quantity, called the g-structure

function of f, has been used to study the fractal behaviour of various functions f (see [17, 13]).

Here Fj is not continuous but E |F} . . . (
Fubini’s theorem and stationarity, we can consider

ce;) — F; —ee;)|? < oo. Thus, by

min,Jmax minsJmax (

D
1
]:E (SQ(ijinvjmax’ 8)) = 5 Z /[0 1}D E |ijin7jmax (t + 86i) - ijinvjmax (t - Sei)’q dt (]‘4)
=1 ’

The value ¢ = 2 allows us to give exact and explicit formulas especially in dimension D = 1.
The D =1 case.
Proposition 2.1. Assume that D = 1. Then one has E (S2(Fj ., jmax:€)) =

( 4 . . )
(2H—1)(]max+1) — (QH_I)]m‘m> y Jmax+1
1_2H<a o € if e €10, ),
4 . 2 . A A
Y c (52H_1 o a(2H—U]min> + ﬁ (52H o a2H(jmax+1)) Zf cc [O[]max—"_l, O[]min] , (15)
% (a2Hjmin _ a2H(]max+1)) Zf s> ajmin .

Proof. When D = 1, Equation (6) gives

ajmin
(t+€) = Flpinjmax (T — 5))2 = / ‘[28 —r,2e 4+ r|A[-r, 7] ‘7’72+2Hdr
Q-

Jmax+1

E (F}

mins;Jmax

One checks that

26 =7, 2e +r]U[-r,r] ifr<e,

2 —1,2 Al=rr] =
[2e — 1, 2e + r]A[—r, 7] {[_T,zg_ﬂu[r,%—i-r] ifr>e,

where the two unions are disjoined. Therefore

ajmin

oJmax+1
To conclude we just have to consider the position of € and the fact that the latter quantity
does not depend on t. O

The D > 1 case. For general D the volume of the set B(2ce;,r)AB(0,r) is not given by
tractable formulas. Thus it seems quite difficult to expand the previous calculus to higher
dimensions. However it is possible to obtain an exact expression for the expectation of
So(F} e) by looking at the large ¢.

min,Jmax?
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Proposition 2.2. For all € > a/mi», one has :

<D/2

E (S2(Fjpin jmaxs €)) = m (aijmm _ a2H(jmax+1)> ‘

Proof. If € > r then
Vie{l,...,D} |B(2ee;,r)AB(0,r)|=2VprP

since the two balls are disjoined.
Thus (6) gives

Vb - ;
E(Fjjmirnjmax (t + Eei) - ijirnjmax (t - 867»))2 = ﬁ (a2H]mm - a2H(]maX+1)) :
Hence the result follows, since the latter quantity does not depend on ¢ nor on ¢, and Vp is
expressed using the Gamma Euler’s function. O

2.2. Empirical estimators.

Now we show how to derive several estimators of the H index from Propositions 2.1 and 2.2.
We assume that we have independent realizations of F} . ; .. Moreover we fix an integer
N > 1 such that a/maxtl = N~1 In practice it will be linked to the resolution ¢ of the grid
by 6 = N—1.

The D =1 case. First we assume that D = 1 and jy, = 0. We focus on the small balls or
equivalently on the small scales and use S2(F}, ;. jmax: €) for small €.

K

Proposition 2.3. Assume that D = 1. Let 0 < jmin < Jmax and let (F](minyjmax)k>1 be iid
copies of Fj . i of index H. Finally, let us define for all K > 1 :
K
ZSQ (F(k) . ,QN_l)
—~ 1 =1 Jmin,Jmax (16>
7K_210g2 © K (k) 1 ’
k:ngQ (ijimjma)c’ N )
Then, when K goes to +00, Y converges almost surely to hi(H) where
1— (2o dmin N=1)1=2H 1 (1 —2H)(1 — 2721 /(2H)
hi(H)=H 1 . . 17
1( ) + 210g2 Og < 1 —_ (a_JrrlillN—1)1—2H ( )

Proof. Since admaxtl = N=1 Proposition 2.1 implies that for all € € [Nfl, ajmin] :
4 4 ) 92
E (SQ (‘F}minajmax’ 8)) 2H € O[(1*2H)]min + E (52H - N72H) .

T1-2H° T 1-2H
Therefore we obtain :
E (52 (PN ™) on (- (20imn N=1)'2 4 (1~ 2H)(1 — 2—2H>/<2H>>
E (52 (F} N-1) 1 — (o dmin N-1)1-2H -
Thus :
1 log E (S2 (Fjrrlirnjnlax7
2log 2 E (S (F;

mins;Jmax ?

2N~1))
min;Jmax N_l))

1_ (2a,jminN71)172H + (1 — 2H)(1 — 272H)/(2H)
fog < 1 — (@ Jmin N—1)1-2H ) ‘

(18)

— H+

2log?2
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But one has, by the law of large numbers :

(S2 < .]IIllIHJmax, ) = Kl_lf_{_loo Z S ]11]1n7jmax ) ’

So Yk — hi(H) almost surely and the result follows from (18). O
K—+o00

From this result, we deduce a first estimator Hy for index H setting Hy = it (VR)-

The D > 1 and jui, > 0 case. Since jumin > 0 it is possible to see all balls whatever their
radii are. This allows us to propose an estimator for H in the general multidimensional case
D > 1. We will focus on the large scales ie use Sa(F. e) for € near 1.

jmm ]max 7

Under the assumption jmin > 0 the interval (afmin 1] is not empty. Let M* be the smallest
integer such that ey« = ny+ N~t > @/min. Then for all m € {M*,..., M}, e, € (a/min 1]
(note that the larger juin is the more points we have).

Proposition 2.4. Let 0 < jmin < Jjmax and let (Fj(r]ji)nyjmax)k>1
indexr H. Finally, let us define for all K > 1

T = KZ<M M*+1 Z 2 < JrninsJmax’ 5m>) (19)

Then, when K goes to +o00, Ti converges almost surely to ho(H) where

be iid copies of Fj . i . of

xD/2 A
ho(H) = Tt D2l (qHimin — N=2H) (20)
Proof. Proposition 2.2 implies :
D2 ,

Vm e {M* ..., M} E(S2(Fj. jmaxsEm)) = T DE (aimin — N =2H)

Thus:
1 M 7D/2 .
M1 Z E (82 (Fjpin,jmax: €m)) = T+ D/2)H (oM imin — N=2H) (21)

m=M*

Now, by the law of large numbers, one has:

E(S2( ]mlrn]mdx’ ) = Kli>11+100 K ZS ( ]mm ]max”) :

So Tk —+> ho(H) almost surely and the result follows from (21). O
K—+o0

As previously, we deduce a second estimator Hj. for index H considering Hy = hy Y7R).

3. SIMULATIONS AND NUMERICAL EXAMPLES

All the Matlab codes are available at http://www.math-info.univ-paris5.fr/~demichel
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3.1. Simulation of the piling field on a cube.

We focus here on the simulation of the piling field Fj . j... for H € (0,1/2). We generate
exact simulations of the fields 7j and Fj_,, ;... (see (2) and (4)) on the cube [c,c + d]P with
ce€ R and d > 1. Let us recall that T; may be written as the sum

= > Tpxpry-
(XI,RP) € ®;
If X7 is at a distance of the cube larger than R’ then no point of the cube is covered by
B (X]”,R;?). Since R} < o/, when simulating the slice number j, it is enough to pick up
centers of balls randomly in the enlarged cube [c — af, ¢+ d + o/]P.

Let us denote cq g = (a~P*2H —1)/(D — 2H) and consider the measure on R” x R*

vj(dz,dr) = co,u(d+ 207 )P o7 (P—2H) pi(dz) @ pj(dr) (22)
where
1
pj(da) = A+ 209)D L oi crdrai)p () de
(23)
pj(dr) = cng C(j(D72H)T7D71+2H]I(O‘j+17aj} (r)dr
are respectively two probability measures for centers and radii of random balls.
We simulate T} considering
A
Ti(y) = Z ]IB(Xy,R;%)(y), y € le,e+dP, (24)
n=1

where

— (X7)n is a family of iid random variables with law 1;(dx)

— (R})y is a family of iid random variables with law p;(dr)

— A, is a Poisson random variable with parameter ¢, g (d + 2a7)Pq—3(D=2H),

Let us recall that a simple way to generate the sequence (R;Z)n is to use the pseudo-inverse
method : we get R = of (o= PT2H — (o= P42 1)‘/;-”)*1/(D*2H) with V" a uniform random
variable on [0, 1].

Consequently, considering independent realizations of (7)) one simulate Fj

jrnin gjgjmax min,Jmax

using (4) and
A

Jmax Jmax

J
> 10 = > (X Taagm®). ve et d?, (25)
J=Jmin J=Jmin ~n=1

In practice Fj,,, j... is only obtained on a discrete subset of [c,c + d]”, say a grid with a
step of size § € (0,1). Thus it no longer makes sense to consider balls with radii smaller
than 6. Since the smallest radius is greater than a/max*1 one will assume that afmaxt1 > 5.
On the other hand, to get the most precise details, it seems natural to assume exactly
that a/maxtl = § Consequently, given the resolution J, the slice factor a will be fixed by
admaxtl — § Finally, one is often interested in the small scales behaviour of the field and not
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in the general ”look-like” geometry. Thus, in order to not see the large balls, one may take
jmin = 0.

We have simulated, in dimension D = 2, the piling field Fy)15 on the cube [0,1]? with § =
0.005. Figure 1 shows the construction at different steps, precisely the three slices T5, T,
T'5, and the corresponding pilings Fp 5, Fo10 and Fp 15. Figure 2 illustrates the Central Limit
Theorem of Section 1.2 for the same field Fp 5.

0 o1 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

(b) T10 (C) T15

02 03 04 05 06 02 03

(d) Fos (e) Fo,1o (f) Fo,1s

FIGURE 1. Step by step piling.

]

ot = i E i T
02 03 04 05 06 07 08 0% 1 o 01 02 03 04 05

(b) K =5 (c) K =10

FI1GURE 2. Normal convergence when K — +oo.
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3.2. Simulation of S,(f,¢).
We explain now how to use the g—structure functions in a practical way. To simplify we only
deal with the case D = 1 and [c,c + d]” = [0,1]. Let us consider a function f: R — R. We
suppose that we can simulate f on a regular subdivision 7 = {7; = iN~'} of [~1,2] with
step = N1 (where N > 2). We consider S,(f,e) given by (13) for e € [N~1,1] N 7. More
precisely, we choose a finite sequence of M > 2 integers n,, (with n; =1 and np; = N) and
put

Em = Tn,, = nmN_l . (26)

Let us note that the smallest ¢ considered corresponds to the resolution of the grid N~
Then, for 1 < m < M, we approximate the integral defining S,(f,e,,) by its Riemann sum :

1 1 N
Sq(frem) = /O [t +em) = f(t —em)|"dt ~ + > N Givng) = FFiena)? - (27)
i=1

Let us emphasize that Propositions 2.1 and 2.2 still hold when replacing Sa(f,e,,) by the
discrete sum (27).

Now we focus on the behaviour of Sy(f, ep) with respect to ,,. In general, the e—increments
of f behave like a power of ¢ as € goes to 0. Thus this invites us to use log-log plots. Notice
that at the resolution of the grid, it is what happens for the variance of the increments of
F; see formulas (15)).

minsJmax (

For 1 < m < M, let us write 7, = logn,, = log(Ne,,) and

1 1 _
Lo(fymhm) = 108 Sy(f,em) = log 5y (£, N7110™)

and consider the log-log plot {(9m, Lq(f,nm)) ; 1 < m < M}, which is called the g—structure
curve of f. In order to obtain the 7, approximately equally spaced, one usually assumes
that the &,,s have an arithmetic progression (but n,, should be an integer). However since
n1 = 1 and ngo > 2, we always have ny — m > log 2. In order to get the minimal lag 1o — n;
we set ng = 2.

3.3. Numerical examples of estimation in dimension D = 1.

We focus here on the empirical estimation of the H index. In practice the o are

Jmin,Jmax

simulated on a regular grid with step § = N~! using the results of Section 3.1. We com-
pute S5 (F-(k) ,N~1) and 53 (F(k) 2N 1) for each r® using the discrete sums

Jmins>Jmax Jmin>Jmax’ Jmin,Jmax
(27). This gives 7k and we find Hg by solving the equation hy(h) = 4x with a numerical
approximation procedure (e.g. the standard Newton method).

Let us give a first example. We consider Fj ; i for different values of H. The processes
are simulated on a regular grid of [—1,2] with step § = 5.107% (so N = 2000). We chose
Jmin = 0 and jmax = 15. Table 1 shows the results for K = 500.

We see that H is well approximated by ﬁ; whatever H is.

Let us give a second example. We look again at Fj . . . for different values of H. We
assume D = 1. The processes are again simulated on a regular grid of [—1,2] with step



12 YANN DEMICHEL

H (H) | 7%  Hk
0.45 0.47399 | 0.47425 0.45159
0.40 0.46519 | 0.46553 0.40182
0.35 0.45531 | 0.45589 0.35282
0.30 0.44473 | 0.44452 0.29906
0.25 0.43375 | 0.43492 0.25528
0.20 0.42265 | 0.42196 0.19688
0.15 0.41161 | 0.41051 0.14496
0.10 0.40075 | 0.40111 0.10169
0.05 0.39013 | 0.39028 0.05074

TABLE 1. Estimation of H with (jmin, jmax) = (0,15) and K = 500.

§ =5.10"% (so N = 2000). We chose juin = 5 and jmax = 15. We use the two estimators I/—I;
and Hj with K = 500. Table 2 reports the different results.

(a) Using Hx (b) Using Hl.

H m(H) | 9%  Hg H  hy(H) | 7& Hi
0.45 0.46579 | 0.46579 0.45001 0.45 0.51932 | 0.52374 0.44877
0.40 0.45784 | 0.45853 0.40415 0.40 0.73624 | 0.74679 0.39800
0.35 0.44910 | 0.44847 0.34656 0.35 1.05565 | 1.05701 0.34982
0.30 0.43974 | 0.43863 0.29427 0.30 1.53341 | 1.52188 0.30099
0.25 0.42993 | 0.42895 0.24513 0.25 2.26068 | 2.27908 0.24897
0.20 0.41983 | 0.41942 0.19800 0.20 3.38875 | 3.41444 0.19909
0.15 0.40959 | 0.41122 0.15795 0.15 5.17488 | 5.20930 0.14924
0.10 0.39934 | 0.39921 0.09937 0.10 8.06343 | 8.05267 0.10015
0.05 0.38917 | 0.38904 0.04938 0.05 12.83808 | 12.87241 0.04971

TABLE 2. Estimation of H with (jmin, jmax) = (5,15) and K = 500.

We see that in both cases jyin = 0 and juin, = 5, the estimates given by ]/'{; are with the same
precision. When jui, = 5, T is far from ho(H) whereas Yx is close to hy(H). However the

estimator H }( is better than I/{; as H decreases. Actually the function hs is more convenient
for a numerical inversion since its derivative is larger than the h; one (see Figure 3).

Finally, Figure 4 shows the 2-structure curves of Fj for H = 0.25 (see (3.2)) where

min,Jmax

K
S9(Fjpimrjmaxs Em) is replaced by its empirical mean 4 ZSQ(Fj(:i)nj ,€m) with K = 500.
k:1 sJmax
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(a) Hw— h1(H) (b) H — ho(H)
FIGURE 3. Functions hj et he with (Jmin, jmax) = (5,15) and N = 2000.

Near 0 one cannot distinguish the curve from its tangent: it is the principe of the estimation
based on yx. For nn = ny+ = 2.2695 the curve is near a constant: it is the principe of the
estimation based on 7Tx.

_04 | | | | | |
0 05 1 15 2 25 3 35

FIGURE 4. The 2-structure curve of Fj . 5 for (jmin, jmax) = (5,15), H =
0.25 and K = 500.

CONCLUSION

The several random models presented in this paper are easy to simulate and it is possible
to estimate their main parameter H. Thus they will be very useful in practice to modelize
D—dimensional signals involving a parameter which may be related to the H index.
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Moreover, when H € (0,1/2) and (jmin, jmax) — (—00, +00), we note that Var(W
Cp.u ||yH2H (see (12) and (8)), so that Wj_, j... converges to By when (jmin,Jjmax) —
(—00,400). Thus it seems quite natural to use the piling fields F as a microscopic
description of a fractional brownian field By.

_)

minv]max)

min,Jmax
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