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Optimal versus realized policy rules
in a regime-switching framework

S. Pardo* N. Rautureau, T. Valléet

February 2010

Abstract

In this paper we compare a deterministic model and a Markov switching model to ana-
lyze the behavior of the US economy and the Federal Reserve. We examine both optimal
and empirical monetary policies for the US Federal Reserve between 1960 and 2008. We
compare the optimal monetary policy to the actual interest rates and to the empiri-
cal reaction function. We also evaluate the sensitivity of the results to the preferences
assigned to each objective. We find that there is no unique optimal solution that fits
the Federal Reserve behavior over the entire period. The best fit to the actual interest
rates is obtained by an optimal policy with preference switches following the rule: a
high-volatility regime coincides with a priority on inflation alone while in a low-volatility
regime there is equal policy priority on output stabilization and inflation.

JEL codes: E42; E52, E58
Keywords: Optimal monetary policy, Markov switching

1 Introduction

Monetary policy under uncertainty has come under renewed interest in recent years. This
movement can be explained by the need for going beyond the classical linear-quadratic frame-
work, with only additive sources of uncertainty, to a model which accurately portrays the
policymaker’s decision problem. Among the different approaches, Markov switching models
have proved to be an interesting tool. These models have been used in empirical literature
since Hamilton’s seminal papers published in 1988 and 1989. The principal contribution of
this approach is the consideration of changes in time series dynamics that linear statistical
models cannot capture. This is especially important when we study business cycles and eco-
nomic policy over a long period (Hamilton, 2005; Davig, 2004). Concerning monetary policy,
empirical studies of the Fed reaction function find various breaks in the estimated interest rate
rule. For example, some of these studies link the breaks to changes in chairman (e.g. Clarida
et al., 2000; Judd and Rudebusch, 1998). Markov switching models are, then, widely used to
estimate the reaction function or to model the behaviour of the economy. Sims and Zha (2006)
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compare a multivariate regime-switching model for monetary policy with U.S. data. They find
that the best fit is obtained using time variation in disturbance variances only. Assenmacher-
Wesche (2006) uses a Markov-switching model to estimate monetary policy reaction functions
for the United-States, the United Kingdom and Germany, under the assumption of a constant
economic structure. She shows that, between 1973 and early 2000, all three countries changed
the weights on inflation and the output gap. Davig and Leeper (2007) generalize the Taylor
principle to a monetary rule with coefficients evolving according to a Markov process.

In the optimal monetary policy literature, the use of Markov switching models is more re-
cent and is explained by their ability to model both exogenous and endogenous regime changes.
Rudebusch and Svensson (1999) underline this point and conclude, first, that questions re-
garding parameter uncertainty and structural stability are crucial to assess the robustness of
the results, and, second, that model uncertainty is another important problem which needs
addressing.

Blake and Zampolli (2006) provide two algorithms to compute the solution of a linear
rational expectations model with regime shifts and a time-consistent policy. They show that
these methods can be applied to decision-making processes and instrument rules, and used
to handle cases where there is a difference in beliefs between policymakers and the private
sector. Moessner (2006) uses a hybrid New Keynesian model with rational expectations al-
lowing structural changes in intrinsic output persistence to determine the optimal monetary
policy solution for the Euro zone. He finds that the coefficients of the optimal policy rule are
state-dependent and that the relationship to transition probabilities is non-linear. Svensson
and Williams (2007a) use Markov jump-linear-quadratic systems (MJLQ) to examine mone-
tary policies. They provide an algorithm for finding the optimal policy as well as solutions for
arbitrary policy functions. Svensson and Williams (2007b, 2008) adopt a similar approach but
introduce learning to handle the problem of policymakers who do not know the structure of
the economy. Zampolli (2006) studies optimal monetary policy in a regime-switching economy
with shifts in exchange rate dynamics.

In this paper we use a Markov switching model to analyze the behavior of the US economy
and the Federal Reserve. First, we use quarterly data between 1960 and 2008 to estimate
a multivariate model for the US economy and a univariate reaction function for the Federal
Reserve. These estimations will be made using a constant-coefficient specification and, also, a
two state Markov switching specification for both the economy and the reaction function. This
leads on to a comparison between the changes in monetary policy and those of the business
cycle.

Then, using these estimates for the US economy, we study Fed optimal monetary poli-
cies. We first use a deterministic optimal control to obtain the optimal interest rate policy.
Then, we consider the two-state Markov switching model for the US economy and we cal-
culate a Markov switching optimal policy. We also evaluate the sensitivity of the results to
the preferences assigned to each objective. We compare the optimal monetary policy to the
actual interest rates and to the empirical reaction function. We carry out these comparisons
for the constant case and for the two specific regimes of the Markov switching model. This
approach allows us to discuss the preferences of the Federal Reserve for the different states
of the economy. We find very distinct regimes over the period. In other words there is no
unique optimal solution that fits the Federal Reserve behavior over the entire period. The
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best fit to the actual interest rates is obtained by an optimal policy with preference switches
following the rule: a high-volatility regime coincides with a priority on inflation alone while
in a low-volatility regime there is equal policy priority on output stabilization and inflation.

The remainder of this paper is organized as follows. In section 2 we present the theoretical
framework. In section 3 we estimate both the model for the US economy and the Federal Re-
serve reaction function using quarterly data between 1960 and 2008. In section 4 we derive the
theoretical optimal policies that we compare to the actual interest rate. Section 5 concludes.

2 Theoretical framework

2.1 The baseline model

We start by stating the US quarterly model in a state space representation to find the optimal
policy. We consider the following regime-switching version of a backward-looking model of the
US economy:

0 0 0 0

Tt1 = ao(k)ﬂk + a1(k)7fk—1 + a2(k)77k:—2 + a3(k)yk + €xk+1 (1)
0(k 0(k 0k o0(k (k) - (k) -

Ypp1 = bo( I+ b1( M1 + b2( "Tea + b3( )Z/k: + b4( Vi + b5( Vip_1 + €y k41

where, 7 is quarterly annualized inflation, y; is the output gap, iy is the interest rate. All
variables are state-dependant, with two regimes: Vk, (8(k)) € {1,2}. The shocks €, and €,
are independent standard normal random variables.

This model is consistent with Rudebusch and Svensson (1999). The first equation is a
version of the Phillips curve, which relates inflation to a lagged output gap term and to three
lags of inflation. The second equation is an aggregate-demand function. The output gap
depends on its own lag, on inflation over the previous three quarters and on two lags of the
short-term interest rate. We choose to implement the model with a restricted number of lags
for tractability of the Markov Switching VAR (MSVAR) estimation.

In this way, the central bank takes switching probability into account when determining its
optimal monetary policy. Hence, we assume that the system is driven by randomly jumping
parameters. The state-space form of the US quarterly model (1) can be written as:

Thy1 = APk) T + Be(’“)uk + wyg (2)
with A% € {Al, A%}, and B’ € {B!, B%}.

The state vector is defined as follows

Tk €m k+1

Th—1 0

T = Tf—2 , U = [Zk] , W = 0
Yk €y k+1

k-1 0

wy, is a vector of disturbances, and the matrices of parameters Ay and By are given by
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As is standard, we assume that the central bank aims at reducing inflation and output gap.
Central bank preferences on inflation and output gap will be different for the two regimes.
Many authors also assume that central banks smooth interest rates to reduce interest rate
volatility (Rudebusch and Svensson, 1999; Svensson and Williams, 2005). As a consequence,
these authors include interest rate smoothing in the cost function of the central bank. We
assume that the central bank does not change the weight on the interest rates smoothing
parameter between the two regimes. Hence the loss function is

N
1
L == (Z (Qe(k) 2 Qe(k)yk + Qiilix — tg 1) ) + Qe(k) T3 QZ(S)UNH) (3)

2
k=1

Since : Qi (i, — ir-1)* = Qiiiz + Qiiis_ | — 2Q; iixir_1, the expected cost criterion is given by:

N
J(@1,0(1), N +1) = sE | ) [#Q" Py, + txRu + £ Zur] + iNHQe(NH)xNH] (4)

k=1
with
90 0 0
0 00 0 0
Q') = 0 00 0 0
0 00 Q% o
0 00 0 Qi
And with:
= Qi)
and
0
B 0
7= 0
_zQi,i

2.2 The optimal control solutions

To assess the relevance of a Markov switching model to the reaction function, we first study
optimal policy for a deterministic case (i.e. for time invariant parameters) and then for a jump
Markov case.



2.2.1 The Deterministic Optimal Control Solution

Under the deterministic assumption, no regime change is allowed. Thus all parameters are
time invariant in the US quarterly model (2) and in the cost function (4). We can state the
Federal Reserve reaction function as an optimal interest rate policy with a state feedback law:

U = Fl‘k (5)
with

F=[fo fi fo [3 fi
Proposition 1 The optimal control law consistent with the constant parameters version of
the cost function (4) and of the dynamic (2) is

up = Fpap, k=0,1,.., N (6)
where
Fy = —(R+ BPu 1 B) Y (BPy 1A+ 2)
and Py, are determined recursively
P, = (Q+ AP, A) + (AP, B+ Z)F,
with the initial condition
Pnii=Q

Proof.
See Pindyck (1972, 1973). O

2.2.2 The Markov Jump Linear Quadratic Solution

Solutions for the optimal control problem depend on the information available to the central
bank. If we assume that the central bank knows the exact current state of the economy at
each period of time, the optimal solution is given by proposition 2.

Proposition 2 The optimal control law with the cost function (4) given the dynamic (2) is
ud = W k=0,1,.,N (7)
where
F,f(k) _ _[Re(k) i Be(k)GZ(k)Be(k) Y (BG(k)GZ(k)AO(k) i Ze(k))
with the Riccati-like equations
Pké(k) _ Ae(k)GZ(k’) ( A0k) 4 oK) L)+ 700 4 Qe(k)

with initial condition

O(N+1
PN(-:-1+ ) _ QG(N—H)

and with
2

0k N Okt
Gk( )= Zpﬂk)(]’wpkj—l )

i=1

where Pr{0(k + 1) = j|0(k) = i} = pow) (i, J).



Proof.
See Chizeck and al. (1986), Abou-Kandil and al. (1995). O

In this article, we assume that the central bank only knows the probability of being in a
given regime'. As a consequence, the corresponding optimal solution is a simple average of
the regime-dependent solutions, given the probability of being in a particular regime. This
solution is given by proposition 3.

Proposition 3 The optimal control law with the cost function (4) given the dynamic (2) and
given the probability Prob(0(k)) of each regime, is

up = upProb(f(k) = 1) +ui(1 — Prob(6(k) = 1)),k =0,1,..,N (8)

0(k)

where the optimal solution in each regime, w, ', is giwen by proposition 2.

3 Econometric Analysis

We estimate the Markov-switching model for the US economy (1). The coefficients can take
a different value in each of the two regimes. In addition, we estimate the constant-coefficient
version of the model. Then, we estimate the monetary policy rule of the Federal Reserve. We
assume that the reaction function can be characterized by a Markov-switching model with two
regimes. These regimes are not classified ex ante. In particular, the timing of switches is not
imposed and may be different from those in the economy. We consider the following general
reaction function

i = fg(k)m + ff(k)ﬂk—l + ff(’“)m_z + fge(k)yk + ff(k)ik—l + €k, 9)
Vk, (0(k)) € {1,2}

Coeflicients are allowed to take a different value in each of the two regimes. Choosing
to use a lagged interest rate term is compatible with the loss function (3) which takes into
account interest rate smoothing?. Nevertheless, Rudebusch (2002) shows that the smoothing
term, which is usually interpreted as a policy inertia component, reflects instead the persistent
shocks that central banks must deal with. Rudebusch concludes that this partial adjustment
measured on quarterly data, implies a high predictability of interest rates over horizons of
several quarters, which is not consistent with empirical evidences.

We use quarterly data for the US economy, from the first quarter of 1960 to the fourth
quarter of 2008. The interest rate (i), is the four-quarter average federal funds rate from the
Board of Governors. Inflation (7 ) is the GDP chain-type price index in percentage terms as
an annual rate, i.e. 400(Inpy —Inp,_1). The output gap (y) is taken as 100(qx — gf)/ ¢}, where
qr is the current real GDP and g¢j is the potential GDP. The data used are available from
BEA and CBO. All the variables were de-meaned prior to estimation, so no constants appear
in the equations. We also estimated the constant-coefficient version of model (1).

'Knowing exactly the current state does not significantly improve the results.
?Dropping the smoothing term reduces the fit between the optimal policy and the real interest rate.



We modify the Gauss library MSVARIib as given by Bellone (2005) to estimate our Markov
switching model. This latter is recursively estimated through EM algorithm. Parameters for
the constant-coefficient model are estimated using the Maximum Likelihood method. We
also add the Regime Classification Measure statistics (RCM) proposed by Ang and Beckaert
(2002), to measure the quality of regime classification. For two states we have

N
1
RCM = 4OON ;pk(l - pk)

An RCM statistic close to 0 corresponds to a good regime classification, and a value close
to 100 implies that the model does not capture any information about the regimes.

Philips curve IS curve
Param. Constant Regime 1 Regime 2 | Param. Constant Regime 1 Regime 2
ag 0.554 0.388 0.643 bo 0.015 0.028 0.030
(0.07) (0.096) (0.120) (0.052) (0.068) (0.095)
ay 0.145 0.235 0.062 b1 -0.033 -0.040 -0.033
(0.083) (0.099) (0.147) (0.061) (0.059) (0.100)
az 0.256 0.313 0.274 bo -0.020 -0.125 0.058
(0.073) (0.095) (0.126) (0.054) (0.059) (0.095)
as 0.115 0.068 0.180 bs 0.902 0.870 0.928
(0.033) (0.038) (0.083) (0.025) (0.870) (0.064)
by 0.133 0.276 0.061
(0.062) (0.092) (0.098)
bs -0.197 -0.238 -0.220
(0.061) (0.088) (0.100)
Or 1.049 0.618 1.807 oy 0.765 0.221 1.046
(0.053) (0.089) (0.400) (0.039) (0.051) (0.269)
Ory -0.015 -0.043 0.064
(0.055) (0.036) (0.166)

Standard errors in parentheses. RCM= 21.371

Table 1: Estimates of the US quarterly model

Table 1 shows our estimates for the Markov-switching model and for the constant-coefficient
version of the US quarterly model. Parameters for the constant coefficients version lie mainly
between the range of those estimated for the two states of the Markov switching model. Our
estimates for the constant-coefficient version are also close to those of Svensson and Williams
(2005). In the constant case and for both state estimates in the MSVAR specification, the
sum of the coefficients for inflation is close to 1, which is close to a vertical Philips curve in
the long run. The RCM statistics shows a good regime classification and each regime is highly
persistent.

The estimated transition matrix P is given by

p_ [0:957 0.043
=1 0.058 0.942

The average persistence is 1/(1 — p11) = 23.2558 quarters for regime 1 and 1/(1 — pgy) =
17.2414 quarters for regime 2. Regime 2 is characterized by a higher level of inflation and a
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higher volatility both for inflation and output gap. The variances in inflation and output gap
are respectively equal to 1.807 and 1.046 in regime 2 against 0.618 and 0.221 in regime 1. The
covariance between these two series is equal to 0.064 in regime 2 against -0.043 in regime 1.
Here after, we refer to regime 2 of the economy as the high-volatility regime, and to regime 1
as the low-volatility regime.

Parameters Constant Regime 1 Regime 2

fo 0.117 -0.025 0.195
(0.059)  (0.033)  (0.122)
f -0.058 0.089 -0.189
(0.068)  (0.034)  (0.155)
fo 0.086 0.077 0.132
(0.062)  (0.033)  (0.131)
f3 0.134 0.102 0.178
(0.028)  (0.014)  (0.066)
f1 0.914 0.895 0.941
(0.027)  (0.015)  (0.059)
o 0.886 0.081 1.888

(0.045)  (0.015)  (0.344)

Standard errors in parentheses. RCM = 19.996

Table 2: Estimates of the Federal Reserve Reaction Function

Table 2 shows the estimates for a regime dependant reaction function and for the constant
parameters version. Again, parameters for the latter model lie mainly between those estimated
for the two states of the Markov switching specification. Estimates show a stronger reaction
by the Federal Reserve to inflation and to economic activity in regime 2, which is characterized
by a higher volatility (the residual variance is 0.081 for regime 1 against 1.888 for regime 2).

The RCM statistics value also illustrates a good regime classification and the interest of
using the Markow switching model over the period 1960 - 2008. The estimated transition
matrix P for this model is

p_ [ 0924 0.076
~ | 0125 0875

Hence the persistence of regime 1 is higher with an average of 13.16 quarters against 8
quarters for regime 2. The weaker persistence of regimes for the reaction function, compared
to that observed for the economy could be related, to the reactivity of the Federal Reserve.
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Figure 1: Probability of the high-volatility regime of the economy and probability of regime 2
of the reaction function

The estimated probabilities of the high-volatility regime for the quarterly model and for
the regime 2 for the reaction function are shown in Figure 1. We can see that regime 2 of the
reaction function is less persistent than the high-volatility regime of the US economy. There
are two distinct periods between 1960 and 2008. The high-volatility regime of the economy
dominates up until the fourth quarter of 1982, when it is superseded by the low-volatility
regime for the rest of the period. This regime switch occurs at approximately the end of the
Volcker experiment. In comparison, regime 1 occurs only in the first quarter of 1985 for the
reaction function of the Federal Reserve, nine quarters after the switch to the low-volatility
regime for the US quarterly model.

On the second part of the sample, the switch in regime 2, the more interventionist regime,
occurs in the third quarter of 1988 for the reaction function, seven quarters before the economic
downturn associated with the bursting of the real-estate bubble at the beginning of the 90’s.
The reaction function switches once again to regime 2 in 2001 with the very strong decline
in the US intervention rates. During this year, the Federal Funds rate was reduced eleven
times. It started the year, on January 3, at 6% to fall to 1.75% by December 11. Finally, the
subprime mortgage crisis that began in August 2007, led to a switch of the reaction function
in early 2008. The Federal Reserve dropped the Federal Funds rate from 5.25% in June 2007
to 2.25% at the end of March 2008. At this time the spread between Fed Funds rate and
the discount rate was only 0.25% instead of the usual 1%. The US economy switches to the
high-volatility regime two quarters later.

Table 2 shows that the sum of coefficients on inflation is less than one. This result runs
counter to Taylor’s rule and could be explained by the use of one lag on interest rates in
(9). With the use of this lag the persistence of the interest rate dynamics captures also the
reaction to inflation over many periods. Table 3 shows our estimates for the reaction function
without any lag in the interest rate as in the Taylor (1993) model. Once again, coefficients for
the constant model are between those estimated for the two regimes of the Markov switching
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specification. While the reaction to output gap is consistent with Taylor’s rule in regime 1
(f3 = 0.495), in regime 2 the coefficient is along way off. In the less volatile regime, inflation
has no need of particular attention and the Federal Reserve policy should focus mainly on
economic activity. In the more volatile regime, inflation could cause trouble and the Federal
Reserve should direct its action towards inflation. However, if the reaction to inflation in
regime 2 is stronger than the one estimated using lag in the interest rate, it does not fit Taylor
predictions (sum of fo, fi, fo equal to 1.003). This could be explained by the period including
the current financial crisis. To support this argument, we have estimated the reaction func-
tion over a shorter period, ending in 2006. In this case, the values predicted by Taylor are
observed for inflation in regime 2 and for output gap in regime 1, 1.583 and 0.611. In fact,
Taylor predicted coefficients values are achieved with a classic version of the reaction function
but not simultaneously in each regime. These results support the use of Markov switching
models and the need to take into account structural instability of the reaction function.

Parameters Constant Regime 1 Regime 2

fo 0.310 0.307 0.351
(0.155)  (0.125)  (0.198)
f1 0.201 0.286 0.170
(0.180)  (0.136)  (0.230)
fa 0.522 0.514 0.482
(0.161)  (0.132)  (0.204)
fs 0.068 0.495 -0.078

(0.073)  (0.065)  (0.099)

Standard errors in parentheses

Table 3: Estimates of the Federal Reserve Reaction Function without lag in the interest rate
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4 The optimal reaction function

In this section we compare the optimal monetary policy and the actual interest rate for both
the constant case and for the two specific regimes of the Markov switching model. The
optimal control problem is consistent with Propositions 1 to 3 and we obtain solutions for the
deterministic and the Markov Jump Linear Quadratic cases.

4.1 Deterministic cases

In the deterministic case no regime switch is allowed. In particular, central bank preferences
for inflation and output stabilization remain constant over the entire period. We previously
assume that the interest rate smoothing parameter is not allowed to switch. The weights
Qrorer Quey and @ ; represent Federal Reserve preferences on inflation, output stabiliza-
tion and interest rate smoothing. As in Rudebusch and Svensson (2002), we set the central
bank’s preferences exogenously. Consistent with much of the empirical literature, we assign
a significant weight to interest rate smoothing®. Assuming a constant weight on interest rate
smoothing @);; = 1, we define three different sets of parameters for inflation and output sta-
bilization. We define equal priority as Qnx, », = Qy..y, = 1; inflation priority as Qr, », = 2,
Qy..y. = 1 and output gap priority as Q. .», = 1, @y, », = 2. Equal priority corresponds to the
flexible inflation targeting examined in Rudebusch and Svensson (2002), with equal weight on
both inflation and output. In addition, we allow flexible inflation targeting? putting a higher
weight on one of the variables.

We first consider a mean case with no distinction between the two possible states of the
economy. Given the constant estimates of the US quarterly model (first column of table 1), we
compute the Federal Reserve optimal reaction function (6) using different sets of priorities. We
compare stable values of the reaction function F' (table 4) to the empirical reaction function
(9), estimated in the constant case (first column of table 2).

Q Quew | fo" A" K" K" A"
Tk,Tk k- Yk R
Output gap priority 1 2 0.0830 0.0099 0.0148 0.6104 0.5186
Equal priority 1 1 0.1465 0.0406 0.0322 0.5050 0.5956
Inflation priority 2 1 0.2845 0.0929 0.0669 0.6232 0.5580

Table 4: Optimal reaction function for different central bank priorities. Constant case.

The Federal Reserve reaction appears to be generally more cautious than the theoretical
optimal ones. Indeed, estimates of parameters on inflation and output gap are overall weaker
than the theoretical optimal ones. Table 4 shows that the sum of coefficients on inflation
(fPE 2P Y increases with the inflation priority of the central bank. The inertia of the
central bank is reflected by the high value estimated for 7;_;. The theoretical optimal relation
implies less inertia with a lower value of f;** and this is robust to the different sets of priorities.

Graphical comparison between historical interest rate values and theoretical optimal ones,
is provided in appendix A. Figure A.1 shows that the theoretical optimal reaction function

3 Among others, we can cite Favero and Rovelli, 2003; Dennis, 2004, 2006; Ozlale, 2003.
4See Rudebusch and Svensson, 1999; Svensson, 1999.
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with priority on output gap fails to fit the historical interest rate. The discrepancy substan-
tially increases over the period 1980-2000, as illustrated in panel (a) of figure A.2. This result
is consistent with empirical studies of the Federal Reserve’s preferences, which find little pri-
ority given to output stabilization (Favero and Rovelli, 2003, Ozlale, 2003, Dennis, 2006).
In particular, Dennis (2006) shows that the relative weight on the output gap is statistically
insignificant over the period 1982Q1-2000Q2. Assuming an equal level of priority on inflation
and output gap slightly improves the fit without leading to a convincing one. It is clearly a
high priority on inflation that gives a better fit with the historical interest rate over the entire
period® (panel b). This priority increased at the beginning of the 80’s while the economy was
in the more volatile regime. To confirm this result we put a higher weight on inflation priority,
which improves the fit over this period. We calculate the cumulative sum of absolute devi-
ation between one-step ahead prediction and the historical interest rate for inflation priority
(Qnym, = 2) and very high inflation priority (Qx, ., = 5). The slope of this function is lower
for the very high inflation priority over this period (panel (c)). However, it does not lead to a
convincing fit.

We now specify a particular regime for the economy, which could represent expectations
made by the central bank about the state of the economy. Under the assumption of a deter-
ministic model, there is no possible switch to another regime. Assuming that the economy
remains in the low-volatility regime and given the estimates of the US economy in this regime
(column 2 of table 1), we calculate the optimal reaction function for different sets of prefer-
ences. Table 5 summarizes the optimal reaction functions, which we compare to the estimated
reaction function for regime 1 (column 2 of table 2).

Quome Quewn | I R G G
kTk k>Yk
Output gap priority 1 2 -0.0076  0.0546 0.0677 -0.7983 0.8740
Equal priority 1 1 -0.0329 0.0687 0.0949 -0.8146 0.8932
Inflation priority 2 1 -0.0181 0.0303 0.0397 -0.3693 0.9148

Table 5: Optimal reaction function for different central bank priorities. Low-volatility regime.

Table 5 shows that the optimal policies react negatively to the current values of inflation
(f7") and of output gap (f5”"). Tt is noticeable that in case of equal priority, there is a stronger
reaction to both output gap and inflation than in the other cases. Because the low-volatility
regime is more stable, the theoretical optimal function implies a high inertia level f{** which
is close to the estimated parameter for i,_1, whatever the preferences are. Figure A.3 shows
that, if the central bank acts as if the economy remains in the low-volatility regime, optimal
policy with equal priority gives the best fit overall. This result is confirmed by the cumulative
sum of absolute deviation between one-step ahead prediction and the realized interest rate
(see figure A.4). Interestingly, panel (b) of figure A.4 shows that an inflation priority policy
and an output gap priority policy give very close results. To look further at the results we
focus on the main period of the low-volatility regime for the economy, which starts at the
end of 1982. Figure A.5 shows the cumulative sum of absolute deviation between one-step
ahead prediction and the realized interest rate on the low-volatility regime (during the period
corresponding to the high-volatility regime, this cumulative sum does not increase). Panel (a)

5This result is consistent with Ozlale (2003) who shows that the FED puts more emphasis on price stabil-
ity than output stability when considering the entire period 1970:QQ1-1999:Q1. Priorities are different when
considering the sub-periods corresponding to each of the three different administrations.
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confirms the superiority of the equal priority policy and the gap increases after 2000. Panel
(b) shows that if the Federal Reserve anticipates the stable regime for the economy, and it is
in the low-volatility regime, then inflation priority gives a slightly better fit than output gap
priority. This result is consistent with Assenmacher-Wesche (2006), who assumes that a more
aggressive policy towards inflation is conducive to a more stable regime (and vice versa).

Assuming now that the economy is always in the high-volatility regime, and given the
estimates of the US economy in this regime (column 3 of table 1), we calculate the optimal
reaction function for different sets of prioritics. Table 6 gives the optimal reaction functions
that we compare to the estimated reaction function for regime 2 (column 3 of table 2).

Qreme Quewe | o0 7 f7 7 "
Output gap priority 1 2 0.4619 0.1674 0.1778 1.0208 0.2709
Equal priority 1 1 0.4827 0.1705 0.1751 0.8683 0.3551
Inflation priority 2 1 0.3691 0.1299 0.1335 0.6564 0.4562

Table 6: Optimal reaction function for different central bank priorities. High-volatility regime.

The estimated reaction function appears to be generally more conservative than the opti-
mal policies and exhibits a stronger inertia. Estimated parameters for the past interest rate
are even higher than in the two other cases. On the other hand, optimal coefficient on lagged
interest rate (f{*") is lower, which is consistent with the high-volatility regime of the economy.
Table 6 also shows that in this case, the coefficient on output gap (f5”') increases with the
prioritization of output gap. Figure A.6 compares the optimal reaction function and the real
values of the interest rate. Output gap priority fails to produce a fit with these real values. Fig-
ure A.7 traces the cumulative sum of absolute deviation. If the Federal Reserve acts as if the
economy was in the high-volatility regime, it appears it would be optimal to put equal priority
on inflation and on output gap (panels (a) and (b)). Panel (c) highlights a break that occurs
in 1982. Before this date, output gap stabilization is prioritized over inflation. When the
economy switches to the low-volatility regime and assuming that Federal Reserve goes on an-
ticipating a more volatile regime, a priority on inflation leads to a better fit. Again, consistent
with Assenmacher-Wesche (2006), maintaining an aggressive policy towards inflation leads to
a more stable regime. Focusing now on the period where the economy is in the high-volatility
regime, panel (a) of figure A.8 illustrates that during the Volcker experiment, maintaining an
equal priority on inflation and output gap limits the deviation from the historical interest rate.

Monte Carlo Analysis

We run a Monte Carlo analysis to underline how a change in weights modifies the discrepancy
between our theoretical results and the empirical ones. We draw 50,000 times the ¢;; € [0.1, 10]
and we calculate the error ¥ = Y~ (u; — u;)? where w is the realized reaction function and u*
is the optimal one. Figure 2 shows the mean error in each previous case: the constant case,
the low-volatility regime and the high-volatility regime.
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Figure 2: Monte Carlo simulation. Mean error between optimal and realized reaction function:
(a) constant case (top), (b) low-volatility regime (center), (c¢) high-volatility regime(bottom)

The results obtained using Monte Carlo simulations for the constant case and the low-
volatility regime, are consistent with previous optimal reaction functions, as shown in figure 2.
In the first case, with no distinction between regimes, panel (a) confirms that increasing the
weight on inflation while reducing the weight on output gap reduces the discrepancy between
our theoretical results and the empirical ones. In this case, an inflation priority dominates.
When the economy is in the low-volatility regime, combining equal weights on inflation and
output gap leads to the best result as seen in panel (b). Results obtained when the economy
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stays in the high-volatility regime, are more qualified. In panel (c¢) we can see that a higher
weight on inflation than on output gap seems to give a better result, while previous results
support equal weighting. Using only one pair of weights (2 for inflation and 1 for output gap)
against equal priority is not sufficient to explain the behavior of the optimal reaction function.

The results of this section show that the optimal solution over the period is not consistent
with the optimal solution for each regime taken separately. Hence, we need to allow for a
change in central bank priorities using a Markov-switching model.

4.2 The MJLQ case

We now calculate the optimal reaction function in a MJLQ case, using different sets of pref-
erences. In this case, the optimal policy is computed given a Markov-switching model of the
US economy. We use estimates for the two regimes given in table 1.

Following proposition 3, the optimal MJLQ control is defined as
uy, = Pr(l,l),,yfu}c + Pr(u),kui (10)
where Pr;. is given by the evolution of the transition probabilities matrix
Pry,1 = ProPry,

with Prg the initial transition probabilities matrix defined by the estimated probabilities of
the Markov-switching version of the US quarterly model

-
Pro— [ 0.957 0.043 }

0.058 0.942

Figure 3 shows that after a sufficient number of periods, the transition probabilities matrix
converges to the following stable transition probabilities®

Py [ 05743 04257
" T 105743 0.4257

6 Prx is the unique solution to Pr* = PrPr*.
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Figure 3: Evolution of the probability of the low-volatility regime of the economy

As in the deterministic case, we consider three possible sets of policy preference parameters.
The neutral case gives equal priority to inflation and output gap whatever the regime. In the
two other cases, the central bank changes its priorities among the regimes. First, we assume
output priority in the low-volatility regime and inflation priority in the high-volatility regime.
We refer to this case as “output-low/inflation-high”. Conversely in case “inflation-low/ output-
high”, we give priority to inflation in the low-volatility regime and to output stabilization in
the high-volatility regime. We use the following weights for the simulations

e Neutral case: Qr-=1=Q,, V0(k).

o output-low/inflation-high: Qr . =1and Q,, =2if (k) =1 and Q, =2 and Q,, =1
if 0(k) = 2.

e inflation-low/output-high: Qr, =2 and Q,, =1if 0(k) =1 and Q,, =1 and @), , = 2
if O(k) = 2.

Table 7 gives the optimal stable values of the reaction function”, F = PrilFO(k)zl +
Pr;,F?®=2 and figure B.1, in appendix B gives the results of these simulations.

F f(t))pt 10pt 20pt fgpt Zpt
Neutral case 0.1625 0.0809 0.0963 0.0754 0.6657

output low/inflation high | 0.2227 0.1176 0.1352 -0.0178 0.6451
inflation low/ output high | 0.1220 0.0570 0.0887 0.1287  0.6263

Table 7: Stable values of the reaction function

The optimal coefficient on lagged interest rates (fy” t) is slightly higher than those calcu-

lated in deterministic cases and thus, is closer of the realized behavior. On the other hand,

"We take the stable elements of F, that is the values of ' before the end of the world effect plays.
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the optimal coefficient on output gap (f5" "} is lower than in deterministic case which means
that the optimal policy driven by a MJLQ model reacts more weakly to the GDP than that
driven by a deterministic one.

Figure B.1 compares the realized interest rate and the optimal policy. We can observe in
panel (c) that an optimal policy that gives priority to output gap in the high-volatility regime
and to inflation in the low-volatility regime fails to fit the data. The “output-low/inflation-
high” (panel (b)) and neutral (panel (a)) cases improve the results significantly. This is con-
firmed by the cumulative sum of absolute deviation given in figure B.2. Morcover, we can
observe that “output-low/inflation-high” dominates overall, even this is less evident at the be-
ginning of the period. Finally we combine the two cases as “equal-low/inflation-high”, setting
equal priority on inflation and output gap in the low-volatility regime and priority on inflation
in the high-volatility regime. This means that we reduce the relative weight of the output gap
over the low-volatility regime. The cumulative sum of absolute deviation is given in figure
B.3 and is compared to the results obtained using only “output-low/inflation-high” weights.
We also give the results for the inverse combination (output-low/equal-high). We clearly see
that the combination “equal-low/inflation-high”gives the best results. In conclusion, using a
MJLQ optimal policy improves the data fit, compared to the previously-seen deterministic
cases. This confirms the relevance of allowing a switch of preferences for the different regimes
according to the following rule: a high-volatility regime puts priority on inflation while equal
priority on output gap and inflation is better in a low-volatility regime.

Monte Carlo Analysis

As in the deterministic case, we run a Monte Carlo simulation to underline how a change
of weights modifies the discrepancy between the optimal reaction function and the empirical
one. As previously, we draw 50,000 times the ¢;; € [0.1,10] and we calculate the error ¥ =
> (ur — uy)? where u* is now given by equation (10). Figure 4 shows the mean error between
the optimal case and the historical reaction function. Results obtained running Monte-Carlo
simulations confirm the superiority of a priority on inflation in a high-volatility regime and
are consistent with an equal priority in a low-volatility regime.

17



Markovian Case Markovian Case

_ _ o
o I i c ‘ ‘ I g
o _] o
o o
™ ™
] i l ] : ! i I
S | =3 '
= =
4 1 1L L L L 1 L1 4L " 4 91 04 o1 L o 1T x
T T 1T 1T T 1T T 11 T T 1T 1T T T 1T 11
0-1 2-3 4-5 6-7 8-9 0-1 2-3 4-5 6-7 8-9
Weight on Inflation in Regime 1 Weight on Inflation in Regime 2
Markovian Case Markovian Case
7 ﬁ n [}
o ' o o
o ] o
3 ! ] i 3 i
1
- , -
o o i l ‘ o
1
g - BRI IN 8—
- JI. 4 L - + J' +
T T 1T 1T T 1T T 11 T T 1T 1T T T 1T 11
0-1 2-3 4-5 6-7 8-9 0-1 2-3 4-5 6-7 8-9
Weight on GDP in Regime 1 Weight on GDP in Regime 2

Figure 4: Monte Carlo simulation. Mean error between optimal and realized reaction function:
(a) Simulations on inflation weights (top), (b) simulations on GDP weights (bottom)

5 Concluding Remarks

In this paper, we are interested in comparing optimal monetary policy to the realized interest
rates. We derive the optimal monetary policy using first a deterministic framework and then a
Markov Jump one. Moreover, we allow a change in preferences of the central bank, represented
by the weights on inflation and output gap. Using quarterly US data over the period 1960-
2008, estimates of the business cycle clearly show a regime change during the early 80’s. The
US quarterly data for the economy shows a switch from an inflationist regime to a more stable
one. Using a deterministic model, there is no unique optimal solution that fits the behavior
of the central bank over the entire period. Using a Markov Jump Linear Quadratic problem
of minimization for the central bank improves the understanding of the federal funds rate
dynamics. We clearly see that monetary authorities have to change their inflation/output
relative preferences depending on the regime they assume the economy is following.
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APPENDIX

A Optimal Reaction function in the determinist case

Constant case

Figure A.1: Historical interest rate values versus theoretical optimal ones with (a) output gap
priority (top left), (b) equal priority (top right), (¢) inflation priority (bottom). The vertical
bars indicate the low-volatility regime of the economy.
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Figure A.2: Cumulative sum of absolute deviation between one-step ahead prediction and
the historical interest rate. (a) Inflation versus output gap priority (top left), (b) Inflation
priority versus equal priority (top right), (c¢) Inflation priority versus very high inflation priority

(bottom).
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Figure A.3: Historical interest rate values versus theoretical optimal ones with (a) Output gap
priority (top left), (b) equal priority (top right), (c) inflation priority (bottom). The vertical
bars indicate the low-volatility regime of the economy.
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Figure A.4: Cumulative sum of absolute deviation between one-step ahead prediction and
the historical interest rate. (a) Equal priority versus output gap priority (left). (b) Inflation
priority versus output gap priority (right)
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Figure A.5: Cumulative sum of absolute deviation between one-step ahead prediction and the
historical interest rate (low-volatility regime). (a) Equal priority versus output gap priority
(left). (b) Inflation priority versus output gap priority (right)
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Figure A.6: Historical interest rate values versus theoretical optimal ones with (a) Output gap
priority (top left), (b) equal priority (top right), (c¢) inflation priority (bottom). The vertical
bars indicate the low-volatility regime of the economy.
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Figure A.7: Cumulative sum of absolute deviation between one-step ahead prediction and
the historical interest rate. (a) Inflation priority versus equal priority (top left). (b) Equal
priority versus output gap priority (top right). (c) Inflation priority versus output gap priority
(bottom)
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Figure A.8: Cumulative sum of absolute deviation between one-step ahead prediction and the
historical interest rate (high-volatility regime). (a) Equal priority versus output gap priority
(left). (c) Inflation priority versus output gap priority (right)
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B Optimal Reaction function in the MJLQ case

Figure B.1: Evolution of the realized versus the optimal stable state solution: (a) neutral case
(top left), (b) output-low/inflation-high (top right), (¢) inflation-low /output-high (bottom).
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Figure B.2: Cumulative sum of absolute deviation between one-step ahead prediction and the
historical interest rate. Neutral case vs output-low/inflation-high and inflation-low/output-
high.
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Figure B.3: Cumulative sum of absolute deviation between one-step ahead prediction and
the historical interest rate. Output-low/inflation-high vs equal-low /inflation-high and output-
low/equal-high.
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