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Abstract

We show that the Cauchy Problem for a randomly forced, periodic
multi-dimensional scalar first-order conservation law with additive or
multiplicative noise is well-posed: it admits a unique solution, charac-
terized by a kinetic formulation of the problem, which is the limit of
the solution of the stochastic parabolic approximation.

Keywords: Stochastic partial differential equations, conservation laws, ki-
netic formulation, entropy solutions.

MSC: 60H15 (35L65 35R60)

1 Introduction

Let (2, F,P, (F:), (Br(t))) be a stochastic basis and let 7" > 0. In this paper,
we study the first-order scalar conservation law with stochastic forcing

du + div(A(u))dt = ®(u)dW (t), €TV te (0,7). (1)

The equation is periodic in the space variable z: x € TV where TV is the
N-dimensional torus. The flux function A in (1) is supposed to be of class
C?: A € C*(R;RY) and its derivatives have at most polynomial growth. We
assume that W is a cylindrical Wiener process: W = )", ., Brei, where the
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B are independent brownian processes and (e )x>1 is a complete orthonormal
system in a Hilbert space H. For each u € R, ®(u): H — L*(T¥) is defined
by ®(u)ey, = gr(u) where g (-, u) is a regular function on T. More precisely,
we assume g € C(TY x R), with the bounds

G*(z,u) = ) lgn(x,u)* < Do(1+ [uf?), (2)
D lgr(a,w) = gy, 0)F < Dille —y[* + [u = vlh(ju — o)), (3)

k>1

where z,y € TV, u,v € R, and h is a continuous non-decreasing function
on Ry with A(0) = 0. Note in particular that, for each v € R, ®(u): H —
L*(T"V) is Hilbert-Schmidt since ||gi (-, w)|| z2crvy < ||lg(-, w)||oray and thus

D gl W)l < Do(L + [ul?).

k>1

The Cauchy Problem, resp. the Cauchy-Dirichlet Problem, for the stochastic
equation (1) in the case of an additive noise (® independent on u) has been
studied in [Kim03], resp. [VWO09]. Existence and uniqueness of entropy
solutions are proved in both papers. The Cauchy Problem for the stochastic
equation (1) in case where the noise is multiplicative (and satisfies (2)-(3)
above) has been studied in [FNO8]. In [FNOS8], uniqueness of (strong) entropy
solution is proved in any dimension, existence in dimension 1.

Our purpose here is to solve the Cauchy Problem for (1) in any dimen-
sion. To that purpose, we use a notion of kinetic solution, as developed
by Lions, Perthame, Tadmor for deterministic first-order scalar conserva-
tion laws [LPT94]. A very basic reason to this approach is the fact that no
pathwise L> a priori estimates are known for (1). Thus, viewing (1) as an
extension of the deterministic first-order conservation law, we have to turn to
the L! theory developed for the latter, for which the kinetic formulation, once
conveniently adapted, is slightly better suited than the renormalized-entropy
formulation (developed in [CW99] for example).

There is also a definite technical advantage to the kinetic approach, for it
allows to keep track of the dissipation of the noise by solutions. For en-
tropy solutions, part of this information is lost and has to be recovered at
some stage (otherwise, the classical approach a la Kruzhkov [Kru70] to Com-
parison Theorem fails): accordingly, Feng and Nualart need to introduce a
notion of “strong” entropy solution, i.e. entropy solution satisfying the extra
property that is precisely lacking [FNO8|. This technical difference between
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the notions of kinetic and entropy solution already appears in the context of
degenerate parabolic equations: in the comparison of entropy solutions for
such hyperbolic-parabolic equations, it is necessary to recover in a prelimi-
nary step the quantitative entropy dissipation due to the second-order part
in non-degeneracy zones (see Lemma 1 in [Car99]). For kinetic solutions, this
preliminary step is unnecessary since this dissipation is already encoded in
the structure of the kinetic measure, (see Definition 2.2 in [CP03]).

In the case of an additive noise, Kim [Kim03] and Vallet and Wittbold [VW09]
introduce the auxiliary unknown w := u — ®W that satisfies the first-order
scalar conservation law

Oyw + div(B(x,t,w)) = 0, (4)

where the flux B(x,t,w) := A(w + ®(z)W(t)) is non-autonomous and has
limited (pathwise Holder-) regularity with respect to the variable ¢. Then
entropy solutions are defined on the basis of (4). In this way it is actually
possible to avoid the use of Ito stochastic calculus.

In the case of an equation with a multiplicative noise, Feng and Nualart
define a notion of entropy solution by use of regular entropies and Ito For-
mula [FNO8]. They also define a notion of strong entropy solution, which
is an entropy solution satisfying an additional technical criterion. This ad-
ditional criterion is required to prove a comparison result between entropy
and strong entropy solution. As already mentioned, they are able to prove
existence of strong entropy solutions only in dimension one.

In all three papers [Kim03, FN08, VW09], existence is proved wia approxi-
mation by stochastic parabolic equation. We will proceed similarly, ¢f. The-
orem 24. Consequently, our notion of solution, defined in Definition 2, hap-
pen to be equivalent to the notion of entropy solution used in [Kim03, FNOS,
VW09], provided the convergence of the vanishing viscosity method has been
proved, hence in the context of [Kim03, VW09] or in [FNO8] in dimension
1'. In fact, we prove that our notion of kinetic solution is also equivalent to
the notion of (mere — not strong) entropy solution of [FNO8|, whatever the
dimension, see section 3.3.

Our main results states that under assumptions (2) and (3), there exists
a unique kinetic solution in any space dimension. Due to the equivalence
with entropy solution, we fill the gap left open in [FNO8]. Moreover, the use
of kinetic formulation considerably simplifies the arguments. For instance,

Inote that we consider periodic boundary conditions here, unlike [Kim03, FN08, VW09].
However, our results extend to the whole Cauchy Problem or to the Cauchy-Dirichlet
Problem.



to construct a solution, only weak compactness of the viscous solutions is
necessary.

There are related problems to (1). We refer to the references given in, e.g.
[Kim03, VWO09], in particular concerning the study of the deterministic in-
viscid Burgers equation with random initial datum. One of the important
question in the analysis of (1) (and, more precisely, in the analysis of the evo-
lution of the law of the solution process u(t)) is also the existence (unique-
ness, ergodic character, etc.) of an invariant measure. This question has
been fully addressed in [EKMS00] for the inviscid periodic Burgers equation
in dimension 1 by use of the Hopf-Lax formula.

Our analysis of (1) uses the tools developed over the past thirty years for the
analysis of deterministic first-order scalar conservation laws, in particular the
notion of generalized solution. Thus, in Section 2, we introduce the notion
of solution to (1) by use of the kinetic formulation, and complement it with
a notion of generalized solution. In Section 3, we prove Theorem 15, which
gives uniqueness (and comparison results) for solutions and also shows that
a generalized solution is actually necessarily a solution. This result is used
in Section 4: we study the parabolic approximation to (1) and show that it
converges to a generalized solution, hence to a solution. This gives existence
and uniqueness of a solution, Theorem 24.

Note: This is an improved version of the article entitled 7 Scalar conservation
laws with stochastic forcing” published in the Journal of Functional Analysis,
259 (2010), pp. 1014-1042.

Since the publication of this paper, other articles on this subject have ap-
peared. Chen, Ding, Karlsen [CDK12] and Bauzet, Vallet and Wittbolt
[BVW12] have generalized the Kruzkov approach to the stochastic case for
an equation similar to the one treated here. Hofmanova has proved conver-
gence of a BGK approximation ([H13]). Debussche, Hofmanova and Vovelle
have treated the degenerate parabolic quasilinear case ([DHV13]).

Also Lions, Perthame, Souganidis ([LPS13]) have treated the case of a stochas-
tic conservation law with the stochastic term in the flux. The methods are
completely different in this paper.

Acknowledgement: The authors warmly thank Martina Hofmanova and
Sylvain Dotti for a careful reading of our manuscript. They raised several
imprecision and mistakes. These have been corrected in the present version
of our work.



2 Kinetic solution

2.1 Definition

Definition 1 (Kinetic measure). We say that a map m from Q to the set of
non-negative finite measures over TV x [0,T] x R is a kinetic measure if

1. m is measurable, in the sense that for each ¢ € Cy(TYN x [0,T] x R),
(m, ¢)y: Q@ — R is,

2. m vanishes for large £: if BG = {£ € R, || > R}, then

lim Em(TY x [0,T] x B%) =0, (5)
R—-+o00

3. for all ¢ € Co(TN x R), the process

t— o(z,&)dm(z, s,§)

TN x[0,¢] xR

15 predictable.

Definition 2 (Solution). Let ug € L=(TY). A measurable function u: TV x
[0,7] x Q — R is said to be a solution to (1) with initial datum ug if (u(t))
is predictable, for all p > 1, there exists C, > 0 such that

E (ess supyeporp [(t), v, ) < Coy (6)

and if there exists a kinetic measure m such that f = 1,5¢ satisfies: for all
o € CHTN x [0,T) x R),

/0 (). Dnp(t))dt + {fo, 0(0)) + / (1), al€) - Vi (b))t
- — Z/O /TN gre(x,u(z, t)p(z, t,u(z, t))dedB(t)

- % /0 /TN e, t, u(w, 1) G*(w, ulx, 1)) dwdt + m(Dep), (7)

a.s., where G* := 32 |gx|* and a(§) := A'(§).



In (7), fo(z,§) = lyy@)>¢. We have used the brackets (:,-) to denote the
duality between C2°(TY x R) and the space of distributions over TV x R. In
what follows, we will denote similarly the integral

(F,G) = /T ) /R Flz,€)G(z,€)dzde, F e IP(TY xR), G € LA(TY x R),

where 1 < p < +00 and ¢ is the conjugate exponent of p. In (7) also, we
have indicated the dependence of g, and G? on u, which is actually absent
in the additive case and we have used (with ¢ = O¢) the shorthand m(¢)
for

m(@) = / o, t, )dm(x, 1,6), &€ Co(T™ x [0,T] x R).
TN x[0,T]xR

Note that a solution u in the sense of Definition 2 is not a process in the
usual sense since it is only defined almost everywhere with respect to the
time. Part of our work below is to show that u has a natural representative
which has almost sure continuous trajectories with values in LP(T%).
Equation (7) is the weak form of the equation

(O + al€) - V) Lune = G c®W + Ae(m — %G?&M). (8)

We present now a formal derivation of equation (8) from (1) in the casem = 0
(see also Section 4.1, where we give a rigorous derivation of the kinetic for-
mulation at the level of the viscous approximation): it is essentially a conse-
quence of Ito Formula. Indeed, by the identity (L,s¢, 0) = [ Luset (€)dE =
O(u) — (—o0), satisfied for § € C*°(R), and by [t6 Formula, we have

d(1yse, 0') = 0'(u)(—a(u) - Vudt + (u)dW) + %9"(u)G2dt
= —div(/u a(§)0'(&)de)dt + %HII(U)Gth + 0" (u)®(u)dW
— _div((aloec, 0))dt — %@(G%u:g), 0\t + (Sue, 0DAV).

Taking 0(¢§) = ffoo ©, we then obtain the kinetic formulation with m = 0.
The measure m is sometimes (quite improperly if no action, or Lagrangian,
is precisely defined) interpreted as a Lagrange multiplier for the evolution of
f by O, + a-V under the constraint f = graph = 1,-¢. It comes into play
only when u becomes discontinuous (occurrence of shocks); in particular, it
does not appear in the computation above that requires some regularity of
u with respect to x to apply the chain-rule of differentiation.
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2.2 Generalized solutions

With the purpose to prepare the proof of existence of solution, we introduce
the following definitions.

Definition 3 (Young measure). Let (X, ) be a finite measure space. Let
P1(R) denote the set of probability measures on R. We say that a map
v: X — Pi(R) is a Young measure on X if, for all ¢ € Cy(R), the map
z = v,(¢) from X to R is measurable. We say that a Young measure v
vanishes at infinity if, for every p > 1,

| [1grani©n) < voc. (9)

Definition 4 (Kinetic function). Let (X, ) be a finite measure space. A
measurable function f: X xR — [0, 1] is said to be a kinetic function if there
exists a Young measure v on X that vanishes at infinity such that, for A-a.e.

z € X, forall € € R,
f(z,8) = v(&, +o0).

We say that f is an equilibrium if there exists a measurable function u: X —
R such that f(z,§) = 1.s¢ a.e., or, equivalently, v, = &y for a.e. z € X.

If f: X x R — [0,1] is a kinetic function, we denote by f the conjugate
function f:=1— f.

We also denote by xy the function defined by x;(z,&) = f(2,£) — Lose.
Contrary to f, this modification is integrable. Actually, it is decreasing
faster than any power of ¢ at infinity. Indeed,

_/ deu g < 07
(_Oovﬂ

/ dv,, £ > 0.
(§,+00)

7 [ e 01xG) < [ [ 1GPane©are) < (10)

forall E e R, 1 < p < +o0.

Xp(2,€) =

Therefore

We have the following compactness results (the proof is classical and reported
to appendix).



Theorem 5 (Compactness of Young measures). Let (X, \) be a finite mea-
sured space such that L*(X) is separable. Let (V") be a sequence of Young
measures on X satisfying (9) uniformly for some p > 1:

sup [ leranzie)an) < +x. (11)

Then there exists a Young measure v on X and a subsequence still denoted
(V™) such that, for all h € L'(X), for all ¢ € Cy(R),

Jim [ /¢> Ydv™ (€)dA(z / /¢ Vv, (€)dA(z).  (12)

Corollary 6 (Compactness of kinetic functions). Let (X, \) be a finite mea-
sured space such that L*(X) is separable. Let (f,) be a sequence of kinetic
functions on X x R: f,(2,&) = v2(&,+00) where v are Young measures on
X satisfying (11). Then there exists a kinetic function f on X X R such that
fo = f in L=®(X x R) weak-*.

We will also need the following result.

Lemma 7 (Convergence to an equilibrium). Let (X, \) be a finite measure
space. Let p > 1. Let (f,) be a sequence of kinetic functions on X x R:
fu(2,6) = V2, +00) where v™ are Young measures on X satisfying (11).
Let f be a kinetic function on X x R such that f, — f in L=(X x R)
weak-*. Assume that f,, and f are equilibria:

fn(za g) - 1un(z)>§> f(zag) = ]—u(z)>§-
Then, for all 1 < q < p, u, — w in LX) strong.

Note that if f is a kinetic function then 0 f = —v is non-negative. Observe
also that, in the context of Definition 2, setting f = 1,-¢, we have O¢f =
—0u=¢ and v := §,—¢ is a Young measure on 2 x TV x (0,7). The measure
v vanishes at infinity (it even satisfies the stronger condition (13) below).
Therefore any solution will also be a generalized solution, according to the
definition below.

Definition 8 (Generalized solution). Let fo: Qx TN xR — [0, 1] be a kinetic
function. A measurable function f: Q x TN x [0,T] x R — [0, 1] is said to
be a generalized solution to (1) with initial datum fo if (f(t)) is predictable
and 1s a kinetic function such that: for allp > 1, v := —0:f satisfies

E (esssupteOT/ /|§|pd1/xt( )dx) < C,, (13)
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where C,, is a positive constant and: there exists a kinetic measure m such

that for all p € CHTYN x [0,T) x R),

T

/ (). Do)t + (fo, p(0)) + / (1), al€) - V(b)) dt

e / /TN/gk 2, €)p(, 1, €)dvy (&) dd P (t) (14)
_5/0 /TN/Raw(fﬁ,t,S)GQ(%S)du(m,ﬂ(g)d:pdt+m(a§¢), 0s.

Observe that, if f is a generalized solution such that f = 1,-¢, then u(t, z) =
Jo xr(@,t,€)dE, hence u is predictable. Moreover, v = d,—¢ and

/TN |u(t,x)|pda;:/W/R|5|pd%(€)dx

Condition (6) is thus contained in the condition (13).

We conclude this paragraph with two remarks. The first remark is the fol-
lowing

Lemma 9 (Distance to equilibrium). Let (X, \) be a finite measure space.
Let f: X x R — [0,1] be a kinetic function. Then

3
m(©) = [ (g = FQNAG, wherewi= [ xs(c)dc
is well defined and non-negative.

Note in particular that the difference f(§) — 1,5¢ writes Oem where m > 0.
Proof of Lemma 9: Let v, = —0:f(z,-), 2 € X. By Jensen’s inequality,

e H (/Rgdyz ) /H )dv.(C (15)

for all convex sub-linear function H: R — R. Note that

:Af(z,g)—10>¢d§:ACdvz(€)

by integration by parts. By integration by parts, we also have, for H € C*(R)
and sub-linear,

[ Q0 = HO)+ [ HOU:0 ~ 1004



and

H(u(2)) = / H(Q)dsuio)(C) = H(O) + / H(C)(Luoroc — Loog)dC.

By (15), it follows that

/R H(O)(f(:0) — Lugoyoe)dC > 0

for all convex and sub-linear H € C*(R). Approximating ¢ — (¢ — &)~ by
such functions H, we obtain m(§) > 0. m

Our second remark is about the time continuity of the solution (see also
[CG10] and references therein on this subject). Generalized solutions are a
useful and natural tool for the analysis of weak solutions to (1), i.e. solutions
that are weak with respect to space and time, but the process of relaxation
that generalizes the notion of solution introduces additional difficulties re-
garding the question of time continuity of solutions. To illustrate this fact,
let us consider for example the following equation (the “Collapse” equation
in the Transport-Collapse method of Brenier [Bre81, Bre83])

Of () = Lugoe — f. ult) := / Yoo (€)dE. (16)

with initial datum fo(€) a kinetic function. Integrating (16) with respect to
¢ shows that u = ug is constant and gives

f) =e"fo+ (1= e )Ly,

i.e. f(t) is describing the progressive and continuous “collapse” from fy to
1,,>¢. By Lemma 9,

3
m(t.) = [ (e = £ 20
for all £,£. More generally,
3
| teo-reoczo, vrsrveer a7)

as we obtain by integration of (16) with respect to s € (¢,7) and ¢ < &.
Observe also that f satisfies 0; f = Jgm, m > 0. Now erase an interval [t;, ¢o]
in the evolution of f. Then

9(8) = f(t) = FO Lo (1) + [t +ts = 1) Liey ooy (8)

10



satisfies

0rg = O+ (f(t2) — f(t1))o(t —t1)
13
=0, 068 = (e, )+ [ (F(t.0)— f(t1.C)ch(t— 1),

—00

By (17), n is non-negative, but, unless fy = 1,,~¢ in which case f is constant
and g = f, g is discontinuous at ¢ = ¢;. In the analysis of a generalized
solution f, we thus first show the existence of modifications f* and f~ of f
being respectively right- and left-continuous everywhere and we work on f*
in most of the proof of uniqueness and reduction (Theorem 15). Finally, we
obtain the time-continuity of solutions in Corollary 16.

2.3 Left and right limits of generalized solution

We show in the following proposition that, almost surely, any generalized
solution admits possibly different left and right weak limits at any point
t € [0,T]. This property is important to prove a comparison principle which
allows to prove uniqueness. Also, it allows us to see that the weak form (14)
of the equation satisfied by a generalized solution can be strengthened. We
write below a formulation which is weak only with respect to  and €.

Note that we obtain continuity with respect to time of solutions in Corol-
lary 16 below.

Proposition 10 (Left and right weak limits). Let fy be a kinetic initial
datum. Let f be a generalized solution to (1) with initial datum fy. Then
f admits almost surely left and right limits at all point t, € [0,T]. More
precisely, for all t, € [0,T) there exists some kinetic functions f** on Q x
TN x R such that P-a.s.

<f<t* - 8)7@) — <f*’77()0>

and
<f(t* + 5)7 SO> - <f*7+7 SO>
as € — 0 for all p € CHTYN x R). Moreover, almost surely,

<f*,+ _ f*,—’ 90> — _/ 85()0(1‘, 5)1{t*}(t)dm(l‘, t, g) (18)
TN x[0,T]xR

In particular, almost surely, the set of t. € [0,T] such that f*~ # f* is
countable.
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In the following, for a generalized solution f, we define f* by f*(t,) = f**,
t. € [0,T]. Note that, since we are dealing with a filtration associated to
brownian motions, f* are also predictable. Also f = f* = f~ almost
everywhere in time and we can take any of them in an integral with respect
to the Lebesgue measure or in a stochastic integral. On the contrary, if the
integration is with respect to a measure - typically a kinetic measure in this
article -, the integral is not well defined for f and may differ if one chooses
ftor f~.

Proof of Proposition 10.Without loss of generality, we assume that 2 =
C([0, T];U), where U is a Hilbert space and H C U with Hilbert-Schmidt
embedding, F is the Borel g-algebra of C'([0,7], U) and that P is the Wiener
measure on ).

The set of test functions C!(TY x R) (endowed with the topology of the uni-
form convergence on any compact of the functions and their first derivatives)
is separable and we fix a dense countable subset D;. For all ¢ € C}(TY xR),
a.s., the map

Tostes [ 45).0(6) - Veis

S [ ] [ o €ote, e fedadits

k>1

5 t [, [ oeele. G v ()duds (19

is continuous on [0, 7. Consequently: a.s., for all ¢ € Dy, J, is continuous
on [0, 7.

For test functions of the form (z,t, &) — ¢(z,&)al(t), « € CL([0,T]), ¢ € Dy,
Fubini Theorem and the weak formulation (14) give

/0 9o (D) (1)t + (fo, )r(0) = {m, Do) (), (20)

where g,(t) := (f(t),p) — J,(t). This shows that 0,9, is a Radon measure
on (0,7, i.e. the function g, € BV(0,7). In particular it admits left and
right limits at all points ¢, € [0,7]. Since J, is continuous, this also holds
for (f,¢): for all ¢, € [0, 7], the limits

(fio)(tt) = gigg<f, ©)(t) and (f, ) (t.—) == Pé?“’ ©)(t)

exist. Note that:
1 txte 1 tx
s =tig= [T r 0 (L) =ln= [ o

12



Let (£,) 4 0. Set X = Q x TV x R and let A denote the product measure of
the Wiener measure P and of the Lebesgue measure on TV x R. The function

txten
fn = i/t f(t)dt

€n

is a kinetic function which, thanks to (13), satisfies the condition (11).
Clearly, the Borel o field on Q@ x T" x R = C([0,T] : U) x TV x R is
countably generated and by [C80], Proposition 3.4.5, L*(2 x T™ x R) is sep-
arable. By Corollary 6, there exist a kinetic functions f** on Q x TV x R
and subsequences (Enf) such that

1 L 1 tvte 4

— ftydt — o=, — oyt — ot
Eny te—e _ Enf Jt.
k

weakly-x in L>(Q2 x TV x R) as k — +o00. We deduce:
<f7 ()0> (t*+> = <f*7+7 90> and <f7 ()0> (t*_) = <f*777 90>

1
Taking for o the hat function «(t) = — min((t —t. +¢)", (t—t.—e)”) in (20),
3
we obtain (18) at the limit [¢ — 0]. In particular, almost surely, f** = f*~
whenever m has no atom at t..
We thus have proved the result for ¢ € D;. Since D; is dense in CH(TV x R),
it is easy to see that in fact everything holds a.s. for every ¢ € C}(TV x R).
]

Remark 11 (Uniform bound). Note that, by construction, f* satisfy the
bound (13) uniformly in time:

p.J,,£
E <t2}é,pﬂ . [ dux,t<£>dx> <, e

Once we have proved the existence of left and right limits everywhere, we
can derive a kinetic formulation at given ¢ (i.e. weak in (x,&) only). Taking
in (14) a test function of the form (z,s,&) — @(z,§)a(s) where « is the
function

1, s <t,
s—1t
a(s)=4¢ 1— t<s<t+e,
€
0, t+¢e <s,

13



we obtain at the limit [¢ — 0]: for all ¢ € [0, 7] and p € CL(TY x R),

t

/ (F(s), al€) - Vi)ds

+ (fo, ¢
k/ /TN/ 9(%, ) (2, ) vz (&) drd i (s)

) /0 /T N /R Oep(x, )G, &) dv (5 (&)dads + (m, 0e0)([0,1]), as
(22)

—(f7 ()

whete (m,2¢)(0.6) = [ e ().

Remark 12 (The case of equilibrium). Assume that f*~ is at equilibrium
in (18): there exists a random variable u* € L'(T?) such that f*~ = 1,:5¢
a.s. Let m* denote the restriction of m to TN x {t,} x R. We thus have

f*Hr _ 1u*>§ — aﬁm*

In particular, by the condition at infinity (5) on m the integral of the rhs
vanishes and we have: almost surely, for a.e. x € TV,

/(f*Jr(l’aé) - 10>5)df = /(1u*>£ - 10>5)df =u".
R R
By Lemma 9,
3
piem [ uac— O

is non-negative. Besides, O¢(m* + p*) = 0, hence m* + p* is constant, and
actually vanishes by the condition at infinity (5) and the obvious fact that p
also vanishes when |§| — +00. Since m*,p* > 0, we finally obtain m* = 0
and f*T = f*7: in conclusion, when f*~ is at equilibrium, (18) is trivial
and we have no discontinuity at t,.

3 Comparison, uniqueness, entropy solution
and regularity

3.1 Doubling of variables

In this paragraph, we prove a technical proposition relating two generalized
solutions f;, i = 1,2 of the equation

du; + div(A(u,))dt = O (u;)dW. (23)
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Proposition 13. Let f;, i = 1,2, be generalized solution to (23). Then, for
0 <t < T, and non-negative test functions p € C*(TV), v € C*(R), we
have

/TN 2 /Rg z = )€ = O f (2, 4,8) f5 (y, 1, )dEdCdady
= E/ / = y)P(€ =) fro(x, &) fr0(y, Q)dédCdady + T, + 1y, (24)
TN)2 JR2

where

I, = E/ / fi(2,5,€) faly, s, O)(al€) — a(Q)w (€ — ()déd¢
0 (TN)2 R2
- Vap(z — y)drdyds

and

1 t
=g [ [ [ ve-o

X g, &) = gr(y, Q) Pdv, , @ v (&, ¢)dadyds.

k>1

Remark 14. Each term in (24) is finite. Let us for instance consider the
first one on the right hand side. Let us introduce the auxiliary functions

3ﬁﬂm&%@=ﬂﬁ@%

which are well-defined since 1 is compactly supported. Note that both 1, and
Yy vanish at —oo. When & — +00, 11 remains bounded while 1y has linear
growth. To lighten notations, we omit the index 0. Let us set fo = 1— fy. In
the case where fi and fo correspond to kinetic solutions, i.e. f; = 1,,5¢, we
compute (forgetting the dependence upon t and x): fo(C) = luy<c and

g V(€ = C) f1(€) f(C)dEAC = a(uy — us).

In the case of generalized solutions, we introduce the integrable modifications
sz Of.fl; 1= 1a2

fl(g) = XA (g) + 10>§’ ]FQ(g) - 10§C — Xfo (C)

15



Accordingly, we have, by explicit integration:

[t = 0RO =~ [ w6 = Onn(@xn(o)dsdc
+ [ @€ = [ (-0 -+ i) (25)

FEach term in the right hand-side of (25) is indeed finite by (10).

Proof of Proposition 13: Set GF(z,&) = > 77, gk (2, §)]* and G3(y, () =
2kt lgr2(y, Q)17 Let o1 € CF(TY X Re) and @ € C(T) x Re). By (22),
we have

<f1+<t)7901> = <m>{76€901>([07t]) + F1<t>

R =3 [ [ [ aeid @it

k>1

with

and
(m*{,8§<p1>([0,t]) = <f1,0,¢1>50([0>t]) +/0 (fi,a-Vy)ds

1 t
w5 [ [ oGt o€duds = s, 000 (0.
2 0 ™ JR

Note that, by Remark 12, (my, O¢p1)({0}) = 0 and thus the value of (m7, d¢¢1)({0})
is (f1,0,%1). Similarly

<f2+(t)’902> = <m;78C<)02>([0’t]) + FQ(t)

with

Ro=-3 [ t [, [ aortiz fc)uasits

k>1

and
(12, 002 (0,1]) = (Fo 02)00((0.1]) + / (ova - Viga)ds
=5 | [, [ ocerGlaty oy + (maega) (0.0

where <m;’ aCSO2>({O}Z: <f2,0a 902> Let Oz(l‘, £,y g) = Qpl(l‘a 5)802(9, g) Using

It6 formula for Fy(t)Fy(t), integration by parts for functions of finite varia-
tion (see for instance [RY99], chapter 0) for (m7}, de1) ([0, t])(m3, Ocp2) ([0, 1]),
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which gives

(m1, Oep) ([0, ]) (s, Ocepa) ([0, 1])

= (m1, 9ep1) ({0}) (M3, Ocipa) ({0}) + o (m1, 9e1) ([0, 5))d(ms, Ocipa) (s)

+ | (m3, 0cp2)((0, s])d{my, Oepr)(s)
(0,

and the following formula

(. 0eipn) (0. ) Fa(t) = / (1 0o (0, s))dFa(s) + / Fy(s)(m}, 0egr) (ds),

0

which is easy to obtain since F5 is continuous, and a similar formula for
(mb, Ocp2)([0,t])Fi(t), we obtain that

(Fi7 (@), 0)(f3 (1), 02) = ({(fi' ()" (1), &)

satisfies

<<f1() 7 <f10f207 >>
IR / /TN [ BFa()- e+ a(Q) -, adsdCdudyds

+—E/ / 8§af2(s)G%dl/(1x o(§)dCdzdyds
2 0 (']I*N)Q R2 ’

1 t
— 5IEf,/ / / /agafl(s)ngl/(zy’s)(C)dfdydxds
0 Janyz Jr2 Jr

t
B[ [ ] Gt (a7 (0 dody
0 (']TN)Q R2 ’ ’
B[ ] B ©okadmi(e s gdcdy
(0,¢] J(TN)2 JR2
s8] freoadmaty. s Qdgds (20
(0,t] J(TN)2 JRR2

where Gy 2(7,9;€,C) = D oy gka(,§)gr2(y, ¢) and ((-,-)) denotes the du-
ality distribution over TY x R, x ']TZ]/V x Re. By a density argument, (26)
remains true for any test-function a € CZ(TY x Re x T} x R¢). Using
similar arguments as in Remark 14, the assumption that « is compactly sup-
ported can be relaxed thanks to the condition at infinity (5) on m; and (9)
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on v, i = 1,2. Using truncates of , we obtain that (26) remains true if
a € C° (TN x Re x ']I‘]yv x R¢) is compactly supported in a neighbourhood of
the diagonal

{(z,&,2,6);2 € TV, £ € R},

We then take o = py) where p = p(x—y), ¥ = ¥({ — (). Note the remarkable
identities
(Vo+Vy)a=0, (0+0d)a=0. (27)

In particular, the last term in (26) is
B[ [ [ frsoadsdndmy.s. )
(0,¢] J(TN)2 JR2
—-5 [ [ [ Feoadedrama(y.s.0
(0,¢] J(TN)2 JR2

:_E/ / /ady;’s(g)d:cdmg(y,s,oio
(0,4] J(TN)2 JR2 '

since a > 0. The symmetric term

B[ ] B ©oadmie s dcdy
(0,] J(TN)2 JR2

:—E/ / / advyF(C)dydma (z, s,€)
(0, J(TN)2 JR2 ’

is, similarly, non-positive. Consequently, we have

E((fi7 (1) f5 (1), @) < ((frofzo,)) + 1, + Ly, (28)
where
= Lfala(€) - Vi + a(C) - y)adédCdrdyds
T Y R COR SRR AR
and

1 ¢ =
I, = —E/ / 0§af2(5)Gfdu(lx7s) (&)d{dxdyds
2 0 (TN)2 R2

1 t
— 5IE/ / / /8<af1(S)ngy(zm)(odfdyd:cds
0 Jny2 Jr2 Jr

t
_E/ / / / G pady, (£)dv; (()dxdy.
0 (']1‘N)2 r2 JR

18



Equation (28) is indeed equation (24) for f;" since, by (27),

I, = E/O /(TN)2 g fife(a(€) — a(Q)) - Veadéd(dxdyds

and, by (27) also and integration by parts,
— —E/ / (G + G5 = 2G2)dv, , @ v, (€, ¢)dadyds
(TV)2 JR2 ’

:_E 271 2 .
2 /0 /(TN)2 /R2 Z‘gk r,8) — gy, O dv, , @ v, (&, ¢)drdyds

k>0

To obtain the result for f;, we take t, 1 t, write (24) for f;"(t,) and let
n — oo.

3.2 Uniqueness, reduction of generalized solution

In this section we use Proposition 13 above to deduce the uniqueness of
solutions and the reduction of generalized solutions to solutions.

Theorem 15 (Uniqueness, Reduction). Let ug € L®(TY). Assume (2)-(3).
Then, there is at most one solution with initial datum ug to (1). Besides,
any generalized solution f is actually a solution, i.e. if f is a generalized
solution to (1) with initial datum 1,,~¢, then there exists a solution u to (1)
with initial datum ug such that f(x,t,§) = Ly ynse a.s., for a.e. (z,t,§).

Corollary 16 (Continuity in time). Let ug € L>®(TY). Assume (2)-(3).
Then, for every p € [1,400), the solution w to (1) with initial datum ug
has a representative in LP(Q; L°°(0,T; LP(TYN))) with almost sure continuous
trajectories in LP(TY).

Proof of Theorem 15: Consider first the additive case: ®(u) independent
on u. Let f;, i = 1,2 be two generalized solutions to (1). Then, we use (24)
with g;, independent on £ and (. By (3), the last term I, is bounded by

tD
Tl [l =yt —)drdy

We then take ¢ := 15 and p = p. where (¢5) and (p.) are approximations to
the identity on R and T respectively to obtain

tD
I, < 71525—1. (29)
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Let t € [0,7), let (t,) | t and let 27, be a weak-limit (in the sense of (12))

z,t

of v2T . Then v} satisfies
wn ’

E / [Pt (€)de < C,
R

and we have a similar bound for v*~. In particular, by (10), x £ 1s inte-
grable on TV x R and

B[ [ 5t B e
_E / / pe — y)0s(€ — O)f (0,1, €) Fit (£, €)ddC dudy + my(e, ),
(TN)2 JR2

where lim, ;5,0 7:(¢,0) = 0. To conclude, we need a bound on the term I,.
Since a has at most polynomial growth, there exists C' > 0, p > 1, such that

la(€) —a(Q) < T(& QI —¢l, T, ¢) =CA+ I~ + <),

Supposing additionally that 15(&) = 6140 (671€) where 1), is supported in
(—=1,1), this gives

B [ [ [ AR Qe cliute — OIFan (o — )Gy

By integration by parts with respect to (£, (), we deduce

t
1| <E / /(T | /R T(E, Q)i © 12, (€, OV ape(a — y)ldadydo,
0 Ny2 JR2

where o e
’I‘ — P / / /_ !/ /_ / d /d /.
(€0 /< | Tl - Cluste - hagac
It is shown below that T admits the bound
T(£,¢) < C(L+[EP +[¢]P)d. (30)

Since ¢! and v? vanish at infinity, we then obtain, for a given constant C,,

<6 ([ Wapolas)
TN

It follows that, for possibly a different C,,

I1,| <tC,oe". (31)
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We then gather (29), (31) and (24) to deduce for ¢ € [0, T

E/TN/Rfli(t)fQi(t)dl‘df S /T‘N/Rf1,of2,odl‘d€+’r(5,5)’ (32)

TD
where the remainder (e, ) is r(g,8) = TCy0e~" + 71525_1 + (e, 0) +
no(, ). Taking § = £%/3 and letting € — 0 gives

B[ [ < [ [ Rofodsc (33)

Assume that f is a generalized solution to (1) with initial datum 1,,-¢.
Since fp is the (translated) Heaviside function 1,,-¢, we have the identity
fofo = 0. Taking f; = fo = f in (33), we deduce f*(1 — f*) =0 a.e., i.ec.
[T €{0,1} a.e. The fact that —0:f" is a Young measure then gives the
conclusion: indeed, by Fubini Theorem, for any ¢ € [0, T}, there is a set E; of
full measure in TV x € such that, for (z,w) € E;, f*(z,t,&,w) € {0,1} for
a.e. £ € R. Recall that —0¢ f(x, ¢, -,w) is a probability measure on R so that,
necessarily, there exists u*(x,¢,w) € R such that f*(t,2,&,w) = Lyt (o 1m)>¢
for almost every (x,& w). In particular, u™ = [ (fT — Lgso)d€ for almost
every (z,w). We have a similar result for f~.

The discussion after Definition 8 tells us that f* being solution in the sense
of Definition 8 implies that u™ is a solution in the sense of Definition 2. Since
f = fT a.e., this shows the reduction of generalized solutions to solutions. If
now u; and uy are two solutions to (1), we deduce from (33) with f; = 1,,¢
and from the identity

/ 1u1>§1u2>§d€ - (U1 - U2)+
R
the contraction property

E||(ur () = u2(t)) "z eny < Ell(uro — 20) [lzrav).- (34)

This implies the L!-contraction property, comparison and uniqueness of so-
lutions.

In the multiplicative case (® depending on u), the reasoning is similar, except
that there is an additional term in the bound on I,. More precisely, by
Hypothesis (3) we obtain in place of (29) the estimate

€70 + 7I¢’

I, <
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where
L =E //TN [ 05(§ = Q) = Clhl€ = Cdv , © v, (& C)dadydo.

Choosing 15(&) = 614y (671€) with ¢, compactly supported gives

TD 1 TDCyh(o
1, < g TRGHO) o up el (39)
2 2 ¢eR
TD,Cyh
We deduce (32) with a remainder term 7’(g, ) := r(e,d) + TD.Cuh(d) and

2
conclude the proof as in the additive case.

There remains to prove (30): setting {” = & — (', we have
+o0
o=/ | D(E" + ¢, )€€ ) dC’
¢ |€7]<6,6"<€—¢!

E+6
<o [ max_ T+
¢

[<6,8" <€~
)
<c [l erac s
¢

which gives (30). m

Proof of Corollary 16: In the proof of Theorem 15, we have shown
that there exists u™ such that for every ¢ € [0,T), for almost all w,x,¢&,
[H(w,z,t,8) = Lyt (wan>e. We will show that u* has almost surely conti-
nuous trajectories. Since u = u™ a.e. with respect to (w,t,x), this will give
the result. Let us first prove that, a.s., u™ has left and right limits at every
t € (0,7). With a similar proof, we will obtain that u™ also has a right
limit at t = 0. By Remark 11, and by considering an increasing sequence of
exponent p, we can fix w in a set of full measure such that

sup [|u” (t) ]| orny < Cp(w) (36)

te[0,7)

forall 1 <p < 4o0. Let t € (0,T) and let (¢,) | t. By Proposition 10 applied
to the solution f*, the weak-star limit of f*(¢,) exists in L>=(Q x TV x R).
This limit is also the limit of

t+e t+e
%/t fH(s)ds = %/t f(s)ds
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as ¢ — 0. It is therefore f*(t). Since f(t) = 1,+@)>¢ is at equilibrium,
Lemma 7 and (36) give u™(t,) — u*(¢) in LP(T"). Similarly, we use the fact
that f~ is at equilibrium to prove the existence of a left limit. Let us now
first show the continuity at ¢t = 0: this is a consequence of Remark 12, we
have f+% =1,,-¢. In particular,

ut(2,0) = / (O (2, €) — Lose)dE = / (Lug(are — Lome)d€ = up(2).

To prove similar results at time ¢, € (0,7), we consider ¢, as the origin of
time: indeed it follows from (14) and Proposition 10 that

T
s

/t (0, Bep(B))dt + (f(8), o(t)) + / (1), al€) - Viplt))dt

- [ [, [t 9ete s gertiznin

k>1
1 T
5 [ [ [ et G e v (€ dode + (1 o)
ts ™ JR

In other words, t — f*(t, +t) is a generalized solution to (1) on [0, — t,]
with initial datum f~(t.) = 1,-(.)>¢. We obtain u*(t,) = v (t.) and the
result follows. m

3.3 Entropy solutions

For deterministic first-order scalar conservation laws, the notion of entropy
solution was introduced by Kruzhkov [Kru70] prior to the notion of kinetic
solution [LPT94]. For the first-order scalar conservation law with stochastic
forcing, a corresponding notion of weak entropy solution has been introduced
by Feng and Nualart [FNOS]:

Definition 17 (Weak entropy solution). A measurable function u: TV x
[0,7] x Q@ — R is said to be a weak entropy solution to (1) if (u(t)) is an
adapted L*(T™)-valued process, for all p > 1, there exists C, > 0 such that

E (ess supyeporp [u(t), v, ) < Cos

and for all conver n € C*(R), for all non-negative 6 € CYTY), for all
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0<s<t<T,
(n(u(?)),0) — (n(u(s)),0) < / {q(u(r)), VO)dr
. / (gu -, () (u(r), 6)dB(r) + / (G2, ulr)n (u(r)), )dr,

= (37)
a.s., where q(u) = [} a(&)n'(§)dE.

An entropy solution is a kinetic solution and vice versa. To prove this fact,
let us introduce an auxiliary definition:

Definition 18 (Time-weak weak entropy solution). Let ug € L®(TV). A
measurable function u: TV x [0,T] x Q — R is said to be a time-weak weak
entropy solution to (1) with initial datum ug if (u(t)) is an adapted L*(TV)-
valued process, for all p > 1, there exists Cp, > 0 such that

E (ess supyepo 7y [u(®) s, ) < G

and for all convex n € C*(R), for all non-negative p € CH(TN x [0,T)),

/0 (n(u), dup)dr + (nuo), p(0)) — / (q(w), Vp)dr

> _Z/o <gk(-,u(r))n/(u(r)),p)dﬁk(r)—%/0 (G2(, u(r) " (u(r)), pdr,

- (38)
a.s., where q(u) = [ a(§)n'(§)dE.

Proposition 19 (Entropy and kinetic solutions). Let ug € L®(TY). For a
measurable function u: TV x [0,T] x Q — R, it is equivalent to be a kinetic
solution to (1), i.e. a solution in the sense of Definition 2, and a time-weak
weak solution.

The proof of the proposition is classical. Choosing test functions p(z,t,§) =
p(x, t)n'(§) in (7) and using the inequality mn” > 0 gives (38). Conversely,
starting from (38), one defines the measure m (actually 97m) by

m(p@1’) = / (), upher + (1(uo), p(0)) + / (a(w), V)dr

#30 [ lu ) phd) + 5 |Gt o),
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and then derives (7). See [Per02] for precise references.

It is clear also that a weak entropy solution, satisfying u(0) = wy, is a time-
weak entropy solution, while, for the converse assertion, time-continuity of
the solution is required. We have seen that a kinetic solution is continuous
in time, it follows that it is indeed a weak entropy solution. Then, taking
n(u) = |ulP and @ = 1 in (37), it is classical to prove that (6) is satisfied.

3.4 Spatial regularity

To conclude this paragraph and our applications of Proposition 13, we give a
result on the spatial regularity of the solution. To that purpose, we introduce
two semi-norms that measure the W7!-regularity of a function u € L*(T")
(0 €(0,1)): we set

po<u> - / |U(ZL‘) B u(y)|dxdy,

|z — y|Nto
TN TN

and

1
= sw [ [ jule) = utw)lon(o ~ sy
0<e<2Dy €
TN TN
where (p.) is a fixed regularizing kernel: p.(z) = ¢ Vp(e~tz|) where p is
supported in the ball B(0,1) of RY and where Dy = V/N is the diameter of
[0,1]". We define Wo!(T) as the subspace of u € L'(T") with finite norm

ullwerrny = |lull vy + 7 (w).

Lemma 20 (Comparison of the W%! semi-norms). Let o € (0,1). Then
there exists C' depending on o, p, N such that, for all 0 < s < o, for all
u e LY(TV),

po(u) < Cp(u), p(u) < —C— pfj(u).

Proof: we have

1 Il Il
—pele—y) < B <

hence pg(u) < Cp?(u). Conversely, we multiply the inequality

= [ [ o= st (1) iy < 0

TN TN
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by e71*(=%) and sum over ¢ € (0,2Dy). We obtain

ap(u) < —— pf(u),

where .
= / V= (r)dr > 0,
1/2
which gives the second inequality. m

Remark 21 (A third semi-norm). The proof of Lemma 20 involves a third
Wt-semi-norm, that we will actually prefer to the first two introduced above.

Indeed it shows that, for some given constant C,a > 0, we have, for all
0<s<oa, forallue LY(TY),

ap®(u) < p},(u) < Py (u),

g —S

where

= [ S [ [ ) - ot~ vyravas.

TN TN

Theorem 22 (Wlregularity). Let ug € L®(TV), let u: TV x (0, +00) X
Q — R be the solution to (1) with initial datum ug. Assume that h satisfies

W) < Cs% §<1, 0<a. (39)

20 1

Set 0 = min (H—a, 5). Then, there exists a constant C such that, for all
t >0, we have

Ep; (u(t)) < C(p; (uo) +1). (40)
In particular, for all 0 < s < o, there exists a constant Cs > 0 such that for
t>0,
Eflu()|lwsivy < Cs([[uollwerony +t).

Proof: the last assertion is proved as follows: by Lemma 20, (40) implies
Ep®(u(t)) < Cs(p?(uo) + t). Poincaré Inequality gives

u(t) — /TN u(t)dx < Csp(u(t)).

LY(TN)
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Since EfTN u(t)de = E fTN uodz, we obtain a bound on the L'-norm of w:
w11 rvy < Cs(p(w0) +t + [luol[rcrw)),

Prop. 13 with fi = fo = Llys¢, p = p°, ¢ = 1s. Since O¢lyse = —0Oy—¢
is a Radon measure with mass 1, we have

hence Elju(t)|lws1rvy < Cs(||uollwerryy + t). To prove (40), we apply

B [ e = ue.t) — . ) dedy
<E /(TN)2 /R2 pe(r — y)s(& — O)u@n>e(1 — Lugysc)drdydd( + 6
and
E/(TN)2 /RQ pe(x — ) Vs(§ — Q) Lug@)y>e (1 = Lug)>c)drdydEdC
<E /() el — ) (uo(w) — ug(y))* dady + 9.
We deduce that
B [ e =)~ uly. ) dedy
<E [ oo =) oe) o) dady +1, 1, + 25

As in (35)-(31), we have
I, <tC(e*0 " +h(5)), 1,<tCée,

hence
P /( e =)o) — (. 1)y
']TNQ
<E [ pu(o— 9)(uo(o) — ualy) dedy + 1O+ (5) + d71) + 25
(TN)?

By optimization in 4, using (39) and Remark 21, we obtain (40). m
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4 Existence

4.1 The parabolic approximation, kinetic formulation

Let ug € L>(TY). To prove the existence of a solution to (1) with initial
datum wug, we show the convergence of the parabolic approximation

du + div(A"(u"))dt — nAutdt = ,(u)dW (t), t >0,z € TV,
{ u"(z,0) = ul(zx), xeTV.

(41)
Where u( is a smooth approximation of wug, ®, is a suitable Lipschitz ap-
proximation of ® satisfying (2), (3) uniformly. We define g and G" as in
the case n = 0. It is possible to choose g} with compact support and smooth
with respect to (z,u). Moreover, we may assume that g, = 0 for k > 1.
Finally, we choose A" which is a smooth approximation of A and has the
same growth as A. We set a7 = (A")".
It is shown in [GRO0] that equation (41) has a unique L°(T") valued continu-
ous solution provided p is large enough and uy € LP(T), hence in particular
for ug € L>°(T"). Moreover, it is also shown in [GR00] that using It6 Formula
one can prove that u" satisfies the energy inequality

t
Bl (1) o, + 20 | [V oy

¢
< Bufev, + B [ Gy eds. (12)

0

By (2) and Gronwall Lemma, we easily derive
t

E[|u"()][72¢z) + TIE/O VU7 ds < C(T)(Elfugll 7oy + 1) (43)

Also, for p > 2, by It6 Formula applied to |u|? and a martingale inequality

T
E ( sup Hu”(t)”zip(TN)) +77E/ / (¢, 2) [PV () 2dadt < C(p,ul, T).
t€[0,7) 0o JTN
(44)

Proposition 23 (Kinetic formulation). Let uj € C3(TY) and let u" be the
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solution to (41). Then [ := 1,us¢ satisfies: for all o € CHTN x [0,T) x R),
| w0+ oo + [ 700 Volt) =gl
—=3 [ [, [ st ete.t. a2 opadn

k>1
1 T
-3 /0 /T . /R Dep(,1,6)Gi (2, E)dv], , (E)dadt +m" (Dep), (45)

a.s., where fo(§) = Lyy=¢ and, for ¢ € Co(TN x [0, 7] x R),
V(nm ) = Oun(a,ys  m"(¢) = / oz, t,u"(z,t))n|Vu' Pdrdt.
’ TN x[0,T] xR

Note that the measure m” is explicitly known here: m" = n|Vu"|*§,n—¢.

Proof: By [H12|, we know that u" is almost surely continuous with values
in C?(TY). Thus we may use It6 Formula and obtain, for # € C?(R) with
polynomial growth at 400,

ALy, 0) = d / Lunscl (€)dE = db(u")
R
1

= 0'(u")(—=a"(u") - Vu'ldt + nAu'dt + O, (u")dW) + 59"(u")G$’dt.

We rewrite the first term as
u”
—60'(uMa"(u") - Vu" = —div {/ a"(f)@'(f)df} = —div(a"lyns¢, 0'),
0

the second term as

O (unAu" = nAd(u")dt — n|Vu"|?0" (u")

- UA<1U">£7 9/> + (8£<77‘vun‘25u":5)7 9/>
to obtain the kinetic formulation
d(lun>£, 9/) = —diV[(anlun>5, 91)]dt —+ T]A(]_un>5, 9/)dt
1
+ (8§(n|Vu”|25un:§ - 5Gi5un:§), Ql)dt + Z(@yi:g, Q’gk,n)dﬁk. (46)

k>1
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Taking 0(§) = ffoo S, we then obtain (46) with the test function f in place
of ¢'. Since the test functions ¢(x,&) = a(z)B(§) form a dense subset of
C=(TN x R), (45) follows. m

Equation (45) is close to the kinetic equation (7) satisfied by the solution
to (1). For n — 0, we lose the precise structure of m” = n|Vu"|*§,n—¢ and
obtain a solution u to (1). More precisely, we will prove the

Theorem 24 (Convergence of the parabolic approximation). Let uy € L (TV).
There ezists a unique solution u to (1) with initial datum wy which is the
strong limit of (u") as n — 0: for every T > 0, for every 1 < p < +o0,

}]%EHUW — ul| Loy x(0,7)) = 0- (47)

The proof of Theorem 24 is quite a straightforward consequence of both the
result of reduction of generalized solution to solution - Theorem 15 - and the
a priori estimates derived in the following section.

4.1.1 A priori estimates

We denote indifferently by C), various constants that may depend on p €
[1,4+00), on ug, on the noise and on the terminal time 7', but not on 7 € (0, 1).

1. Estimate of m”: we analyze the kinetic measure m" = n|Vu"|*d,n—¢. By
(43), we have a uniform bound Em”(T¥ x [0,T] x R) < C. Furthermore, the
second term in the left hand-side of (44) is E [1x 71, [§1P2dm" (2, £,€), s0
we have

E | EPdm?(z,,6) < C,. (48
TN x[0,T]xR

We also have the improved estimate, for p > 0,

2

E|[ ePrami(a,1,6)| <G, (49)
TN x[0,T]xR

To prove (49), we apply It6 Formula to ¢ (u?), ¥ (£) := |[* 2

A + div(F)dt () Ve Pt = o (") (A + L ()Gt
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where F := foun a()Y'(€)de — nVip(u"). Tt follows

T
//nw”(u")|Vu”|2d:Edt
o Jrv
T
< [ vudr+Y / & (W) g, u")drd By (1)
™ p>1 70 JTN

1

T
+ = / G (z, u")y" (u")dxdt.
2 0 TN

Taking the square, then expectation, we deduce by Ito isometry

T
7 9
T T
+3E/0 Z /11‘1\’ gk(x,u”)w/(u”)d:p /0 . GZ(xaun)@b/,(un)d:Edt

k>1

2

2
E < 3E

2 2

3
dt+2E
2

By (2), (44) and Cauchy-Schwarz inequality, we obtain (49).

2. Estimate on v7: By the bound (44) on " in L”, we have,

Besssur [ [ 1€P2(€) <€, (50
T R

and, in particular,

E /0 : /T ) /R EPdy? (&) dadt < C,. (51)

4.1.2 Generalized solution

Consider a sequence (1,) J 0. We use the a priori bounds derived in the
preceding subsection to deduce, up to subsequences:

1. by (51) and Theorem 5 and Corollary 6 respectively, the convergence
V" — v (in the sense of (12)) and the convergence f7* — f in L*(Q X
TV x (0,T) x R)-weak-*. Besides, the bound (50) is stable: v satisfies
(13).

2. For r € N*, let K, =TV x [0,7] x [~r,r] and let M, denote the space
of bounded Borel measures over K, (with norm given by the total vari-
ation of measures). It is the topological dual of C'(K,), the set of con-
tinuous functions on K,. Since M, is separable, the space L*(); M,.)
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is the topological dual space of L*(2, C'(K,)), c.f. Théoreme 1.4.1 in
[Dro01]. The estimate (49) with p = 0 gives a uniform bound on
(m"™) in L*(Q, M,): there exists m, € L*(2, M,) such that up to
subsequence, m™ — m in L?(Q; M, )-weak star. By a diagonal pro-
cess, we obtain m, = m,; in L?(Q; M,) and the convergence in all
the spaces L?(); M, )-weak star of a single subsequence still denoted
(m™). The condition at infinity (49) then shows that m defines an
element of L?(Q; M), where M denotes the space of bounded Borel
measures over TV x [0, 7] x R, that m satisfies all the points 1. and 2.
of Definition 1 and that

E (a / o(x, t,€)dm™ (x, s, &))
TN x[0,T]xR
SE (a / o, )dm(z, s,@) . (2)
TN x[0,T]xR

for every a € L3(2), ¢ € Cy(TY x [0,T] x R). Let us check point 3. of
Definition 1: let ¢ € Cy(TY x R) and set

P [ s dm (as.6),
TN x[0,t] xR
where o € L?(Q), v € L*([0,T]). By Fubini’s Theorem,

E (a /O Tfy(t):c"(t)dt) ~E (a /T _— é(x, )0 (s)dm™ (, s,g)) ,

where I'(s) = [ T'y )dt. Since I' is continuous, (52) gives

S

<a /0 T7 )dt) S E (a /0 Tv(t)x(t)dt) ,

£(t) = / oz, €)dim(z, 5,€).
TN x[0,¢] xR

&=

where

Since tensor functions are dense in L*(2 x [0,77]), we obtain the weak
convergence r,, — x in L?(€2 x [0, T]). In particular, since the space of
predictable process is weakly-closed, x is predictable.

At the limit [n — +o0] in (45), we obtain (14), so f is a generalized solution
to (1) with initial datum 1,,.

32



4.1.3 Conclusion: proof of Theorem 24

By Theorem 15, there corresponds a solution u to this f: f = 1,5¢. This
proves the existence of a solution u to (1), unique by Theorem 15. Besides,
owing to the particular structure of f” and f, we have

[Ju™ ||L2(TN><(OT ||u||L2(TN><(OT / /TN/QS [ — f)dédxdt

and (using the bound on u” in L3(TV))

_— C
E / / /m P et <

It follows that u’ converges in norm to u in the Hilbert space L*(TV x
(0,7) x ). Using the weak convergence, we deduce the strong convergence.
Since u is unique, the whole sequence actually converges. This gives the
result of the theorem for p = 2. The case of general p follows from the bound
on u" in LY for arbitrary ¢ and Holder Inequality. m

A Proof of Theorem 5 and Corollary 6

Let h € L'(X) be non-negative. By the condition at infinity (11), the se-
quence of measure (v;') defined by

[o©an© = [ e [ sopr@a ocam

is tight. By Prokhorov Theorem, there exists a subsequence still denoted
(v}') that converges weakly in the sense of measure to a measure v, on R
having the same mass as the measures (}):

l/h(]R):/Xh(z)dz. (53)

Since L'(X) is separable and h ~— v} is uniformly continuous in the sense
that

i (6) = Vi (O] < 10 = Pl 6l ey ey
for all ¢ € Cy(R), standard diagonal and limiting arguments give v}’ — v,
along a subsequence independent on the choice of h € L'(X). At fixed
¢ € Cy(R), the estimate 0 < v,(¢) < [|h]|L1(x)l|#]lc,r) and the linearity of
h +— v, (¢) show that

Vh((b):/)(h('z)g(zu(b)dzv lg(s D)ooy < N8l
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Besides, g(+,¢) > 0 a.e. since v,(¢) > 0 for non-negative h, and ¢ — g(-, ¢)
is linear. Consequently, for a.e. z € X, we have

=A¢@mq@

where v, is non-negative finite measure on R. By (53), v.(R) = 1. At last, v
vanishes at infinity since

//\f\pduz YdA(z <hmsup/ /|£|pdy JdA(z) < +o0.
n—+oo

This concludes the proof of the Theorem. To prove Corollary 6 we start from
the weak convergence v} — v, (h € L'(X) being fixed). This implies

Vi?(&v _'_OO) - Vh<§7 _'_OO)

at all points & except the atomic points of 1, that are at most countable,
hence of zero measure. It follows in particular that

/R V(€ +o0)g(€)dE - / unl(€, +00)g (€)de

for all g € L'(R). In other words, we have

fu(2,E)H (2,€)dEdA(z) — f(2,8)H(z,€)dsdA(z)  (54)

X xR X xR

for all H € L'(X xR) of the form H(z,&) = h(z)g(€). This implies the result
since tensor functions are dense in L'(X x R). m

B Proof of Lemma 7

By choosing 6'(£)v(z) as a test function, and by use of a standard approxi-
mation procedure, we obtain

/X O(uun(2))1(2)dz — /X B(u(2))1(2)dz (55)

for all § € C'(R), v € L"(X) such that sup,, [|0(un)|l(x) < +00, Where
r’ is the conjugate exponent to r. If p > 2 now, we first obtain the strong
convergence in L9(X), ¢ = 2, by developing the scalar product

Ju — Un”%w() = HUH%Q(X) + HunH%Q(X) — 2(u, un) r2(x)-
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The convergence of the norms follows from (55) with 6(¢) = &, v(z) = 1.
The weak convergence (u, un)2(x) — ||u||%2(X) follows from (55) with 6 = 1,
v = u. Still when p > 2, the remaining cases 1 < ¢ < p are obtained by
interpolation and by the uniform bound on ||u,|/e(x). If p < 2 now, we
notice that, for every R > 0, the truncate functions

Tr(u,) := min(R, max(—R, u,))

satisfy (55), and we can apply the reasoning above to show Tg(u,) — Tr(u)
in L"(X) strong for every r < +o0. For 1 < ¢ < p, the uniform estimate
bye 111

1
T Up) — Uy, < ——ssu Unp, s _:_+_7
ITalien) = ) < g supluallils, == 5+

and similarly for u then gives the result.
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