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ISOTHERMALISATION FOR A NON-LOCAL
HEAT EQUATION

EMMANUEL CHASSEIGNE AND RAUL FERREIRA

ABSTRACT. In this paper we study the asymptotic behavior for a nonlocal
heat equation in an inhomogenous medium:

plx)ur = J *u —u in RN x (0, 00),
where p is a continous positive function, u is nonnegative and J is a probability
measure having finite second-order momentum. Depending on integrability

conditions on the initial data up and p, we prove various isothermalisation
results, i.e. u(t) converges to a constant state in the whole space.

1. INTRODUCTION

The aim of this paper is to study the asymptotic behavior for a nonlocal heat
equation in an inhomogenous medium:
) p(z)uy = J *u — u, (z,t) € RN x (0,00),
u(z,0) = uo(x), r € RV,

Here, u is a nonnegative continuous function in R and * denotes the convolution
with a kernel J : RY — R, which is a radial, continuous probability density having
finite second-order momentum:

/]RNJ(s)ds:l, IE(J):/]RNSJ(s)ds:O, V(J):/]RNS J(s)ds < +0o0.

Typical examples of kernel that we consider are the gaussian law, the exponential
law or any compactly supported kernels. We also assume that p is a positive,
continuous function in RY, whether integrable or not.

The operator J * u — u can be interpreted as a non-local diffusion operator.
Indeed, if u(x,t) represents the density of a single population and J(z — y) is the
probability to jump from y to x then the term (J % w)(z) is the rate at which
individuals arrive to z and —u(x) is the rate at which individuals leave from x, see
for instance [6]. In the case of heat propagation, u stands for a temperature and
p(x) represents the density of the medium.

Problem (1) is called non-local because the diffusion at u(z,t) depends on all the
values of u in the support of J and not only of the value of u(x,t), as it is the case
for the local diffusion problem

p(x)us = Au, (z,t) € RN x (0, 00),
u(z,0) = ug(z), xRN

For this local problem it is well known that for dimension N = 1,2 there exists

a unique solution in the class of bounded solutions, see [7] and [4]. Moreover, if
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2 CHASSEIGNE AND FERREIRA

p € LY(RY) and ug is bounded, then as t — oo the solution converges on compact
sets to E,(uo), the mean of uy with respect to p :

/ uo(y)p(y) dy
EP(UO) = L S R+ .

/R Py dy

This phenomenon is called isothermalisation, since the heat distribution converges
to a non-trivial isothermal state in all the space. However, for dimension N > 3
uniqueness is lost in the class of bounded solutions and some solutions decrease to
zero as t — 00, so that isothermalisation does not take place, see [8] and [5].

We are also facing the influence of the space dimension in the nonlocal case.
More precisely, if J is compactly supported and N = 1,2, we prove uniqueness of
bounded solutions. For dimension N > 3, we need (as in the local case) additional
conditions on the behavior of p at infinity to get uniqueness of bounded solutions.

The case when p is not integrable is also considered, which is more related to
the study of the homogeneous case (p = 1), see [3] and [1]. For bounded solutions,
the flux at infinity is so big that solutions go down to zero asymptotically while if
the data is unbounded, the solution may go to infinity asymptotically as t — co.

Organisation and main results

We first prove in Section 2 a comparison result which gives uniqueness for prob-
lem (1) in some class. In Section 3 we study the existence in the class of bounded
solutions, which is obtained by approximation with Neuman problems in bounded
domains. The main theorem is the following:

Theorem 1.1. Let p > 0, continous, and ug be a bounded nonnegative continuous
function. Then there exits a nonnegative classical bounded solution of problem (1)
such that
/ p(x)u(z,t)de = / p(x)ug(z) de.
RN RN
Moreover, if either
n
>
p(x) = 1+ |ZL'|2 ’
or N =1,2 and J has compact support then uniqueness holds in this class.

Section 4 is devoted to study the isothermalisation phenomenon for bounded
initial data. Then the main theorem is as follows:

Theorem 1.2. Let p > 0, continuous, integrable and ug be a bounded nonnegative
continuous function. Then u(z,t) — E,(ug) as t — oo in LT (RY) for any 1 <
p < oo; the convergence also holds in L(p):

tin [ fuGe,t) - Byfuo)| pla) do = 0.

If p is not integrable but still ug € L'(p) (that is, pug € L*(RY)) the flux at
infinity forces the solution to go to zero:

Theorem 1.3. Let p > 0 and ug be a bounded nonnegative continuous function
such that ug € L(p). If p is not integrable in RY | then u(z,t) — 0 as t — oo in
LY (RN) for any 1 < p < .

loc
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Finally, in Section 5 we investigate the case of unbounded initial data. We first
prove an existence result in the class of unbounded solutions provided p does not
degenerate too rapidly at infinity. More precisely, if

n
2 >t <2,
@ o) > s

then we have an existence result for quadratic initial data:

Theorem 1.4. Let ug be a positive continuous function with at most quadratic
growth at infinity. If the function p satisfies (2) then there exists a solution of
problem (1).

More generally, if p is integrable, we prove similar isothermalisation results for
the minimal solution:

Theorem 1.5. We assume that p is a continuous positive integrable function in
RY and that ug is a continuous nonnegative function, possibly unbounded, such that
there exists a solution w. Noting u the minimal solution, the following holds:

i) If up € LY(p) the isothermalisation takes place in L(p),

lim lu(z,t) —E,(uo)| p(x)dz =0.

t—o0 RN
ii) If ug ¢ L1 (p), we have that for all 1 < p < oo,
(RM).

tlirgog(z,t) =00 in LY,
In the case of nonintegrable p’s with ug & L'(p) the asymptotic behavior is more

difficult to treat. For instance, if p = 1, the solutions
u(z, t) = |z|* + V(JI)t, and u(z,t) =1

have different behavior. Thus, there is a balance between p, J, and the initial data
uo which is not easy to handle and the question remains open.

Acknowledgment. Both authors partially supported by project MTM2008-06326-
C02-02 (Spain). R. Ferreira is also partially supported by grant GR58/08-Grupo
920894. We would like to thank Jorge Garcia-Melian for giving us a proof that
J-harmonic bounded functions are constant (which was reproduced in Lemma 4.4).

2. PRELIMINARIES

Let us specify first what is the notion of solution that we use:

Definition 2.1. Let ug € L} _(RY). By a stong solution of (1) we mean a function

u € CO([0,00); L (RY)) such that us, J * u € Li, (RY x (0,00)), the equation is

loc loc
satisfied in the L] -sense and such that u(z,0) = ug(x) almost everywhere in RY.

We shall consider also solutions with more regularity:

Definition 2.2. A classical solution of (1) is a solution such that moreover w, us, J*
u € CORYN x [0,00)) and the equation holds in the classical sense everywhere in
RN x [0, 00).
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A classical sub or supersolution is defined as usual with inequalities instead of
equalities in the equation.

Now let us state a simple regularity Lemma, which contains a technical trick
that we shall use several times in the sequel:

Lemma 2.1. Let u be a strong solution of (1). We assume moreover that ug is
continuous in RY and that the convolution term J *u is continous in RN x [0,00).
Then u and u; are also continuous in RN x [0,00) and u is a classical solution.

Proof. We introduce the following transform:

(3) Tolu)(x,t) := e /P@y(x,t).
A straightforward calculus show that v = 7,[u] satisfies
et/p(x)
vy = Pe) (J xu)(z,t),

which is a continuous function in RY x [0, 00). Integrating between 0 and ¢ we get:

v(x,t) = /0 Ov(z,s)ds + v(z,0) = /0 Opv(z, s)ds + u(x,0),

hence v is continuous in RY x [0,00). This implies that u is also continuous in
R x [0,00), and the equation holds in the classical sense. O

Remark 2.1. Tt is well-known in the convolution theory that under one of the
following assumptions, the convolution term is continuous:

(1) w is bounded (since J is integrable);

(ii) J compactly supported and w locally integrable.

The following lemma concerns the comparison of classical sub/supersolutions of
the problem. In order to prove that we need to find a strict supersolution 1, which
satisfies

v € COURY x [0,00)) 4 >0,
(4) P(x,t) = 400 as |x| — oo uniformly for ¢ € [0, 00),
pr > Jxih =1

Lemma 2.2. In each of the following three cases, if A > 0 and X is large enough,
the function 1 satisfies (4):

(i) If function p satisfies

n
2 3

then
d(@) = AN (1 + J2[?).
(ii) If J has compact support and N =1,
d(w) = AN (1 + Jz]) -
(iii) If J has compact support and N = 2,
P(x) = AeM (1 + (In|z)+) -
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Proof. The regularity and the behaviour at infinity of v is clear, so we only need
to prove that v is a strictly supersolution.
In the first case a direct computation gives us that,

Jxp —p = AeMV(J).
On the other hand,
pr = pAXeM (1 + |z)?) = Anet.

Then, for A > V(J)/n, we are done.

In the other two cases, we notice first that v is harmonic outside the origin.
Since J is a probability density supported in B(0, R), this implies that

J*xp—1 =0, for |z] > 2R.
On the other hand, since 1 is continuous in B(0,2R), there exists K > 0 such that
Jx1p—1p < KeM  for lz| < 2R.

Moreover, if |x| < 2R the function p is bounded from below, so there exists a
constant K such that

phy = phib(z,t) = KXeM
Therefore, taking A\ > K/ K, we get that v is a strictly supersolution. (Il

Remark 2.2. In dimension N > 3 and J compactly supported, the function ¢ (z, t) =
eMmin(1,|z|2~") would give a strict supersolution, however it goes to zero as
|x] — co. Hence it cannot be used to obtain a comparison principle for bounded
solutions.

Lemma 2.3. Let ¢ satisfy (4). Let u be a classical subsolution of (1) and @ a
classical supersolution of (1) such that u(x,0) < @(z,0). If for allt > 0,
(5) limsupﬂ_u <0

thenw > u in RNV x R,
Proof. We consider the function
ws = u— U — 61,
which satisfies the inequality
(6) pla)(ws)e < (J *ws)(x, t) — ws(x,1).

From (5), we deduce that on RY x [0,T], ws attains its maximum at a point
(20,t0). Observe that at this point,

p(@o)(ws)(o,to) < (J * ws) (2o, to) — ws(@o, to) <0
but if tg € (0,T), Orws(xo,t0) = 0 and if tg = T, dyws(xo, to) = 0. Hence in each of
these cases we reach a contradiction. We are left with the last possibility, to = 0,
which implies maxws < 0. Passing to the limit as § — 0, since T' > 0 is arbitrary
we obtain the comparison
u—u<0 forall zeRY, t>0.

O

As direct corollary, we have the following uniqueness result, which is valid only
in a suitable class of solutions, as it is the case for the local heat equation.
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Corollary 2.4. Let 1) satisfy (4). Let ug a continuous function which grows strictly
less than 1. Then there exists at most one classical solution u of (1) such that |ul
grows strictly less than .

3. EXISTENCE AND UNIQUENESS OF BOUNDED SOLUTIONS

We obtain a existence result by approximation. We consider the following Neu-
mann problem, where Y, denotes the indicator of the ball B,,:

p(x)Opu, = / (un(y, t) — un(z, t)) J(x —y)dy, T € B,,

(7) .
Un (ZL', 0) = UoXn (SC) ’

First, we observe that this problem is possed in a bounded domain, so we have

controlled the point where the maximum is attained. Therefore, we can take ¢ = 0

in lemma 2.3 to prove that a comparison principle holds.

Lemma 3.1. Let p > 0 be a continuous function in RN and uy be a nonnegative
bounded continuous function. Then for any n > 0, there exists a unique solution
un € CY([0,00); CO(B,,)), which satisfies 0 < up < |[uo||oo- Moreover, the following
conservation law holds:

/ U (z,t)p(z) de = / uo(x)p(z) de.

BTL B’Vl

Proof. Following [3], we consider ¢ty > 0 to be fixed later on and the Banach space
X, = CO([0,t0] x B,,) equipped with the norm [Jw| = max{||w(~,t)|\Lw(E) ,0 <
t <to}. Then we define an operator T": X;, — Xy, as follows:

1 [t
To(w)(o.0) = wn(e) 4 [ [ I = )i ) ~w(e.s) dyds
0 JB,
A straightforward calculus, using that p > pg in B,, shows that:

[Ty (w) = Tz ()| < llwo = 20ll o0 () + Elllw -2
We deduce that for any fixed initial data ug € L>(B,,), if to > 0 is sufficiently
small (say to < po/4), Ty, is a strict contraction in the Banach space Xy,. Hence
there exists a unique function u,, € X, such that T, (u,) = u,, which means that
for any x € B,, and t € [0, 1], one has

Un (2, t) = uo(x) + %/o /Bn J(@ —y)(un(y,s) — un(z,s))dyds.

This in particular implies that «(0) = ug and moreover, that the weak derivative
Oyu exists, which is given by

Orty, = l/ J(x —y)(un(y, s) — un(z,s))dy.
P JB,
Since the right hand side of the equation is a continuous function in B, x [0, to],
we have that d;u is also continuous in B,, x [0,%g]. to extend the solution to [0, c0)
we take as initial data u(z,ty) € C°(B,,) and obtain a solution up [0, 2¢y]. We then
iterate the procedure to construct a solution for all time ¢ > 0.
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On the other hand, we note that the constants functions @ = ||ugl|ec and u =0
are a supersolution and subsolution respectively, then by comparison

Finally, we observe that

pl)un (2, 1) — ple)uo(z) = / /B J(& — y)(un(y, 8) — un(z, 5)) dy ds.

Then, integrating in x and apply Fubini’s theorem in the right hand side of the
equation, we get de desired conservation law. (I

Proposition 3.2. Let p > 0 be a continuous function in RY and ug be a nonneg-
atiwe continuous bounded function and for any integer n > 0, let u,, be the solution
constructed in Lemma 3.1. Then as n — oo, along a subsequence u, — u in
LL (RN x [0,00)) where u is a nonnegative classical bounded solution of (1).

Proof. Since the sequence u,, is bounded, it converges (along a subsequence still
denoted u,) in L°-weak# to some nonnegative and bounded function u. Since
J € L1, this implies that J * u,, — J * u strongly and that Oyu,, — 0;u in the sense
of distributions. We can then pass to the limit in the sense of distributions but
here also we want a better convergence.

Let us introduce a modified version of transform 7 as follows:

Up (1) = et(-]*xn)(r)/p(r)w(x,t).
Since (7) can be written as
(@)% (un) (. t) = [T * (unxn)] (2, 1) = (J % Xn) (2)un(2),
it follows immediately that v,, satisfies the equation
e t(J#xn)(z)/p(x)

p(z)

This implies that d;v,, converges strongly on compact sets of RV x [0,00), and

Oy, = J * Uy, .

so does v, (z,t) = ug(z)xn(x) + fot (vn)¢(x, s)ds. Then u, also converges strongly
on compact sets of RV x [0, 00) to its limit u.

Passing to the limit in the equation, we see that u is a strong solution of (1),
which implies that it is a classical solution of this equation — this follows from
Lemma 2.1. O

Proof of Theorem 1.1. It is just the combination of Proposition 3.2, Corollary 2.4
and Remark 2.2. O

Now, we pass to the limit in the conservation low to obtain:
Theorem 3.3. Let p > 0, continuous and ug € C°(RY) NL>®(RY)NLY(p). Then
(i) for any t > 0, u(-,t) € L'(p) and

/ p(x)u(z,t) de < / p(x)ug(z) dx .
RN RN
(ii) if moreover we assume that p € LY(RY) then the conservation law holds:

/RN p(z)u(z,t) dw :/ p(@)uo(z) dz .

RN
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Proof. Since ug € L N CY, the approximating sequence {u,} of Proposition 3.2
satisfies that (up to a subsequence) u,, — u almost everywhere, with 0 < u,, < |luol|
and

(8) /RN un (2, t)xn(2)p(x) do =/ () Xn (7)p(x) da .

RN

Since ug € L'(p), the dominated convergence theorem yields the convergence of the
right-hand side integral as n — oco. For the left hand side, using Fatou’s Lemma
we obtain that

/RN p(x)u(x,t) dz < liminf /RN p(x)up (2, t)xn(z) de = / p(x)ug(z) dz,

n—oo RN

which proves assumption (7).

Finally, if we assume that p € L!(R") we can use also the dominated convergence
theorem for the sequence w,, x,,p, which is bounded by ||uo||s p € L' (RY). We then
pass to the limit in the left-hand side of (8) and get (i). O

4. ASYMPTOTIC BEHAVIOUR FOR BOUNDED SOLUTIONS

We shall now derive our main results concerning the asymptotic behaviour for
(1). We divide the proof in several steps.

4.1. Weak limit. This first step is easy, it only comes from the fact that the
solution is globally bounded:

Lemma 4.1. Let p > 0, continuous and ug € CO(RY) N L®(RY). Let u be a
bounded classical solution. Then for any s > 0 there exists a subsequence ty, — +00
such that the following limit exists in L°°-weak™*:

Uoo (T, 8) := tggrlmu(x, s+tk).

Proof. Since u is bounded, thus there exists a subsequence t;, — oo such that

u(-, s + tx) converges in L>®-weak* to a function us (-, s) € L°(RY). O

4.2. Lyapounov functional. We now want a stronger result, so we use a Lya-
pounov functional:

Lemma 4.2. Letty > 0. Assume the hypotheses of Lemma 4.1 and that ug € L%(p).
Then there exists a constant C = C(ug, p,to) such that for all t =ty > 0,

/too /RN pl(x) (u)? (2, 5)ds < C.

Proof. We first go back to the approximating scheme (7). Notice that the following
quantity

Flun](t) = /B /B J(& — ) (tn () — un(y 1))? da dy
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is a Lyapunov functional which is nonincreasing along the evolution orbits at the
level n. Indeed, multiplying the equation by w and integrating in B,, we get

/p(m)@tun Uy do = // J(x — y)un(x)uy(y) dedy — /un(x)2 dz

_! / / (@ — ) (2un(@)un(y) — 2un(2)?) de dy
// & — ) (20 (@)1tn (y) — wn(2)? — un(y)?) d dy

= 3 Flunl(®)
Therefore,

d 2
(9) Flug](t) = - ; pn(@)uy, (2, 1) da

In a similar way, multiplying the equation by Jiu,, and integrating in space we
obtain

(10) FFlal® = =4 [ @) et ds

n

Integrating (9) we have that for some C' = C’(ug, p),

/Ot Flug](s)ds = 2/3 p(2)ud () xn () dz — 2/3 o)l (2, 1) da < O

n n

Indeed, as ug € L?(p) we have by monotone convergence that

[ sard@na@ds » [ o) do < .

RN
Using now the monotonicity in ¢ of Fu,](t), we get

tF[u,](t) < /0 Fluy)(s)ds < C.

Moreover, F[u,](t) is positive so that, integrating (10), we get for any ¢ > t¢:

1 c’
/ / (, s)dxdsng[un](t)grt().
Using Fatou’s Lemma and the fact that p(u,): converges strongly to pu;, we obtain
the desired result. O

As and immediate consequence of this result we obtain:

Lemma 4.3. Assume the hypotheses of Lemma 4.1 and that ug € L2(p). For all
sequence tp, — 0o and s > 0,

V() u(-,s+tg) — p(-)u(-,tk)||%2(RN) —0 asn—o0.
Hence, the limit functzon Uoo(, 8) does not depend on the variable s > 0.

Proof. Notice that for all sequence t; — 0o, we get

VRO ules +t) - p<->u<-,tk>Hi2<RN>=/RNp“)(/ttﬁs“f(%ff)dafdw

S/]RN /t:ﬁs p(x)(us)?(z,0) do da,
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which goes to zero as t; — +oc. (I

4.3. The w—1limit set. We define the w—limit set as follows
w(ug) = {us € CO(RY) : 3t; — oo such that u(:,t;) — ueo(+) in L®-weak*}

Lemma 4.4. Under the hypotheses of Lemma 4.1 and that ug € L?(p), the w-limit
set is reduced to constants.

Proof. Since u(x, s + tx) converges weakly in L>°-weak*, then as ¢, — oo,

pointwise
—

(J xu)(z,s+t) = /J(m —y)u(y, s +tg) dy J * Uuso) (2, 8) .

Moreover, since u is bounded, the convergence of J * u is also strong in Llloc. On

the other hand, dipu(s + tx) — pOstioo(s) in the sense of distributions. We then
pass to the limit in the sense of distributions in the equation and get

p(-’L')a—Uoo(.’L', S) =J* uoo(xa 5) - UOO(-Ta S) .
s

Using Lemma 4.3 we know that u, is independent of s so that u., is a bounded
solution (in the sense of distributions) of

J % Usg — Uso =0 in RV,

We first deduce that us is continuous because the convolution term is continous.
Then we consider the Fourier transform in the space of tempered distributions:

J oo — lloe = 0.

Since |J| < 1 except for J(0) = 1, we see that the (generalized) Fourier transform
of u, has a support contained in {0}. This implies that u. is a polynom but since
it is bounded, it has to be a constant. [l

4.4. Identification of the limit. We are now ready to identify the w-limit set.

Lemma 4.5. We assume the hypotheses of Lemma 4.1 and that ug € L*(p). Then
the following holds:

(i) if p € L'(RY), w(ug) = {E,(uo)} ;
(id) if p ¢ L'(RY), w(uo) = {0} .
Proof. Notice first that since ug € L'(p) N L, then ug € L?(p), hence we may

use Lemma 4.4. In the integrable case, p € L', we observe that as u is uniformly
bounded, the dominated convergence Theorem gives

/RN p(2)un (2,8 + 1) dz — Use /RN p(z) da.

Therefore, by Theorem 3.3-(i7) we obtain us = E,(uo), so that the w-limit set is
reduced to {E,(uo)}.
In the case p ¢ L}(RY), we take a compact set K such that

[ otaraa> [ ot o,
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which is always possible since ug € L'(p). Using Theorem 3.3-(i), Lemma 4.4 and
Fatou’s Lemma, we obtain

Uoo [5 p(z) da 1inrggf Jr pP@)un (2, s +t;) dx

<
< 1inrggf Jon p(@)un(z, s +t;)dx
< fon P@yuole) da.

This implies that necessarily us, = 0, hence the w-limit set is reduced to {0} ([

4.5. Proofs of Theorems 1.2 and 1.3. As consequence of the fact that the
w—limit is given by only one function we can pass to the limit in the time vari-
able without extracting any subsequence. Then it only remains to check that the
convergence is better, which is done by using transform 7.

Proof of Theorem 1.3. Under the hypotheses of the Theorem, we have that wug is
continuous, bounded, and p not integrable, but nevertheless uy € L'(p) N L2(p).
Thus Lemmas 4.1 and 4.5 imply that for any s > 0, at least along a subsequence
t, — oo we have u(z, s +t,) — 0 in L>®-weak*. But the same arguments are valid
for any other subsequence such that u(x, s +t',,) converges weakly. Since the limit
is always zero, we deduce that for any s > 0,
L°°-weak*
u(z,s +t) ———— 0,
t—o0

1

ioe 8 t — o0o. Then,

which implies that (J *xu(s+ t)) converges strongly in L

PO, s +8) = (75 ul(s +8) (@) — u(e,s + 1) ——s0

t—o0

Even more, since t — +00 we may assume that ¢ > ¢y for some ¢y > 0 and from
lemma 4.2 we obtain that for any compact set K,

[ ([ owtulesar) as< [~ ([ o)
S ( /K p(:v)dx) ds < C(K, uo, p).

Then, at least for some sequence tj, — -+00, we have p(z)9su(x, s +tx) — 0 in LL .
Summing up, we obtain that
li =0inLj,.
tk_l}r_rkloou(:n, s+tr)=01in Ly,

Of course, if ¢ — u(x, s +t) were to converge in L11OC along another subsequence
t), — 0o, the limit would necessarily be zero, so that finally u(-,¢) — 0 in LL (RY)
as t — oo. Moreover, since t + u(-,t) remains bounded in L>®(R"), we deduce
that the convergence holds in LY (RY) for any 1 < p < oo. O

loc

Proof of Theorem 1.2. The first part is done exactly as in the proof of Theorem
1.3, except that p is integrable here so that the limit is not zero, but E,(ug). To
end the proof in this case, it only remains to prove the L!(p) convergence. We fix
g > 0 and choose R > 0 big enough so that (remember that p is integrable):

/ plz)dr < e.
|z|>R
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Then

/ () — uselp(z) dz < 2¢lfuoloc + / () — uoe|p(z) d,
RN |lz|<R

1
loc

and using the L; _ convergence we get:

t—o0

tinsup [ Juo,) — unc|o(e) de < 2]
RN
Since ¢ is arbitrary, we get that the limit is zero, which ends the proof. [

5. UNBOUNDED SOLUTIONS

In this section we derive some results for unbounded initial data and solutions.
Let us mention that in the case p = 1, further results are to be found in [1]. But
here we still face the problem of the space inhomogeneity implied by p.

5.1. An existence result for unbounded solutions.

Proposition 5.1. Let us assume that (4) holds. Then for any nonnegative ug €
COURN), satisfying uo(x) < (w,0) there exist a classical solution u of (1) with
u(z,0) = up(z).

Proof. Let us first consider an approximation ug, = ug - Xn Where x, is smooth,
nonnegative, compactly supported and x,, /1. Let u, be the solution of (1) with
initial data wug, given by Proposition 3.2, then by applying the comparison result
for bounded solutions, the sequence u,, is nondecreasing.

Notice that 1 is not bounded, but this is allowed in Lemma 2.3, which gives:

Un(x,t) < Y(x,t).

Hence the sequence u,, converges to some u and we are able to pass to the limit
in J * u, by dominated convergence, using that i is integrable with respect to
translations of J.

Using now Lemma 2.1, we deduce that u is a classical solution of (1) and the
initial data of w is uy. O

Remark 5.1. This construction does in fact give a minimal solution: if u; is any
other solution, then it can be used as a supersolution for any u,, and passing to the
limit shows that u < u;. One can think that if we restrict the initial data to grow
strictly less than 1), then uniqueness holds because the comparison argument is
valid in this class. However, it is not clear whether the constructed solution enters
this class unless we know more about wg, see [1].

5.2. Asymptotic behaviour for unbounded solutions when p is integrable.
We prove now that if ug is integrable with respect to p, the isothermalisation phe-
nomenon occurs (whether infinite or not). Notice that we gave sufficient conditions
for existence of a minimal solution in the previous section. The first result is the
following:

Proposition 5.2. Let ug € CO(RY) NLY(p), p € LY(RY) and assume there exists
a solution u such that u(x,0) = ug(x). Then, if u denotes the minimal solution,
we have

lim lu(z,t) — E,(uo)| p(z)dz =0.

t—o00 RN
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Proof. Let u be the minimal solution and let us use the same monotone approxima-
tions that were used in Proposition 5.1. Since u,, is bounded, Lemma 2.3 implies
that we have a bound from above:

u(z,t) = uy(z,t) in RY x [0,00) .
But since uy,(z,0) € L (RY), Theorem 3.3 implies
/ un(x,t)p(z) doe = / un(x,0)p(x) d.
RN RN
Moreover, the convergence of u, to u is monotone, so we can pass to the limit in
the above equation to obtain

[ wp@)de = [ (e 0)p(w) o
RN RN
Using the above three equations we get that

[ )~ Ey(uolple) do < 1+ L + 1
R

where,

I = /]RN |u(z,t) — up(x,t)|p(z) de = / (w(,0) — up(z,0))p(z) dz .

RN

b= [ luaet) = Byl lola) da,

B [ | Bo(us) = By(w)lpla) do.

Observe that I3 and I3 are independents of ¢t and tend to zero as n — oo. Moreover,
u, satisfies the hypothesis of Theorem 1.2 so that Iy tends to zero as t — oo.
Therefore, we first have

timsup [ fu(e.t) ~ Byfun) ple) do < I + .
]RN

t—+oo

so that taking the limit as n — oo yields the desired result. (I
In the case when ug ¢ L(p), then infinite isothermalisation occurs:

Proposition 5.3. Let p € LY(RY) and ug € C°(RN) such that ug ¢ L*(p). Then
for any solution u with initial data ug and any 1 < p < 0o, the following asymptotic
behaviour holds:
. _ . P N

t_lgrnoou(:n, t) = +oo in Lj (RY).
Proof. As before, if there exists a solution, then we can approximate the minimal
solution uw by the family wu, used in Proposition 5.1. Since this approximation is
monotone,

w(z,t) > up(z,t) in RY x [0,00) .
But uy,(z,0) satisfies the hypotheses of Theorem 1.2 so that

1t1g1+lg()fu(x, t) > lim un(z,t) = cn,

where ¢, = E,(u,(z,0)), the limit holding in all L? (R"). Hence passing to the
limit as n — 400, we obtain the result for u since ¢, — Ep(uo) = 400, thus the
same holds for any other solution. (I
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Theorems 1.4 and 1.5 follow from the conjunction of Propositions and 5.1, 5.2
d 5.3.
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