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Abstract

What is the minimum perimeter of a convex lattice n-gon? This ques-
tion was answered by Jarnik in 1926. We solve the same question in the
case when perimeter is measured by a (not necessarily symmetric) norm.
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1 Introduction

What is the minimal perimeter L, that a convex lattice polygon with n vertices
can have? In 1926 Jarnik [ proved that L, = @n?’/?’ + O(n**). The aim of
this paper is to extend this result to all, not necessarily symmetric, norms in the
plane. As usual, such a norm is defined by a convex compact set D C R? with
0 € int D, and the norm of x € R? is

l|z|| = ||z||p = min{t > 0: x € tD}.

Let Z2 be the lattice of integer points in R?, and write P,, (n > 3) for the set
of all convex lattice n-gons in R?, that is, P € P, if P = conv {2, ..., 2,} where
21,...,2n € Z2 are the vertices, in anticlockwise order, of P. The D-perimeter

of P is defined by

n
Per P = PerpP = Z ||zix1 — zil|D
i=1
where z,,1 = z; by convention. Note that for a non-symmetric D, Perp P depends
on the orientation of P as well. Define now

L, = L,(D)=min{PerpP : P € P,} (1.1)

Since D will be kept fixed throughout, we will often write Per P and L,, instead
of Per pP and L, (D).
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In this paper we determine the asymptotic behaviour of L, (D) for all norms.
We will also show that, after suitable scaling, the minimizing polygons have a
limiting shape. The same results were proved by Maria Prodromou [fj] in 2005 in
the case when D is symmetric, that is, D = —D. We will see that most of the
difficulties in the non-symmetric case do not come up in the symmetric one.

Define F as the set of all positive continuous functions 7 : [0, 27] — R* with
r(0) = r(2mw). Such a function is the radial function of a starshaped set in R?;
such a set contains the origin in its interior and the half-line starting at the origin
in direction u(t) = (cost,sint) intersects its boundary at a single point which is
at distance r(t) from the origin. We write S for the set of all starshaped sets in
R2. Every convex compact set K C R2? with 0 € int K is, of course, starshaped.
We denote by F* the set of radial functions of all such convex compact sets.

Let 79 € F¢ be the radial function of D. The problem of determining L, (D)
is closely related to the following variational problem, to be denoted by V P(rg).
We seek a radial function » € F that minimizes

2
[ @/t
0
2 2T
subject to / r3(t) costdt = 0, / r3(t)sintdt = 0,

0 0

2
and %/ r2(t)dt = 1. (1.2)

0

Assume r(t) is the radial function of a convex (or starshaped) compact set
K C R2. Then the first condition says that the centre of gravity, g(K), of K is
at the origin, and the second condition says that Area K = 1. We will explain
later the meaning of the function to be minimized. Using the results concerning
L,, we will prove the following.

Theorem 1.1 There is a unique solution r € F to the variational problem. It is
the radial function of a convex compact set in R? defined as the only function of

the form

1 a .
— = — +bcost+csint
T To

with a > 0, b,c € R, that satisfies the constraints of V P(rg).

Notice that all the positive functions of the form % + bcost + csint are
radial functions of a convex set. Indeed, the sign of the curvature is given, in
the differentiable case, by the sign of (%)” + % which happens to be equal to
a((%)” + %), which is always positive because D is convex. This result can easily
be extended to the non differentiable case.

We mention further that the solution to V P(ry) is unique in a larger class

than F. This will be clear from the proof.
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2 Results and notations

Assume that the vertices of a minimizer P, € P, are zi,..., z, in anticlockwise
order (which is the orientation giving the minimal D-perimeter). Then E, =
{za—21,. .., 2n — Zn_1,21 — 2, } i the edge set of P,. Define C,, = conv E,,. Note
that the FE,, determines P, uniquely (up to translation). Even more generally,
the following is true.

Proposition 2.1 Suppose V' C R2 is a finite set of vectors whose sum is zero.
Assume further that u,v € V., u = \v with A\ > 0 implies that w = v. Then there
is a unique (up to translation) convex polygon whose edge set is equal to V.

Proof. This is very simple. One has to order (cyclically) the vectors in V/
by increasing slope as vq, ..., v,,v;. Then the polygonal path through the points
0,v1,v1 + V9,01 + V9 +v3,...,01 + ...+ v, =0 in this order is a convex polygon
with edge set V. Uniqueness is clear. O

We call this construction the increasing slope construction. Here come our
main results. We let K denote the family of all convex compact sets in R? with
non-empty interior. For K, L € I, dist (K, L) denotes their Hausdorff distance.

Theorem 2.2 There is a unique C' € K such that lim dist ((Area C,,)~/2C,,,C) =
0. Moreover, g(C) =0 and limn=3/2L, (D) exists and equals

a(D) = %/CHdex.

We will prove the uniqueness part of Theorem [[.1 by showing that the radial
function of C' is the unique solution to the variational problem V P(ry).

Theorem 2.3 There is a convex set P C R? such that the following holds. Let
P, be an arbitrary sequence of minimizers, of L,(D), translated so that min{x :
(z,y) € P,} is reached at the origin. Then lim dist (n=>/2P,, P) = 0.

We explain in Section [} how and why P is determined uniquely by C'. More-
over, it is shown in section 11 that the round shape found for P in Jarnik’s case
is obtained if and only if the unit ball D is given by an ellipse having a focus
point at the origin.

To avoid some trivial complications in the proofs we assume that D is strictly
convex. We emphasize however that the above results are valid without this extra
condition. We make another simplifying assumption, namely, that

AreaD =1 (2.1)

This is just a convenient scaling of the unit ball which leaves the set of minimizers,
and the corresponding F,,, C),, and consequently C', P unchanged.

The strategy of proof of the key Theorem 2.2 is as follows. We put together
the following ingredients :
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e almost all primitive vectors of C,, belong to F, (Section 7),

e the normalized convex hulls (Area Cn)_l/ 2C,, are sandwiched between two
fixed Euclidean balls (Section 6), so that the Blaschke selection theorem
applies (Section 9),

e the radial functions of the only possible limiting points of the sequence
(Area C,,)~Y/2C,, are solutions of V P(ry) (Section 5). Moreover, the varia-
tional problem V P(ry) has a unique solution (Section 8).

3 Auxiliary lemmas

We write P for the set of primitive vectors in Z?, i.e., z = (z,y) € Z? (2 # 0) is
in P if z and y are relatively prime. The following two claims are very simple.

Claim 3.1 Foralln >3, L, < L,.1.

Proof. Let P,y = conv{zy,z1,...,2,} be a minimizer for L, ; and set
Pr=conv{z,...,z,}. Then L, < Per P’ < L, ;. O

Claim 3.2 F, C P.

Proof. Assume P, is a minimizer and the edge zo — 21 ¢ P, say. Then
the segment [21, 29| contains an integer z € Z? distinct from zy, z5. The convex

lattice n-gon conv {21, z, z3, . . ., 2z, } has shorter D-perimeter than P, because the
triangle conv {z1, 22, 23} contains the triangle conv {z, z, 23} so the latter has
shorter D-perimeter. O

The following lemma will be useful when proving that most points in C,, " P
belong to E,,.

Lemma 3.3 Assume a,b € E, and a # +b. Let T be the parallelogram with
vertices 0,a,b,a+b. If v,y € (TNP)\ E, andx # vy, thenx+y ¢ T.

Proof. If x + y € T were the case, then set E* = E, U {x,y,2} \ {a,b}
where 2z = a + b — x — y. The increasing slope construction works now because
>.ep 2 = 0 and gives rise to convex lattice (n 4+ 1)-gon P if there is no u € E,
with v = Az with A > 0. If there is such a u, we replace v and z by v + z in E*,
and the increasing slope construction gives a convex lattice n-gon P. We claim
that P has shorter D-perimeter than P,. This clearly finishes the proof.

To prove Per P < Per P, we have to show that ||z| + [|y|| + [|z]| < l|a|| + ||b]].
Assume that the anticlockwise angle from a to b is smaller than 7. Then z,y, z €
pos{a, b} where pos{a, b} is the cone hull of a and b. Order the vectors a, b, z, y, 2
by anticlockwise increasing slope. The outcome is a,x,z,y,b say. Then the
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triangle A = conv {0, a,a + b} contains the quadrilateral @) = conv {0, x,x +

z,x +y + z} so the latter has shorter D-perimeter. Now a + b =z + y + z and
Per Q = |lz| + lyll + |zl + [z + y + z|| <Per A = |lal| + [|b]| + [la + b,

and Per P < Per P, follows. O

b a+b
=x+y+z

r+y

T4z

Figure 1. The proof of Lemma 3.3

We write B for the Euclidean unit ball in R? and |z| for the Euclidean norm
of x € R2. Since D is compact convex and 0 € int D, there are positive constants
dy, ds such that dyB C D C dyB, or, equivalently,

di|z| < ||z]] < dglz|, for every x € D.

In what follows c, ¢q, co, .. denote positive constants independent of n. We will
also use Vinogradov’s convenient < notation: f(n) < g(n) means that there are
positive constants ¢ and ng such that cf(n) < g(n) for all n > ng. Of course,
the constants do not depend on n. But they depend on D, more precisely, they
depend on the constants di,ds. f(n) > ¢g(n) has the same meaning but with
f(n) > cg(n). We will also use the big Oh and little oh notation.

We need some standard estimates on the distribution of lattice points and
primitive points in a convex body K € K, see [ or [fl] for a proof. Let L denote
the Euclidean perimeter of K. We assume that L > 3, say, but we think of K as
“large”. In fact, in most applications L tends to infinity. The following estimate
is simple and well-known.

K NZ?| - Area K| < 2L. (3.1)

This implies, with the standard method using the Mobius function, that

6
‘|KHP| - —2AreaK‘ < 3Llog L. (3.2)
T
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Assume next that f : R?> — R is a 1-homogeneous function, that is, f(Ax) =
Af(z) for every x € R? and A > 0. Writing M = max{|f(z)| : 2z € K} the
following estimates hold.

> ) = [ f()d| < 20L (3.3)
S f(z) - % /K f(2)dz| < 3MLlog L. (3.4)

The same estimates hold when K is a (non-convex but) starshaped set whose
boundary consists of finitely many line segments. (Then, of course, the perimeter
of K is a finite number L.) This fact will be needed in Section f.

These estimates will be used quite often in the case when K = MK, and
A — oo with K fixed. Then formulae (B1]), (B-2), (B-3), (B-4) have the following

simpler form:

|K NZ2 = NArea Ko(1+O(\™Y)), (3.5)
KNP|= %AzAreaKo((l + O og A). (3.6)
> =X /K F(2)dz +0(\2), (3.7)

S f(z) = %X” /KO f(2)dz + O(\2log \). (3.8)

The constant in the big Oh notation depends only on K. Here Kj is either a
convex set or a starshaped set with boundary consisting of finitely many line
segments.

4 Bounding L,

In this section we give upper and lower bounds on L,,.
Claim 4.1 L, > n%/?2.

Proof. Here we use the following density principle. The sum of the lengths
of n distinct primitive vectors is at least as large as the sum of the lengths of the
n shortest (distinct) primitive vectors. We will see the same principle in action
a few more times.

Let vy, ..., v, be the n shortest (in D-norm) vectors in P (ties broken arbitrar-
ily). Set A = max{||v;]| : 4 =1,...,n}. Then (int A\AD) NP C {vy,...,v,} C AD.
The boundary of AD contains at most PergAD < 27wdy)\ lattice points. So
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IADNP| —21do A < n < []ADNP|. Using (B.6) with AD (recalling AreaD = 1)

gives

D AP| = 21+ 0\ log V).
Vs

This shows that n = SA?(1 + O(A"'log\) implying that A = (7% + o(1))n'/2.
Using this in (B.§) with AD gives

L, > Z||v,-||z > =l

z€int (AD)NP
> <—2 — OO\ log )\)) 3 [ Yelldz > 2
T D
O
Claim 4.2 L, < n’/?2.
Proof. Again, let vq,...,v, be the n shortest (in D-norm) vectors in P and
set vg = — >_7 v;. By the increasing slope construction the vectors vy, vq,...,v,

form the edge set of a unique (up to translation) convex lattice n-gon or n + 1-
gon. We estimate its D-perimeter from above using the estimates on A from the
previous proof.

Sl € ¥ 0 < (25 + OO og ) ¥ [ el <
z€AXD

We need to estimate ||vg|| as well.
n
looll << | = vol = |wol < || = voll = 1 vill < 3 lJuill < n®2
1

This shows that, indeed, L,, < n?/?. O

We mention that for a symmetric norm and for even n, the n shortest vectors
can be chosen in pairs z, —z which is clearly optimal for L,,. The case of odd n
only causes only a minor difficulty.

Corollary 4.3 liminf n=3/2L, exists and equals o = a(D) > 0, say.

5 Connection between L, and V P(r)

Lemma 5.1 Assume S € § with AreaS =1, g(S) = 0. Then r € F, the radial
function of S, is a feasible solution to V P(rg). Moreover, there is @, € P, (for
every n > 3) with

t

3[/ t

lim n~3/?Per Q,, = / |z|ld=
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We remark that the last identity follows from a simple integral transformation.

Proof. Feasibility of r is evident. We want to prove that for all € > 0 (that we
will suppose small enough without restricting the generality), there is Q,, € P,
for every n > 3, with

T 7
— z|ldz — e < liminf n=%?Per Q,, < lim sup n=>/?Per Q,, < —/ z||dz + €.
7 S Ielldz —e < Qu < limsup Q< 75 [L1e]

Since we would like to deal with sets whose perimeter can be defined and con-

trolled, we introduce, for all m > 3, the m-gon approximation of S, whose ver-

tices are r(ZE)u(ZE) for k = 0,...,m — 1, recall that u(t) = (cost,sint). The

sequence S, converges uniformly to S as m goes to infinity. Moreover, since

g(S) =0 € int S, there are constants ¢y, ¢, > 0 such that, for m large enough,
ClB C Sm C CQB.

We fix now m large enough so that the above condition is satisfied, as well as

6
Hﬁ/sm zdz

™ ™
75 Ll == [ lzla

|Area S, — 1] < ce

< ce

< ce

where ¢ is a positive constant depending only on S that will be adjusted later.

Now, there is a minimal A > 0 (depending on m) so that [P N AS,,| > n. Let
L,, denote the Euclidean perimeter of S. There are at most AL, lattice points
on the boundary of AS,,. Then, formula (B.f) applies and shows that

|PmAgﬂ::C%Ama&n+cxx4bgm)A{
T

implying A = my/n/(6AreaS,,)(1 + o(1)).
We apply formula (B-§) to AS with f(z) = z, or more precisely with f(z) = x
and f(z) =y where z = (z,y) to get

3 z:ﬁﬁ/z@+OWMp)
Sm

2
2€PMAS,, T

Let PN AS,, = {z1,..., 2} (of course | > n) and define zp = — >} z;. The
previous equality implies that for n large enough ||zg|| < 2ceA3. The increasing
slope construction applies to {z, z1, ..., 21} and gives a convex lattice [ or [ 4 1-
gon T". Note that T™ has a special edge, the one parallel to, and having the
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same direction as, zo. All other edges of T™ are short, shorter than codo\ < n'/?
in D-norm. We claim now that, for a suitable choice of ¢ (depending only on 5),
and ¢ small enough,

T T
— z dz—5<liminfn_3/2PerTn < limsupn *?Per T" < —/ z||dz + ¢
\/E/SH | - = P —\/55“ ”

We use again (B.§) this time with f(z) = ||z]|| to get

l 0 ) d2(1 4 o(1)) = =" dz(1 + o1
Sllall = 53 [ Welld=1+ o) = Terrte [ Mlzllas(1+o(1)
The claim follows since Per T™ differs from 37" ||z|| by [|20|| < 2ce)®.

Finally, let @),, be the convex hull of n consecutive vertices of T", including
the two endpoints of the special edge. Then @), € P, and Per@, < PerT™
and also, Per (), is at least Per T" minus the sum of the D-length of the missing
edges, which is < n as one can easily check. Thus |Per @, — Per T"| < n. The
requirements on the constant ¢ are now clear. O

We mention here that Lemma [.1] implies Claim [£.q by simply choosing any
S € § with g(S) =0 and Area S = 1, for instance the Euclidean disk centred at
the origin and having area 1.

6 Bounding C,

Our next target is to give bounds on the width and diameter of C,, = conv E,,.
Claim 6.1 The width of E,,, w(E,), satisfies w(E,) > n'/2.
Proof. Set w = w(E,). Clearly,

L= vll> > [v] > My(w),

UEEn UEEn

where M, (w) is the sum of the lengths of the n shortest (in Euclidean norm)
distinct vectors in Z?2 lying in a strip of width w.
A simple yet technical computation, delayed to Appendix 1, shows that
w < yn'/? (where v € (0,1/2]) implies M, (w) > n3?/v. This finishes the
proof of Claim 1], because then n*? > L, > M, (w) > n%?/y would lead to
contradiction if v were too small.
O

Claim 6.2 Assume the smallest Fuclidean ball centred at 0 and containing E,
is RB. Then R < n'/?.
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Proof. Assume a is the farthest point (in Euclidean distance) from the origin
in E,. Then |a| = R. Claim [ implies that |a| < L, < n*?. Since w(E,) >
n'/2 by the previous claim, there is a point b € E,, whose distance from the line
{v =ta:teR}is > tw(E,) > n'/2

The perimeter of the triangle A = conv {0, a, b} is |a| + |b] + |a — b < 4a|
because [b] < |a| and |a — b < |a| + |b] < 2|a|. Here Area A = £|a|h where h is
the corresponding height of A. Since w(E,) > n'/2, h > n!/2.

Then by (B.2) for large enough n,

log |a| logn
NG < Area AW
implying that [P N %A| > %Area A\, again when n is large enough.

Assume now that Area A > 16n. Then [P N 1A| > 2n. Since |E,| < n, A
contains two distinct elements z,y € P\E, and, evidently, z +y € A. Then
x,y,x+y € conv{0,a,b,a+ b} contradicting Lemma [3.3.

Thus Area A = 1|alh < 16n, and so R = |a| < n'/?. O

1 6 1
PN =A] - —Area-A| < 3-2la|log2|a| < h|a]
2 2 2

We need one more fact about C,;:

Claim 6.3 Assume rB is the largest ball centred at 0 and contained in C,,. Then
r> nt/2,

Proof. Let a be the nearest point to 0 on the boundary of C,,. Thus r = |al.
Define E™ = E,N{r € R?:ax > 0} and £~ = E, N {x € R? : ax < 0}, and
set f(x) = ax/|a|] which is just the component of z € R? in direction a. To have
simpler notation we write f(X) = ,cx f(z) when X € R? is a finite set. Since
Yoeer, 2 =0, f(ET)+ f(E7) =0 (because f(z) = 0 when az = 0). We will show,
however, that |a| < yn!/2, for a suitably small v > 0, implies that

FEY) + f(E) <. (6.1)

Define F* = {z € R? : 0 < f(z) < yn!?} N RB with R < n'/? from
Claim 2. The density principle tells now that f(E') < f(PNF*) < f(Z2NFT)
and the last sum can be estimated as follows. Let Q(z) be the unit cube centred
at z. Again, AreaQ(z) N F* > 1/4 for all z € Z? N F*. This implies that, for
large enough n,

m = |Z*N F| < Area F'* /4 < R|a| < yn.
We use now (B-3):
ﬂ#mpﬂ—/ f(2)d>
Ft+

It is easy to see that [n. f(2)dz < |a|*R implying that f(Z2 N FT) < |a|*R <
2,3/2
v2n?/2.

< Rlal.
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Define F~ = {z € R%2:0 > f(z) > —Ayn'?} N RB where A\ > 0 is chosen so
that F'~ contains exactly n —m — k lattice points. Here k is the number of lattice
points on the line az = 0 so k < 2R + 1 < n'/?. Note that \yn'/? < R since
E,, C RB consists of exactly n vectors. Choosing v small enough guarantees that
m < 0.1n which, in turn, guarantees that A > 1 and further, that |F~ N Z2?| >
0.8n. The Euclidean perimeter of F~ is at most 4R + Ayn'/? < R and (B.))
shows that ||F'~ N Z2| — Area F~| < R. Clearly Area F~ < RA\yn'/2, implying
that

1
0.8n < |F"NZ* < |1+0~——= || Area F~ <« R\yn'/? < \yn,
Ayni/2
which implies Ay > 1.
The density principle says now that f(£~) < f(F~) (note that f is negative

on F~ and E7), and f(F") can be estimated using (B-3):

< R? < n,

SE = [ sz

because max{|f(z)| : x € F~} < R. Now f(z) is negative on F'~. It is easy to
check that A\2y?nR < — [— f(2)dz < A\*y?nR. So we have

_F(F) —f(2)dz +O(n) > /F —f(2)dz > AR > 2

= Jp-

This shows that (B.0]) indeed holds if v > 0 is chosen small enough because
0< f(Z2NFY) < 4*n3% and —f(Z2 N F~) > n/2. O

Corollary 6.4 There are positive numbers v and R (depending only on D) such
that for alln >3
rB C (Area C,)"Y%C, C RB.

7 Almost all primitive points of C, are in F,,

We begin by stating a geometric lemma which is about a special kind of approx-
imation. The technical proof is postponed to Appendix 2.

Lemma 7.1 Assume K € K is a conver polygon with rB C K C RB. Then
for every § € (0,0.02(r/R)? there are vertices vy,...,v, of K such that with
Q = conv {vy,...,v,} the following holds:

e QC K C(1+4R*r720)Q,

e for all i, the angle /v,0v;11 is at least §.



I Barany, N. Enriquez - Jarnik’s convex lattice n-gon 12

Lemma 7.2 For every e > 0 there is ng = ng(e, D) such that for all n > ny,
(1-e)C, NP C E,.

Proof. Let r,, resp. R, be the maximal, minimal radius such that r,B C
C, C R,B. It follows from Claims and that R, /r, < ¢ with a suitable
positive constant depending only on D. Thus Lemma [7.] can be applied with
K =C, and § = ¢/(8¢%) (if ¢ < 0.02/8 which we can clearly assume). We get a
polygon @ = conv {vy,...,v,} satisfying C,, C (1 +¢/2)Q.

Assume, contrary to the statement of the lemma, that there is an z € (1 —
e)C, NP\ E,. One of the cones pos {v;, v;11} contains x, say in the cone W :=
pos{vi,v2}. Define A = conv {0,v1,v2}. Thus A C C, N W C (1+¢/2)A.
Asz e (1—e)C,NW, vy +v3—2 € W\ (1+¢)A. The triangle A* =
(v +ve—x) = W)\ (14¢/2)A is disjoint from C,,. We claim that it contains
a primitive point y. This will finish the proof since then z,y, x + y all lie in the
parallelogram with vertices 0, vy, va, v; + v contradicting Lemma B.3.

We prove the claim by using (B): AreaA* > &3n because its angle at
vy + vy — x is at least ¢, and the neighbouring sides are of length at least €|v;|/2
and elvy|/2 and |vy], [va| > n'/2. Further, its perimeter is at most |v;| 4 |va| +
lv; — vy| < n'/2. Thus

|A*NP| - %Area A*| < (logn)n'/?.
m

Here % Area A* is of order e®n and the error term is of order (logn)n'/2. Since
¢ fixed, A* contains a primitive vector if n is large enough. O

v1+v2

0 (1—e)vi  v1 (14€/2)v1
Figure 2. The proof of Lemma 7.2

8 Proof of Theorem

In this section we prove Theorem P.J apart from the uniqueness of C' and r which
will be shown in the next section.
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The Blaschke selection theorem and Corollary [p.4 imply that every subse-
quence of (AreaC,)"'/2C, contains a convergent (in Hausdorff metric) subse-
quence. Corollary 1.3 guarantees then the existence of positive integers n; <
ny < ... such that limn,**L,, = « and limdist ((Area C,, )~Y/2C,,,C) = 0 for
some convex body C' € K. Define \;, = |/AreaC,, and set, for simpler writing,

C* = \;'C,,. Tt is evident that rB C C' C RB, showing that, for every § > 0,
(1-0)C C C* C (1+6)C for all large enough k. Since n, = 5 Area C,,, (140(1)),

Ap = %W(l +o(1)).

It follows immediately that AreaC' = 1. We show next that [, zdz = 0.
For this it suffices to prove that [, f(z)dz = 0 in the case when f is the linear
function f(z) = x and f(z) = y where z = (x,y). Choose € > 0 and then, using
Lemma [(.1], ko so large that, for k > ko,

(1-¢/2)Cp,, NP CE, CC,NP.
It follows now that there is a k; so that for all & > k;
(1—e)MCNPCE, C(1+e)MCNP. (8.2)

Using the notation f(X) =Y .cx f(z) when X C R? is finite, we have f(FE,, ) =
0. Next,

fPOXNC) = [f(PNAC) = f(En,)]
< [fEPA[A+)MC\ (1 =)L) |
< egmax{f(z):z € MC} < eny,.

On the other hand, by (B.§),
6 _
FPANO) = N, [ f2)dz (1400 log )
as one can check easily. So if [, f(2)dz # 0, then f(P N A;C) is of order ni/z.
But as we have just shown, |f(P N A\.C)| < eng. So indeed, [, f(z)dz = 0, or,

in other words, g(C) = 0.
An almost identical proof, this time with the 1-homogeneous function f(z) =

| z|| gives
v
%/C |z||ldz = (D).

We only give a sketch: Equation (B.3) shows that

> lzll= > el

2ePNALC 2€PNEy,

< eng.
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Here 3-.cprp, |2[| = Ln, and so lim n;3/2 >.eponc |12l = a(D). The estimate
(B.4) says now that

< ny log ng,

6
. d
>, Al 7T2/AkcHscH x

zePNA,C

and 7= fo |z||dz = a(D) follows.

Lemma p.1] applies now because g(C) = 0 and AreaC = 1. So there is a
sequence Q,, € P, with limn=3/?Per Q,, = a(D). Then L,, < Per Q,, implies that
limn=%2L, = a(D). 0

9 The variational problem
Next we turn to uniqueness. As first step we treat a special case.

Lemma 9.1 Let ro be the radial function of D € K with g(D) = 0. Then rq is
the unique solution to V P(ry).

Proof. We consider the variational problem which ignores the constraints
about the center of gravity :

2m
minimize / r3(t) /ro(t)dt
0

2
subject to / r2(t)dt = 2
0

From Holder’s inequality :

2 21 7~3 2/3 2 1/3
/ r? < </ _> (/ 7"(2])
0 0 To 0
2w

which is an equality if and only if 7 and ry are proportional. In our case [;” r? =
JZ"r¢ = 2 and so 7 = 7. O

We now use the previous lemma to treat the general case:

Lemma 9.2 There exists a unique solution r € F to problem V P(rg). This
solution is equal to
a -1
r= (— +bcost + csint)
To
where a > 0, b, c are the unique real numbers which make the function r satisfy
the three constraints of V P(rg).



I Barany, N. Enriquez - Jarnik’s convex lattice n-gon 15

Proof. We prove in Appendix 3 that every optimal solution r € F¢ to V P(rq)
is of the form r(¢) = (£ +bcost+csin t)~! with suitable constants a, b, c € R. We
have shown that the radial function, r(¢), of C' from Theorem P.3 is an optimal
solution to V' P(rp). As C is convex, r(t) is equal to (;- + bcost + csin t)~L
According to the previous Lemma, the unique solution to the variational problem
VP(r)isr.

Consider now another optimal solution, r*, to V P(ry). It is clear that r* is a
feasible solution to V P(r) and that

0 To 0 To

27 7’*3 27 .3 a ) 2 ,r,*3
a = r* | — 4 bcost+csint | = ,
0 To 0 To 0 r

and, in the same way,

2m 3 2m a 27 3
a/ — :/ rs (— +bcost+csint> :/ —.
0o T 0 70 0o T

So ¥, too, is an optimal solution to V' P(r). By the Lemma, r = 7*, and a > 0
follows as well. O
Remark: After reading this proof, one easily understands that r(¢) is the
unique solution to the variational problem in a class of functions larger than F.

Further,

10 Proof of Theorem 2.3

This is fairly simple once we know that C' is unique. Let u(t) = (cost,sint) be
the unit vector in direction ¢ € [0,27]. When a minimizer P, is translated as
Theorem specifies, the sum of the edges of P, having direction between «(0)
and u(t) is very close to the sum of the primitive vectors having direction between
u(0) and u(t) in C,. The latter, divided by n*? is very close to P(t) = [y 2dz
where C'(t) is the set of vectors in C' with direction between u(0) and w(t). The
curve P(t) is closed (because g(C') = 0) and convex (this has been shown in [J]),
so it is the boundary of a convex set P. The simple and straightforward checking
of
lim dist (n=%2P,, P) = 0

is left to the reader. We remark that the convexity of P(t) follows also from the
fact that the boundary of P,, after suitable rescaling, tends to P(t). O

The same construction C' — P with P(t) = [o 2dz is used, with a similar
purpose, in [B]. Further properties of the construction are also established there.
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11 An example

We concentrate now on the cases when the solution is constant which correspond
to the case when the limit shape of the polygon is a circle.

Lemma 11.1 The solution is constant if and only if 1/r¢ is of the form a +
bcosO + csinf, or, in other words, when rqy is the radial function of an ellipse
having its focus point at the origin.

Proof. Suppose the solution is constant, the form of ry is then directly
derived from Lemma 9.2. Conversely, if % is of the form a + bcos + csin 8, the
solution is then also of the form 1 = @'+ cos 6 + ¢ sin§. This says that it is the
radial function of an ellipse having its focus point at the origin. We conclude by
observing that the only ellipses whose centre of gravity is at the same time their
focus point, are circles. O

12 Appendix 1

Lemma 12.1 Let M, (w) be the sum of the lengths of the n shortest (in Euclidean
norm) distinct vectors in Z? lying in a strip of width w, centred at the origin.
Suppose v € (0,1/2], then w < yn'/? implies M, (w) > n*?/~.

Proof. It is clear that this set of vectors is just the set of lattice points
contained in A := dB NT where T is a strip of width w, centred at the origin,
and d is a suitable radius making A N Z? have exactly n elements (ties broken
arbitrarily). Let ¢ denote the angle that the strip 7" makes with the x-axis of
R?. We may assume by symmetry that ¢ € [0, 7/4].

Observe first that d > /n/2 since otherwise the disk dB would contain fewer
than n lattice points. Let Q(z) denote the unit square centred at z € R? and let
Uk be the line with equation # = k (k is an integer). Clearly, ¢ intersects S in
a segment of length w cos ¢, and so £, N Z? contains at least |w/ cosp| and at
most |w/ cose| + 1 lattice points from S.

Assume first that w/cosp > 1. As is easy to see, Area A N Q(z) is at least
1/4 for z € AN Z? Hence, AreaA > n/4. Since Area A < 2dw, d > n/(4w)
follows.

For simpler notation write u = (d cos ¢)/2. For the lines ¢;, with k € [u,2u —
w/2], £ N A contains at least |w/ cosp| lattice points. Since w < u, there are
at least |2u — w/2] — |u| > w such lines. All of them have distance at least
(d —w)/2 > d from the origin. Consequently, using the bounds w < yn'/? and
d > n'/? /2 generously,

Mn(w)>>d{ =

2 n\? L 5
u>>dw2(—> w > —ne.
cos 4

w v
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Assume next that w/cosp < 1. There are at most six z € A N Z? such that
Q(z) intersects the boundary of dB. For the other 2 € ANZ?, Q(z) intersects the
boundary of A in one or two line segments, whose total length is between 1/ cos ¢
and 2/ cos . For distinct lattice points in AN Z? the corresponding segments do
not overlap. This implies that

n—=6 2(n —6)

<4d <
cos Ccos

Each line ¢, with |k| < 2u/3 contains at most one lattice point from A. The
remaining points from A N Z?, and there are at least n — 2|2u/3| — 1 of them,
are at distance ¢ — 1 from the origin. Hence, we see

M, (w) > (g —1> <n— LQdCEWJ —1> > n?.

13 Appendix 2

We start the proof of Lemma [7.1 with the following Claim.

Claim 13.1 Suppose a,b,c,d are vertices of K (in anticlockwise order), [a,0]
and [c,d] are edges of K, and (b0c < 36. Let x be the intersection point of the
lines through a,b and c,d, and let y be the intersection point of the lines through
0,7 and a,c. Then |x —y| < 45(R/r)*|y|.

Proof. The condition rB C K C RB implies that = /0xb = /0ba — /xba >
arcsinr/R — 3 since
d(07 Ea,b)

0]
(¢4 being the line through a and b) |b| < R, d(0,4,3) > r by assumption, so
that sin Z/0ba > r/R, see Figure 3.

Further /zxyc = /0xa — /200 > (. The sine theorem in the triangle x,y,c
shows that

sin Z0ba =

|z —y|  sin/Zcry

lz —c|  sin /ey’

and similarly, the sine theorem in the triangle x, 0, ¢ shows that

|z —¢c|  sin/c0z

lz]  sin/0cz’
Multiplying them gives

|z —y|  sin/Zcwysin /c0x sin 30

= < .
|| sin /cyrsin /0cx — (r/R)sin 3
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Next, since |y| = |z| — |z — y|, we have

|| B 1 _ 1
_ _ - |z—y] ___sin3é
x| — |z —yl  1- my S Y

We use this inequality next in the form

|z — y| _ sin 36 || _ sin 36 45 <E>2
ly| (r/R)sinf |z|—|z—y| (r/R)sinf —sin3d r/)’

where we only have to check the validity of the last inequality. This is a matter of
direct computation using that sin § > sin(arcsin(r/R)—39) > (r/R) cos 30 —sin 3§
and the assumption that § < 0.02(r/R)? implying, in particular, that § < 0.02.
What is to be checked now is that

2
tan 36 [1 445 <§) (1 + 1)1 < 46,
r R

Here §(R/r)? < 0.02 and so the expression in the square bracket is at most 1.16
and the inequality follows. We omit the details. O

Figure 3. The proof of Claim 13.1

The Proof of Lemma [7.]] is an algorithm that constructs the vertex set V' of
Q. We start with V = (). We call the edge [a,b] of K special if /a0b > §. Let
W be a cone with apex at 0 and angle §. It follows that if W is disjoint from all
special edges, then it contains a vertex of K.

Case 1. Let [ay,bi],[az,bs],. .., |ak, br] be consecutive special edges in an-
ticlockwise order so that /b;,0a;.; < 36 for all i = 1,...,k — 1 (or up to k if
/br0a; < 30). We call this a maximal chain of consecutive special edges if there
is no special edge [a, b] with £00a; < 30 or /by0a < 34.
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For such a maximal chain we put the vertices aq,...,ag, by (or ay,...,a; if
/br0a; < 39) into V, and we do so for all such maximal chains.

Case 2. Let [a1,b] and [ag, bs] be consecutive special edges with vertices
ay, by, as, by in anticlockwise order so that v := /b;0ay > 30. Then we choose
d" € [6,30] so that /¢’ is an odd integer, say 2h + 1. This is always possible
since there is an odd integer between v/(39) and /0 because their difference is
V/8 —/(30) = 2v/(36) = 2.

Subdivide now the cone pos {b;, as} into 2h+ 1 subcones, each of angle ¢’ and
pick a vertex uq, ..., u, from every second subcone. Finally, put by, uy, ..., up, as
into V.

If there are only two special edges [aj, b1] and [asg, bs], then one has to do the
same construction between edges [ag, bo] and [aq, b;] as well. If there is only one
special edge, then the construction is carried out from b; to a; as if one had two
special edges [a1, 0] and [by, a1].

Finally, if there are no special edges, then we chose a §' € [0,20] so that
27 /0" is an even integer, 2h, say. This is evidently possible. Subdivide the plane
into cones of angle ¢’ (with apex at 0) and choose a vertex uy, ..., uy, from every
second cone, and set V' = {uq, ..., up}.

The algorithm is finished. By construction /v;0v;4; > d: for the angle at
0. Finally we check condition K C (1 + 46(R/7r)?)Q. Let v;, Vi1, Viga, Virs be
four consecutive vertices of () in anticlockwise order. Rename these points as
a,b,c,d as in the Claim. Then K Npos(b,c) \ @ is contained in the triangle
b, ¢,z from the Claim. Now y € @) because y lies on the segment [a, |, and so
r € (1+46(R/7)?)Q according to the Claim. So the triangle b, ¢, z is contained
(1 +40(R/r)?)Q. 0

14 Appendix 3

It happens that standard theorems of the Calculus of Variations (see for instance
[B]) are stated in a C'! setting, and suppose also that the function ry involved in
the problem is C'. Since these conditions are not satisfied in our problem, we
have to elaborate the following statement:

Lemma 14.1 All the solutions r € F¢ satisfying problem V P(rq) are of the form

a i -1
r= (— —I—bcost+cs1nt)
To

where a, b, c are real numbers which make the function r satisfy the three con-

straints of problem ([[3).

Proof. Consider r an optimal solution in F°. Let h be a function on [0, 27]
such that the perturbed function r. := r 4 ch remains in F° for € in a neighbour-
hood of 0 (notice that all the twice differentiable functions are convenient). This
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perturbation won’t be feasible in general. We want to modify it in order to make
it feasible. That is what we do in the two first steps.

Step 1. We translate the set defined by the function r. in order to get a
centred set defined by a new radial function 7. we evaluate up to some o(¢).

In the following, the notation o(e) stands for some family of functions, which

o(a

may be constant, indexed by ¢, such that both

o(e

converges to 0 as € goes to 0,

and is dominated.
The coordinates of the centre of gravity of the set defined by r. are

2
</ 73 costdt, / e smtdt) =c (/ 3r?h cos tdt / 3r2hsmtdt) + o(e)
0

Recall that u(t) = (cost,sint). Define the numbers 74, 6, by setting r,u(6) :=
(J&™ 3r2h costdt, [ 3r2hsintdt).
For a given 6, the polar coordinates of r.u(0) — erpu(6y,) + o(e) are given by

3(0) = 0 — e sin(60y, — 0)
0(6):=0 hir(@)

7(6) = r.(0) — ery cos(6, — 0) + o)

Hence, 7 can be expressed as a function of # as follows:

+ o(e)

7(0) = r. (é + arhw + O(é?)) — €T, CO8 (Hh — 0+ 0(5)) +o(¢)

Using now the almost everywhere differentiability of r (and therefore of r.) which
is inherited from convexity, we obtain that, almost everywhere,

/

(@) =r(0) +¢ [h(é’) + 7y, sin(6), — 9)%(9) — 1y cos(6), — 9)] + o(e)

Note that the domination of @ in the last step is due to the fact that the left
and right derivatives of r are bounded on [0, 27].

Step 2. We obtain a completely feasible function 7/, by normalizing 7 by the
area of the set defined by 7, which is the same as the area of the set defined by
7., since the two sets are obtained one from the other by a translation.

Define,

I R R
70 = e = e ame = O3 o)

The function r/(6) can be written as () times the function

h(6)

14¢e|—5 +rpsin(f, —0)

r(6)

r'd) . cos(bh —0)
20 "

0 %(/0%7“@] +o(e)
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Step 3. Now, we test the optimality of the function r by considering the

3

functional applied to the feasible perturbation rf and writing the integral foz’r %
as [T % plus

cos(fp, —0) 1, 2«
———;éﬁ———--ggz; rh)]—ko(s)

When developing the sine and cosine in the above bracket and performing the
integration on ¢ (and keeping in mind that r, and 6, are constants that don’t
depend on 6 !) we deduce that, if r is optimal, there exist real constants A, B
and C' such that for all twice differentiable function h,

3e /0% :—0 [%(9) + 7, sin(6, — 6) r(6)

21 p2p 27
/ —+Arhsin9h+BrhCOSQh+C/ rh=20
0 0

To

Recall that (1, cos 0,y sin60,) = (Jo" 3r2hcostdt, [Z™ 3r2hsin tdt).
Therefore, for all twice differentiable functions h

27 9 1 ) C’
/ hr (—+3ACOSH+BBsm«9+—>:0
0

To T

which implies that the bracket inside the integral is 0. O

15 Acknowledgements

The first author was partially supported by Hungarian National Science Foun-
dation Grants T 032452 and T 60427, and also by the Discrete and Convex
Geometry project, MTKD-CT-2005-014333, of the European Community. The
second author was partially supported by ANR grant MEMEMO.

References

[1] Bérany, 1., Tokushige, N., The minimum area convex lattice n-gon,
Combinatorica, 24 (2004), 171-185.

[2] Barany, I., Prodromou, M., On maximal convex lattice polygons
inscribed in a plane convex set, Israel J. Math., 154 (2006), 337
360.

[3] Hardy, G. H., Wright, E. M., An introduction to the theory of num-
bers, Clarendon Press, Oxford, 1979.

[4] Jarnik, V., Uber Gitterpunkte in konvexen Kurven. Math. Zeit., 24
(1926), 500-518.



I Barany, N. Enriquez - Jarnik’s convex lattice n-gon 22

[5] Prodromou, M., Limit shape of convex lattice polygons with minimal
perimeter, Discrete Math., 300 (2005), 139-151.

[6] Sagan, H., Introduction to the calculus of variations. Corrected
reprint of the 1969 original. Dover Publications, Inc., New York,
1992. xviii+449 pp.

Imre Béarany

Rényi Institute of Mathematics,
Hungarian Academy of Sciences

H-1364 Budapest Pf. 127 Hungary
barany@renyi.hu

and

Department of Mathematics

University College London

Gower Street, London, WC1E 6BT, UK

Nathanaél Enriquez

Laboratoire Modal’X

Université Paris-Ouest

200 Avenue de la République, 92001 Nanterre, France
nenriquez@u-parisl0.fr

and

Laboratoire de Probabilité et Modeles Aléatoires
Université Paris 6

4 Place Jussieu, 75005 Paris, France



