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Abstract

We establish an integration by parts formula in an abstract framework in order to study the
regularity of the law for processes solution of stochastic differential equations with jumps, including
equations with discontinuous coefficients for which the Malliavin calculus developed by Bismut and
Bichteler, Gravereaux and Jacod fails.
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1 Introduction

This paper is made up of two parts. In a first part we give an abstract, finite dimensional version
of Malliavin calculus. Of course Malliavin calculus is known to be an infinite dimensional differential
calculus and so a finite dimensional version seems to be of a limited interest. We discuss later on the
relation between the finite dimensional and the infinite dimensional frameworks and we highlight the

interest of the finite dimensional approach.
In the second part of the paper we use the results from the first section in order to give sufficient
conditions for the regularity of the law of X;, where X is the Markov process with infinitesimal operator
Lf(x) =(Vf(z),9(z)) + /d(f(w +cz,2)) — f(2)v(2, 2)p(dz). (1)

R

Suppose for the moment that v does not depend on x. Then it is well known that the process X

may be represented as the solution of a stochastic equation driven by a Poisson point measure with
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intensity measure y(z)u(dz). Sufficient conditions for the regularity of the law of X; using a Malliavin
calculus for Poisson point measures are given in [B.G.J]. But in our framework v depends on z which
roughly speaking means that the law of the jumps depends on the position of the particle when the
jump occurs. Such processes are of interest in a lot of applications and unfortunately the standard
Malliavin calculus developed in [B.G.J]| does not apply in this framework. After the classical paper
of Bichteler Gravereaux and Jacod a huge work concerning the Malliavin calculus for Poisson point
measures has been done and many different approaches have been developed. But as long as we know
they do not lead to a solution for our problem. If X is an one dimensional process an analytical
argument permits to solve the above problem , this is done in [F'1], [F.2] and [F.G] but the argument
there seems difficult to extend in the multi-dimensional case.

We come now back to the relation between the finite dimensional and the infinite dimensional
framework. This seems to be the more interesting point in our approach so we try to explain the main
idea. In order to prove Malliavin’s regularity criterion for the law of a functional F' on the Wiener

space the main tool is the integration by parts formula

E(0°f(F)) = B(f(F)Hp) (2)

where 9% denotes the derivative corresponding to a multi-index 5 and H 3 is a random variable built
using the Malliavin derivatives of F. Once such a formula is proved one may estimate the Fourier trans-
form pp(€) = E(exp(i€F)) in the following way. First we remark that 95 exp(i¢z) = (i€)? exp(ifx)

(with an obvious abuse of notation) and then, using the integration by parts formula

PR = i [E2 exptic)

1
|E(exp (i F)Hp)| < WE |Hgl .

If we know that E'|Hg| < oo for every multi-index [ then we have proved that [£|” [pp(§)] is integrable
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for every p € N and consequently the law of F' is absolutely continuous with respect to the Lebesgue
measure and has an infinitely differentiable density.

Let us come back to the infinite dimensional differential calculus which permits to built Hg. In
order to define the Malliavin derivative of F' one considers a sequence of simple functionals F,, — F
in L? and, if DF,, — G in L?, then one defines DF = G. The simple functionals F}, are functions of
a finite number of random variables (increments of the Brownian motion) and the derivative DF), is

a gradient type operator defined in an elementary way. Then one may take the following alternative



way in order to prove the regularity of the law of F. For each fixed n one proves the analogues of
the integration by parts formula (B): E(0°f(F,)) = E(f(Fn)Hp). As F, is a function which depends
on a finite number m of random variables, such a formula is obtained using standard integration by
parts on R™ (this is done in the first section of this paper). Then the same calculus as above gives

|pE, (6)] < |€]7181E ‘Hg . Passing to the limit one obtains

[Pr(©)] = lim [P, (€)| < || sup E |H]

and, if we can prove that sup, F ‘Hg < oo, we are done. Notice that here we do not need that

F, — F in L? but only in law. And also, we do not need to built Hpg but only to prove that
sup,, I/ ‘Hg
different if sup,, £ ‘Hg

< o0. Anyway we are not very far from the standard Malliavin calculus. Things become

= oo and this is the case in our examples (because the Ornstein Uhlenbeck
operators LF,, blow up as n — 00). But even in this case one may obtain estimates of the Fourier

transform of F' in the following way. One writes

Br(E)] < PF() = PR, (&) + PF, (€)] < [€] x E|F — Fo| + |67V E | HJ]|.

And if one may obtain a good balance between the convergence to zero of the error E|F — F,,| and

the blow up to infinity of F ‘Hg then one obtains |pr(&)| < |€]7P for some p. Examples in which such

a balance works are given in Section 3. An other application of this methodology is given in [B.F]
for the Boltzmann equation. In this case some specific and nontrivial difficulties appear due to the
singularity and unboundedness of the coefficients of the equation.

The paper is organized as follows. In Section 2 we establish the abstract Malliavin calculus associ-
ated to a finite dimensional random variable and we obtain estimates of the weight Hg which appear
in the integration by parts formula (we follow here some ideas which already appear in [B], [B.B.M]
and [Ba.M]). Section 3 is devoted to the study of the regularity of the law of the Markov process X
of infinitesimal operator ([[J) and it contains our main results : Proposition | and Theorem []. At last

we provide in Section 4 the technical estimates which are needed to prove the results of section 3.

2 Integration by parts formula

2.1 Notations-derivative operators

Throughout this paper, we consider a sequence of random variables (V;);en+ on a probability space

(Q,F,P), a sub og-algebra G C F and a random variable J, G measurable, with values in N. We



assume that the variables (V;) and J satisfy the following integrability conditions : for all p > 1,
E(JP) + E((Z;le V2)P) < oco. Our aim is to establish a differential calculus based on the variables
(V;), conditionally on G, and we first define the class of functions on which this differential calculus
will apply. More precisely, we consider in this paper functions f : Q x RN" — R which can be written

as

f(w,v) = Zfj(w,vl,...,vj)l{J(w):j} (3)
j=1

where f7: Q x R — R are G x B(R/)—measurable functions. We denote by M the class of functions
f given by (f) such that there exists a random variable C € Ny>1L9(Q,G, P) and a real number
p > 1 satisfying |f(w,v)| < C(w)(1 + (Z;]:(‘f) v?)P). So conditionally on G, the functions of M have
polynomial growth with respect to the variables (V;). We need some more notations. Let G; be the
o—algebra generated by G U o(V;,1 < j < J,j # i) and let (a;(w)) and (b;(w)) be sequences of G;
measurable random variables satisfying —oo < a;(w) < b;(w) < 400, for all i € N*. Now let O; be the
open set of RY" defined by O; = P, *(Ja;, bi[), where P; is the coordinate map P;(v) = v;. We localize
the differential calculus on the sets (O;) by introducing some weights (7;), satisfying the following
hypothesis.

HO. For all i € N*, m; € M, 0 < m; <1 and {m; >0} C O;. Moreover for all j > 1, 77{ is infinitely
differentiable with bounded derivatives with respect to the variables (v1,...,v;).

We associate to these weights (7;), the spaces C¥ C M,k € N* defined recursively as follows.
For k = 1, C! denotes the space of functions f € M such that for each i € N*, f admits a partial
derivative with respect to the variable v; on the open set O;. We then define

0
8—1),-f(w’ U)

8ff(w,v) = Wi(w7v)
and we assume that 0] f € M.

Note that the chain rule is verified : for each ¢ € C*(R% R) and f = (f!,..., f%) € (C1)¢ we have
d
OFo(f) = 0 d()IF I
r=1

Suppose now that C¥ is already defined. For a multi-index a = (o, ..., o) € N** we define recursively
oy = 0y,...05, and Ck+1 is the space of functions f € CF such that for every multi-index o =
(@1, ..., ar) € N** we have 7 f € CL. Note that if f € C¥, 97 f € M for each o with |a| < k.

Finally we define C>° = Ngen+CE. Roughly speaking the space C2° is the analogue of C* with

partial derivatives 0; replaced by localized derivatives O .



Simple functionals. A random variable F' is called a simple functional if there exists f € C°
such that F = f(w, V), where V = (V;). We denote by S the space of the simple functionals. Notice
that S is an algebra. It is worth to remark that conditionally on G, F = f/(Vi,..., V).

Simple processes. A simple process is a sequence of random variables U = (U;);en+ such that
for each ¢ € N*, U; € §. Consequently, conditionally on G, we have U; = u;] (V1,...,Vy). We denote

by P the space of the simple processes and we define the scalar product

Note that (U,V); € S.
We can now define the derivative operator and state the integration by parts formula.

[0 The derivative operator. We define D : S — P : by
DF = (D;F) € P where D;F := 0] f(w,V).

Note that D;F' =0 for i > J. For F' = (F!, ..., F%) € §¢ the Malliavin covariance matrix is defined by
J
kK’ k k' k k'
" (F)=(DF",DF =Y D;F"D;F".
oM (F) = (DFY DFY) 2231 4D
We denote
A(F) ={deto(F) #0} and (F)(w) =0 YF)w),w € A(F).

In order to derive an integration by parts formula, we need some additional assumptions on the
random variables (V;). The main hypothesis is that conditionally on G, the law of the vector(Vy, ..., V)
admits a locally smooth density with respect to the Lebesgue measure on R”.

H1. i) Conditionally on G, the vector (Vi,...,Vy) is absolutely continuous with respect to the
Lebesgue measure on R and we note p; the conditional density.

ii) The set {p; > 0} is open in R’ and on {p; > 0} Inp; € C°.

ili) Vg > 1, there exists a constant Cj such that
(1 +[v)ps < Cy

where |v| stands for the euclidian norm of the vector (vy,...,v7).
Assumption iii) implies in particular that conditionally on G, the functions of M are integrable

with respect to py and that for f € M :

Eg(f(w,V)) = Jf‘] X py(w,vy,...,v5)dv;...dvy.
R



O The divergence operator Let U = (U;);en+ € P with U; € S. We define § : P — S by

For F € S, let L(F) = 6(DF).

2.2 Duality and integration by parts formulae

In our framework the duality between ¢ and D is given by the following proposition.
Proposition 1 Assume HO and H1, then VF € S and YU € P we have

Eg((DF,U) ;) = Eg(F5(U)). (4)

Proof: By definition, we have Eg((DF,U) ;) = S Eg(D;F x U;) and from H1
Eg(DZ‘F X Uz) = / avi(f‘])ﬂ'i u;] pJ(w,’l)l, ...,UJ)d'Ul...d'UJ
RY
recalling that {m; > 0} C O;, we obtain from Fubini’s theorem

b;
Eg(D;F x U;) = / </ E?vi(f‘])m u;] py(w, vy, ...7'l)J)d'U7;> dvy..dvi_1dviy1...dvy.

RJI-1

By using the classical integration by parts formula, we have

bi bi
/ Oy (f) i w! py(w,vr, . vg)dv; = [f mu psli —/ £ 00, (W mip s)dv;.

a;
Now if —0o < a; < b; < 400, we have 7;(a;) = 0 = m;(b;) and [f/mup,)% = 0. Moreover since f7,
u;’ and m; belong to M, we deduce from H; iii) that lim|vi|_,+oo(f‘77riu;]pj) = 0 and we obtain that

for all a;, b; such that —co < a; < b; < 400 :
bi bi
| 0utm wl patonvn,vidvi= = [ 0, ufmips)dos,
a; a;

Observing that 8y, (u/mips) = (O, (u/m) + u1y,,~0y07 (Inpy))p,, the proposition is proved.

We have the following straightforward computation rules.



Lemma 1 Let ¢ : R? — R be a smooth function and F = (F',...,F%) € 8. Then ¢(F) € S and

d
=> 0.¢(F)DF". (5)
If F eS8 and U € P then

S(FU)=Fo6U)—-(DF,U);,. (6)

Moreover, for F = (F',...,F%) € 8¢, we have

d
=Y 0, ¢(F)LF" - Z Oy (F <DF",DFT/>J. (7)
r=1 7"7" =

The first equality is a consequence of the chain rule, the second one follows from the definition of
the divergence operator 6. Combining these equalities ([]) follows.

We can now state the main results of this section.

Theorem 1 We assume HO and H1. Let F = (F',...,F') € 8% G € S and ¢ : R? — R be a smooth
bounded function with bounded derivatives. Let A € G,A C A(F') such that

E(|dety(F)|P1p) <00 Vp>1. (8)
Then, for everyr =1,...,d,
Eg (0,¢(F)G) 1 = Eg (¢(F)H,(F,G)) 1a (9)
with
d d
H.(F,G) =Y §(Gy""(F)DF") = 3" ( F)DF™y — "' <DFT",DG>J> . (10)
r’'=1 r’'=
Proof: Using the chain rule
J
(Do(F).DFT") = >~ Djo(F)D;F"
7j=1
J
= ZZ@@ F)D;F")D,;F" = Z@rqb (F)
j=1 r=

so that 0,¢(F)1x = 1x Zf,zl <D¢(F),DF’J>J’W/”‘(F). Since F' € 8% it follows that ¢(F) € S and
o™ (F) € 8. Moreover, since det y(F)15 € Ny>1 L it follows that 4" (F)15 € S.So Gy" " (F)DF" 1, €



P and the duality formula gives:

Eg (0,6(F)0) 1 = ijg(<D¢<F>,Gv’“’v’“<F>DF’“’>J) I

r'=1
d
= Y Eg (6(F)a(GY" " (F)DF)) 1.

r'=1
o
We can extend this integration by parts formula.
Theorem 2 Under the assumptions of Theorem [l, we have for every multi-index 8 = (b1, ...,03,) €
{1,...,d}?

Eg (96(F)G) 1 = Eg (#(F)HS(F,G)) 1a (1)

where the weights H? are defined recursively by ([I4) and

-1
HY(F,G) = Hy, (F,H) , (F.G)). (12)

Proof: The proof is straightforward by induction. For ¢ = 1, this is just Theorem [l Now assume
that Theorem [ is true for ¢ > 1 and let us prove it for ¢ + 1. Let 3= (B1,...,B4+1) € {1,...,d}?"

we have

Eg (96(F)G) 1 = Bg (0(p,....p,.0) (05, 6(F)G) 1n = Eg (95,6(F)HE, , ((F,G)) 1a

and the result follows. o

2.3 Estimations of H¢
2.3.1 Iterated derivative operators, Sobolev norms

In order to estimate the weights HY appearing in the integration by parts formulae of the previous
section, we need first to define iterations of the derivative operator. Let a = (ai,...,ax) be a
multi-index, with a; € {1,...,J}, for i = 1,...,k and |a| = k. For F € S, we define recursively
Dk F = D,, (D1 F) and

(a1,...,ar) (a1,e0p—1)

DFF = (Dfal,..-vak)F>aie{l,...,J}.



Remark that D*F € R7®* and consequently we define the norm of DFF as

J
|D*F| = > |Df F2.

(a17"'7ak)
aq,...,ap=1

Moreover, we introduce the following norms, for F' € S:

l

!
|Flig=)_|ID*F|, |Fl;=|F|+|Fl, =) |D*F|. (13)
k=1 k=0

For F = (F',..., F4) ¢ S

d d
Flig=> [Fl,  |Fli=>_F",
r=1 r=1

and similarly for F' = (FT’T/)r,r’zL...,d

d d

Fla= Y 1F e [Fli= Y [F7

ror/=1 ror/=1

Finally for U = (U;)i<s € P, we have DFU = (DkUi)iSJ and we define the norm of DFU as

|DFU| =

We can remark that for k = 0, this gives |U| = \/(U,U) ;. Similarly to ([[3), we set

! !
Ul =Y _|ID*U|, UL =|UI+ Ul =Y |D*UI.
k=1 k=0

Observe that for F,G € S, we have D(F x G) = DF x G+ F x DG. This leads to the following useful

inequalities

Lemma 2 Let F,G €S and U,V € P, we have

|F X G|l < 21 Z |F|l1|G|l27 (14)
l1+12<1

| {U, V>J i < 2 Z ’U‘h’V’b’ (15)
l1+12<1

We can remark that the first inequality is sharper than the following one |F' x G|; < Ci|F|i|G|;.
Moreover from ([I§) with U = DF and V = DG ( F,G,€ S) we deduce

[(DF,DG) ;11 <2 > |Fliy11|Glisa (16)
l1+12<l

9



and as an immediate consequence of ([4) and ([[d), we have for F,G,H € S:

|H(DF,DG);[1 <2* > [Fliy11|Gliipsa[Hlig- (17)
li+la+13<i

Proof: We just prove ([[§), since ([[4) can be proved on the same way. We first give a bound for
Dk(U, V), = (DE(U, V) Daeqa,.... sy For amulti-index o = (az, ..., ax), with o; € {1,...,J}, we note
(') = (ai)ier, where I' C {1, ..., k} and a(I'°) = (a;);gr. We have

J k J
DEU, V), =Y DUV = > > > DipyUi x DEE VL

i=1 k'=0 |T|=k' i=1

Let Wil = (Wa Jaefl,... g3k = (D Ui X Dk( k)V)ae{l .7}k, we have the equality in R/®F .

DF (U, V), = Z > ZW“.
k=0 |T|=k" i=1
This gives
k J
DM U V)<Y Y 1) W
E'=0|T|=k" i=1

where

J

J J
ZW“J S o watp
=1

af,..,op=1 i=1

But from Cauchy Schwarz inequality, we have

J J
1,12 k—k' 2 K 2 k—k' 2
ZW = |ZD Ui x Dy Vi gzwamzfﬁ x;wamw

Consequently we obtain

J
DowH < Z Z\Dk’ UPxZ\Dk o Vil
i=1

at,..,ap=11i=1

= |D¥U| x |[D**v].

This last equality results from the fact that we sum on different index sets ( I' and I'). This gives

prwv),| = Z > |prul| PRy = ch’ D¥u||Dt+ |
k'=0 [T|=k'
< ZO§’|U|k/|V|k_k/s2’“< > UL VL)
k'=0 lh+ls=k

Summing on k = 0, ...,I we deduce ([[G).

10



2.3.2  Estimation of |y(F)|;

We give in this section an estimation of the derivatives of y(F') in terms of det o(F’) and the derivatives
of F. We assume that w € A(F).
In what follows Cjq is a constant depending eventually on the order of derivation ! and the

dimension d.

Proposition 2 Let F € 8%, we have ¥l € N

F|2kd
2(d—1) Lii+1
V() < Cra Z |F|112+1 <|d to(F Z|det0_ |k+1> (18)
l1+12<l
1 2d(1+1)
< Clgq—————(1+|F . 19
—memw“”““) )

Before proving Proposition [], we establish a preliminary lemma.

Lemma 3 for every G € S, G > 0 we have

1
calbet s £ fira|cad St @

=1 k<ri+..4rp<li=1
14T >1

1
G l

Proof: For F € 8% and ¢ : R? — R a C™ function, we have from the chain rule

|8l

D)= Y 005) Y 1007 ) (21)

181=1 Flu...urwz{l,...,k} i=1
where 3 € {1,...,d}% and Zrlu...ur‘m denotes the sum over all partitions of {1,...,k} with length
|8]. In particular, for G € S, G > 0 and for ¢(x) = 1/x, we obtain
1 G
DEDI SO Y o 2 (H DG ) . (22)
k=1 Iy U..UTy ={1,...,k}

We deduce then that

k k'
1 1
k T
DM < Gk Y ) | RN
k=1 [U.UD,, ={1,.. .k} li=1 RI®k
k 1 k' T
= G ) G > [Tip"ar),
k'=1 U Ul ={1,...k} \i=1
k 1 k'
-yt X (M),
k=1 it A=k \i=1
Ty, 21

11



and the first part of (20) is proved. The proof of the second part is straightforward. o

With this lemma, we can prove Proposition .
Proof: Proposition B. We have on A(F)
(F)=—L 67" (F)
det o(F) ’

where 6(F) is the algebraic complement of o(F). But recalling that o' (F) = <DTF, D'F >J we
have

~ d—
|det o(F)] < CralFR,,  and  |6(F)) < Cral FITyLY. (23)

Applying inequality ([[4), this gives

() < Cra Y |(det o(F) 7 i, |6 (F) iy

l1+1<l
From Lemma [J and (P3), we have
Fr|2kd
(det o(F))™|;, < Cy, <|d = Z et 1z1+|2+1>
Putting together these inequalities, we obtain the inequality ([§) and consequently ([9). o

2.3.3 Some bounds on HY

Now our goal is to establish some estimates for the weights H? in terms of the derivatives of G, F,

LF and ~(F).

Theorem 3 For F € S, G € S and for all ¢ € N* there exists an universal constant Cy,a such that

for every multi-indezx 5 = (p1, .., By)

CgalGl, (L4 |F|, )
HYFG)| < 2214 hs 1+§ > ||L
‘ sl )‘ - |det o (F)[**~! |

J=1ki+..4kj<q—ji=1

C’q,d |G|q (1 + |F|q+1)(6d+1)q
= |det o (F)[%~

(L+|LF[I_y).

Proof: For F € 8¢, we define the linear operator T} : S — S,r =1, ...,d by

T(G) = (DG, (v(F)DF)") ,

12



where (y(F)DF)" = % _ ~""(F)DF". Notice that
T.(G x G") = GT,.(G") + G'T(G). (24)

Moreover, for a multi-index 3 = (51, .., 3;) we define by induction T(G) = T, (T(4,,....3,_)(G)). We
also make the convention that if 5 is the void multi-index, then T3(G) = G. Finally we denote by
LI(F) = Zflzl 5(y"""(F)DF™). With this notation we have

HT(F7 G) = GL;‘Y(F) - TT(G)7

HE(F,G) = Hﬁl(F Hgﬁ? ﬁq)(F?G))

We will now give an explicite expression of Hg(F ,G). In order to do this we have to introduce some
more notation. Let Aj = {A1,...,\;} C{1,...,¢} such that |A;| = j. We denote by P(A;) the set of
the partitions I' = (I'g, Iy, ...,T'j) of {1,...,¢} \ A; . Notice that we accept that I';,7 = 0,1, ..., j may
be void sets. Moreover, for a multi-index 8 = (f,..,8;) we denote by I';(3) = (ﬁkil, ---aﬁkf) where
I; = {k},...,kV'}. With this notation we can prove by induction and using (P4) that

HY(F,G) )+ Z Z Z ca,r T ( )HTFi(ﬁ) (Lgki (F)) (25)
i—1

J=1A;C{1,..q} TE€P(A;)

where cgr € {—1,0,1}.
We first give an estimation of |T3(G)|;, for I > 0 and 5 = (B41,...,3y). We proceed by induction.

For ¢ =1 and 1 <r < d, we have
|T-(G); = [ (DG, (v(F)DF)") |;

and using ([[7) we obtain

L@ < Y, hE )\zl\G\z2+1\F\z3+1<!G!l+1!F!z+1Z!’Y e

l1+l2+13<l 11=0

where (7 is a constant which depends on [ only. We obtain then by induction for every multi-index

B= B, B) ,
T5(G); < CuglGlirql FI, > [T @)l (26)

L+ Hlg<l+g—1i=1
In particular this gives for [ =0

Ts(G)| < Col Glo| FIGE(v(F)),

13



with

P(v(F)= Y, Hlv Miw a> 1.

li4..+ly<q—1i=1

To complete the notation, we note Py(y(F')) = 1. We obtain

T (T3, (FD| < Cal2, (B VRGP o ().

i T
We turn now to the estimation of |L;(F)|;. From the properties of the divergence operator § (see
Lemma [)
5(1(F)DF) = 4(F)5(DF) — (Dy(F), DF), .

It follows from ([l4) and ([Ld) that
ILY () < Cry(F) ey (6(DE) + [Fliyy) < Coly (Bl (L [LE[) L+ [Fly ),

and we get

Tr,5) (L, (F))| < CalV(F)lipyapa1 (14 IEFlpy ) (1 + [Fip, ) \+1)IFI|p |P|r( ) (Y (F))- (27)

Reporting these inequalities in (2F) and recalling that [To(8)| + ...+ |T';(8)| = ¢ — j we deduce :

q
HYF,G) < [Tp(@]+Coay D |Gkl Pl Pry (3 (HW ) ei+1Pk, (7 (F))

G=1 kot thj=q—j

FIE(+ | Flia) (14 [LF ) ) (28)

Now, for ¢ > 1, we have from ([1J) :

1
FPy(v(F)) < CqW(l + [ Flg)',

so the following inequality holds for ¢ > 0 :

Py(F)) € Cypem e (14 P .

We obtain then for kg, k1,...,k; € Nsuch that kg +... +kj =q—j

1
P, ( 1+ |F 4d(q—j) 29
H e (V(F) < Core— gy (L Fla=i) ™ (29)

and once again from ([[9)
1 2d(g+j)
H 1k = Copger ot !+ Floi+2) o
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it yields finally

J J

1 o
| | sz(’Y(F)) I | "Y(F)‘kﬁ-l < Cq|det O_(F)|3q_j (1 + ‘F‘q—j+2)6dq 24y
=0 =1

Turning back to (R§), it follows that

Cod |Glg (1 + |F]y )01

|det o (F)[*1~! a+> > T

J=1 kit Ak <g—j i=1

(Hg(F, G)‘

and Theorem [ is proved. o

3 Stochastic equations with jumps

3.1 Notations and hypotheses

We consider a Poisson point process p with state space (F, B(E)), where E = R? x R,.. We refer to
[I.W] for the notation. We denote by N the counting measure associated to p, we have N([0,¢) x A) =
#{0 < s<t;ps€ A} for t > 0 and A € B(F). We assume that the associated intensity measure is
given by N (dt,dz, du) = dt x du(z) x 1(0,00)(w)du where (z,u) € E =R x Ry and u(dz) = h(z)dz.

We are interested in the solution of the d dimensional stochastic equation

t t
Xi=x+ / / c(z, Xs—)l{u<~/(z,Xs,)}N(d37 dz,du) + / 9(Xs)ds. (31)
0 JE 0

We remark that the infinitesimal generator of the Markov process X; is given by

L) = g(0) V(o) + [ (0o + c(z,2)) = vla)) Kz d2)
where K (z,dz) = v(z,2)h(z)dz depends on the variable z € R% See [F.1] for the proof of existence
and uniqueness of the solution of the above equation.

Our aim is to give sufficient conditions in order to prove that the law of X, is absolutely continuous
with respect to the Lebesgue measure and has a smooth density. In this section we make the following
hypotheses on the functions v, g, h and c.

Hypothesis 3.0 We assume that -+, g, h and ¢ are infinitely differentiable functions in both vari-
ables z and z. Moreover we assume that g and its derivatives are bounded and that In A has bounded
derivatives

Hypothesis 3.1. We assume that there exist two functions 7, : R? — R, such that
C2>7(2) > v(z,2) 2 9(2) 20, VzeR?

15



where C' is a constant.
Hypothesis 3.2. i) We assume that there exists a non negative and bounded function ¢ : R¢ — R

such that [, ¢(2)dp(z) < oo and

le(z,z)| +

8§8§c(z,x)‘ <%z) Vz,zeR%

We need this hypothesis in order to estimate the Sobolev norms.

ii) There exists a measurable function ¢: R? — Ry such that [y, ¢(2)du(z) < oo and
|Vae x (I 4+ Vo) Mz, 2)|| <0(2), V(z,2) € RY x R™

In order to simplify the notations we assume that ¢(z) = ¢(z).

iii) There exists a non negative function ¢ : R — R, such that for every z € R?

d
S (0sc(z,2),6) > A(2) €], Ve eR?

r=1

and we assume that there exists 8 > 0 such that

lin, /{ IO
Remark : assumptions ii) and iii) give sufficient conditions to prove the non degeneracy of the
Malliavin covariance matrix as defined in the previous section. In particular the second part of iii)
implies that ¢? is a (p,t) broad function (see [B.G.J.]) for p/t < 0. Notice that we may have c(z) = 0
for some z € R%.
We add to these hypotheses some assumptions on the derivatives of v and In~y with respect to x

and z. For [ > 1 we use the notation :

75 (2) =sup sup |95.7(2, )],

z 1<|BI<I
_x
Tol(z) = sup sup |90 In(z, )],
z 1<|pI<I
21
Tl (z) = sup sup |95 (=),
z 1<l

Hypothesis 3.3. We assume that In~ has bounded derivatives with respect to z (that is Wfr’ll(z) is
bounded) and that v has bounded derivatives with respect to = such that Vz € R F%{(z) < 7%

moreover we assume that

sup / Y(2)du(z) < +oo.
z*€R4 J B(z*,1)

16



We complete this hypothesis with two alternative hypotheses.

a) (weak dependence on z) We assume that VI > 1

/ T @)7(2)du(z) < oc.
R4

b) (strong dependence on x) We assume that In~ has bounded derivatives with respect to = such

that VI > 1
vz eRY, FUl(z) <7l

Remark : if y is the Lebesgue measure ( case h = 1) and if 7 does not depend on z then Wﬁ;l is
constant and consequently hypothesis 3.3.a fails. Conversely, if v(z,x) = y(z) then hypothesis 3.3.a is
satisfied as soon as In~ has bounded derivatives. This last case corresponds to the standard case where
the law of the amplitude of the jumps does not depend on the position of X;. Under Hypothesis 3.3.a
we are in a classical situation where the divergence does not blow up and this leads to an integration
by part formula with bounded weights (see Proposition § and Lemma [[1]). On the contrary under
assumption 3.3.b, the divergence can blow up as well as the weights appearing in the integration by

part formula.

3.2 Main results and examples

Our methodology to study the regularity of the law of the random variable X; is based on the following
result. Let py (&) = E(e“4X)) be the Fourier transform of a d-dimensional random variable X then
using the Fourier inversion formula, one can prove that if [pq [€[P[px (§)|dE < oo for p > 0 then the
law of X is absolutely continuous with respect to the Lebesgue measure on R? and its density is C!,
where [p] denotes the entire part of p.

To apply this result, we just have to bound the Fourier transform of X; in terms of 1/|£|. This is
done in the next proposition. The proof of this proposition needs a lot of steps that we detail in the

next sections and it will be given later.

Proposition 3 Let By = {z € R% |z| < M}, then under hypotheses 3.0., 3.1. 3.2. and 3.3 we have
for all M > 1, for ¢ > 1 and t > 0 such that 4d(3¢ — 1)/t < 6
a) if 3.3.a holds
R 1 P C
(@) <t FenEddy Rl e [ eeme) +

—q
S B, 135

b) if 3.3.b holds

17



i@ < tf  SenEdzle+ e [ o) + LAl

We can remark that if # = 400 then the result holds Vg > 1 and V¢ > 0.

By choosing M judiciously as a function of ¢ in the inequalities given in Proposition [§, we obtain
Ipx, (§)| < C/IE|P for some p > 0 and this permits us to deduce some regularity for the density of
X;. The next theorem precise the optimal choice of M with respect to £ and permits us to derive the

regularity of the law of the process X;.

Theorem 4 We assume that hypotheses 3.0., 3.1., 3.2 and 3.3. hold.

a) Assuming 3.3.a, the law of X; admits a density C* if t > (3k + 3d — 1)%. In the case 0 = oo,
the law of Xy admits a density C*.

b) Assuming 3.3.b and the two following hypotheses

A1l : dpi,ps > 0 such that :

limsupMpl/ c(2)7(z)dp(z) < +oo;
M BS,

limsupMp2/ A (2)7(2)du(z) < +oo;
M B,

A2 : 3p > 0 such that u(By) < CMP where By = {z € R |z| < M};

case 1: if § = 400 then the law of X; admits a density C* with k < min(py/p—1—d,pz/p—2—d)
ifmin(p1/p—1—d,pa/p—2—d) > 1.

case 2 : if 0 < 0 < oo let ¢*(t,0) = [$(2& + 1)]; then the law of X; admits a density C*
for k < supgepci/,min(rpr — 1 —d,rpy — 2 — d,q*(t,0)(1 — rp) — d), if for some 0 < r < 1/p,
min(rp; — 1 —d,rpa — 2 —d,q¢"(t,0)(1 —rp) —d) > 1.

Proof:
a) Assuming 3.3.a and letting M go to infinity in the right-hand side of the inequality given in
Proposition [ , we deduce

Px, (&) < C/IE1%,

and the result follows.

b) From Al, for M large enough, we have

/ EAE)u() < CO/MP

M
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and
/Bc Qz(z)l(z)dM(Z) < C/MP.

Now assuming 3.3.b and A2 and choosing M = |¢|", for 0 < r < 1/p, we obtain from Proposition [J

. 1 1 1
|pXt(£)| <C <|£|7‘p1—1 + |£|rp2—2 + |£|q(1—rp)) ’

for ¢ and ¢ such that 4d(3q — 1)/t < 6. Now if § = oo, we obtain for ¢ large enough

1 1
D C .
5501 < © (ger + )

In the case < oo, the best choice of ¢ is ¢*(t, ). This achieves the proof of theorem [. o

We end this section with some examples in order to illustrate the results of Theorem [].
Example 1. In this example we assume that h = 1 so p(dz) = dz and that y(z) is equal to a
constant v > 0. We also assume that Hypothesis 3.3.b holds. We have w(Bar) = rgM 4 where rg is the

volume of the unit ball in R% so p = d. We will consider two types of behaviour for c.

i) Exponential decay: we assume that ¢(z) = ¢ " and ¢(z) = e 9*I° for some constants

0<b<aandc>0. We have

Jrd d/e
z)du(z) = X (Inw)®c.
g 25019 = e (o
We deduce then
. . ra .
0=0 if c>d, 6O=00 if 0<c<d and 9:—2—a if c=d. (32)

If ¢ > d, hypothesis 3.2.i7i fails, this is coherent with the result of [B.G..J]. Now observe that

J

for some 1 > 0 so p; = p2 = oo. In the case 0 < ¢ < d we obtain a density C*° for every ¢ > 0. In

A (2)y(2)du(z) + / e(2)7(2)du(z) < e A

hYs By

the case ¢ = d we have ¢*(t,0) = [%(1 + %% x t)]. If t < 8da(3d + 2)/(yr4) we obtain nothing and if

t > 8da(3d+2)/(yry) we obtain a density C* where k is the largest integer less than [§(1+ % xt)]—d.
ii) Polynomial decay. We assume that ¢(z) = b/(1 + |z|’) and ¢(z) = a/(1 + |z|P) for some

constants 0 < a < b and p > d. We have

/ Y(2)dp(z) = yra x (ay/u —1)"P
{@>1/up -
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so 6 = oo and our result works for every ¢ > 0. Hence a simple computation gives

J

and then py = p—d and py = 2p — d. If p > d(d + 3) then min(p/d — 2 — d,2p/d —3 — d) > 1 and

NN < g [ ) < 55

M M

we obtain a density C* with k < B —d —2. Conversely if p < d(d + 3), we can say nothing about the
regularity of the density of X;. We give now an example where the function ~ satisfies Hypothesis
3.3.a.

Example 2. As in the preceding example, we assume h = 1. We consider the function y(z,z) =
exp(—a(z)/(1 + |2]7)) for some g > d. We assume that « is a smooth function which is bounded and
has bounded derivatives and moreover there exists two constants such that @ > a(z) > a > 0. Notice
that the derivatives with respect to = of Invy(z,z) are bounded by C/(1 + |z|?) which is integrable
with respect to the Lebesgue measure if ¢ > d. So Hypothesis 3.3.a is true. Moreover we check that
2(2) = exp(—a/(1 + |2I7)).

i) Exponential decay. We take c as in Example 1.i). It follows that

— rq .
/{§2>1/u} (=)du(z) 2 eXp(_O‘)W X (lnu)d/ )

So we obtain once again 6 as in (B9). In the case ¢ > d we can say nothing, in the case ¢ < d we obtain

a density C*° and in the case ¢ = d we have § = 3¢ and we obtain a density Ck if ¢ > SadBki3d=l)

Td
8ad(3d—1)
Td

In particular we have no results if ¢t < . Notice that the only difference with respect to the
previous example concerns the case ¢ = d when we have a slight gain.

ii) Polynomial decay. At last we take ¢ as in the example 1.ii). We check that § = oo so we
obtain a density C°° , which is a better result than the one of the previous example.

Example 3. We consider the process (Y;) solution of the stochastic equation
dYy = f(Yi)dLy,

where L; is a Lévy process with intensity measure |y|_(1+p)1{|y‘§1}dy, with 0 < p < 1. The infinitesimal

generator of Y is given by

L) = /{ e @) )

If we introduce some function g(z) in this operator we obtain

= X X — X X ﬂ
Lu(x) = /{ e ) v
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We are interested to represent this operator through a stochastic equation. In order to come back in

our framework, we translate the integrability problem from 0 to co by the change of variables z = y~*

and we obtain

p

T) = T z)z Y —(x x .
pe@ = [ @+ @) )

This operator can be viewed as the infinitesimal generator of the process (X;) solution of
t
X; = a:+/ / f(XS_)Z_l1{u<g(xsi)}N(dS,dZ,du).
0 JRxRy

We have F = R x Ry, du(z) = \z\%l{ldzl}d'z’ c(z,z) = f(x)z~! and (z,2) = g(x). We make the
following assumptions. There exist two constants f and f such that Vz f<flx) < f and we suppose
that all derivatives of f are bounded by f. Moreover we assume that there exist two constants gandg
such that g and its derivative are bounded by g and 0 < g < g(z), Y. Consequently it is easy to check
that hypotheses 3.0., 3.1., 3.2. and 3.3.b are satisfied, with § = +o00. Moreover we have p(Byr) < CMP
and A2 holds with p;1 = 1 — p and ps = 2 — p. Consequently we deduce that the law of X; admits a
density C* with k < 1/p—3if 1/p—3 > 1.

)

The next sections are the successive steps to prove proposition

3.3 Approximation of X,

In order to prove that the process X;, solution of (BI]), has a smooth density, we will apply the
differential calculus and the integration by parts formula of section 2. But since the random variable
X can not be viewed as a simple functional, the first step consists in approximate it. We describe in this
section our approximation procedure. We consider a non-negative and smooth function ¢ : R — Ry
such that ¢(z) = 0 for |z| > 1 and [p4 ¢(2)dz = 1. And for M € N we denote ®ys(z) = ¢ * 1p,, with
By = {z € R?: |z| < M}. Then @) € Cg° and we have 1p,, , < &3y < 1p,,,,. We denote by XM

the solution of the equation

t t
XM =g+ / / e (z, ij\f)l{u<,y(z7XM)}N(ds, dz,du) + / g(XM)ds. (33)
0 JE = 0

where cpr(z,7) = c(z,2)®p(2). Observe that equation (BJ) is obtained from (Bl]) replacing the
coefficient ¢ by the truncating one cp;. Let Nps(ds,dz,du) := 1p,,.,(2) x e (u)N (ds,dz, du).
Since {u < v(z, XM)} € {u < 2C} and ®(z) = 0 for |z] > M + 1, we may replace N by Ny in the

above equation and consequently XtM is solution of the equation
t t
XM=z +/ / enr (2, X2 o x iy Nar (ds, dz, du) + / g(XM)ds.
0 JE = 0
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Since the intensity measure N M is finite we may represent the random measure Nj; by a compound
Poisson process. Let Ay = 2C x u(Barp1) = t7'E(Npy(t,E)) and let JM a Poisson process of
parameter \p;. We denote by T; ,ﬁv‘[ ,k € N the jump times of JtM . We also consider two sequences of
independent random variables (ZM) ey and (Ug)gen respectively in R? and Ry which are independent

of JM and such that

1 1
S du(z), and Uy~ —
N(BM—H) BM+1(Z) IU(Z) an k 20

To simplify the notation, we omit the dependence on M for the variables (TM) and (ZM). Then

equation (BJ) may be written as
JM

t
XM =2+ 3 ear(Zi, XE )L w00 (1(Z0 X)) + /0 g(XM)ds. (34)
k=1

Lemma 4 Assume that hypotheses 3.0., 3.1., 3.2 and 3.3. hold true then we have
BIXM - Xi| <eu =t [ capr)duce) (35)
{lz|>M}

for some constant C'.

Proof: We have E |XtM — Xt| < I}W + IJQW with
1 ! c M
Iy = E/O /Rd/o ‘C(ZaXs)l{u<’y(z,Xs)} = em (2, X3 ) fucn (2, x00)) | dudp(z)ds
t
Iy = E/O |9(Xs) — g(X31)| ds.
Since |Vc(z, )| < 2(2) we have I3, < Izl\f + [le,lz with

I}V’[l = //Rd/ c(z, Xs) — ear(z, XM )| Lju<r(epdudp(z)ds
[ R0 - wudnt) + [ ek [ X X ds

IN

and, since |V,v(z,7)| <F%!
Lo t C
IM = E/O /Rd/o E(Z) ‘1{u<7(z,Xs)} — 1{u<’y(z,X£/I)}‘ dUd,U,(Z)dS

= E/o /Rdé(z) 1v(z, Xs) —’y(z,X%)! du(z)ds

t
< / c(2)7% du(z) x E/ !XS - X;W‘ ds.
R4 0

22



A similar inequality holds for IJQVI so we obtain

E|XtM—Xt|§t></

7(2)e(2) (1~ @ar(=))dplz) + C / B X, - XM|ds.
Rd 0

We conclude by using Gronwall’s lemma. o

The random variable X solution of (B4) is a function of (Z;...,Z JtM) but it is not a simple
functional, as defined in section 2 because the coefficient cps(z,2)1(y,00)(7(2, 7)) is not differentiable
with respect to z. In order to avoid this difficulty we use the following alternative representation. Let
zi; € R such that |23,| = M + 3. We define

1

() ¢ = e = e 0) + Ty (15 () (36)
1 1
iafa) = s /{ZSMH}“‘W(Z’”C”“(‘”)'

We recall that ¢ is the function defined at the beginning of this subsection : a non-negative and
smooth function with [¢ = 1 and which is null outside the unit ball. Moreover from hypothesis
3.1, 0 < v(2,z) < C and then 1 > 6y ,(x) > 1/2. By construction the function gp; satisfies

[ am(z, z)dz = 1. Hence we can check that

E(f(Xq,) | X7,_ =) = . f(x+en(z,2)qm (2, x)dz. (37)

In fact the left hand side term of (B7) is equal to I + J with
I = E(f(X%)l{UkZ“/(Zk,X%ii)} ‘ X%_ = x) and

J o= E(f(X%)l{Uk<v(Zk7Xﬁ,)} | X7 = ).

A simple calculation leads to

I = [(@)P(Us > (Z2)) = f(2)0r,(z) = /| o F e o)z

where the last equality results from the fact that cps(z,z) = 0 for |z| > M + 1. Moreover one can
easily see that J = f|z|§M+1 f(x+ cepm(z,2))qm(z,2)dz and (1) is proved.
From the relation (B7) we construct a process (Yiw ) equal in law to (X}) on the following way.
We denote by ¥y(x) the solution of ¥;(x) = a:—i—fot g(Vs(z))ds. We assume that the times Ty, k € N
are fixed and we consider a sequence (zx)ren With z; € R?. Then we define x;,t > 0 by ¢ = z and, if

xT, is given, then
vy = Yep (o) T <t <Tpy,

T = Tp- +cpm(z Tp— ).
Tt1 Ty M (k41 Tk+1)
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We remark that for Ty, <t < Tj41, x4 is a function of 21, ..., z;. Notice also that z; solves the equation

M ,
T =+ Z cM(zk,a:TI;) + / g(zs)ds.
0

k=1

We consider now a sequence of random variables (Z),k € N* and we denote G, = o(T},,p € N) V

o(Zp,p < k) and Yi\/[ = x(Z4, ...,7JtM). We assume that the law of Z; ;1 conditionally on Gy, is given
by

- - = —M
P(Zg+1 €dz | Gi) = qM(ka;l(Zl, v L), 2)dz = qM(XT;H,z)dz.
Clearly Yiw satisfies the equation
JM ‘
—M = =M —M
X ot Y en@ i)+ [ o8 as (33)
k=1 0

_M . .
and X, has the same law as X}. Moreover we can prove a little bit more.

Lemma 5 For a locally bounded and measurable function v : R4 — R let

M M
Si() =Y (®u)(Zk),  Si(W) = > (@at0)(Zi) 1y (20, x4 (Tim))>Us )
k=1 k=1

then (Yi\/[,gt(ﬂ)))tzo has the same law as (XM, Si(¥))i>0-

Proof: Observing that (Yiw , St(1))i>0 solves a system of equations similar to (B§) but in dimension

d + 1, it suffices to prove that (Yiw )>0 has the same law as (XM );>0. This readily follows from

B(f(XH )| XM, - =) = B(f(X7.,) | Xq,,,- =)

which is a consequence of (B7).

Remark 1 Looking at the infinitesimal generator L of X it is clear that the natural approrimation
of X is Yiw instead of XM. But we use the representation given by XM for two reasons. First it
1s easier to obtain estimates for this process because we have a stochastic equation and so we may
use the stochastic calculus associated to a Poisson point measure. Moreover, having this equation in

mind, gives a clear idea about the link with other approaches by Malliavin calculus to the solution
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of a stochastic equation with jumps: we mainly think to [B.G.J]. Remark that X; is solution of an
equation with discontinuous coefficients so the approach developped by [B.G.J] does not work. And
if we consider the equation of Yiw then the underlying point measure depends on the solution of the

equation so it is no more a Poisson point measure.

3.4 The integration by parts formula

. M . . . . . ..
The random variable X,  constructed previously is a simple functional but unfortunately its Malliavin
covariance matrix is degenerated. To avoid this problem we use a classical regularization procedure.

Instead of the variable Yiw , we consider the regularized one Fj; defined by

Fu =X +V/Un(t) x A, (39)

where A is a d—dimensional standard gaussian variable independent of the variables (7k)k21 and
(Tk)k>1 and Ups(t) is defined by

Unit) =t [ (). (40)

By

We observe that Fiy; € S? where S is the space of simple functionals for the differential calculus based
on the variables (Z)ren with Zg = (A")1<r<q and Z = (72)199[ and we are now in the framework
of section 2 by taking G = o(Tk, k € N) and defining the weights (7)) by 75 = 1 and 7}, = ®p(Zy)
for 1 < r < d. Conditionally on G, the density of the law of (Z1, ...,7Jt]\/1) is given by

JM
M
pM(w7 Rls ey ZJtM) = H QM(Zj, \IITj—Tj—l(XTj,l))
Jj=1

where 7%7 | is a function of z;,1 <4 < j — 1. We can check that pj; satisfies the hypothesis H1 of
section 2.

To clarify the notation, the derivative operator can be written in this framework for F' € S by
DF = (Dy,F) where Dy, = WIZ@?Z for k > 0and 1 < r < d. Consequently we deduce that
Dy, Fly = D, X077 for k > 1 and Do, Fly = /Uni ()0, with 8,0 = 0 if 7 # 1/, 6,0 = 1
otherwise.

.. . . ~M .
The Malliavin covariance matrix of X, is equal to
JM g

<M. ; i —M,i ~M,j
(X ) =" Dy, X, "DppX;
k=1r=1
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for 1 <4,j < d and finally the Malliavin covariance matrix of Fj; is given by
M
o(Fy) =0(X; )+ Unm(t) x Id.

Using the results of section 2, we can state an integration by part formula and give a bound for the
weight HY(Fjs,1) in terms of the Sobolev norms of Fys, the divergence LF); and the determinant of
the inverse of the Malliavin covariance matrix det o(Fys). The control of these last three quantities is

rather technical and is studied in detail in section 4.

Proposition 4 Assume hypotheses 3.0. 3.1. 3.2. and let ¢ : R? — R be a bounded smooth function with
bounded derivatives. For every multi-index 3 = (f1,...04) € {1,...,d}? such that 4d(3¢ — 1)/t < 6
a) if 3.3.a holds then

[E(030(Fm))| < Cq oo - (41)
b) if 3.3.b holds then
|E(0s¢(Fu))| < Cq |9l oo (1 + p(Bars1)?), (42)

Remark : if § = co then V¢ > 0, we have an integration by parts formula for any order of derivation

g. Conversely if 6 is finite, we need to have t large enough to integrate ¢ times by part.

Proof:  The integration by parts formula ([L1]) gives, for every smooth ¢ : R — R and every
multi-index 8 = (81, ..., 8y)
E(9sp(Fum)) = E(o(Fu)HE(Fu, 1)),

and consequently

|E@sd(Fa))l < N6l E(HE(Far, 1)]).

So we just have to bound |Hg(FM, 1)|. From the second part of Theorem [J we have

1 6d+1
|Hq(FM’ 1)| < Oq | det U(FM)|3q_1 (1 + |FM|¢(1+1 )q)(l + |LFM|Z—1)'

Now from Lemma [LJ (see section 4), we have :
a) assuming 3.3.a, for I,p > 1,
E|LFM|€) < Cip;

b) assuming 3.3.b, for I,p > 1,
E|LFy; < Cip(l + p(Bu1)).
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Hence from Lemma [, for I,p > 1

E|FM |;lD < Clvp;

and from Lemma [[q , we have for p > 1, ¢ > 0 such that 2dp/t < 6

1

EF— < ().
deto(Fp))P — Cr

The final result is then a straightforward consequence of Cauchy-Schwarz inequality. o

3.5 Estimates for the Fourier transform of X,

In this section, we prove Proposition B

Proof: The proof consists first to approximate X; by Yiw and then to apply the integration by parts
formula.

Approximation. We have
. — i M . .
‘E(eﬂfvxﬁ)( < || E ‘Xt - Xiw‘ + 'E(e (ex) _ e’<§’FM>)' + ‘E(e’<5’FM>)‘ .

From (Bg) we deduce

(X~ X]) < en = 1 / ()7 () du(2).
By
Moreover
. M . M . . M
E(el<€7Xt >_ei<£,FM>) — E(€Z<€7Xt >(1 _ez<§7 Unm(t) >)) _ E(el<€7Xt >)(1 _e—%\§\2UM(t))’
so that

. ~M

We conclude that

B0 < U0 16 + el e [

¢(2)du(2)) + ‘E(ei<5’F”f>)‘ .
B]C\/I

Integration by parts. We denote eg(x) = exp(i (€, 7)) and we have Jgec(z) = ilfl¢s, . &g, ee().
Consequently
a) assuming 3.3.a and applying ([I]) for 3 such that |3| = ¢ we obtain

‘E(ei <5,FM>)‘ < |§—|€1’
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b) assuming 3.3.b, we obtain similarly from ([

5+ €ay) [ B €70)| = | B@see(Fan)] < Gyl + pu(Barsr)?),
and then
B P < L+ Bare))

and the proposition is proved.

4 Sobolev norms-Divergence-Covariance matrix

4.1 Sobolev norms

We prove in this section that VI > 1 and Vp > 1 E\FMPID < (Cpp. We begin this section with a

preliminary lemma which will be also useful to control the covariance matrix.

4.1.1 Preliminary

We consider a Poisson point measure N (ds, dz,du) on R? x R with compensator j(dz) x 1(0,00) (w)du
and two non negative measurable functions f,g: R? — R,. For a measurable set B C R¢ we denote

By = {(z,u) : 2 € B,u < g(z)} C R x Ry and we consider the process
Ne(1p, f) / [(z)N(ds,dz, du).
Bg
Moreover we note v,4(dz) = g(z)dp(z) and
006 = [ (1= Ny (1), Bgslo) = [ (1 e Cay (a2

We have the following result.

Lemma 6 Let ¢(s) = Ee *NtU18) the Laplace transform of the random variable Ni(f1g,) then we

have

(;5(3) = e_t(ag,f(s)—ﬁB,g,f(S)) .

Proof: From It0’s formula we have
t
exp(~sNi(f1,) = 1= [ [ exp(-s(N- (715, )1 - exp(~sf (:)La, () )N (1,2 )
0 JRIxR,
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and consequently

Blesp(=sNi(f15,))) = 1= [ Blexp(=s(Neo(1,)) [ (1 = exp(=s/(2)1p, 210 )du(z)udr

dXR+

But
/ (1 — exp(—sf(2)1p, (zu))du(=)du = / L, (2, w)(1 — exp(—sf(2)))du(z)du
RdXR+ RdXR+
- / 15(=)(1 — exp(—s/(2))) / Lueg(o }dudp(z)
R4 R,

- /B (1 - exp(—s£(2))a(2)du(z) = g £(5) — Brg.5(5),
It follows that
E(exp(—sNi(f1g,))) = exp(—t(ag,s(s) — BB,g,1(5)))-

4.1.2 Bound for \Yiw\l

In this section, we use the notation ¢;(z) = sup,, |Vzc(z,z)|. Under hypothesis 3.3.i we have ¢;(z) <
¢(z), but we introduce this notation to highlight the dependence on the first derivative of the function

C.

Lemma 7 Let (Yi\/[) the process solution of equation (B) then under hypotheses 3.0., 3.1. and 3.2.

we have VI > 1,

JM
_M e
sup | X5 10 < Ci(1+ > &(Zy))" sup(e})>"
s<t 1 s<t

where Cj is an universal constant and where EM is solution of the linear equation

JM ‘
N =1+C)) al(Zeen_ + Ol/ EMds. (43)
k=1 0

Consequently Vi,p > 1
sup F sup |7iw|11)l < 00
M s<t ’

Before proving this lemma we first give a result which is a straightforward consequence of lemma [[]

and formula (R1)).
Lemma 8 Let ¢ : R? — R a C*™ function and F € S then VI > 1 we have

6(F)14 < [VO(E)|F|1i+ Cr sup [9p(F)|[Fy -1
2<|B|<t
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We proceed now to the proof of Lemma [f.

Proof: We first recall that from hypothesis 3.0., g and its derivatives are bounded and from hypoth-
esis 3.2.7) the coefficient ¢ as well as its derivatives are bounded by the function ¢. Now the truncated
coefficient c¢ps of equation (BY) is equal to car = ¢ x ¢ar where ¢y is a C* bounded function with

derivatives uniformly bounded with respect to M. Consequently using Lemma § we obtain for [ > 1

JM t
—M =M —M
Xy [ <G At,l—l+ZCI(Zk)|XTk—|1,l+/ [ X ads |
k=1 0
with
JM t
[P — —M —M
A1 =Y e€Z)(Zelra + 12l + X7 0) +/0 X, [14-1ds.
k=1
This gives
Vs <t |X |11 < Ay1&7, (44)

Under hypotheses 3.0. 3.1. and 3.2. we have
Vp>1 E(sup M) < Cp.
s<t
Now one can easily check that for [ > 1
Z1kg < Imklioas
but since m, = ¢rs(Z;) we deduce from Lemma f that

Zkls < 1+ Ci(| Zkha-1 + 12651

Observing that [Zx|11 = |DZk| = || < 1 we conclude that VI > 1

1 Zkl1 < Cr.
This gives
JM
_M e
A1 <tCi(1+ sup X, ) @+ e(Z). (45)
sst k=1

From this inequality we can prove easily Lemma [] by induction. For [ = 1 we remark that

JM
Vs <t ‘Yiw‘lﬂ < At7ogs]w, with At70 = ZE(?]J,
k=1
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and the result is true. To complete the proof of lemma [f], we prove that Vp > 1

JM p

E(> ez | <G,

k=1

We have the equality in law

J M

/ / u<'y z XM )1BM+1 (z)l[o,zé] (U)N(dsv dz, du),

moreover using the notations of section 4.1.1. we have
/ / u<'y z XM )1BM+1 (z)1[0,25] (U)N(dsv dz, du) < Nt(lBWE)
with By = {(z,u); 2 € By4+1;0 < u < 7(2)}. From Lemma [f it follows that
BN —expl-t [ (1= e H()du(2)
B4

and since from hypotheses 3.1. and 3.2., [pa [€(2)7(2)|du(z) < oo we deduce that Vp > 1, ENy(1p.¢)P =
p(fBM+1 [e(2)7(2)|du(z))P < C, where the constant C), does not depend on M. This achieves the proof

of Lemma [f. o

4.1.3 Bound for |Fy|;
Lemma 9 Under hypotheses 3.0., 3.1. and 3.2. we have

Vl,p >1 E|FM|§) < Cl,p'

We have Fiyy = X, + /U (DA and then |Fasly < (X0 |1 + /Un(@)]Al. But |Al; < |A] + d and

Un(t) <t [pa@(2)7(2)du(z) < oo. So the conclusion of Lemma J follows from Lemma [f.

4.2 Divergence

In this section our goal is to bound |LFy;|; for I > 0. From the definition of the divergence operator

L we have LFy, = LYﬁVI’T — A" and then
[LEv| < LX) |+ 1A] +d,

so we just have to bound |LX, |;. We proceed as in the previous section and we first state a lemma

similar to Lemma f.
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Lemma 10 Let ¢ : R? — R a C*® function and F € 8¢ then VI > 1 we have

ILo(F)i < [VO(F)|ILF | + Crsupacgi<it2 [0 (F)|(L+ [FID(LF)-1 + | F[F 1),
< |VO(F)||LF|; + Crsupgcgi<iio [050(F)| (1 + [FIIEH)(1 + [LF|i—1).

For 1 =0, we have

ILO(F)] < VOENILE| + sup 050 FIIFTr 1

The proof follows from ([J) and Lemma [ and we omit it.

Next we give a bound for |LZ}|;. We recall the notation

—z =l —1
Fil(z) =sup sup |95.In7(z,z)], hy,(z)= sup |dglnh(z)|, B, =sup sup [Islnby,(z)|,

v 1<|8|<! 1<IB/<t  1<|8|<!
—x,l —
Vi (2) =sup sup |9p,Inv(z2)l, 7' =supsup sup |9s.7(z ).
v 1<|8|< SR ES I

Lemma 11 Assuming hypotheses 3.0., 3.1., 3.2 and 3.3., we have ¥Vl > 0 and Vk < JtM

z,l+1

.y Al el
ILZl < TN Z0) + Ty (Ze) + uP|X s Z O 1pe:,0(Z) +7(Z)),

=1
with B, < C;(F%H).

In addition, if we assume 3.3.a., we obtain ¥p > 1

E sup |LZ! < Cpy.
k<JM

On the other hand, assuming 3.3.b, we have ¥p > 1

E sup |LZy|} < Cpi(1+ p(Bars1)?)
k<JM

Proof: We first recall that we have proved in the preceding section that VI > 1, |Z;|; < C;. Now
LZ, = §(DZ,;,) and since ka?Z = 7;, we obtain
LZy = =0k r(7}) — 7 Dir In par,

this leads to
|LZ}|; < Ci(1 + | Dy Inparly).
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Recalling that Inpy; = z ln am(Z;, XT ) and that Y%_ depends on Zj, for k < j — 1 we obtain
JM

- =M = =M
Dy py = Dy gn(Zi, Xgy )+ Y Dirlngu(Z;, X, )
j=k+1

But on {73 > 0}, we have QM(71~C,Y%_) = Cy(?k,Y%_)h(ik), and then
Dkﬁa lon(Zk,XTk_) = Dkﬁ, ln’y(Zk,XTk_) + Dkﬂn In h(Zk)
Now for j > k+1, if |Z; — 23| < 1 then
M

— _M J— * J—
Ingn(Zj, Xp,_) =Inp(Z; — 23y) + by (X7, )

consequently

— —M M
Dy mqui(Z;, X7 ) = Dy nOar (X7 ),

and if 7]- € Bpr41 then
= =M = =M
Dy Inqu(Zj, Xp,—) = Dy Iny(Z5, X1, )

and finally
= =M —M - = =M -
Dk’,« lon(Zj,XTj_) = Dk’,« lnHM,’y(XTj—)lB(z}‘w,l)(Zj) + ka ln’y(Zj,XTj_)lBMH(Zj).

It is worth to note that this random variable is a simple variable as defined in section 2.

Putting this together, it yields

— _M —
|Diyrlnpyly < Dy Iny(Zg, X )i+ | Dy Inh(Z) 0

JM
—M — — =M
+ > 1Dk Oary (X7, )pet, 1) Z )+ [Dir Iy (Z5, Xy ) 1)
Jj=k+1

Applying Lemma J, this gives

J]\/I
2141 J41 —I+1 — x4+l
|Dirparle < (i T (Zi) + R (Ze) 2kl + Z O 1e,.0(Z) +7 (2 ))|XTJ [iee
j=k+1
We obtain then, for k < JtM
M
= 241, J+1 —+1 — Cwdt] =
\LZkl < CUT " (Z) + Ty (Zk)JrSUP\X Y O g, 0(Z) +70 T Z)).
j=k+1

Now from the definition of 8, we have

1
00~ (7) = — ) /B 0p,27 (2, T)dp(2).
M+1

2C (B
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Then assuming 3.3. and recalling that 1/2 < 657+ (2) < 1, we obtain
— .
O < LT

this finally gives

M

+1

ILZyh < G Zy) + Ty
j=k+1

The first part of Lemma [[] is proved. Moreover, we can check that from 3.3, we have Vp > 1

J]W

PO it 75 < s / L T <o

2%

Now assuming 3.3.a, we have Vp > 1

J]VI

BT @y <o [ ey < o

(Zk)+sup|X SIS (Y e, ) (Z) + 75 (Z5).

then the second part of Lemma EI follows from Lemma [] and Cauchy-Schwarz inequality. At last,

assuming 3.3.b, we check that E =1 Wivan(Z ) < H'lJt , and the third part follows easily.

We can now state the main lemma of this section.

Lemma 12 Assuming hypotheses 3.0., 3.1. and 3.2., we have VI > 0

sup\LY = Btl(l—i- sup |LZy|),
s<t k<JM

<

where B% 1s a random variable such that Vp > 1, E(B%)p < G, for a constant C), independent on

M. More precisely we have

J]VI
B < Ci(1+ Y @(Zy) l+1(1+supyX 2 sup(eM)H,
k=1 s<t

where & is solution of ().

Proof: We proceed by induction. From equation (B§) we have
JM

t
M = =M —M
LX, :ZLCM(Zk,XTk_)—I-/O Lg(X, )ds.
k=1
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For | = 0, the second part of Lemma [L(] gives

JM ‘
LX) | < B+ C Zzl(m)lmé‘é_u/ 1LX M |ds
k=1 0
with
JM .
= - — M M
Buo = C | S eZ) (L7 + [Z4f2, + (X0 _2,) + /0 X2, ds
k=1
This gives

Vs <t, |[LXY|< BioEM,

where M is solution of () and

M
_ ~M -
Bio < C(L+ Y #Z))(1 +sup XY D)1+ sup [LZ4)).
pa s<t k<M

Consequently Lemma [[J is proved for [ = 0.

For [ > 0, we obtain similarly from Lemma [L(]

JM ;
~M _ = ~M ~M
ILX, |; < By +C ch(zk)‘LXTk_‘l +/ |LX |ids
k=1 0

with
M _ = = M = ~M
By = O @Ze)(ILZki+ 1+ |LX gy i) (L + [Z3 ]2 + (X, |12
M M
+Cy fo(U+ [LX g _[i-0) (1 + [X 1) ds.

We deduce then that
—M —M JM e
By—1 < Ci(14sup, [LX [1-1) (14 sup,, [ X [T+ 3000, 2(Z))
— —M JM e
+Crsupge g [LZk)i(1+ supy<, (X [175) Sk @(Z0),

now from the induction hypothesis, we have
—M JM e —
Biy1 < Ci(1+supye, [Xg [T (1 + 0L, 8(Z8) ! supy (EM)' (1 + supyc jar [LZx]1-1)
— —M J]\/I =
+Cl SukaJtM |LZk|l(1 + SUPg<¢ |Xs |§i%) Zktzl C(Zk)7

this leads to
_M —
Vs <t |LX, | < BYN(1+ sup [LZg|),

k<JM
with
JM
_M _ =
Bl <C(1+ sup | X, \éﬁ)lﬂ(l - Z a(Zy,))H sgp(SSM)l“.
s<t =1 s<t
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From Lemma [, we observe that £ (B% P < Cp.

Finally recalling that
[LEu < ILX, |+ |A] +d

and combining Lemma [, Lemma [[1] and Lemma [[J we deduce easily the following lemma.

Lemma 13 Assuming hypotheses 3.0., 3.1. and 3.2., we have Vi,p > 1
a) if 3.3.a holds, E|LFy|} < Cjp;
b) if 3.3.b holds, E|LFM|;ID < Cl,p(l + ,LL(BM_H)p).

4.3 The covariance matrix

4.3.1 Preliminaries

We consider an abstract measurable space F/, a measure v on this space and a non negative measurable

function f: E — Ry such that [ fdv < co. For t > 0 and p > 1 we note

ag(t) = / (1—e " Ndv(a) and IP(f) :/ sP—Lle—ter(s) gg.
E 0
Lemma 14 i) Suppose that for p > 1 andt >0

lim, .. ——as(u) > p/t (46)

“=lnu

then I (f) < oco.
ii) A sufficient condition for () is

1 1
li — > — t. 4
lim, o7 —v(f 2 -) > p/ (47)
In particular, if lim, _,  -v(f > 1) = oo then Vp > 1 and ¥Vt > 0, IF(f) < +o0.

We remark that if v is finite then (f7) can not be satisfied.
Proof: i) From (fi§) one can find ¢ > 0 such that as s goes to infinity sP~'e~*/(s) < 1/51+% and
consequently I7(f) < oc.

ii) With the notation n(dz) = v o f~!(dz) we have

ar(u) = /000(1 —e ")dn(z) = /000 e_yn(%,oo)dy.
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Using Fatou’s lemma and (f7) we obtain

lim Ry e_yn(g oo)dy > h e Ylim Ln(g o0)dy > p/t.
= “7®lnu J, u’ ~ o = %y Cu]
o

We come now back to the framework of section 4.1.1 and we consider the Poisson point measure

N(ds,dz,du) on R? x R, with compensator u(dz) x 1(0,00) (u)du. We recall that

t
N, £) = [ [ 7N (s dz.du),
0 /By
for f,g: R - Ry and B, = {(2,u) : 2 € B,u < g(2)} C RY x Ry and that
() = [ (1= Ny (1), Bngslo) = [ (1= e Oy (a2

We have the following result.

Lemma 15 Let Uy =t [ f(2)dvy(2), then ¥p > 1

1 1 & 1
E < / Pl exp(—tay ¢(s))ds = ——1IP(f). 48
((Nt(lBgf) n Ut)p) F(p) 0 p( g,f( )) F(p) t (f) ( )
Suppose moreover that for some 0 < 6 < oo
1 1
. BN N
lim,o—vy(f = ) = 6, (49)

then for every t > 0 and p > 1 such that p/t < 0

1
E((Nt(lBgf) + Ut)p) = oo

Observe that if v(B) < oo then Em =00

Proof: By a change of variables we obtain for every A > 0

A7PT(p) :/ Ple A (s,
0

Taking the expectation in the previous equality with A = Ny(f1p,) + U; we obtain
1 1

E =
() o) T T

Now from Lemma [f we have

! exp(—s(N; +))ds
[ B sVl 1) + Uy

E(exp(—sNy(f18,))) = exp(—t(ag,;(s) = Bp,g,5(5)))-

Moreover, from the definition of U; one can easily check that exp(—sU;) < exp(—tfp,g,7(s)) and then

E(exp(—s(Ni(f1s,) + Ut)) < exp(—tag f(s))

this achieves the proof of (I§). The second part of the lemma follows directily from lemma [[4. o
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4.3.2 The Malliavin covariance matrix

In this section, we prove that under some additional assumptions on p and ¢, E(det o(Fy)) 7P < Cp,
for the Malliavin covariance matrix o(F)s) defined in section 3.4.

We first remark that from Hypothesis 3.2 ii) the tangent flow of equation (B§) is invertible and that
the moments of all order of this inverse are finite. More precisely we define ;¢ > 0 and }A/;M ,t>0

as the matrix solutions of the equations

JM .
vM = I+vacM(7k,Yi}i_)Y%_ +/ Vaog(XM Y Mds, (50)
k=1 0
J]VI
k=1

Then 2M x YM = I,Vt > 0. Moreover we can prove under hypotheses 3.0, 3.1 and 3.2. that ¥p > 1

E(sup( ") < K, < oo (52)

where K, is a constant.
Lemma 16 Assuming hypothesis 3.0, 3.1, 3.2 we have for p > 1, t > 0 such that 2dp/t < 0

Bl ) < G, (53)

(det o (Far))

where the constant C, does not depend on M.

Proof: We first give a lower bound for the lowest eigenvalue of the matrix U(Yiw ).

M
pr = @?:fl< o(X, >— @FﬂZZ@ert ,£>
k=1r=1
But from equation (B§) we have
JM JM
Dy, Xy =Y Veew(Z, XT VDo Zw + > Vaert(Zy, XT Dy, ,,XT n / Vo (XY Dy, XM ds
k=1 k=1

where V,cpr = (8%671(4)7«/7? and Viep = (amrc’j\;[)r/,r. Since Dy, Zy = 0 for k # k' we obtain

M, - —M - = M
Dy, Xy " = (VMVeent(Zy, X)) Diw Z)r v = (Y Vaert (Zi, X))o
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We deduce that 4 4
_ 2 . 2
> (DX €)= >k (0ren (Zi, Xgo), (V)€

r=1 r=1

but recalling that mp > 1BN171(71€) and ¢y = ¢ on Bjs_1 we obtain

(DT ) 23 1, ) (2o TN, 076
r=1

M=

r=1

and consequently using hypothesis 3.2.7i7)

JM Ly JM
o= inf S 1, (ZOEEENEE 2 [T N 160, (206 ).
T k=1 k=1

Now since o(Fy) = 0(71{\/1) + Upr(t) we have

~ 2 dp
Lp L L v
E S E J]W _ _
det o (Fi) pr+ Un(t) S0 By (Z)E(Zr) + Uni()

Now observe that the denominator of the last fraction is equal in law to

T
> 1BM,1(Zk)QZ(Zk)lUk<7(Zk,XTIFV£7) +Um(t) = Ne(lguc®) + Un(t),
k=1 -

with By = {(z,u);z € By-1;0 < u < y(2)}. Assuming hypothesis 3.2.73i, we can apply lemma 3
with f = ¢ and dv(z) = y(2)du(z). This gives for p’ > 1 such that p'/t < 6

!

p
1
< (.
E (Nt(lB“J/w(_ﬂ) + UM(t)) = Gy

Finally since the moments of HXZM H

are bounded uniformly on M the result of lemma [[f follows from

Cauchy-Schwarz inequality.
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