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BIVARIATE COX MODEL AND COPULAS
MOHAMED ACHIBI AND MICHEL BRONIATOWSKI

ABSTRACT. This paper introduces a new class of Cox models for dependent bivariate
data. The impact of the covariate on the dependence of the variables is captured through
the modification of their copula. Various classes of well known copulas are stable under
the model (archimedean type and extreme value copulas), meaning that the role of the
covariate acts in a simple and explicit way on the copula in the class; specific parametric
classes are considered.

1. INTRODUCTION

The aim of this paper is to present a new description for bivariate dependence. It extends
the proportional hazard (PH) model and is relevant in various fields of biostatisctics and
industry. Denote 2z an environmental covariate and consider two positive random variables
X and Y with absolutely continuous survival functions

(1.1) F(z) =P(X > 2;2)
and
(1.2) Gy =PY >y2)

under the covariate z. The joint distribution of (X, Y") is modelled through ([[.1)) and ([[.9)
and through the conditional s.d.f

z

(1.3) G.(y) =P(Y > y|X > 2;2).

The precise setting of our model is as follows: we assume that the survival function of X
depends on z through a PH model, i.e

(1.4) () = —% log F~(x) = A} (2)®(2)

for some positive function z — ®(z) and some baseline hazard \%(z) corresponding to
z = 0. Denote

z d F
Myixsay) = =5 108 Goly).
The conditional survival function of Y depends on z through the PH model
(1.5) Noixsa(¥) = AV xsa ()P (2)

for some positive function z — W(z) and some baseline hazard )\Oy| Xz
X () = A () B(2)
16 M1 ; X X
( ) ( ) { )\Y\X>x<y) = )\Q/‘Xw(y)\lf(z)

Other models for bivariate dependence have been defined, for example ([Claytod, [[97];
Clayton and CuzicK, [[98]; Daked, [989). In [Claytorl ([978) where joint lifetimes of sons

and fathers are considered, a Cox model is used to handle the role of the covariate upon

. Denote
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2 MOHAMED ACHIBI AND MICHEL BRONIATOWSKI

the margins, and the association between the margins is described through the fact that
the local association measure
Ayl X =)
0(z,y) =
Ayl X > x)

is independent upon z and y and upon z. This index expresses the influence of parental
history of a given disease upon the incidence in the offspring. X is the lifetime of the
father, while Y describes that of the son. It is assumed that association arises because
the two members of a given pair share some common influence and not because one
lifetime influences the other. In fact these models are of frailty type, and the margins are
independent conditionally upon the covariate. More globally the standard model building
strategy is to have marginal survival functions and a copula for their dependency; see f.i.
Choi and Matthewd (005) or Baid et al] (P009). In Lindstrom et al] (R007) a study on the
familial concordance in cancer survival based on a Swedish population showed that cancer
specific survival in parents predicts survival for the same cancer in their children. The
risk in dying in children in relation to parental survival was modelled by use of two PH
models; first parental survival was modelled and next survival risk in children in relation
to parental survival was assessed; thus in this case the lifetime of the father influences
the lifetime of the son whatever the level of the covariate (here z represents the different
cancer sites), however in relation with it. In this case Model ([.) seems to be natural.
Setting z = 0 in ([LF) shows that Y follows a PH model so that ([[.G) is PH on both
components. The copula of the couple of r.v’s (X,Y) for a given z can be written in
terms of the values of ®(z) and ¥(z), as seen further. The unusual feature of this model
is positive in a number of cases, since z acts on the margins, but also specifically on their
dependence. The claim that the goal of copula modelling is to distinguish the parameters
for the dependency from those associated to the marginal models cannot be considered
as a general principle. Other authors have considered cases when the association of the
margins is specifically related to their distributions; see f.i. (B00Y). In conjunction
with ([-§) it is worth noting that direct approaches based on regression type models
cannot satisfy our purpose. Indeed consider for example a model defined through

X =r(z,0)

Y =s(z,V)
with r(z,.) and s(z,.) strictly increasing for all z. Then following (006), Theorem
2.4.3, (X,Y) has the same copula as (U, V) for all z, which implies that the covariate
z plays no role in the dependency of X and Y. Introducing a new model imposes to
determine its range of applicability; it will be shown that ([[.§) is adapted for positive
quadrant dependence (PQD) between the margins, a concept which is recalled in Section
P. Stating that the margins follow a PH (typically Cox) model can be checked using
standard tools (see f.i. [Grambsch and Thernead, [994). PQD property can be tested
through a Kolmogorov-Smirnov test (see f.i. Bcaillef], B007). Let us now show the main

results which we present in connection with model ([L.0):

(1) The T'P; class of sdf’s is a subclass of the Positive Quadrant Dependence (PQD)
sdf class and is stable under the model which is properly defined when the hazard
baseline H' is T'P,. This class appears quite naturally as the one under which
the model is properly defined, and it is appropriate for the description of positive
dependence between its margins. Definitions of T'P, and PQD properties are given
in Section [.

(2) Since the T'P, property of a multivariate sdf refers only to its copula, model ([.G)
describes the changes of the baseline copula induced by the covariate. Also this
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implies that the model is valid independently of marginal distributions. Only the
structure of dependence is involved in the domain of validity of the model.

(3) Two main classes of copulas are stable under the model namely: when the baseline
bivariate copula is in such a class, so is the copula for all value of the covariate
z. The class of extreme values copulas (evc) enjoys this property. The class of
extended archimedean copulas is also stable under the model. This class results as
a special by-product of a technique intended to produce asymmetric copulas due
to Genest et al.; see [Frees and Valdeq (R007) and [Liebschet] (R0O0Y). The so-called
class of logistic asymmetric copulas (see [fawnl, [988), which is a simple extension
of the Gumbel family of copulas, enjoys an important role in the present model.
It is stable under the model and admits a simple parametrization. The covariate z
acts in an adaptive way when the value of the covariate is changed. It is the only
bivariate distribution in the class of frailty models which enjoys such properties in
the model.

This paper is organized as follows. In Section ] we briefly recall the necessary background
from bivariate dependence. Section B describes the model. In Section f] we focus on the
asymmetric Gumbel class of copulas, which is the natural parametric setting of our model;
we also provide some connection with bivariate frailty models. All proofs are deferred to
the Appendix.

2. SOME USEFUL FACTS IN BIVARIATE DEPENDENCE

Let X and Y be two random variables (r.v) with joint sdf H, with margins F and G. All
dependence properties of X and Y are captured through the survival copula C which is
a cdf defined on [0, 1] x [0, 1] through

Clu,v) = H(F (u),G (v))

where u and v belong to [0, 1] and where F* () := sup{az : F(z) > t}. It is easily checked
that C is indeed a copula. The definition of a copula is given in [Nelsen] (00G), definition
2.2.2. We will make use of the following definition and notation.

Definition 1 (Min-id property). A bivariate cdf H is min-infinitely divisible (min-id) if

for all positive v, H' is a sdf.
Assume that H is min-id and let V = (X,Y) be a random vector with sdf H. Then for

all n in N, Fl/n is a sdf. Further let (X;,Y;), 7 =1,...,n be n copies independent and
identically distributed with sdf "™ Tt holds

v L (min X;, min Y;).

Definition 2 (PQD property). X and Y are positively quadrant dependent (PQD) iff,
for all (z,y) in R2EP(X >z, >y) > P(X > 2)P(Y > y); in this case we also say that
H is PQD.

Definition 3 (7P, property). A mapping ¢ from R onto R is totally positive of order

2 (TF2) i (0,9 > 0 for all (v,y) in B and 567090 S0 )60, ) —

d(x1,y2)d(x2,y1) > 0, for all x1 < xo and y1 < yo.
Remark 1. When ¢ is C?, then ¢ is TP; iff

0 0 0?
(2.7) a—f(x,y)a—(;(x,y) < mgy

(z,y)o(r,y)
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The proof is given in [ResnicK ([987), p.254.

We also recall the following results.
Theorem 1 ([Jod ([997), Theorem 2.3). If H is a TP, sdf, then H is PQD.
Theorem 2 ([Jod ([997), Theorem 2.6). Let H be a cdf, then H is min-id iff H is T P;.

The relation between properties of the s.d.f’s and their copulas is captured in the following
result.

Lemma 1. Let H be a sdf with copula C. Then H is TP, iff C is TP,.

Proof. By Remark [, H TP, = (:L’ y)a—ﬁ( ) < gxé{y (z,y) x H(z,y). Furthermore,
H(x,y) =C(F(z),G(y)). Therefore
OH oc, —
a—x(l‘ay) - —%(U,G(y)) w=F(z) X f(l‘)
OH oC —
8—y( Y) —%(F(ﬂf),v) —Cw) X g(y)
82_ 0*C
G(y)
Hence,
o, — oC — 0*C — =
— —(F = F
ou (U,G(y)) u=TF () X v ( (.ﬁl]),’U) v=Gly) Audv (u,v) Z:gg; X C( <$)7G<y))

Definition 4 (Archimedean copula). An Archimedean copula is a function C from [0, 1]>
to [0, 1] given by C(u,v) = = (p(u) + @(v)), where ¢ is a continuous strictly decreasing
conver function from [0,1] to [0,00] such that o(1) = 0, and where =Y denotes the
"pseudo-inverse” of @, namely

I “Lt) for tin]0,¢(0)]
2 }(t)_{ ’ 0 fortzw((p())

When ©(0) = oo, ¢ is said to be strict and '™ = =,  is called a generator.

The class of so called extreme value copulas (eve) is important in this model, although not
related here with the theory of bivariate extremes; therefore we define an extreme value
copula through the basic Pickands representation, without further reference to the theory
of bivariate extremes.

Theorem 3 (Pickands Theorem). C' is an extreme value copula iff there exists a convex
Junction A defined on [0, 1], which satisfies A(0) = A(1) = 1 and max(t,1—t) < A(t) <1
such that

(2.8) C(u,v) = exp [log(uv)A( log v )]

log uv

The function A is referred to as the dependence function or Pickands function of the
copula C.
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3. INTRODUCING COVARIATES IN DEPENDENCE MODELS

3.1. Description of the model. Not all baseline survival d.f’s H’ defines a model, so

that A% and A} ., are the marginal and conditional specific cause hazards for some

bivariate sdf H with margins F~ and G~ under a given covariate z. We conclude from
— _ D(z)
the first equation of ([.g) that F"(z) = (F 0(3:)) . By the second equation in ([L.g),

—0

. w(2)
plugging = = 0, we get G (y) = (G (y)) . The model is defined when z holds if

—o, \*E) — ¥ (2) :
(F (x)) (HY \..(y))  defines a sdf. Notice that

(39 A (ey) = (Fw) (F

- U(2)
which is indeed a sdf when ®(z) > ¥(2) > 0 and (Ho(x,y)) is a sdf.

Also not all bivariate survival d.f’s H' are such that for all positive 7, (ﬁo)’y is a sdf.

Min-infinite divisibility of the baseline hazard seems to be a natural assumption here.
Assume therefore that:

(H) H° is min-infinitely divisible
By Theorem P and Lemma I, (H) holds iff Czo is TP,. We have the following result.

Proposition 1. When ([H) holds then H defined in (3.9) is a sdf for all z such that
O(z) > U(z) > 0.

Let us consider the case when 0 < ®(z) < ¥(z). Analogously with ([[.G) the model may
then be written

A(y) = A (y)¥(z
(3.10) <M2>{ A;ME% = A;(ij(a(:)é(@

permuting the role of X and Y. In a similar way to the above we have that

H(ay= (M) @w)" "

is a proper sdf. To summarize the above arguments we state:

Let the model be defined by ([.6) if ®(z) > ¥(z) and by (B.10) if ®(z) < ¥(z). Call (M)
the model defined through

(M) = (M1)Lo@)>u() + (M2)o)<u(s)-

This model is well defined, even if ®(z) and ¥(z) are not ordered uniformly on the co-
variate z (which can be multivariate); the functions ® and ¥ can be easily estimated
through the data, since they characterize the marginal PH models in (M). Suppose that
X and Y are fitted to the same scale under the baseline, namely F' () = G (t) for all ¢.
Then ®(z) > W(z) implies F (t) < G (t) for all t, stretching the fact that X becomes
stochastically smaller than Y under the stress parameter z.

Identifiability of (M) holds; assume for example that ®(z) > W¥(z). Then ®(z) and
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U(z) are defined uniquely. Indeed, assume
Ty = () (Fw
= (Few) " (Fw)
for all z,y. Then taking logarithgg yields ®(z) = ®'(2) and ¥(z) = ¥'(2).
When (H]) holds then for all z , H™ is a sdf and

) D(2)—T(2)

. _ W) oy B -(e)
(311) H(HC,?/) = ]lcb(z)z\lf(z) (Ho(xay)> Fo(x)>

— (2) /. U(2)—-2(2)
+]l<I>(z)<\I/(z) (Ho(xa y)) (GO (y)) :

Min-infinite divisibility of the baseline will also make any H? min-infinitely divisible,
showing that this class is stable under (M). Indeed for any positive 7,

= — YOGy N~ ()]
(H (Ly))y = lae)>u( (Ho(x,y)) (Fo(a:)>

72(2) s, ¥ (2)-2(2)]
(@)

Hloe)<u(z) (Fo(% ?/))

which still is a sdf. By Theorem P and Lemma [l| min-infinite divisibility is not a property
of the cdf but of its copula. Formula (B.I1]) can be written for copulas through

(y

I

P(2)—T(2) 1 1

U(z)
(3.12) Cg(u,v) = legpsweu *@ Cxo (u‘l’(Z),vW)

T(2)=®(2) 1 1 <I>(Z)
+IL<I>(Z)<\I/(2)'U W (2) CFO <u<l>(z) ,'U\I'(Z)) )

(H) is only a sufficient condition for the model to be defined. The following example
illustrates this fact.

Example 1. Let Co(u,v) = uvexp {—flogulogv}, with 0 € (0;1]. This is the Gumbel-

Barnett family (see [Nelsed, 006G, p.119). By (1) it is easy to check that Cgo is not
TP,. Using (B-13) and assuming ®(z) > ¥(z) we obtain

0
Cg=(u,v) = uvexp {—m logulogv}

which still is a Gumbel-Barnett copula when % belongs to (0; 1].

This example shows that (HI) is indeed the only acceptable condition for existence. Oth-

erwise the baseline hazard H' defines a model only for specific values of the covariate.
This motivates our interest in good classes of min-infinitely divisible copulas which we
intend to regress on the covariate z.

3.2. Stability properties of the model. We introduce two classes of copulas which
are stable under (M).

3.2.1. Extended archimedean copulas. Among all possible types of bivariate dependence
which can be described through the present bivariate Cox model, there exists a class of
copulas which contains the archimedean copulas and which enjoys peculiar stability prop-
erties.

From now on, denote

(3.13) a(z) = min <Z<z), 1)
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and
(3.14) 3(2) = min (% 1) .

Let ¢, be a generator and C,, be the archimedean copula with generator ¢,. We assume
that C,, is TP,. When H  is defined, set C= its copula.

Proposition 2. Let H' be a sdf with TPy copula C,,. Then, H' is defined for all = in
the domain of ® and V. Further

(3.15) Cg= (u, v) = u' Gyl =AR) H—1 (- (uo‘(z)) + ¢, (vﬁ(z)))
with

(3.16) ©0.(t) = o (tﬁ(z)la(z)) =, (tW> .

More generally we have, denoting I1(u,v) = uv

Proposition 3. Assume that

(3.17) C—o(u,v) = O(u*"",v'"")C

H ¢0(umvvn)70§'l{'7n§1

then
(3.18) Cg=(u,v) = H(ulfa(z)n’ vlfﬁ(z)n)cwz (ua(z)n’ vﬁ(z)n)
where C,_ denotes the archimedean copula with generator ¢, defined in ([53.18).

3.2.2. Extreme values copulas. We show that the class of evc’s also enjoys stability prop-
erties, as seen in the present Section. Extreme values copulas are T' P, (Hurlimann], P003)).

Proposition 4. When H’ has an evc Co with Pickands function A then, denoting Cg-
the copula of H and using (B19), we have

e e (122)

with

(3.20)

B*(s) = 1-W(2)K(z) = sW(2)[1 = K(2)] + W(2)[(1 = s)K(z) + s]A <K<z)(18_ s) + 5)

where K(2) = 22 gnd W (z) = min <ﬁ, 1) = B(z2).

P(z)

Remark 2. This basic result shows that Cz= 1s an eve with Pickands function B*. Propo-

sition [} shows that the class of evc’s is stable under (M). Although the copula ofﬁ0 s an
eve, this does not imply in any respect that its marginals should be extreme value sdf’s.

From (B:20) we deduce the transition formula which links B* to B* for two different
values of the covariate. It holds

Proposition 5. Under (M) let H’ has an eve. Then with the above notation, for all z,
z )
(3.21)




z=0 z=1

FIGURE 3.1. Tllustration of (B.1§) with the Clayton copula density for the
baseline (z = 0)

Proposition | proves that the transition from z to 2’ is independent of the baseline de-
pendence function. Formula (B.21) can be seen as a kind of expression of the proportional
hazard property, which links two hazard rates independently on the baseline. When the
covariate acts equally on X and Y, i.e. ®(z) = ¥(z) for all z, then B*(s) = A(s) for all
values of s as seen in Proposition [l Thus, the copula of H equals that of the baseline
FO; the dependency structure of X and Y should not be altered through (M). Only the
marginal distributions of X and Y in this case reflect the role of the covariate.

We propose some illustration. We use ®(z) = €**, with a = 1.5 and ¥(z) = €**, with
f = 2. Figure illustrates formula (B.15). We represent the change of the density of
Cy7= with z. The archimedean copula is the Clayton copula whose generator is defined by
() =t — 1. We take § = 3. In this figure the model tends rapidely to independence
since the density of the copula tends to 1 as z increases. Figure illustrates the transi-
tion formula (B.20). The baseline copula is the Gumbel copula with § = 3. The Pickands

1
function of the Gumbel copula is A(t) = [t + (1 —¢)?]?. The dependence functions are
ordered wrt z. As z increases, the model tends to independent marginals.
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FIGURE 3.2. [llustration of formula (B.20)

4. ASYMMETRIC LOGISTIC MODELS OF DEPENDENCE

This section deals with specific parametric models for dependence which are stable under
(M). We consider model (M) specialized in the case when the copula of H' is a Gumbel
copula. The margins of H’ can be any. It is a simple parametrized model of copulas,
which is an evc on one hand, and which models frailty bivariate dependence, being hence
an archimedean copula. Indeed it is the only copula satisfying jointly these two properties

(see Nelsen] (00G), Theorem 4.5.2; [Genest and Rivest] ([989), statement A).

The Gumbel copula writes

C(u, v):=exp [— {(— logu)’ + (— 1ogv)9}1/9]

with # > 1. The dependence function of this copula is

(4.22) Als) = [+ (1= 5)']

1/6

Assume that H' has an eve with dependence function A. When the covariate z acts, the
dependence function B* defined through Proposition f] determines the asymmetric logistic

copula. This copula has three parameters a(z), 3(z) and 6. Recall from (B-13), (B-I4) and

proposition [ that
o(z) = min (% 1)

B(z) = min (i(é)) 1) .
It holds

(4.23) B(s) =1 - a(2) + [a(2) = B(2)] s + [a(2)" (1 — )" + B(2)"s"]

and

1/6
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When «a(z) = f(z) (which implies that they equal 1), i.e. when z acts equally on X and
Y, B*(s) = A(s) for all s. The copula of H  is

(4.24) Cq=(u,v) = H(ulfa(z)’ vl—ﬁ(z))g(ua(z)’ ,UB(z)).

where II(u,v) := uv is the product copula (see Nelsed, P00G, p.11). The dependence
function B? is an asymmetric form of the Gumbel dependence function A defined in
(£23). This is the asymmetric logistic model in ([988) when the margins are
standard exponential. As developped by Khoudraji (see Khoudraji, 995, chap 4) and
Genest et al. in [Frees and Valdeq (R007), Proposition 3, given two dependence functions
A; and A, |, two constants k and n with 0 < k,n < 1 the function defined through

_ KRS _ __ Ks
B(s) := (ks +n3) Ay </~@s n 7)=9> + (ks +n5) As (/-@s n 7)=9>

where § denotes 1 — s, is the dependence function of the extreme value copula defined by
Ca, (ut=" 01Oy, (u”, v"). Genest et al. define this procedure as a technique to generate
asymmetric copulas. The class of copulas defined in (f.:24)) has been introduced by Genest
et al (see their Proposition 2 in [Frees and Valdeq (P007)).

We now analyze this class of copulas in terms of frailty models. The Gumbel copula
is associated with a frailty model of order 1, namely

C(u,v) = A1 (A(u) + A(v))

where A~!(s) = [;F e " d M j9(w) = e="" 9 > 1, is the Laplace transform of the positive
stable law M /9 on R with tail heaviness index 1/6, location parameter 0, scale parameter

1 and skewness parameter 0 (see Ravishanker and Dey (P000) and the example 5 in
([1989)). Denote W a positive random variable with cdf M . A bivariate sdf H’ with
Gumbel copula C' writes

H(a,y) = / T F@)G()} dMys(w),

for some sdf F and G. Therefore H' is a frailty bivariate sdf, with stable frailty measure
and margins [ F(x)del/g(w) and [ @(y)del/g(w).

Let U; and U; be two independent r.v’s, both independent of W. We assume that U,
and U, have a positive stable law M' and M? with tail heaviness index 1/6. The r.v
U; (resp. Us) has shape parameter ﬁ — 1 (resp. ﬁ — 1). Both have location and
skewness parameters 0. Define S; := U; + W,i = 1,2 (see Drouet_and Monbef], R004)).
Denote ¢; !(s) the Laplace transforms of the distribution of S;. Denote further 1; !(s)
the Laplace transform of the distribution of U;. Let M denote the probability measure of

(81 ,Sy). For arbitrary sdf H; and H, define the bivariate sdf

Hlr,y) = / / (T, ()} {Ta(y))* dM (51, 5)

which we call a frailty model of order 2 since it implies a bivariate latent variable.
Frailty models of order two have been considered in [Marshall and Olkin] (T98§) (see
their formula (2.2)). The marginals of H are F(z) = [ {Hl(x)}sl dMs, (s1) and G(y) =

Jo {H2(y)} " dMs,(s2).
We prove that the copula of H is ({.24). Indeed

H(x,y) = / [Ty ()} dM () / [To(y)}"™ dM () / [T, () Fa(y) Y dM, o ().
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Introducing the Laplace transforms defined above and rewriting the marginals F(z) =
¢1" (—log Hi(z)) and G(y) = o3 (—log Ha(y)) we obtain the following expression for
the copula of H

(4.25) Clu,v) = Uy (pr(u) g (02(v)) A7 (@1 (u) + @2(v))

since H(x,y) = C(F(x),G(y)). Substituting Y; and ¢;,7 = 1,2 by their expressions in

the above expression, noting that ;' = ¢, 'A~!, (25) coincides with (224)). We now

prove that for an adequate choice of H; and H, the bivariate sdf H has same marginals
s H . Indeed let

i)+ = |- ¥ g ()|

¥(:))10g ) |

which yields F(t) = F (t) and G(t) = G (t) for all t. Therefore H and H~ coincide. We

have proved

( Hlln
( min

Ha(y) - IGXP{

Proposition 6. When H isa frailty bivariate sdf with Gumbel copula, then for all z,
H' is a frailty sdf of order 2 with asymmetric logistic copula given in ({.24).

More generally we have

Proposition 7. The class of second order frailty models with asymmetric logistic copula
is stable under (M).

Proof. Let A denote the dependence function of an asymmetric logistic copula.
A(s)i=1—-k+(k—n)s+ [/@9(1 —s)’ +77959]1/9.

By (B:20) it holds
B (s)=1—r+ (K —=1n')s+ [/{’9 (1—9)"+ 77’059] e

with

K = a(2)k

o= B
These new parameters are in (0,1), as are x and . We have proved that the class of
sdf with asymmetric logistic copula is stable under (M). Any sdf with such a copula is

necessarily a frailty sdf of order 2. Indeed this follows from (:25)) which enables identifying
the frailty measure M of H  as the joint distribution of (S, Ss) as defined here above. W

Remark 3. [t can be seen that the only sdf which are frailty of order 2 with evc are pre-
cisely the frailty models with asymmetric logistic copula C(u,v) = H(u'~", v~ Cy(u”, v")
with 0 < n,k < 1, and where Cy s the standard Gumbel copula with parameter 6 > 1.

5. SIMULATION RESULTS

5.1. Stability of the estimate under the model. For a given copula Cy in a paramet-
ric family we simulated N independent couples (X;,Y;), i = 1, ..., N, with joint distribu-
tion function Cy. Estimation of # was performed using plug-in technique, leading 6. We
repeated the procedure 1000 times. We compared Cj with Cg for various z, given known

functions ® and . Here ®(z) = e** with o = 1.5 and ¥(2) = ¢/* with 3 = 2. The figures
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W dC§(u,v) with respect to z, to-
gether with the 95% confidence interval. This indicator is obtained on a grid of 100 points
in [0,1] x [0,1]. Figure b4 pertains to the Clayton copula Cy(u,v) = (v + v —1)7%
with 6 = 3. The estimate 6 is defined through 6 = 12_—TT where

hereunder show the mean relative error | [

number of concordant pairs — number of discordant pairs

N
(2)
is the empirical estimate of the Kendall’s tau (see Nelsed, P006, p.158). Figure f.4 pertains
to the Gumbel copula Cp(u,v) = exp[—{(—logu)? + (—logv)?}s] with # = 3. The
estimate 6 is defined through 6 = Tlr It appears from those curves that a good estimate
in the reference zone (z = 0) propagates accordingly to other zones (indexed by z), without
deteriorating the estimation accuracy. These facts also hold for very small values of N;

obviously the larger N, the better the accuracy, for all z.

Remark 4.

(1) These simulations are closely related to some industrial application where the envi-
ronmental variable z has range [0,0.3]. Obviously o (resp. ) is fitted accordingly
around 1.5 (resp. 2), as in these simulations. Changing the scale of z modified the
value of a and . This entails that no comparison can be performed with higher
values of z on these graphs, keeping in mind the underlying applied statistical con-
text.

(2) In these simulations the paramater 6 of the copula is estimated using the baseline
group. The estimation of the copula under z is obtained through a transformation
of the copula under z = 0. Taking into account all the pooled data for all z values
introduces complex estimation procedures.

(5.26) #=
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FIGURE 5.3. Relative error pertaining to Clayton copula
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FIGURE 5.4. Relative error pertaining to Gumbel copula
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5.2. A case study through simulation. In this section, z is bivariate, z = (21, 22)
with z; € {0;1}, ¢ = 1,2. We consider model (M) with Weibull marginals. In the
reference zone, z' = (0,0), the marginals are W (2,12000) for X and W (1.5,8000) for
Y. The copula in the reference zone is Clayton (archimedean) or Gumbel (which is both
archimedean and e.v.c). The function ® (resp W) is exp(a'z) (resp exp(8'z)) where
o' = (0.1,0.06) (resp B’ = (0.07,0.25)). We simulated N = 200 couples with Gumbel
copula or with Clayton copula under z’' = (0,0), 100 values under z’ = (1,0) and 100
values under z’ = (0,1). Simulations was performed using Khoudraji’s algorithm (see
Khoudraji, [995). We estimated « and 3 using the whole sample (400 couples) through
Cox’s partial likelihood estimation method (implemented in R via the cozph procedure);
therefore we estimated a and 3 independently by working separately with the X;’s and
the Y;’s. The copula parameter  under z' = (0,0) was estimated through the plug-in of
the empirical Kendall’s tau. We used formula (B.13) or formula (f£.24) in order to obtain
an estimated copula C* under z' # (0,0) (with 3 parameters instead of 1) by replacing
a(z), B(z) in (B.13) and (B.14) and 6 by their estimators; the estimator of § is unchanged
and has been obtained under z’' = (0,0). On the other hand, these same formulas provide
the theoretical copula C* under z. We performed the relative accuracy of the estimation

scheme through [ [ w dC?

results are given in Table . We give the average of the uniform relative error over the
1000 simulations (bold character) and its 95-percent confidence interval.

(u,v). The procedure is repeated 1000 times. The

Z=(0,0) | Z2=(1,00 | 7z =(0,1)

Clayton (6 —3) | . 0:93% 2.03% 2.60%
Y =21 [0.88%,0.97%) | [1.95%,2.12%)] | [2.49%,2.71%)]
0.81% 1.55% 2.02%

Gumnbel (6=3) | 7700 0'85%] | [1.49%.1.62%] | [1.93% 2.11%)

TABLE 1. Relative error for different copulas

7 = (0,0) Z = (1,0) Z = (0,1)
Clayton | . 3:49% 5.73% 11.65%

[3.32%,3.66%) | [5.44%,6.02%] | [11.08%,12.23%]
Cumbel | 2-35% 4.01% 8.50%

2.24%.2.46%) | [3.82%,4.22%)] | [8.11%.8.89%]

TABLE 2. Relative error on Spearman’s rho
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The estimators of ® and ¥ however are of mean accuracy, which nevertheless does not
deteriorate the quality of the estimators of the copula, in all cases which we considered.
In Table [[] the indicator mixes both propagation and estimation errors. The relative error
w.r.t the theoretical propagated copula is very small in the case of the most commonly
used baseline copulas. Measured in terms of Spearman’s rho, the relative error does not
deteriorate significantly either, as seen in Table [.

5.3. Propagation of misspecification errors.

5.3.1. Assuming ® and ¥V known. We simulated N = 200 couples of r.v’s with Clayton
distribution function Cy with parameter § = 3. Here ® and ¥ are as in Section p.1. We
estimated the Kendall’s tau through the classical non parametric estimate (5.26). We used
a misspecified model assuming that the data have been generated under a Ali-Mikhail-
Haq copula G; (Nelsed, 003, Table 4.1 p.116) with parameter § = 2:. As seen in Nelsen
(200G), both copulas present common features. Misspecification may therefore occur as
presented here. For various z we used formula (B.13) to define both the true copula Cj
and the misspeeiﬁed estimated copula Gg. The misspecification error is defined through

C§ (u,v)— G (u,v)
z
Err(z Cz(uv dCs(u,v).
:\ < — Mean
NN - - - 95% confidence interval
N 2
N\ N
N
=}
o)
> o
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o o
—~
>
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<O | > © |
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N
o
—_— ©
_— g |
o
<
©
S |
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I I I I I
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FIGURE 5.5. Relative error pertaining to the misspecification when ® and
U are known
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5.3.2. Assuming ® and ¥ unknown. We simulated N = 200 couples of r.v’s with Clayton
distribution function Cy with parameter § = 3. z is bivariate and the functions ® and ¥
are as in Section p.3. We estimated ® and ¥ through partial likelihood and we used a
misspecified model assuming that the data have been generated under a Ali-Mikhail-Haq
copula Gj. The results in Table [] show that the misspecification error is of order 17%
and keeps stable through the propagation. At the contrary Table [ shows that the error
under the true model is much smaller and propagates with great accuracy. This enlights
the need for a good specification in this model.

z = (0,0) 7 = (1,0) 7 = (0,1)
17.38% 17.61% 14.72%
[17.36%,17.40%) | [17.54%,17.67%) | [14.65%,14.80%]

Clayton - AMH

TABLE 3. Relative error Err(z) pertaining to the misspecification when ®
and ¥ are unknown

z' = (0,0) z' = (1,0) z' =(0,1)
53.39% 54.85% 55.29%
[53.31%,53.46%)] | [54.61%,55.09%) | [54.83%,55.75%)]

Clayton - AMH

TABLE 4. Relative error on Spearman’s rho

In Table [ the relative error of the Spearman’s rho is presented, when a Clayton baseline
copula is substituted by an AMH. The error deteriorates while propagating along z.

6. CONCLUSION

In this paper a new model for bivariate dependence is proposed. The margins follow a PH
model; the covariate acts both on the margins and on their dependence function, handled
through the copula. Such model is in contrast with other approaches in which the role of
the covariate is restricted to its influence on the margins, the copula deserving a separate
study. Applications of the present model fit in ”father and sons” paradigm as well as in
various industrial contexts. Classical families of copulas (archimedean or extreme value)
are shown to be stable under the action of the covariate, in the sens that the model acts
in a transitive way in those classes. In parametric classes this model provides explicit
transformation of the parameter of the copula w.r.t the covariate. This model is adequate
for the case of positive dependence between the margins for all the values of the covariate.



18 MOHAMED ACHIBI AND MICHEL BRONIATOWSKI

APPENDIX A. PROOF OF PROPOSITION [

Trivially we show that lim H (zy,25) =0, j =1,2; and lim H (zy,25) = 1
xj—-+00 ml%g
Tro—r

Now we will prove that H satisfies the rectangle inequality (Jod (T997), p.11) which we
recall here: for all (a1, as), (b1, be) with a3 < by, as < b,

AH = ﬁz(al, CLQ) — HZ<CL1, bg) — ﬁz(bl, (12) —+ ﬁza)h bQ) Z 0.

st = (Fla)™ ™ (T ana) ™ = (W 00) |
B (Fo(b1)>cp(z)\lf(z) {(Fo(bl’az))\h(z) B (Fo(bl’b2)>m(z)}

Y T(2) — W(z) —o\ ¥(2) | L .
We denote r(t) = (H (t, b2)) - (H (t,a2)> CIf (H) is a sdf (which implies
U(z)

that (F0> is a 2-increasing function), then by Lemma 2.1.3 in (R00G), the

function r is nondecreasing. Therefore
- (2)—(2) _ P(2)-V(2)
AH = (Fo(b1)> r(by) — (Fo(al)) r(ay)

= oo [(Foe) " = T ()"

Under (H)) and if ®(z) > ¥(z) > 0, both <HO are sdf’s. Use

_0) D(2)—¥(z)

—o\ Y(2)
the fact that r(b;) is negative (which holds since <H 0) is a decreasing function of its

second argument) to obtain

o0 [ (Fe0) ™ - ()™ 20

Note that if (H) does not hold, H~ is still a sdf when ®(z) > ¥(2) > 1. B

APPENDIX B. PROOF OF PROPOSITION || AND J
B.1. Proof of Proposition B. Write Co(u, v) = @i (¢o(u) +¢o(v)). Using (B13) some
calculus yields (B.I3). We prove that ¢, (t) = ¢, (tmi"(‘l’é)ﬂ’(@)) is also a generator for all

values of ¢ in [0, 1].

(1) @:(1) = (1) = 0 1
2) @, (t) is strictly decreasing in t, since tmin(®). %) is increasing in t and @,(t) is
¥ ¥
strictly decreasing.
3) It holds ¢! (t) + tp”(t) > 0 since since C—o is T'P,. Let us prove that ¢ (t) > 0.
Yo Yo H 12

We have,
PU(t) = mlm — "2 (t") + (me™ )2 (™)
> PR () + ()] > 0
o 1 . .
where m = T CIERIEIR which proves that ¢, is convex.
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We now prove that Cy= in (B.I7) is T'P,. It is readily checked that the product of two TP,
functions is T'P,. Now (u,v) — u® is TP, for all 0 < a,b < 1 and (u,v) — C,_(u®,v°)
is TP, for all 0 < a,b < 1, since ¢, satisfies ¢’ (t) + t”(t) > 0. We conclude that Cg= is
TP, as a product of two T'P, functions. H

B.2. Proof of Proposition . Cy= is (B-I§) through simple calculations. That (u,v) —
Cy(u,v) is TP, is proved as in Proposition . W

ApPENDIX C. PROOF OF PROPOSITION [
If K(z) <1 then

C=(u, v) = exp W lnu] exp [(é‘}:) Inv ) < nuxlf(z) lnv )} U(z)
— exp :Wlnu—i— @8 lnu—l-lnv (i v )]
oG e [55 () )4 ()
. _lﬂg{[(l_s)@( e [( (u_sf ;+S>H
- exp :ln(uv)Bf (11111;@):
with

L e Y e

Hence

C=(u,v) = exp

(lnu N Inv A &2:) "
O(z)  V(2) o T U
U(z) — d(2) . . d(2) . Inv
exXp | gy 3 1 +<1 +\I/(z)l )A<\p(z;1nu+lnv>]
U(z) — d(2) 1 d(2) 1
e exXp | — 3 Inv + [(; — 1) + \I/(z)} A <(% - 1) gg? n 1) lnv]
Inv S\If(z) —d(z2) . S@(z) s
o |50 (Fo ) o+ w<z>}‘4<<l_s>ggg+s>}]

[ Inv
= 1 B3
exp |In(uv)B; (ln uv)]

=
|
—
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with
(C.28) Bj(s) = SW + [@ —) 832] . ((1 - s)sﬁiEZi + 5>
Hence
z s)= s ! : 5 8
B3(s) (1 K(z))JF{K(z)Jrl }A((l_S)K@)jLS)
s 1 -

T K(2) [1 = K(2)] + K(2) (1= 8)K(z) + 414 (1= s)K(2) + 8)

If K(z)=
( ) 1 R Inwv
Ch=(u,v) = exp [ln(uv)Bg (m)}

with
(C.29) Byls) = A(s)

We have proved that whatever K(z)

B*(s) =1 —min(K(z),1) — smin (Ktz) : 1) [1— K(2)]

+ min (KL), 1) (1= 8)K(2) +5] A ((1 = TOF s)

= 1= W()K() = sW ()1 - K()] + W) [(1- 5)K(2) + 5] A ((1 =SIEE: )

We prove that B* is a dependence function. It holds
B*(0) = 1-W(2)K(2)+W(2)K(2)A(0)
= 1, since A(0) =1
and
B*(1) 1-W(2)K(z) = W(2)[1 — K(2)] + W(2)A(1)
1 —-Wi(z)+ W(2)A(1)
1, since A(1) = 1.

We prove the upper and lower bounds for B*.

Upper bound. Using A(s) <1 for all s in[0, 1]

B*(s) <1 -=W(2)K(z) — sW(z)[1 — K(2)]+ W(2)[(1 —s)K(2) + s] = 1.
Lower bound. Using A(s) > max(s,1 — s)

B*(s) > 1-W(2)K(z) — sW(z)[1 — K(z)] + W(z) max [s, (1 — s)K(2)] .
We prove that the RHS in the above display is larger than both s and 1 — s.
Since max [s, (1 — s)K(z)] > s,
—W(2)K(z) — sW(2)[1 — K(2)] + sW(2)
— (1= s)min(K(z),1) > s.

N~—

RHS > 1-W(()K(z) —sW)[1—-K(z)]+ (1 —-s)W(2)K(z)
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as sought. It remains to prove that B*(s) is a convex function. Some calculus yields

B, W()K?*z) 0
0s? (s) = [(1—s)K(z) + 5] 012 ®) RN B— =

s
(1-s)K(z)+s

as sought. W

APPENDIX D. PROOF OF PROPOSITION [

Write
B (s) = 1-W () K (2')—sW (") [1=K (2 )]+ W (z)[(1—s) K (') +s] A (

In the above display it holds

0

S

K()(1—s) +s)'

A <K( f)(ls )+ ) =A (1-5) 3 +o
21 —s)+s s s
K(Z) <1 o (1-s) I;((zz/))—i— ) + (1-s) I;((zz/)) +s
The RHS in this latter expression can be written as a function of B* ((1 ) ;(2,)4’ ) . Some
=) K TS
calculus yields
(D.30)
/ Wz K(Z

B(5) = L= WKL) - sWEIK() - K- 1= WEREE 0= 97

W(z') l K(2) ] s

+ 1—s +s| B? -
we YRR TS,

z

which is (B.21]). W
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