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REFLECTION PRINCIPLES AND KERNELS IN R} FOR
THE BIHARMONIC AND STOKES OPERATORS.
SOLUTIONS IN A LARGE CLASS OF WEIGHTED

SOBOLEV SPACES

CHERIF AMROUCHE and YVES RAUDIN
Laboratoire de Mathématiques Appliquées, CNRS UMR 5142
Université de Pau et des Pays de I’Adour
IPRA, Avenue de I'Université, 64000 Pau, France

(Submitted by: Yoshigazu Giga)

Abstract. In this paper, we study the Stokes system in the half-space
R%, with n > 2. We consider data and give solutions which live in
weighted Sobolev spaces, for a whole scale of weights. We start to study
the kernels of the biharmonic and Stokes operators. After the central
case of the generalized solutions, we are interested in strong solutions and
symmetrically in very weak solutions by means of a duality argument.

1. INTRODUCTION

The purpose of this paper is the resolution of the Stokes system

—Au+Vr =f inRY,
(ST) divu =h inR7,
u =g onl=R"L

Weighted Sobolev spaces provide a functional framework quite suitable to
express the regularity and the behavior at infinity of data and solutions.
This paper is the continuation of a previous work in which we only dealt
with the basic weights (see [8]). Here, we are interested in a large class of
weights. This leads us to deal with the kernel of the operator associated
to this problem and symmetrically with the compatibility condition for the
data. So, an important part of this work is devoted to the study of the
reflection principles for the biharmonic and Stokes operators. We give weak
formulations of these principles with the aim of getting the kernels in some
distribution spaces (see Section 2). The main results of [8] will be naturally
included in this paper, but we will not discuss again these particular cases.
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We will also base our work on the previously established results on the
harmonic and biharmonic operators (see [4], [5], [6], [7]).

Among the first works on the Stokes problem in the half-space, we can
cite Cattabriga. In [10], he appeals to potential theory to explicitly get
the velocity and pressure fields. For the homogeneous problem (f = 0
and h = 0), for instance, he shows that, if g € LP(I') and the semi-norm
‘g‘w(l)fl/p,p(r) < 00, then Vu € LP(R"}) and m € LP(R").

We can find similar results in Farwig-Sohr (see [15]) and Galdi (see [16]),
who also have chosen the setting of homogeneous Sobolev spaces. On the
other hand, Maz’ya-Plamenevskii-Stupyalis (see [18]) work within the suit-
able setting of weighted Sobolev spaces and consider different sorts of bound-
ary conditions. However, their results are limited to the dimension 3, to the
weight zero and to the Hilbertian framework, in which they give general-
ized and strong solutions. This is also the case with Boulmezaoud (see [9]),
who only gives strong solutions; however, he suggests an interesting char-
acterization of the kernel that we will get here in another way. Otherwise,
always in dimension 3, by Fourier analysis techniques, we can find in Tanaka
the case of very regular data, corresponding to velocities which belong to
W 2R3, with m > 0 (see [19)).

For any integer n > 2, writing a typical point € R" as x = (2/, x,), we
denote by R"} the upper half-space of R™ and I' its boundary. We shall use
the two basic weights ¢ = (1 + |z|*)'/? and lgo = In(2 + |z|?), where |z|
is the Euclidean norm of x. For any integer ¢, P, stands for the space of
polynomials of degree smaller than or equal to g; qu (respectively PqAQ)
is the subspace of harmonic (respectively biharmonic) polynomials of Py;
AqA (respectively NqA) is the subspace of polynomials of PqA, odd (respec-
tively even) with respect to x,, or equivalently, which satisfy the condition
o(2',0) = 0 (respectively d,p(2’,0) = 0), with the convention that these
spaces are reduced to {0} if ¢ < 0. For any real number s, we denote by [s]
the integer part of s. Given a Banach space B, with dual space B’ and a
closed subspace X of B, we denote by B’ 1. X the subspace of B’ orthogonal
to X. For any k € Z, we shall denote by {1,...,k} the set of the first k& pos-
itive integers, with the convention that this set is empty if & is nonpositive.
In the whole text, bold characters are used for the vector and matrix fields.

Let © be an open set of R*. For any m € N, p € (1,00), (a, 8) € R?, we
define the following space:

Werg () = {u eD(Q): 0N <k, o* ™ (1g0)~1 0 u € LP(Q);
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1< <m, o7 (1g o) 0u € (@) }, (1.1)

where k = m —n/p—aif n/p+a € {1,...,m}, and k = —1 otherwise.

m7p

In the case § = 0, we simply denote the space by W5""(Q2). Note that

W;n’ﬂp (Q) is a reflexive Banach space equipped with the graph-norm. Now,
° ———llyym pgn

we define the space WZ’g(R’}F) = D(RQL_)H Wad B and its dual is denoted

by W:glfé(R?r) In order to define the traces of functions of Wg"*(R%)
(here we don’t consider the case 3 # 0), for any o € (0,1), we introduce
the space

WerR") = {u e DR : 0 7u € LP(R"),

(oY% _ p
/ |0% () u(x) Q+(y)U(y)| d$dy<oo}’
R” xR™ |z — y|rtop

where w = g if n/p+a # o and w = p(Ig0)/(*=* if n/p+ a = 0. For any
s € RT, we set

WP(R") = {u eD'(R"):0< A <k, T (Ig o)™ 0*u € LP(R™);
k+1< A< [s] =1, o T o*u e LP(R™); ol e Wg’p(w)},

where k = s —n/p—aifn/p+a € {o,...,0+ [s]}, with 0 = s — [s] and
k = —1 otherwise. In the same way, we also define, for any real number (3,
the space W' B(R") = {v € D'(R") : (Ig 0)PveWSP(R")}.

Let us recall, for any integer m > 1 and any real number «, the following
trace lemma.

Lemma 1.1. For any integer m = 1 and real number o, we have the linear
continuous mapping

m—1
v =075 Ymo1) : WIRPRY) — [ w7 e @,
3=0
Moreover, ~y is surjective and Kery = 1 o P(RY).
On the Stokes problem in R"™
(S) : —Au+Vr=f and divu=h in R",

let us recall the fundamental results on which we are based in the sequel.
First, for any k € Z, we introduce the space

Sp=1{(\ p) €Prx P :divA=0, ~AX+ V= 0}.
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Theorem 1.2 (Alliot-Amrouche [2]). Let ¢ € Z and assume that n/p’ ¢
{1,....0} andn/p ¢ {1,...,—C}. For any (f, h) € (W, "P(R")xW,"P(R™))
L Sji44—nypy, problem (S) admits a solution (u, 7) € Wé’p(R”) X Wéo’p(R"),
unique up to an element of Sj_y_p/p), with the estimate

inf ( All vt oo , n)
(&#)eg[ll_[_n/p] Ju + HW}; P(R )+ HW‘*'M”WL? P(Rn)

< C(If vy gamy + Wllyo. gz )-
Theorem 1.3 (Alliot-Amrouche [2]). Let ¢ € Z and m > 1 be two integers

and assume that n/p’ ¢ {1,...,0+ 1} and n/p ¢ {1,...,—€ —m}. For any
(f, h) € (ant_;’p(R") X WWTQ_IE(R”)) L Spi4e—nypy, problem (S) admits a
solution (u, ) € Wﬁié’p(R”) x W mE(R™), unique up to an element of
Sl1—t—n/p), With the estimate

(Ayu)egﬁllffzfn/p] (Hu * AHW?&E’p(R") +lim+ ‘uHerﬁ(Rn))

< (I lwresvgamy + Ihlwmineny) -

2. REFLECTION PRINCIPLES AND KERNELS IN R’}

The aim of this section is to characterize the kernel of the Stokes operator
with Dirichlet boundary conditions in the half-space. In this geometry, the
natural way is to use a reflection principle similar to the well-known Schwarz
reflection principle for harmonic functions. Since, in the Stokes system, the
velocity field is biharmonic and the pressure is harmonic, it is reasonable to
start with the reflection principle for the biharmonic functions. Let us notice
that R. Farwig gives these continuation formulae in [14], referring to elliptic
regularity theory (see Agmon, Douglis and Nirenberg, [1]). Let us especially
quote R. J. Duffin, who first established in [13] the continuation formula
of biharmonic functions in the three-dimensional case and then analogous
formulae for the Stokes flow equations. Next, A. Huber extended in [17] this
principle to polyharmonic functions. From the classical point of view, the
only serious difficulty is the argument at the boundary.

Starting with the biharmonic operator, we will give a weak formulation
of the continuation formula, which will allow us to characterize the kernel of
this operator, even for very weak solutions.

At first, let us introduce a useful notation. For any function ¢ defined on
an open set 2 of R”, we will denote by ¢*, the composite function p* = por
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defined on Q* = r(Q), of ¢ with the C*°-diffeomorphism

r:Q— QY 2= (2, z,)— 2" = (2, —x,).

Thus, if ¢ € D(R?), then ¢* € D(R") and conversely. In the same way, if
u € D'(Q), we will denote by u* the distribution in D'(Q2*), defined for any
¢ € D() by (u*, ©)pr e yxpr) = (U ") prayxp)- Thus, if u € D'(RY),
then u* € D'(R™) and conversely.

Now, for the convenience of the reader, let us recall the essential tool —
i.e., the Green formula — in the study of singular boundary conditions for
the biharmonic problem (see [7]). For any ¢ € Z, we introduce the space

07 . 2 07
Y2 (RY) = {ve WPRERY) : A% e WE (R},
which is a reflexive Banach space equipped with its natural norm

lollvz, @) = Mol gy + 1A% oy ey

Then we proved in [7], Lemma 4.1, the following result.
Lemma 2.1. Let ¢ € Z such that
§¢{1,...,5_2} and ¢ {1,...,—0+2); (2.1)
p

then the space D(R™) is dense in }/Z{)I(RQ).

Thanks to this density lemma, we proved in [7], Lemma 4.2, the following
result of traces with the Green formula.

Lemma 2.2. Let ¢ € Z. Under hypothesis (2.1), the mapping (vo, 71) :
DR%) — D(]R”_l)2 can be extended to a linear continuous mapping

n —1/p, —1-1/p,
(0, 1) 2 Y1 (RE) — WP (D) x W2y P P(D),
and we have the following Green formula:

Vv € Yfl(Rﬁr), Yo € Wfﬁz(RT}r) such that o = Opp =0 on T, (2.2)

A2'U 0 0.p! — (v AQ ’
< ’90>W43,1(R1)XW_’452,-1(R1) v ¢>WELQ(R1)XWO”? (RY)

14 —0+2
= <U7 aNA()O>W£: anv, ASO>W£:

12/p’p(1")><W12i’2p/(1") - < 12_1/p’p(1—‘)><Wiziép’pl(F) .
Now, we can establish the following result.
Lemma 2.3. Let ¢ € Z with hypothesis (2.1) and u € Wéoig(]Ri) satisfying

A%u=0 inRY, uw=0,u=0 onl;
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then there exists a unique biharmonic extension u € D'(R™) of u, which is
given for all ¢ € D(R™) by

(@, 90>D’(R")><D(R”) = /]R" u (90 —5¢" — 62, Onp” — 37121 AQD*) dz.  (2.3)

+

Moreover, we have U € W[_i’p(R”) with the estimate

Hu”W[_i’p(RT}r) < C HuHWng(Ri)' (2'4)
Proof. (1) Let us notice an important point to start with. According to
Weyl’s lemma, since u is a biharmonic distribution in R’ , we know that
u € C*(R") — see e.g. Dautray-Lions [12], page 327, Proposition 1. Next,
let us remark that the integral in (2.3) is well defined. Indeed, u € WZO_’Z(RQ)
and ¢ — thus ¢* also — has compact support.

Now, let us show that @ belongs to D'(R™) and more precisely the end of
our statement. From (2.3) we get the following estimate:

1, ) < C Nl (1901 gy + 10w oy + 19l o)

Since 2 ¢ {¢ — 3, £ — 2}, we have W[, (R") — WLE (R") — WO, (R")

—0+4 043 —042
and then, for any ¢ € Wzﬁ J(R™),

(@, )] <C Hu”WZOLZ(Ri) ||(pHWEVZZi4(Rn)'

So, we can deduce that @ € W[_i’p(R") and the estimate (2.4).

(2) For the uniqueness, let us consider two biharmonic extensions 4; and
@3 of u which belong to D’(R") and set U = iig — 1. Then we have A2U = 0
in R"™ and we can deduce that U is analytic in R". Since U = 0 in R’}, the
analytic continuation principle implies that in fact U = 0 in R™.

(3) Evidently, @ is an extension of w. Indeed, let ¢ € D(R’) and ¢ the
zero extension of ¢ to R™, then
(@ @) pr(rryxD(®RR) = / up da;

RZ
that is, €L|Ri = u.

On the other hand, let ¢ € D(R™) and ¢ the zero extension of ¢ to R™,

then we get

(U @) pr(RmyxD®RP) = / u (=5 ¢* — 63, " — 22 Ap*) da.

n

+
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Moreover, we can express (@, @) by means of an integral in R™:

Ilz/ up*dr = u* pdz,
R? R"
I, = / Uy Op” do = / Tp u* Opp da
R? "
= —/ On(zpu”) pdr = —/ (u* + zp, Opu™) @ du,
R™ R™
Igz/ um%Anp*da::/ 2 u* Apdr = A(z? u*) pdx
R? R™ R™

= / (2u* + 4z, Opu* + 22 Au*) pdu.
R™
Hence,
(@, ) pr(rn)xDRA) = /Rn (—u* 4+ 2z, Opu* — 22 Au*) pdu;
that is, tlgn = —u* — 22y (Opu)* — 22 (Au)*. So, tlgn € C*(R2) and we
find the classical formulation obtained by R. J. Duffin (see [13]) in the three
dimensional case: for any z € R",

i(x) = (—u— 2z, Opu — x2 Au) (z%). (2.5)

(4) Tt remains to show that this extension is actually biharmonic in R™.
From the definition (2.3), we obtain the following expression: for all ¢ €
D(R"),

<A2ﬂ, 90>’D’(R")><D(]R") = <ﬂ, AQ@>D’(R”)><D(R”)

= / n [AQ(QO —5¢%) =6z, O A2 p* — x% A3cp*] dz,
R}
that we can rewrite as follows:
<A2ﬂ, g0> = / uA%d dz,
RY
where ® = ¢ — p* — 12 Ap* + 21, Opp*. Besides, we have

b=p—p*=0 onl,
On® = O+ O™ = O — (Onp)* =0 on T
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Then, according to Lemma 2.2, we get <A2€L, cp> = 0 for all ¢ € D(R"™); that
is, A% = 0 in R™. O

As a main consequence of Lemma 2.3, we are going to characterize the
kernel K of the biharmonic operator (A2, vp,71) in Wgoig (R) as a polynomial

space. For any ¢ € Z, let us introduce B, as a subspace of PQAQ:
Bq:{UEPqAQ :uz@nuzoonf‘}.
Corollary 2.4. Let £ € Z with hypothesis (2.1), then K = Bja_s_y, /p)-

Proof. Given u € K, thanks to Lemma 2.3, we know that @ € W[_i’p(R”)
C S'(R") and A% = 0 in R®. We can deduce that @, and consequently u,
is a polynomial. In addition, u € Wzoig (R} ) implies that u € Pla_y_y,/p) (see
[3])- O
Remark 2.5. Coming back to Lemma 2.3, since @ € Plp_y_,/p), we get in
fact @ € ngj’p (R™) for any integer m > —4. Indeed, under hypothesis
(2.1), we have the imbedding chain W'/ >P(R") < --- — W, %?(R") and
besides Pla_p_p/p C W:;i;’p(R”).

Better, we can see that this kernel does not really depend on the regularity
according to the Sobolev imbeddings. More precisely, if we denote by K™
the kernel of (A2, ~y0,71) in W:Z:KQ "P(R™), identical arguments lead us to the
following result.

Corollary 2.6. Let £ € Z and m > —2 be two integers and assume that
T {1, 0+min{m, 2}} and —¢{l,...,.—L—m};  (26)
p p

then K = Ba_¢_p/p)-

Finally, we showed in [6] that we can link this kernel to those of the
Dirichlet and Neumann problems for the Laplacian. With this intention, we
defined the two operators IIp and Ily by

Tn
Vr € AkA, Mpr= % / tr(z’,t)de,
0

Tn
Vs € NP, HNs:éznn/ s(a,t)dt,
0
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satisfying the following properties:
VTEAkA, Allpr =7 in R, IIpr=0,1Ipr=0 onT,
Vs e N2, Allys =s in RY, IMys =0,1Iys=0 onT.
So we got a second characterization of this kernel:
A A
B[Q_g_n/p] = HD-A[_g_n/p] D HN‘/\[[—E—n/p]' (2.8)

Now, we can use these results in the study of the Stokes operator. But
to begin with we must establish a result equivalent to Lemma 2.2. Let us
denote by

(2.7)

T: (u, ) — (—Au+ V7, —divu)

the Stokes operator. For any ¢ € Z, we introduce the space
0, -1, .
T/ (RY) = { (u, m) € WA (R x W, 5P (RY)
0, 0,
T(u, m) € Wy 1 (RY) x ”z,fj(m)}’

which is a reflexive Banach space equipped with the graph-norm. Then we
have the following density result.

Lemma 2.7. Let { € Z such that
n/p¢{l,....0—1} and n/pé¢{l,...,—L+1}; (2.9)
then the space D(R'L) x D(R) is dense in 77, (R%).

/

Proof. For every continuous linear form A € (T},(R’))’, there exists a

unique

/

’ o LP/ /
0, n n 0, n 0, n
(f.0,9:¢) € W2 (RY) X W_pyy (RY) x W —5—1,—1(R+) X W_£_1(R+)»
such that, for all (u, 7) € T (RY}),

(A, (u, m)) = (£, ¢), (w, 7)) + (g, ¥), T(u, 7). (2.10)
Thanks to the Hahn-Banach theorem, it suffices to show that any A which
vanishes on D(R’) x D(R") is actually zero on T£ L(R). Let us suppose
that A = 0 on D(R?) x D(R"), thus on D(R?) x D(R"%). Then we can
deduce from (2.10) that
(f.9)+T(g,¥)=0 iR,

hence, T'(g, ¥) € W%Zl(R’}r)x V([)/Egrl(Ri). Let f, ¢, §, ¥ be respectively
the zero extensions of f, ¢, g, ¥ to R™. By (2.10), it is clear that we have
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(f, @)+ T(g, ¥) = 0 in R, and thus T(g, ¥) € WL (R") x WhE (R™).

According to the results in the whole space (see Theorem 1.3), we can de-
duce that (g, 1) € WQ_fH(R") X Wlf‘_l( ™). Since g and ) are the zero
extensions, it follows that (g, ¢) € W2 €+1( )X W £+1(R1)' Then, by
density of D(R’) x D(R") in w2 g’ﬂ( n)x W €+1( "), we can construct
a sequence (gy, wk)keN C ’D(R”) X D(IR{CLF) such that (g,€7 Yr) — (g, ) in

W%ﬁlrl( )X W €+1( ). Thus, for any (u, 7) € TZl(Ri)v we have

<A7 (’U;, 7T)> = - <T(gv ¢)> (’U;, 7T)> + <(ga w)a T(uv 7T)>
= klggo{_ <T(gk7 wk)a (ua 7T)> + <(gk) wk)v T(’U,, 7T)>} =0;
i.e., A is identically zero. O
Thanks to this density lemma, we can prove the following result.

Lemma 2.8. Let { € Z. Under hypothesis (2.9), we can define the linear
continuous mapping (the trace of the velocity field)
—1/p,
7o 1), (RY) — W {"P(D),
(u, ) — ulp = (Youi, -- ., Youn)-
Moreover, we have the following Green formula:
2,p 1,p
V(u, ) € I, (RL), Vi, v) € WP (RY) x WY (RY)
such that ¢ =0 and dive =0 on T,

(T, ™), (0 WDy mnyuwdpn), wor, @07 @) (2.11)
= ((u, ), T(e, ¥))

0, -1, 0, °1,p!
Wefl(R )><W p(R”) W,fH(Ri)XW,fH(Ri)

_ < u, (8n90 ) _w»WZ_l{p’p(T)le_/ﬁf'(r) .
Proof. Let us make three remarks to start. Firstly, the left-hand term in
(2.11) is nothing but the integral [, T'(u, 7) - (¢, ¥) dz. Secondly, the rea-
+
son for the logarithmic factor in the definition of T, | (R") is that the imbed-
dings W>F (R?) — W2 (R?) and WhE (RY) — WP (RY) hold
without supplementary critical values with respect to (2.9) — whereas the
imbedding W " PORE) — WO (RY) fails if n/p’ € {¢, £+1}. Thirdly, for

any @ € W2 ZH( "), the boundary conditions ¢ = 0 and divep = 0 on I'
are equivalent to ¢ = 0 and 0,9, =0 on I'.
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So we can write the following Green formula:

™ ™ 2,p n v n
W(u, 7) € D(RL) x DRY), (i, ¥) € WP (R2) x Wh (RL) (2.12)
such that ¢ =0 and divee =0on T,

[ T e vde= [ (um) Tlev)do— [ @, —v)d

¥ RZ
We can deduce the following estimate:

‘ <u7 (87190/7 _w)>W_11/p’p(F)XWI/p’pI(F) ’

L— —L0+1

1-1/p',p’
, , —4+1
(p, ) € W%gﬂ_l (R%) x Wi’ﬁ_l(Ri) such that ¢ =0, 0,¢' =g, Oppn =0
and —i = g, on I', satisfying

By Lemma 1.1, for any g € W (T"), there exists a lifting function

H((p’ w)HWQ—’Zp{l»l(Ri)XW}Zi’l(Ri) < C ‘|gHW1—_ZJ1r/1p/7p/(F)7

where C' is a constant not depending on (¢, ¥) and g. Then we can deduce
that

||u|‘W;j{PaP(F) < C (u, 7T)||T£1(R1)'

Thus, the linear mapping 7o : (u, 7) — u|j. defined on D(R7}) x D(R?)
is continuous for the norm of T} (R%). Since D(R?) x D(R?) is dense
in T£ L(R%), To can be extended by continuity to a mapping still called
10 € L(T} | (R%); We_jl/p’p(F)). Moreover, we also can deduce the formula
(2.11) from (2.12) by density of D(R7) x D(R") in T} | (R}). O

We now can give the continuation result for the Stokes operator.

Lemma 2.9. Let { € Z with hypothesis (2.9) and (u, ) € W?’_pl(]R’}r) X
W[_ll’ P(RY) satisfying
—Au+Vr=0 and divu=0 nR}, u=0 onl}

then there exists a unique extension (uw, 7) € D'(R™) x D'(R") of (u, )
satisfying

—Au+V7 =0 and diva=0 inR", (2.13)
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which is given for all (¢, 1) € D(R™) x D(R™) by

(i, ¢) —/ - (9 — 0) — 2t o+ 2up 2 (div)*] da
“ (2.14)
* 2 . *
+ <7T7 2xn @, — Ty, (le 90) >W£ill’p(Ri)><I/({/1,’Z:1(Ri) )

and

() = 0 = 0" = 200005} s it +4 [ 00" e

0+1 1
(2.15)
Moreover, we have (u, T) € W;Eép(R") X W[}Q’Z’(R") with the estimate
”(ﬁ, 77‘-)HW[—_Q‘;)P(]Rn)><We—_22’19(]Rn) < C H(u, W)ng’_pl(Ri)XW[_lfp(Ri)' (2'16)

Remark 2.10. Knowing that wu, satisfies the biharmonic problem, see
(2.20), naturally we must find (2.3) from (2.14). Indeed, if we take ¢’ = 0
in (2.14), we get the following: for all ¢, € D(R"),

(s ) = [l (o = 61) = 210 07, = 2020 D) do
RY
2) * 2 8 * R , )
+ <7T, LTn Pp + Ty, n¢”>W£11£p(R1)XWEf+1(R1)
Since Au, = 0,7 in R’}, we can write

* 2 *
(o 2 o1+ 7 a"%>w;1;p(RT;)xv"vlle(Ri)

= (, Op(a2 ‘Pn)>W2111»P(R1)XI/(I}/1,’f+,1(Ri)

= — 6n7r 12 QO* _ ) ’
< ’rn n>W6721,P(R1)><W2!£P+1(R1)

= —{(Auy, 22 ¢ oo
—2, 2,
< rn ”>W271P(R1)XW7;’+1(R1)

_ A 2 * /
(tn, (xn@n)>W£j{(Ri)XWE’gﬁ_1(R1)

_ * * 2 * ,
- <una 23071 + 4wn an(:Dn Tn A(‘O">W£;Z{(R1)><WE’;;1(R1) .

Hence,
(i on) = / tin (on — B9 — 62, O’y — 22 A) da,
R}

which is exactly the formula (2.3) for w,.
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Proof of Lemma 2.9. (1) As for the biharmonic operator, according to
(2.14) and (2.15), we can readily check that (i, 7) € W, 2F (R™) x W, 3" (R")
with the estimate (2.16). Besides, the argument for the uniqueness of the
extension also holds for the Stokes operator and it is clear that (2.14) and
(2.15) define an extension of (u, w) to R™. Indeed, we have both for all
¢ € DRY), (&, p) = fRiu - ¢dz and for all ¥ € D(RY), (7, 9) =

<7T7 w>W[,11”’(R1)XW l+1(Rn)
sions of ¢ and ¢ to R".

(2) Now, we also can give the functional writing of this extension in R™.
For all ¢ € D(R"), we have

where @ and 1/; are respectively the zero exten-

(u, @) :/ [—u' - @™ = Bup o + 2up zp (dive)*]| do

+ <7F, 2z py, — x% (div ¢)*>D/(R1)X9(R1) :

Breaking down this expression, we get

/ (—u' @™ = 3u,}) dz = / (—u™ - ' = 3u o) daz,
¥ RZ
/ 2up, x, (div )™ dz :/ —2uy xy, divep dz
n "

:/ 2V(u,*1:1cn)-<pdx:/ 2 (uy on + xn Vuy, - ) dz,

*

(™, 220 On)pr(rn)xp@n) = =2 {77 Tn Pn)pr@e ) xD (@)
2 (@n T, On)pr (e )xDER?) |
(m, —a (div ) >D’ (R7)xD(R?) — g (div¢)*>9’(Ri)XD(Ri)

nt, div ‘P>D/(Rz)xD(Rﬁ)

= (2, 7", ‘Pn>D/ R")xD(R™) <$ v, 90>7>' (R*)xD(R™) *

Hence,

(@ @)= [ (" g+ 20, Vi ) do

+ (3 v, ‘P>D'(Rﬁ)xD(Rz) :
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Let us notice that here we always can replace the duality brackets by inte-
grals. Indeed, ¢ has a compact support in R", in addition to u* and 7*
belonging to C°>°(R™), thus to L} (R™). So, we get

loc

(u, @) = /n (—u™ + 2, Vi, + 22 V'7*) - ¢’ du;

i.e.,

Ve eR", @/(z) = (—u' + 22, V'u, + 22 V'7) (%)
and

(T, Pn) = / (—uk + 22y Opul + 22 Opm™) o da;
i.e.,

Ve e R", a,(z)= (—un — 2z, Opty, — :L‘% 6n7r) (x*).
Likewise, for all ¢ € D(R™), we have

<7~T, IL> = <7r, —w* — 2.’En 8nw*>D’(R1)X’D(R1) + 4/ Unp, 8n1/1* dz.

R%
Separately, we get
(m, —¢*>D/(R1)xD(R1) = (-7, Ql’>17’(11%’1)xl7(1R’1)’
(m, =22, Op0*) = =2 (a7, an¢*>D/(R1)><D(Ri)
= -2 (zp 7", 3n¢>D/(R2)xD(Rﬁ)
=2 (On(@n "), ¥) pr(rn ) xD@A)

=2 <7T* + Ip @ﬂr*, w)p/(RT_l)XD(RY_l) 5

Up Op ™ dx = —/ uy Optpde = / Opuy, ¥ dz.
R™ R

J

<7~T’ ¢>D’(R")><D(R”)

n
Hence,
i.e.,
Ve e R”, 7(x)= (7 —2x, 0pm — 40quy) (x¥).
So, we find the classical continuation formulae: for all x € R™,
u'(r) = éu’ + 22, V'uy, + 22 V') (%),

() = (—up — 22, Opu, — 22 8n7r) (z*),
() = (m— 2z, 0w —405uy) (z¥).

M3
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(3) Finally, it remains to show that this extension satisfies (2.13) — that is
the Stokes system in the whole space. For all (¢, ¥) € D(R™) x D(R"™), we
have

/n T(ﬂﬂ ﬁ-) ’ (‘Pa w) de = <(ﬂ'a 7~T)a T(‘F) ¢)>’D’(Rn)><D’(]R"), D(R™)xD(R"™)

= <'l~l:, —ASO + V¢>D/(Rn)XD(Rn) - <’ﬁ', div (P>Dl(Rn)X'D(]RTL) .
Then, according to (2.14) and (2.15), we get

| @ e, v)do =

— / [u-A(p — ") —2u, Apy + 2u, z, (div Ap)*| dz

2 nA . d A o /
~(r 20, A - a2 (A Ay w2 )

—_ * 2
+ <7T, 20 O™ — @, AP > PR <t f+1(Rn)

_ <7T7 le((P — @ ) =+ 2877,80" - 2xn an(dlv 90) >Wz_1 p(Rn)XW Z+1( i)

- 4/ U, O (div )" d.
n

With the intention of showing that [, T'(@, 7)- (¢, 1) dz = 0, we are going
to rewrite this expression as follows:

/;LU- (AP +VV) dz + (, _dW@WZ PR xWhE (RY)

= <(u7 7T)7 T(@, \II)>

0, 0, °1,p!
WP (R x W,y P(RY), Wj+1(R1)ij+1(R1)’

where (@, W) € WP (R?) x WhZ | (R?), with @ = 0 and 8,®, = 0 on T".
Then, the zero of ((u, 7), T'(®, V)) will be a straightforward consequence
of the Green formula (2.11).

Let us construct the functions ® and ¥. We will start with the terms
(m, ). Noticing that (div Ag)* = A(div ¢)*, we find

(7, =225 Al + 22 A(div )" — 2z, O™ — 27 A
— div(e — ¢*) = 20,5, + 22y Oy (div )*)
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= (m, —div [p — ¢* + 22, Vi + 22 V(¢* — (dive)*)] ),
hence we put ® = ¢ — * + 21, Vi + 22 V(1p* — (divp)*).
Next, we can group together the remaining terms in fRi (A+ B) dx, where
A=u-[-Alp —¢") + V() —¢7)]
B =u, 2A¢], — 2z, A(dive)* +40,0™ + 22, Ap™ — 40, (div )*].
We can rewrite B by means of e, = (0, ..., 0, 1) as follows:
B=wu-2e,Alp), +z, (" — (dive)")].
Using the identity e, A = V(z, Af) — Az, V&) +2V,&, we get
B = u-[2V(zn Algy, + 20 (¥ — (dive)")))
= 2A(zn V(py, + on (¥ — (dive)T)))
+ 4V ( oy, + @ (V7 — (divep)))],
= u-[— ARz, Vi, + 25 V(1 — (dive)*))
— A(V(2 (¢* = (dive))))
+ V(20 Ale, + 2 (V7 = (dive)?)))
VA0 + w0 (47 — (div ))))],
= u- [ = ARz, Vo, + 25 V(= (dive)"))]
+u- V[ = A (0F — (dive)))
+ 220 Ay, + 2n (V7 — (dive)T))
+40n(¢y, + 2 (¥ — (dive)"))],
= u- [ — Az, Vo, + x% V(y* — (div cp)*))]
+u-V[AQz, @) + 2} (v* — (dive)™))].
So, we find
A+B=u-(—A®+VV),
where

{¢ ® — " + 22, Vo, + 22 V(1" — (div )*),
U =1 —* + A2z, @f + 22 (P* — (divp)*)).

We can consider (¢, 1/)) e wt £+3(R”) X Wfﬁg(R"), then we can easily
check that (&, ¥) € W? £+1(R7}r) X Wiﬁl (R%) under hypothesis (2.9). In
addition,
{ P=p—¢p*"=0 onl,
On Py, = Onpn + On) = Onon — (Ongn)* =0 onT.
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Then,
| TG ) (o yde =0
for all (¢, ¥) € D(R"™) x D(R™); that is, T'(u, 7) = (0, 0). O

Now, we can characterize the Stokes kernel. For ¢ € Z, let us denote by
Ks the kernel of the Stokes operator (T, 7¢) in Wg’_pl (R) x W[_ll’ P(R") and
for any k € Z, introduce the polynomial space

2
SE={(A wePy xPy:
—AX+Vp=0and divA=0inR}, A=0onT}.

Let (u, ) € Kg. By Lemma 2.9, we can see that 7 and @ are respectively
harmonic and biharmonic tempered distributions in R™, thus polynomials.
Hence, we have the following result.

Corollary 2.11. Let ¢ € Z with hypothesis (2.9); then Kg = Sﬁl_fffn/p]'

Again, this kernel does not depend on the regularity. That is, if we de-
note by K¢ the kernel of the Stokes operator (T, 7o) in Wzi;’p(Ri) X

W, H(RY ), we have the following result.

Corollary 2.12. Let { € Z and m > —1 be two integers and assume that

]% ¢ {1,....0+min{m, 11}  and g ¢{l,...,~L—m}  (2.17)
then K¢ = S[Jlr_g_n/p].
We can be more specific about polynomials which build up this kernel.
The idea of this characterization is due to T.Z. Boulmezaoud (see [9]). We
give it with a completely different proof, based on the kernels of the Dirichlet
and Neumann problems for the Laplacian and the one of the biharmonic
problem with Dirichlet boundary conditions in the half-space.

Lemma 2.13. Let ¢ € Z. Then (u, 7) € S[J{_Z_n/p] if and only if there exists

pE A[Alfffn/p] such that

u=¢—V (Ipdiv ¢ + IxOnpn), (2.18)
m=—dive. (2.19)
Proof. Given (u, 7) € Sﬁl_—f—n/p]’ then we also have divu = 0 on I' and

thus d,u, = 0 on I'. Moreover Am = 0 in R} and thus A?u, =0 in R”. So
we get the biharmonic problem

A%y, =0 in R? and w, = dyu, =0 onI. (2.20)
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Hence, u, € Bjj_¢_p/p and there exists (r, s) € A[A—1—z_n/p] X ‘/\/‘[él—ﬁ—n/p]
such that u, = [Ipr + Iys.
We can deduce from (2.7) that 0,7 = Au, = r + s in R} and thus =
satisfies
Ar=0 inR}? and Jym=s onT.

Then, there exists 1) € j\f[é —n/p] (see [6]) such that
7=1v+ Ks in R, (2.21)
where .
Ks(a', z,) = / s(a’, t) dt.
So, we have Au, =7+ s =090,7m = 8n1/10+ sin R’ , thus r = 0,7. Hence,
up = Hpopp +1ys in RY. (2.22)
From (2.21), we get, for every ¢ € {1,...,n — 1},
Auj =0 = 0np + 0iKs € NBy 1, @ AR 1
= Ally0;¢ + Allp0; K s.
Then, w; = u; — IIny0;¢0 — I1p0; K s satisfies
Aw; =0 inR}? and w; =0 onT.
Hence, we have the existence of ¢; € A[Alféfn /1] (see [4]), such that w; = @;;
i.e.,
u; = nOpp +1Ip0; K s + ¢;.
Thereby, writing ¢’ = (p1,...,on-1), we get
diviu' = TIyA'Y + IIpA'Ks + div’ ¢
= —TINO2) —TIpI2 Ks + div’ ¢’
= —%a:n Optp — % (xn OnKs — Ks) + div' ¢’
= —%xnﬁnw— %(wns — Ks) +div’ ¢
In addition, by (2.22), we have
Opty, = OpIlpOnt) + OpIlys

:%xnﬁnw%—;(m‘ns—k/ ns(a:’, t)dt) :%xnanw—i—% (xn s+ Ks).
0

Since divu = 0, we can deduce that div' ¢’ = —Ks and thus (2.21) can be
rewritten as m = 1) — div' ¢’. Now, if we set ¢, = — [ ¢(2/, t) dt, then
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we have ¢ = —0pp, and ¢, € A[%_e_n/py So, we obtain m = — div ¢; i.e.,
(2.19), with @ = (¢, n) € AT -
Coming back to the velocity field, we get, for every i € {1,...,n — 1},
w; = ;i — O IINOypn — O;Ilp div’ ¢’ (2.23)
Likewise, for the normal component, (2.22) yields
U, = —pd2p, + N0 Ks = % (pn — Tpn Onon) + %xn Ks

= p — %aznan(pn — %(pn — %xn div’ ¢’

= n — OpIlINOppn — Opllp div' .
So, combining this with (2.23), we get u = ¢ — V (HNangon +IIp div’ cp’);

i.e., the statement (2.18).
Conversely, we can verify that such a pair (u, 7) belongs to S[Jlr_ t—n/p]" U
3. GENERALIZED SOLUTIONS TO THE STOKES SYSTEM

In this section, we will establish the central result on the generalized
solutions to the Stokes system in the half-space, with Theorem 3.3. We will
be interested in the existence of a solution (u, 7) € W%’p(R’}r) X Weo’p(R’jr)
to (ST), for data f € W, "P(R"), h € WOP(R") and g € W, /PP(T).
To avoid troubles with the compatibility conditions, we will start with the
study of the negative weights. For this, as for the weight ¢ = 0 in [8], we will
adapt a method used by Farwig-Sohr in [15]. Then, we get back the positive
weights by a duality argument, and the compatibility condition naturally
comes from the kernel of the dual case.

First, we will establish the result for the homogeneous problem in the case
of negative weights.

Lemma 3.1. Let ¢ be a negative integer and assume that n/p ¢ {1,...,—(}.
For any g € Wé_l/p’p(l“), the homogeneous Stokes problem

—Au+Vr=0 in R, (3.1)

divu =0 in R, (3.2)

u=g on T (3.3)

has a solution (u, ™) € W;’p(R’}r) X Wé)’p(R:ﬁ), unique up to an element of

Sﬁfffn/p], with the estimate
e (Il + Allgy oo gy + 17+ allyooneny ) < C lgllygomsgey:

[1—t—n/p]
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Proof. The operator associated to this problem is clearly continuous, more-
over its kernel is known. The last point concerns its surjectivity, then the
final estimate will be a straightforward consequence of the Banach theorem.
So, we only must prove the existence of a solution (u, ).

(1) Firstly, we will show that system (3.1)—(3.3) can be reduced to a set
of three problems on the fundamental operators A% and A.

Applying the operator div to the first equation (3.1), we obtain

Ar =0 inRY. (3.4)
Now, applying the operator A to the same equation (3.1), we deduce
A’y =0 inR7. (3.5)
From the boundary condition (3.3), we take out
Up =¢gn onl, (3.6)

. . . 1
and moreover div' v’ = div' g’ on T, where div' v/ = 1" d;u;.
Since dive = 0 in R”}, we also have divu = 0 on I', then we can write
Opty 4+ div'u’ = 0 on I, hence

Opup, = —div'g" onT. (3.7)
Combining (3.5), (3.6) and (3.7), we obtain the biharmonic problem
(P) : A%y, =0 in RY, up, =g, and Onu, = —div'g’ onT.

Then, combining (3.4) with the trace on I' of the n'* component in the
equations (3.1), we obtain the Neumann problem

(Q) : Ar=0 inR} and 8,7 = Au, onl.

Lastly, if we consider the n — 1 first components of the equations (3.1) and
(3.3), we can write the Dirichlet problem

(R) : Au'=V'r nR} and u' =g onT.

(2) Next, we will solve these three problems.

Step 1: Problem (P). Sinceg € Wfl/p’p(r), we have g, € Wﬁlfl/p’p(lj)
and div' g’ € W[l/ PP(T), so (P) is a homogeneous biharmonic problem with
singular boundary conditions. Since ¢ < 0, we know that problem (P) has
a solution u, € ng’p(Ri), unique up to an element of Bjy_s_,, /) (see [7],
Theorem 4.5).

Step 2: Problem (Q). Since A?u, = 0in R", according to an ap-
propriate trace result (see [8], Lemma 3.7), we can deduce that Au,|r €
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We_l_l/p’p(F). As ¢ < 0, we know that problem (@) has a solution 7 €
Wgo "P(R"), unique up to an element of /\/[é t—n/p] (see [5], Theorem 3.4).
Step 3: Problem (R). Thanks to the previous result, we can deduce that
Vir e W;l’p(Ri) and moreover g’ € W;_l/p’p(f‘). Since ¢ < 0, we know
that problem (R) has a solution u’ € Wzl’p (R%), unique up to an element of
Aﬁ—Z—n/p] (see [4], Theorem 3.2).
(3) In order, we have found u,, 7 and «/, non-unique, which satisfy (3.3)
and partially satisfy (3.1), more precisely such that
—Au'+V'r=0 inR].
It remains to show we can choose them satisfying (3.2) and the n* compo-
nent of (3.1); i.e.,
—Au, +0,m=0 inRY.
Consider such a pair (u, 7) satisfying problems (P), (@) and (R). Thanks
to the first equations of (P) and (Q), we obtain
A(Auy — Opm) = A%u, =0 in R%.
Thus, with the boundary condition of (@), we can deduce that the distribu-
tion Au,, — O, € W[l’p (R ) satisfies the Dirichlet problem

A(Au, —0pm) =0 in R}, Awu, —0,m=0 onT.

Then, we have Au,, — O™ = p € A[Aflfefn/p} (see [8], Theorem 3.5). More-
over, we can write u = Allpu, with llpuy = ¢ € Bj_y_y/p. Setting
uil = U, — ¢, we now get Aul — Opm = 0 in R}, and uIL is still a solu-
tion to problem (P).

Note that 7 is unchanged with uL, because Aqg = =0 on I'. Thus, if we
set ul = (u/, uL), the pair (uf, 7) completely satisfies (3.1).

Next, as Am = 0 in R}, we also have A div ul =0in R’t. Moreover, from
the boundary condition in (R), we obtain div'a/ = div'g’ on I". Then, with

the boundary condition in (P), we can write
divu! = divie' + Gnuil =div'g’ —div'g =0 onT.
So, we have divu' € Wf 'P(R"), which satisfies the Dirichlet problem
Adive' =0 inR?, divul =0 onT.
Then, we have divu! = v € A[A—e—n/p] (see [8], Theorem 3.8). If we take for

instance r(z) = foxl v(t, z2,...,xy,)dt, we have v = 017 and, thus, v = divr,
with » = (1, 0,...,0). Setting u® = u! — r, we get divu® = 0 in R” and, as
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re A[Al_ —n/p W€ still have u$ = u; — r a solution to the first component of
the equations (3.1) and (3.3). Consequently, the pair (u®, ) now completely
satisfies the problem (3.1)—(3.3). O

Remark 3.2. If g is sufficiently smooth; i.e., g € D(T"), using a potential-
theoretic method, it has been shown (see [10], [11]) that there exists a unique
solution of (3.1)—(3.3) with a finite Dirichlet integral. In that case, we can see
that this solution is naturally coming in the functional setting of Lemma 3.1.

Now, we can give the following general result.
Theorem 3.3. Let ¢ € Z and assume that
n/p' ¢ {1,...,4} and n/p&{l,...,—(}. (3.8)

For any f € Wzl’p(Ri), h € Wgo’p(Ri) and g € W;_l/p’p(F), satisfying
the compatibility condition

A _
Vo € Al inp): (f = Vh, (P>W21’p(Ri)X‘;V1’ep,(Ri)

+ {(div f, lp div' ¢’ + HNangon>W

SRR X W (RY) (39)

+ <g7 an(10>Wé*1/PvP(F)XW:;/P,,P'(F) = 07

problem (S1) admits a solution (u, ) € W;’p(Ri) X Weo’p(R’}r), unique up
to an element of S[Jffefn/pp and there exists a constant C' such that

inf  (lu+ Al + 17+ #llyosg) <

+
(¥ #)es[l_g_n/p]

C (I w2ty + Ihlhyorr gy + g lgivn ey ) -

Proof. (1) First, we still assume that ¢ < 0.
We write f = divF, where F = (F)1<i<n € Wg’p(RTfr), with the estimate

HFHW%P(RQL_) < C H-fHWZl’p(Ri)‘

Let us respectively denote by F = (F;)1<i<n € Wg’p(R”) and h € Wf’p(R”)
the zero extensions of F and h to R™. By Theorem 1.2, we know that there
exists a solution (4@, 7) € Wy P(R™) x W,"P(R") to the problem

(S) : —At+ Vi =divF and divei=h in R™
Consequently, we can reduce the system (ST) to the homogeneous problem

S ~Av+VY9=0 and divo=0 inR?, v=g" onT,
( i
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where we have set g* = g — a|p € W;l/p’p(I‘). Next, thanks to Lemma
3.1, we know that (S*) admits a solution (v, ¥) € Wy P(R%) x WP(R).
Then, (u, 7) = (v + @lgy, ¥+ F|ry) € W P(RE) x W, "P(R™) is a solution
to (ST).

(2) We now assume that ¢ > 0. We will reason by duality from the case
¢ < 0. So, we have established that, under hypothesis (3.8), the Stokes
operator

1, 0, -1, 0,
T <W€ P(R™) x W p(m))/s[;gfn/p} s W, PR x WOP(RY)
(u, 7) — (—Au+ Vr, —divu)
is an isomorphism for any integer ¢ < 0 and real number p > 1. Thus,
replacing p by p’ and —£ by ¢, we deduce that its adjoint operator

* 3 s n , n -1, n 0, n
T*: WpP(RY) x W) P(RL) — (Wz "(RY) x W, p(R-i-)) L Sty

is an isomorphism for any integer £ > 0 and real number p > 1, always under
hypothesis (3.8). Moreover, by a density argument, we can readily show that

T (v, ¥) = (—Av + V9, —divw).

So, we have proved that, for any £ > 0, problem (S*) with g = 0 admits a
unique solution provided (f, h) L S[Jlr omn/p)

Now, it remains to show that the general problem (S*) can be reduced
to the particular case with g = 0, by means of a lifting function; and then
that the orthogonality condition on the lifted problem is equivalent to the
compatibility condition (3.9).

First, by Lemma 1.1, there exists a lifting function u, € W;’p(Rfi) of g,
i.e., ug = g on I', such that

H'U'QHW;’?(]RQL_) < C ||g||Wé*1/p,p(F)'

Set v = u — ugy; then problem (ST) is equivalent to the following, with
homogeneous boundary conditions:

—Av+Vr = f+ Ay, in R7,

(S™) dive =h—divu, inR7,
v =0 on I
So, provided (f+Auy, —h+divuy) L S['Lre_n/p,], we know that (S*) admits

a unique solution. This condition is written in the following way:

V()‘a :u) € S[Jlr+g_n/p/]’ <.f7 )‘> + <Aug, )‘> - <ha /J’> + <d1V u97 :u> = 0.
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Moreover, we have the Green formula

Aug, A o :/ ug - AXNdz + (g, OpN)p,
( g >W;1,p(R1)XWE;(Ri) Ry g (g >I‘

= / ug - Addz + <g', 8n)\’>F,
R

because d, A, = 0 on I'; according to the definition of the kernel. Next, we

have another Green formula

(div ug, M>W2”’(R1)xW‘l’f’(R1) = — /RZ}_ wg - Vypdr — (gn, 1)p -

Finally, since —AX + Vu = 0, we have

J

we then get a first formulation for this compatibility condition:
V(}\, M) € Sﬁ+g,n/p/]v <fa )‘> - <h> ,LL> + <g/> an)‘,>p - <gn7 ,U>F =0.
Now, according to the characterization (2.18)-(2.19), we can replace each

pair (A, p) € S[J{an/p'] by (¢ — V(Ip div' ¢’ + HnOnpn), —div ), where

¢ belongs to A[A1+g_n/p/]- Then we have
(fs N) )= (f, @) = (f, V(Ip div' ¢ + lNOnpn)) ,

= (f, ) + (div f, Hpdiv' ¢’ + HnIpen),

because (IIp div’ ¢" + I nOpepn )| = 0. Likewise,

ug-A)\d:I:—/ ug - Vudr =0,

n n
+ RY

—1,pmn 1.0 (mn
W, PR ) x WP (R

e s gy ewo ! gy = 0 = AV Pl ewo /)

= <Vh7 LP>W;17P(R1)X‘/%/E;/(R1) .

Moreover, we can remark that, on the one hand , y = —0,p, on I', and on
the other hand, according to (2.7), we have 9,A" = 9,4’ on T, hence the
equivalent formulation

A
Ve € Allin/p);
(f = Vh, o)+ (div f, Ip div' @' + HxOnen) + (g, Onp)p = 0,
i.e., the compatibility condition (3.9). O
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4. STRONG SOLUTIONS AND REGULARITY

In this section, we are interested in the existence of strong solutions, i.e.,
of solutions (u, m) € W? (R X Welﬁl’ (R%); and more generally, in the
regularity of solutions to the Stokes system (S*) according to the data.

Theorem 4.1. Let £ € Z and m > 1 be two integers and assume that

n/p' ¢ {1,....0+1} and n/pg{l,...,—0—m}. (4.1)
For any f € WZJF} P(RY), h e W"H(R%) and g € WZI;_I/p’p(F), sat-

isfying the compatibility condition (3 9), problem (ST) admits a solution

(u, m) € WZE P(RY) x W)BE(R'Y), unique up to an element of S

and there exists a constant C' such that

(1—¢—n/p]’

inf (et Allymonrn) + I+l ) <
(A, .“‘)6'5[1 £—n/p] Wm p(R ( :

C(Ilfllwz;;mm) +1Pllwy ) + ||9”W:ié‘”“’(r>)'

We have already proved this result for £ = 0 and £ = —1 in our previous
work (see [8], Corollaries 5.5 and 5.7). We will use similar arguments for the
other negative weights, with the aim of minimizing the set of critical values,
thanks to the known results on the harmonic and biharmonic operators in the
half-space. Then, for the positive weights, we will use a regularity argument
to avoid the compatibility conditions which would naturally appear in the
auxiliary problems with the previous method.

At first, we adapt Lemma 3.1 and its proof for more regular data.

Lemma 4.2. Let { < —2 and m > 1 be two integers and assume that
n/p¢{l,...,—€—m}. (4.2)

For any g € Wrmni;_l/p’p( ), the Stokes problem (3.1)—(3.3) has a solution

(u, m) € Werl P(RT) x W™E(R?), unique up to an element of S

m+£
with the corTespondmg estimate.

(1—¢—n/p]’

Proof. Point (1) of Lemma 3.1 is clearly unchanged.

Since g € W;Ziéfl/p’p( ), under hypothesis (4.2), problem (P) has a
solution u,, € W;Zn:el 'P(R’}), unique up to an element of Bpy_y_,, ) (see [6],

Lemma 4.10). Hence we have Aup|r € W, /P P(T'), and then problem
(Q) has a solution 7 € W,/ (R"} ), unique up to an element of ./\/'Ag n/p] (see
[8], Theorem 3.4, for m = 1; and [6], Theorem 2.8, for m > 2). Hence, V'mr €
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Wz;;’p (R?), and then problem (R) has a solution u' € Wﬁié’p (R7),

unique up to an element of A[Alfgfn sp) (see [4], Corollary 3.4). Likewise,
point (3) is unchanged with respect to the proof of Lemma 3.1. O

Proof of Theorem 4.1. (1) Assume that ¢ < —2. The proof is quite sim-
ilar to the one of Theorem 3.3. Here again, the only question is the surjec-
tivity of the Stokes operator for such data. For that, we must simply replace
Theorem 1.2 by Theorem 1.3 and Lemma 3.1 by Lemma 4.2 in the proof of
the existence of a solution for negative weights in Theorem 3.3.

(2) Assume that ¢ > 0. We simply extend the regularity argument used
in [8] for the cases £ = 0 and ¢ = —1. Now, hypothesis (4.1) is reduced to

n/p' ¢ {1,...,.0+1}. (4.3)

Since n/p’ # £ + 1, we have the imbedding W;Zn;el’p(Ri) — W[l’p(Rfﬁ);

moreover, WH(RY) < WOP(RL) and W1 ~VPP(0) — w7 P(r)
hold. So, thanks to Theorem 3.3, we know that problem (S*) admits a
unique solution (u, 7) € Wy P(R) x W)"P(R™). We will show by induction

that

m— n m, n m~+1—1 s
(f7 h7 g) € Wm+é7p(R+) X Wm—i-ZZ(RJr) X Wmi@ v p(F) (4 4)

= (u, ) € W pP(RY) x WIBH(RY).

For m = 0, (4.4) is true. Now, assume that (4.4) is true for 0,1,...,m and

suppose that (f, h, g) € WP, (R}) x Wg&lﬁ(Ri) X WZﬁ;ll/p’p(F).

Let us prove that (u, m) € W;Z]:?erl (R7%) x Wﬁ:ﬁ’i(Rﬁ). Since we also have

the imbeddings W75 () — W' P (RL), WITER (RE) — WD (RY)

and W;’:LZJ:IU PPy — W;?:zl_l/ PP(T), according to the induction hypoth-
esis, we can deduce that the solution (u, 7) € W7 P(R%) x Wh(R?).

m—+L m+L
Now, for any i € {1,...,n — 1}, we have

n—1

2 1 1
—A(p0iu) + V(e0im) = 00; f + E:L‘.V&-u + ( + E) o;u + Em@m.
Thus, —A(pdiu) + V(o) € WZ_T_;”’(R?F). Moreover,

1
div(pO;u) = E x 0;u + 00;h.
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Thus, div(ed;u) € W, (R%). We also have v(0 diu) = o' diyou = o' 0ig €

+/
wmHi=/pe (T"). So, by the induction hypothesis, we can deduce that

m~+/
Vie{l,...,n—1}, (Ju, Oim) € Wit B (RY) x WihE  (RT).

It remains to prove that (9,u, 0,m) € Wziéfl (RY) x Wb (RY). For
that, let us observe that, for any ¢ € {1,...,n — 1}, we have

agan’u = &ﬁiu S ngé—kl(Rﬁ-)?

8nui = —Au; + 81‘.71'/— fZ S W%ﬁH(Rﬁ)’

02w, = Oph — Opdiv' ' € W%ﬁH(RCﬁ),

O = fn+ Auy, e Wyl (RY).
Hence, V(9,u) € WP, (R}) and, knowing that d,u € W F (R'}), we
can deduce that d,u € Wziéfl (R%), according to definition (1.1). Conse-
quently, we have Vu € Wﬁﬁfl (R}). Likewise, Vmr € W F, | (R") and,
finally, we can conclude that (u, 7) € Wﬁﬁﬂ(Ri) X ng;_ﬁ (R7). O

5. VERY WEAK SOLUTIONS

The aim of this section is to come back to the homogeneous Stokes system
(3.1)—(3.3), but with singular data on the boundary. In [8], we solved it in

the cases g € Wj/p’p(F) and g € Wal/p’p(l“). Here, we will extend these
results to the other weights, introducing the question of the kernel and, by
duality, the compatibility condition. Thanks to Lemma 2.8, the proof will
be more direct.

Theorem 5.1. Let { € Z with hypothesis (2.9). For any g € W:l/p’p(l“),
satisfying the compatibility condition

A j—
Vo AL nm) (9 Oy rma iy wtinr iy =0 (51)

—44+1

problem (3.1)-(3.3) admits a solution (u, ®) € Wg’_pl(R?r) X W[_ll’p(Rﬁ),
unique up to an element of S[J{fefn/pp and there exists a constant C such
that

. i _ ) |
(A /J,)E‘lsrlf ] <”u’ - )\H‘)ng’l(ﬂgi) H” MHM/‘IZj{p(Ri)> <C ‘|g“Wéj{p’p(F)
’ —L£—n/p

Proof. To start with, let us observe that Lemma 2.8 gives a meaning to these
boundary conditions. Besides, thanks to the Green formula (2.11), we get
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the equivalence between problem (3.1)—(3.3) and the variational formulation:
Find (u, 7) € T (R%}) satisfying

(v, 9) € WP (R?) x WHE (R?), (5.2)
such that v =0 and divv =0on T,

(o ) T DD g gy ey, WO, @iy )

= {9 On¥'s =0))gymston oy ey 1)

Now, let us solve problem (5.2). By Theorem 4 1, we know that under
hypothesis (2.9), for all (f, h) € WP (R?)x W LP(RY) L St tnypl

there exists a unique solution (v, ¥) € W2 Z_l(R”) X Wlﬁl R™)/S+
to

[14+6—n/p’]

—Av+Vi=f and divve=h inR"}, v=0 onT,

with the estimate

<O(IF oy oy Il o ) )

Consider the linear form A : (f, h) — (g, (O,v', =0

||( )H Rn)le p

HI(R”)/S

1+e—n/p']
)>W;f{”(r>xwi/gﬁf’<r>
defined on Wofﬂ( )X W €+1( n) L SH -y BY (5.1), we have for

any ¢ € A[1+€fn/p’]’ or, equivalently, for any (A, p) € S[1+e n/p/]’

. /
|A(f7 h‘)| - ‘<g7 (anv ) _19) + 8”‘P>w;j{p,P(F)le/papl(l—\)

—0+1

= ‘<gv (8n[U/+A,], 7[19+M])> —1/PaP(F) 1/17117/(1-\)

£+1

Thus,

< -
’A(f’ h)’ = C Hg”Wlfll/p’p(F) ”(/U’ ﬁ)HWE’Zp ( )XWllil( )/S[1+Z n/p']

< Cllgllyso ey (17w ey + Il o)

In other words, A is continuous on W(ié”+1(Ri)>< W—£+1(Rn) 1 S[Jlr t—n/p]’

and according to the Riesz representation theorem, we can deduce that there
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eten/p] which is the

dual space of WP (R7)x I/?/EZFI(RCLF) 18t such that

1.€.,

—+1 [1—8—n/p)’

V(f, h) € WEPL (RT)x WhE (RY),
A(-f7 h) = <u7 f)W%_PI(Ri)XWO,P/ (Ri) + <7T) -

h> o ’ ]
-1, 1,
—L+1 Wg_1p(Ri)XW_f+1(Ri) ’

the pair (u, ) satisfies (5.2) and the kernel of the associated operator

is ST O]
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