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LINEAR DRIFT AND ENTROPY FOR REGULAR COVERS
FRANQOIS LEDRAPPIER

ABSTRACT. We consider a regular Riemannian cover M of a compact Rie-
mannian manifold. The linear drift ¢ and the Kaimanovich entropy h are
geometric invariants defined by asymptotic properties of the Brownian motion
on M. We show that ¢2 < h.

| Let 7 : M — M be a regular Riemannian cover of a compact manifold: M is
a Riemannian manifold and there is a discrete group G of isometries of M acting
freely and such that the quotient M = G\ M is a compact manifold. The quotient
metric makes M a compact Riemannian manifold.

We consider the Laplacian A on M , the corresponding heat kernel p(t, Z, y) and
the associated Brownian motion )N(t, t > 0.The following quantities were introduced
by Guivarc’h [@] and Kaimanovich [@], respectively, as almost everywhere limits
on the space of trajectories of the Brownian motion X:

77 (Xo, X1).
e the entropy h := lim; . —% In p(t, Xo, Xy).

e the linear drift / := lim; o %d

In this note we prove the following

Theorem A. Let 7 : M — M be a reqular Riemannian cover of a compact
manifold. With the above notations, we have:

(1) 2 < h.

In the case when M is the universal covering of a compact manifold with negative
curvature, inequality ([]) is due to V. Kaimanovich ([KI]]). Moreover in that case,
there is equality in () if, and only if, the manifold M is a symmetric space of
negative curvature (se the discussion below in section 1). For a general cover, it
follows from (1) that, whenever h = 0 (which is equivalent to the Liouville property
of M D). [KV]), then ¢ = 0. This was shown in [KLI] by using discretization of
the Brownian motion and a qualitative result for random walks. Indeed, similar
quantities can be defined for a symmetric random walk on a finitely generated group,
where the distance on the group is the word distance. A precise result similar to
(1) is not known for discrete random walks. There are estimates for symmetric
random walks with finite support ([Vd]) or finite second moment ([EK]).

! Keywords: Entropy, Riemannian covers. AMS 2010 Classification: 58J65 (53C20, 37 D40,
37A50)
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2 FRANCOIS LEDRAPPIER

Let v be the volume entropy of M

oy Invol(By;(wo, R))
YT R In R

)

where By;(wo, R) is the ball of radius R in M about a given point zy and vol is the
Riemannian volume. It holds: h < ¢v ( [|Gd)).

Corollary 0.1. Let 7 : M — M be a reqular Riemannian cover of a compact
manifold. With the above notations, ¢ < v and h < v2. Either equality { = v, h = v?
implies equality in (1).

Let A be the bottom of the spectrum of the Laplacian on M:
IV fl2
A= inf IMH7J;H
recsan  Ju !
Clearly (by considering C% approximations to the functions e=5%®o») for s > v/2),
we have 4\ < v2. It can be shown that 4\ < h ([L1]], Proposition 3). Therefore,

Corollary 0.2. Let 7 : M — M be a reqular Riemannian cover of a compact
manifold. With the above notations, equality 4\ = v? implies equality in (1).

Our proof of (1) is based on the construction of a compact bundle space Xy
over M which is laminated by spaces modeled on~1\7 and of a laminated Laplacian.
In the case when M has negative curvature and M is the universal cover of M, the
bundle space contains the unit tangent bundle 7'M and the lamination on T M
is the weak stable foliation of the geodesic flow. The foliated Laplacian and the
associated harmonic measure are useful tools for the geometry and the dynamics

of the geodesic flow (see [IG4|, K1, [EF], [M], [H]). In Section 1, we construct the

lamination in the general case and state the properties of the harmonic measures
which lead to Theorem A. The laminated Laplacian defines a laminated Brownian
motion, a diffusion on X, with the property that the trajectories remain in the
same leaf for all time. Section 2 describes this diffusion. The rest of the paper is

devoted to proving propositions @ and .
1. THE BUSEMANN LAMINATION

We consider the Busemann compactification of the metric space M: since the
space Misa complete manifold, it is a proper metric space (closed bounded subsets
are compact). Fix a point z € M and define, for z € M the function &:(2) on M
by:

&x(2) = d(x, z) — d(z, ).

The assignment = +— &, is continuous, one-to-one and takes values in a relatively
compact set of functions for the topology of umform n convergence on compact subsets
of M. The Busemann compactification M of M is the closure of M for that
topology The space Mis a compact separable space. The Busemann boundary
OM = M \M is made of Lipschitz continuous functions ¢ on M such that (x0) = 0.
Elements of M are called homfunctzons Observe that we may extend by continuity
the action of G from M to M in such a way that for £ in M and g in G,

9:£(2) = &(g7"2) = &(g (o).
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We define now the horospheric suspension Xy of M as the quotient of the space
M X M by the diagonal action of G. The projection onto the first component in
M x M factors into a projection from X,; to M so that the ﬁbers are isometric to
M. Tt is clear that the space Xy is metric compact. If My C M is a fundamental
domain for M, one can represent Xar as My x Mina natural way.

To each point £ € M is associated the projection W of M x {¢}. As a subgroup
of G, the stabilizer G¢ of the point ¢ acts discretely on M and the space W¢
is homeomorphic to the quotient of M by G¢. We put on each W¢ the smooth
structure and the metric inherited from M. The manifold We and its metric vary
continuously on X 7. The collection of all We, ¢ € M form a continuous lamination
Wiy with leaves which are manifolds locally modeled on M. In particular, it makes
sense to differentiate along the leaves of the lamination and we denote A" the
laminated Laplace operator acting on functions which are smooth along the leaves
of the lamination. A Borel measure on X, is called harmonic if it satisfies, for all
f for which it makes sense,

/Awfdm = 0.

By [@], there exist harmonic measures and the set of harmonic probability mea-
sures is a weak* compact set of measures on X,;. Moreover, if m is a harmonic
measure and 7 is the G-invariant measure which extends m on M x M, then (IG4)),
there is a finite measure v on M and, for v-almost every £, a positive harmonic
function ke (x) with ke(zo) = 1 such that the measure m can be written as;

m = ke(z)(dr x v(df)).

The harmonic probability measure m is called ergodic if it is extremal among
harmonic probability measures. In that case, for v-almost every ¢, the following
limits exist along almost every trajectory of the Brownian motion (see [[K3] and
section 3 below):

e the linear drift of m £(m) = lim; %5()@)
e the transverse entropy k(m) = limy_c —1 Inke(Xy).

The proof of Theorem A reduces to the three following results;

Proposition 1.1. With the above notations, there exists an ergodic harmonic mea-
sure such that £(m) = (.

Proposition 1.2. For all harmonic measure m, we have £*(m) < k(m) with equal-
ity only if the harmonic functions ke are such that V'V In ke = —0(m)V"V¢ m-almost
everywhere.

Proposition 1.3. For all ergodic harmonic measure m, we have k(m) < h.

The proof of Proposition @ is an extension of the proof of the Furstenberg
formula in [KLJ| and is given in section 4. Kaimanovich ([KI]|) proved Proposition
under the hypothesis that the horofunctions are of class C? by applying Itd’s
formula to the function £. In the general case, horofunctions are only uniformly
1-Lipschitz, but the integrated formulas of [[K1]] are still valid (see Section 3). See
K2 and Section 3 for Proposition [[.]

Assume that M is the universal cover of a negatively curved compact manifold
M. Then, M is homeomorphic to an open ball and the Busemann compactification
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is homeomorphic to the closure of the ball. In particular, for all x € M , the
Busemann boundary is homeomorphic to the unit sphere in the tangent space Tx]T/[/ :
a unit vector v defines a unique geodesic oy (t) such that ¢,(0) = x,6,(0) = v.
As t — o0, &, (1) converges in M towards the Busemann function o, (+00) and
v = &5 (400) defines the homeomorphlsm between TlM and OM. In particular,
OM is a closed G- invariant subset of M. We can identify M x OM with the unit
tangent bundle T M. The induced action of G is the natural differential action
on T'M. The quotient 7'M is therefore identified with a closed subset of Xj;.
For ¢ € &M, unit vectors v such that oy (+00) = € form a stable manifold for
the geodesic flow. The lamination W in T'M is the usual stable lamination of

the geodesic flow. In this case, there is a unique harmonic probability measure m
(see [G4, [LY, [M]]; the proof shows that any harmonic measure on X, has to be

carried by (M x OM)/G) and the support of the harmonic measure is the whole
(M x OM)/G (see [A], [B]; by compactness, the curvature is pinched betwen two
negative constants). Proposition [.]] (i.e. £(m) = ¢) and[L.q are due to Kaimanovich
([K1l)). By Proposition [L.3, if we have equality in (1), then the Busemann functions
are such that A¢ is a constant, the manifold M is asymptotically harmonic. It
follows then from the combined works of Y. Benoist, G.Besson, G. Courtois, P.

Foulon, S. Gallot and F. Labourie ([FL], [BEL], [BCG]) that the manifold M is a

symmetric space.

2. LAMINATED BROWNIAN MOTION

The operator AV is Markovian (AY1 = 0) and in this section, we construct the
corresponding diffusion on X ;. As we detail now, this diffusion is derived from the
Brownian motion on M. . I

We define subspaces of trajectories in C(Ry, M), C(Ry, M), C7(Ry, M x M)
and C(Ry, Wyr) and natural identifications: C(R4, M), C(R4, M) are the spaces
of continuous functions from R into respectively M and M with the natural pro-
jection from C’(R+,M) to C(Ry, M); the space C’M(RJF,M X ]\//7) is the space of
continuous functions from R into M x M which are constant on the second compo-
nent, with the forgetful projection from C(Ry, M x ]\/4\) to C(Ry, M N) the group
G acts on Cy; (R+,M x M ) by postcomposition; the quotient space of G-orbits
in CA(R+,M X M) is the space C(Ry,Wyy), with the natural projection from
Ci(Ry, M x M) to C(R4, Wir). Elements of C(Ri, Wiy) can be seen as trajec-
tories on Xj; which are included in a single leaf of the lamination Y. Translations

over R act by precomposition on all our spaces of trajectories and the translation
by t will be denoted oy on each of them.

The operator A is uniformly elliptic on M. The fundamental solution of the equa-

0 O
tion 8—1; = Au is the heat kernel p(¢, Z, 7). There is a unique family of probabilities
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P,z € M, on C(Ry, ]T/[/) such that {w(t),t € R4} is a Markov process with genera-
tor A. This means for example that we have for f; € C.(M),7=10,1,2,0 < 51 < s2,

/ Fol@(0) 1 (@(51)) falw(s2)) AP,

/fo(x)fl (y1) f2(y2)P(s1, 7, y1)P(52 — 51, Y1, Yy2)dy1dys.

The family of measures ﬁm, 2 € M defines the Brownian motion on M. See e.g.
[B] Chapter 4.8 for the following:

Proposition 2.1. Let m a locally finite positive measure on M. The following
properties are equivalent:
the measure m satisfies, for all f € 02 ), [Afdm =0,
the measure m is of the form k(y)dy where k is a positive harmonic function,
the measure m is p invariant, i.e. for allt >0, all f € C2(M),

[ oo} - [ o

the measure P, := I P.dm(z) on C(Ry, M) is o-invariant.

By uniqueness, the family of measures ﬁm is G-equivariant and projects as a
family of measures P,,x € M on C(Ry, M) which defines the Brownian motion on
M, with the same properties as above. In particular, the heat kernel p(u,x,y) on
M is given by

p(u, €, y) = Zﬁ(uv z, 937)7

geG

where 7, 37 are lifts in M of the points z,y in M. The Lebesgue probability measure
Leb := leol on M satisfies for all f e 02 ), [ AfdLeb =0 and for all ¢ > 0,

VO

Lo (Lo fW)p(t, 2, y)dy) dLeb(z) = [y, f dLeb (x). Moreover, the probability
measure P f o PrdLeb(x) is 1nvar1ant under the time shift 0. The probability
Leb is the only one with any of those properties. Indeed, by Proposition @ the
G-invariant lift of such a measure m to M has to be of the form k(y)dvol(y) where
k is a G-invariant positive harmonic function, and G-invariant positive harmonic
functions on M are lifts of positive harmonic functions on the compact manifold
M and are therefore constant.

Let & be a point in ]\/4\ There is a one-to-one correspondence between the set of
trajectories in C7(Ry, M x M) satisfying £(0 ) &o (and therefore 5( ) = & for all
t) and C'(R4, ) For all z € M, the measure P, defines a measure Q £, on the set
of trajectories in C7(Ry, M x M) satisfying (w(0),£(0)) = (z,&). The famlly Qx re
describes the Brownian motion along the leaves of the trivial fibration of M x M
into M x {¢}’s. In particular q(u, (x,€), (y,n)) = p(u, z,y)d¢(n) is the Markov kernel
of the diffusion with law Q, ¢ and we may write for f; € C. (M x M) j=0,1
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and 0 < 51 < $2,

/ Jol@(0),£0)) f1 (@ (51), £(51)) fow(52), €(52))d D ¢
/ Fol €) F1 (41, €) Fa s €)F(51., 2, 92)(52 — 51,91, yo)dyn .

Proposition 2.2. Let m a locally finite positive measure on M x M. The following
properties are equivalent:

the measure m satisfies, for all f € OCQ(M X ]/\4\), J Ay fdm =0,

the measure m is of the form ke(y)dy ® dv(§) where v is a finite measure on ]/\/[\,
(x,€) — ke(z) is measurable and for v almost all &, ke(y) is a positive harmonic
function on M,

the measure m is q invariant, i.e. for allt >0, all f € CE(M X J\/Z),

[ ([ sweitena)antws = [ soedm.e.

the measure Qp := fﬁxﬁémygdﬁz(:&é) on Cy;(Ry, M x M\) is o-invariant.
Proof. . It is clear that a measure of the form k¢(y)dy ® dv(€) satisfies the other
properties. Conversely, since m is locally finite, we can find a positive continuous
function b on M x M such that b is a finite measure. Write b as fA medv (&)
for a finite measure v on M and a measurable family & — mg¢ of probabilities on
M. Then, for v almost every &, Proposition applies to the measure b= 'me. O

In this paper, we normalize v and the k¢s by choosing ke (zo) = 1.

Finally, the family of measures (), ¢ is G equivariant, and defines a family
Qu,w € X of measures on C(Ry, Wy). The family @, describes the laminated
Brownian motion. By construction, all trajectories of the laminated Brownian mo-
tion remain on the leaf of the initial point w(0). In the identification of X; with

My x J/\/[\, the Markov transition probabilities q(¢, (x,§), d(y,n)) of the diffusion with
law @, ¢ are given by:

q(t, (,€),d(y,n)) = D q(t.(7,£),9.d@n) = > Blt. T, g7)dFo,1¢(n),

9eG geq
where Z,y are lifts in M of the points x,y in M.

Proposition 2.3. There is a one-to-one correspondence between:

(1) harmonic probability measures m on X,

(2) G-invariant measures m which satisfy the equivalent conditions of Proposi-
tion P-4 and such that m(My x J\/Z) =1,

(3) probability measures m on Xp; which projects on M onto the Lebesgue
probability measure and which can be written in local ®(D? x T) charts
m = [, ([ ki(z)dx) dv(t), where the function (x,t) — ki(x) is measurable
and, for v almost all t € T, ki(x) is a positive harmonic function,

(4) probability measures m on Xp; which can be written in a My X M repre-

sentation
m= (/A djiy (§)> dLeb(x),
Mo \J M



LINEAR DRIFT AND ENTROPY FOR REGULAR COVERS 7

where © +— y is a measurable family of measures on M with the same
negligible sets and such that for almost every & € J/\/[\, ke(x) = ;;;0 (&) is
obtained as the restriction to a fundamental domain of a positive harmonic
function on M,

(5) probability measures m on Xp; which are invariant under q: for all f €

C?*(Xn), all t > 0, we have

N e Py

Xnm

(6) probability measures m on Xpr such that Q, := fX]\/I Qudm(w) is a o-
invariant measure on C(Ry, Whar).

Proof. Let m be a harmonic probability measure on X ;. By writing the harmonic
equation for functions which are constant on the fibers, we see that the projection
of m onto M is a harmonic probability measure and thus is Leb. Write m for the
unique G-invariant measure on M x M such that the restriction to any fundamental
domain projects to m. The measure m satisfies for all f € C’CQ(MX J\//T), Ay fdm =

—

0. Conversely, the restriction of such a measure to (M x M) is finite and harmonic.
This shows the equivalence of properties (1) and (2).
Moreover, by proposition .3, the measure 7 is of the form ke (y)dy@dv(€) where

v is a finite measure on M, (x,€) — ke(x) is measurable and for v almost all &,

ke(y) is a positive harmonic function on M. When we restrict to the image of a
D? x T chart, this gives the description of property (3). Conversely, assume that
m satisfies property (3). Using if necessary a partition of unity we may take the
function f in C%(X ) with support inside the image of a ®(D? x T') chart. Then:

/Awfdm = /T (/ Amf(:c,t)kt(ac)d:v> dv(t)

and the inner integral vanishes for all ¢ € T such that z — ki(x) is a harmonic
function, that is, for almost every ¢.

Assume m satisfies property (3). Putting together the D¢ x T charts into a
measurable My x M representation, we have a measure which projects on a measure
v on M and such that the conditional on M are proportional to ke(x)dvol(z). In

ke ()

f Mo ke (x)dx
that the projection onto Mo is Leb, we can write m = [, (/57 dpa(€)) dLeb(x),
where

other words, the measure m writes as m = dr ® dv. Since we assume

ke (z)volM
- fg kg(a:)d:rdy(g)'

Mo
We indeed have Z’:Lf €)= Zz Ezg This shows that property (3) implies property (4).
The converse is prcjven anado‘gously7 by setting v = piz,.

Properties (5) and (6) are equivalent to (1) by general theory of diffusions with
a finite invariant measure. The point to check is that a o-invariant measurable set
B in C(R4,Wyy) is of the form = € By, where By is a Q-invariant subset of X ;.
It follows from the Markov property that the set B has @, measure 0 or 1 for
m-almost every w € Xy Take By = {w : Quw(B) = 1}. O

fha(dE)
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Proposition @ is due to Garnett ([@]) We included a proof in the suspension
case for notational purposes. A harmonic measure is called ergodic harmonic if it
cannot be decomposed into a convex combination of other harmonic measures. By
proposition @, an ergodic harmonic measure is also extremal for properties (5) and
(6) and therefore the time shift o is ergodic on (C'(Ry, War), Qm,). By proposition
E a harmonic measure can be written, in a My X M representation as

dﬂm o kg(x)
/M dpi, (€)dLeb(z) where i (€) = Ry

and k¢ () is a positive harmonic function for v(= p,, )-almost every €. In particular,
for f € C%(X)s) with support in the interior of My, we may write:

[ gam — /MU /ﬁf(fv,é“)dum(QdLeb(:v)
- [ ([ fanoiiventa) ) ane

Integrating by parts the inner integral, the following formulas follow, for all f,g €
02 (XM)

/AWfdm = —/(wa,vwlnk5>dm20

/gAWfdm = —/<va, ng>dm—/g<va, VWinke)dm,

where V"¢ denotes the gradient of the function g along the leaves of the lamination
W and (,) the leafwise scalar product. The second formula extends by approxima-
tion to vector fields Y which are C! along the leaves and such that Y and div™Vy
are continuous:

(2) / divVvdm = — / (Y, VW n k¢)dm.

3. ASYMPTOTICS OF HARMONIC MEASURES

In this section, we state two formulas as Proposition and @ We deduce
from them Proposition E and, using Propositions E and [[.3, Theorem A.

Let m be an ergodic harmonic measure on Xjs. Recall that m can be written
as [ w1, Ke (2)dv(§)dLeb(z) for some positive harmonic function k¢ (z) defined for v-
almost every £. The probability measure )y, is invariant and ergodic under the shift
on the space of trajectories C(R4, Wys). There are two natural additive functional
on C(Ry, Wyr) which are defined as G-invariant functionals on C37(Ry, M x M ):
the horospherical displacement

L(t,w,§) == &(w(t)) — &(w(0))
and the harmonic kernel
1 Fe(w(0))
K(t,w,§):=1n re (@)
The functional K (t,w,£) is defined for @,,-almost every (w,§), but for all ¢ > 0.
We have L(t + s,w,&) = L(t,w, &) + L(s, 0¢(w, §)) and, for Q,,-almost every (w,§),
K(t+ s,w, &) = K(t,w, &) + K(s,01(w,§)).
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By the ergodic theorem, the two following limits exist @,,-almost everywhere
and are constant ),,-almost everywhere:

1 1
L(m) = Tlgm00 TL(T’W’O and k(m) := Tlgrgo TK(T’W’O'

By our description of the measure @Q,, in Section 2, for v-almost every &, the
numbers ¢(m) and k(m) can also be seen as the limits along almost every trajectory

of the Brownian motion of respectively %5 (X't) and —% In k¢ (X't) This is the way
they were introduced in Section 1. In particular, since the functions £ are Lipschitz,
for all ergodic harmonic measure m,

(3) t(m) < L.
The analogous result k(m) < h is Proposition B Kaimanovich introduced in [K2]
the reverse entropy of an ergodic harmonic measure as the number A’'(m) such that,
for Q.,-almost every trajectory in C'(R4, M),
1 ~
R'(m) = lim —=1In (p(t,w(O),w(t)

t—o0 t

ke (W(O))>
ke(w(t) )

Clearly, h'(m) = h — k(m). Proposition [.J follows from the observation that the
number h'(m) is nonnegative, since it can be seen as the entropy of a conditional

process (see [[K1J|, section 4)).
Observe that, by o-invariance and ergodicity, for all 7 > 0, we have:

) =+ [ (Lrw.)d@n  km) =+ [ (K(rw.)dQu.

For a non-ergodic harmonic measure, we define £(m) and k(m) by these formulas.
We have:

Proposition 3.1. Let m be a harmonic measure. Then:
k(m) = / VW In ke ||>dm.
Xnm
Proposition 3.2. Let m be a harmonic measure. Then:
{(m) = —/ (Ze, VY Inke)dm,
Xnm

where the vector field Z¢ is defined m-almost everywhere by Z¢ := V"VE.

Recall that £ is defined as the uniform limit of difference of distances. It follows
that ¢ is 1-Lipschitz and by Rademacher Theorem, V¢ is defined Lebesgue-almost
everywhere on M. Since m is harmonic, its conditional on the leaves of VW are
absolutely continuous, and Z¢ := V¢ is defined m-almost everywhere. Moreover,
[ Ze|| < 1 m-almost everywhere. Schwarz inequality, Propositions B.1 and B.g yield
that, for any harmonic measure m,

2

IN

(m) = ’/X (Ze, VYWY Inke)dm
M

/ (Ze, VY In ke )|2dm

XM

< / [V Inke||2dm = k(m),
Xm

with equality only if VW Inke = —£(m)Z¢ m-almost everywhere. This proves
Proposition E We also have:
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Corollary 3.3. Let M bea regular Riemannian cover of a compact manifold; then,
? < h
If there is equality €2 = h, then there is an ergodic harmonic measure m on X

such that Inke(z) = —L&(x) m-almost everywhere in the case £ > 0, ke(zx) = 1
m-almost everywhere in the case £ = 0.

Proof. By Proposition E, for any harmonic measure m, £2(m) < k(m) with equal-

ity only if the harmonic functions k¢ are such that, V'V Inke(z) = —€(m)VWE(x)

for m-almost every (z,&). If £(m) = 0, ke is constant for v-almost every €. If

¢(m) > 0, since both functions Inke and ¢ vanish at g, Inke = —¢(m)¢ for v-

almost every &. All this applies to the measure mg given by proposition m o)

that:

62 = £2(m0) < k(mo) < h

with 2 = h only if £2(mg) = k(mo) = h and therefore In k¢ (x) = —€£(z) mo-almost

everywhere in the case £ > 0, ke(z) = 1 mg-almost everywhere in the case ¢ = 0.
O

Observe that in the case 62 h > 0, the harmonic measure given by Corollary @
gives full measure to M x OM /G because e~ “4(*2) cannot be a harmonic function
in z. In general the support of m is smaller than M x OM /G consider for instance
M = H? x H2. We have 2 = h = 2. The space OM can be parametrized by
(&1,&2,0), where &; € OH? for j = 1,2 and 6 is an angle in [0, 7/4]; the horofunction
e, 60,0 1S given by:

€er60,0(21,22) = cosO §1(z1) +sinf &a(22).
The function e~V satisfies
Ae Ve o = (2- V2(cos f + sin 9))6_\/5551’52’9.

This is a harmonic function only if § = w/4. The support of the measure m given by
Corollary B3 is included in M, /4 /G, where M, /4 := {(2,£);x € M, & = (&,&.0) €
OM and 6 = w/4}. The discussion is similar for any symmetric space of non-positive
curvature which is not of negative curvature.

Theorem A is the first part of Corollary @ When h = 0, Corollary E adds
that there is an ergodic measure m with k¢(x) = 1 m-almost everywhere: in terms
of Proposition @ (3) the measure m is, in local charts, the product of the Lebesgue
measure on the leaves and some transverse holonomy-invariant measure v. When
h > 0 and equality £? = h holds, one can conclude from Corollary @ that (M\ V)
represents all bounded harmonic functions on M (cf. [KT]).

It remains to prove Propositions E, @ and E Proposition @ is proven in
Section 4. Proposition @ is due to Kaimanovich. We give a proof in section 5,

because it follows the same computation as in the proof of Proposition @ in Section
6.

4. PROOF OF PROPOSITION D

Let X/ be a horospheric suspension as above. We construct the measure m by
a limiting procedure (compare [], proof of Theorem 7). To define a measure

on X7, we usually describe it as a G-invariant measure on M x M. Tt will project
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onto M as Leb, and in partlcular it will be a probability measure, as soon as it
projects onto M as Leb := VO](M) Set:

v [ (6t n)an)

where, for a measure p on M, &«(p) is the pushed-forward of p by the mapping
& : M — M. The measure v; is a G-invariant measure on M x M which projects
on Leb and we can write, for f € C.(M x M),

/f:védl/t:vé /fxfy txy)dfg\?j[)

We then form the measure [ q(s,.,.)dv; = [q(s, d(y,n))dve(z,€). The mea-
sure [q(s,.,.)dv; is a G-invariant measure on M X M which prOJectS on Leb.
Observe that [ §(s, ., .)dv; = vi1s. Indeed, we may write, for f € C.(M x M),

Jra([asw) = [ s g, it o) S

_ dydzdx

Il
~
—~
=
A"
I8}

VA

8

<

By the symmetry and the semigroup property of p, [ p(s,z,y)p(t, z, z)dz = p(t +
s,y,2) and we find, as claimed,

/fd</ .dut> [ r.pt+5..2) dﬁf\j) ~ [ sav.

The set of measures on Xj»; which project on Leb on M is a convex weak*

compact set of probability measures on Xj,;. Any limit point of % fOT vdt is a
harmonic measure. Indeed, by the above observation

1 T 1 T—1
T/o vt = T/o /q(s,.,.)dulds—i—O(l/T),

so that, if mg = lim, Tik fOTk vedt, we have

/q~( -)dmozhm< /Tk 1/ (s+1,. ,.)dl/lds—l—O(l/Tk)) = my.
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Take mg such a limit. We choose a fundamental domain My for M and we
compute £(mg):

Tf(mo) =

[ (€ - w)iqn
-/ A( (§<y>—5<x>)ﬁ<m,y>dy) dino(i,€)

ma [ ([ € - )ity dute. g
- HinTik/OTk /Moxﬁ (/ (&(y) — & (@) DT, = y)dy) Ptz z)%dt

I
N~—

1 [Tk dxdydz
= lim—/ / d(z,y) —d(z,2))p(T, z,y)p(t, x, 2 dt
k Tk 0 MUXMXM( ( ) ( )) ( ) ( )VOI(M)
1 [Tk dxdydz
= 1im—/ / d(z,y)p(T, 2, y)p(t,x, z2) ——
k Tk 0 ( Mo x M x M ( ) ( ) ( )VOI(M)
- dxdydz
— d(z,x)p(t,z,y)p(t, x, z dt
/Moxf\zxﬁ (> 2t 2 B )vol(M))

1 [Tk dydz
= 1im—/ / d(z,y)pt + 71,2, y) ———~
k Ty Jo ( Mo x 3T (2, 9)p( y)vol(M)

~ dxdz
— d(z,x)p(t,z,z2)———= | dt
029 )
1 /(7 _ dxdz
= lim— dlz,2)p(Tey + t,z,2)———— | dt
k Tk/o (/Moxz\? (=, 2)P(Ti )V01(M)>
1 (7 dxdz
— lim — d(x, 2)p(t,x, z2) ——— | dt.
m [, ([0 950

The last term goes to 0 as Ty — oo. Recall that ¢ is defined by the subaddi-
1 dxd
tive ergodic theorem so that ¢ = lim —/ d(z, 2)p(T, x, z)ﬂ We have
T—o0 Mo x M VOl(M)
indeed 7€(mg) = 7¢. The above measure mg is not necessarily ergodic, but since
¢(m) < ¢ for all harmonic measures and m +— £(m) is linear, there are ergodic

measures m in the extremal decomposition of mg which satisfy ¢(m) = ¢.

5. Proor or ProrosiTION B.1|

Let m be a harmonic measure on X ;. We have to show that k(m) = fX VY In ke[ 2dm.
We compute:

[ e,
how = [ re(w(r) @

= / Pz, y)(Inke(x) — lnkg(y))dy> dm(z,€)

q

A

M
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The inner integral is

/ﬂr, 2,y)(n ke(z) — Inke(y))dy =
M

= [ [ it inkee) o) dsdy
M JO

| [ it n k(o) — bty
M Jo
—/ /~j5(s,;v,y)Ay In ke (y)dsdy

o JM

= [ [ B )lIV, i ke(w)|Pdsdy.
0o JM
Observe that the function
ey, &) = | Vy Inke(y)|?

is G-invariant on M x M. Therefore the integral

/Moxﬁ (/]\75(8, iv»y)so(yi)dy) dm(z, €)

is [ (w(s),&(s))dQm. By invariance, we have, for all s > 0,

/Moxz\’i (/Mﬁ(&%y)s@(y,f)dy) dm(z,§) = /|\Vylnk5(y)||2dm

and the formula follows.

6. PROOF OF PROPOSITION B2

Recall that the horofunctions are Lipschitz, so that Z; = VW¢ exists almost
everywhere along the leaves and satisfies ||Z¢||* < 1 m-almost everywhere. In
particular the expression f Xur (Ze, VWin ke)dm makes sense as soon as m has ab-
solutely continuous conditional measures along the leaves. In this section, we prove
that, if m is a harmonic measure, {(m) = — fX}W (Ze, VYW In ke)dm.

We follow the same computation as in Section 5, except that, for technical reasons
we choose € > 0 and write:

m(m) = /(L(a +7,w,8) = L(e,w,£))dQpm
/Moxﬁ (/~17(€ +7,2,9)(E(y) — §(w))dy> dm(z, €)

M

- /Moxﬁ </A75(€, z,y)(&(y) — §($))dy> dm(z, €)
- /Moxﬁ (/1\75(7’17’ 2)(pe(2,6) = %(ar,f))dZ) dm(z, €),

where

oo, 6) = /ﬁms,x,y)g(y)dy.
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Observe that, since the manifold M has bounded Ricei curvature, for any s > 0
there is a constant C'(s) such that, for all z, y € M, p(s,z,y) < C’e’(d(xvy)/c)z(]).
This shows that the function ¢, is well defined and that we can separate in the
above computation the integrals of £(y) and &(x).

For all € > 0, the function ¢, is smooth and satisfies:

o9, 9€) = @(x,€) — (g™ o).
The inner integral is

[ 2.6~ ) -
= /N/T %5(875572)(905(275) — @ (x,8))dsdz
0

M

[ [ 8ebtsmnon(.9) - oulo€isa
= /OT /Mﬁ(S,x,z)Az%(z,f)dsdz.

The function A, (z,£) = div,V.p:(z,€) is G-invariant and as before, we have,
for all s > 0,

/Moxﬁ (/ﬁ(s’””’*zmz%(%f)@) dm(z,£) = / A"V o (y, €)dm(y, €).

M
Using equation (|), the latter integral is — [ {(VWeoe, VW nke)dm, so that

lm) = —/(VW@E,lendem.

Fix £. As e — 0, the functions ¢.(z,§) are uniformly Lipschitz and converge
towards £ uniformly on compact sets. Their gradients, seen as their weak gradients,
converge in L2, towards the gradient Z¢ of the limit ([EQ], Theorem 4.2.3). This
proves the formula in Proposition @, namely:

{(m) = —/ (Ze, V"V In ke )dm.
XM

Proposition @ was proven by Kaimanovich ([@]) with the additional hypoth-
esis that the horofunctions are of class C2. In the above proof, we can, in that
case, take directly ¢ = 0. Recall that the horofunctions are of class C? when M has
nonpositive sectional curvature and M is the universal cover of M ([ET).

Acknowledgement. We are grateful to Xiaodong Wang for his questions, interest
and remarks. This work was supported in part by NSF Grant DMS-0801127 and
in part by C.N.R.S., UMR 7599.

REFERENCES

[A] M. T. Anderson, The Dirichlet Problem at infinity for manifolds of negative curvature, J.
Diff. Geom. 18 (1983), 701-721.

[BCG] G. Besson, G. Courtois and S. Gallot, Entropies et rigidités des espaces localement
symétriques de courbure strictement négative, Geom. Func. Anal. 5 (1995), 731-799.

[BFL] Y. Benoist, P. Foulon and F. Labourie, Flots d’Anosov a distributions stables et instables
différentiables, J. Amer. Math. Soc. 5 (1992), 33-74.



LINEAR DRIFT AND ENTROPY FOR REGULAR COVERS 15

[CLY] S. Y. Cheng, P. Li and S. T. Yau, On the upper estimate of the heat kernel of a complete
Riemannian manifold, Amer. J. Math. 103 (1981), 1021-1063.

[D] Y. Deriennic, Quelques applications du théoréme ergodique sous-additif, Astérisque 74
(1980), 183-201.

[EK] A. Erschler and A. Karlsson, Homomorphisms to R constructed from random walks,
preprint.

[EG] L. C. Evans and R. F. Gariepy, Measure Theory and Fine Theory of Functions, Studies in
advanced mathematics (1992), CRC Press.

[FL] P. Foulon and F. Labourie, Sur les variétés compactes asymptotiquement harmoniques,
Invent. Math. 109 (1992), 97-111.

[Ga] L. Garnett, Foliations, the ergodic theorem and Brownian motion, J. Funct. Anal. 51
(1983), 285-311.

[Gu] Y. Guivarc’h, Sur la loi des grands nombres et le rayon spectral d’une marche aléatoire,
Astérisque, 74 (1980) 47-98

[H] U. Hamenstddt, Harmonic measures for compact negatively curved manifolds, Acta Mathe-
matica 178 (1997), 39-107.

[HI] E. Heintze and H.-C. Im Hof, Geometry of horospheres, J. Diff. Geom. 12 (1977), 481-491.

[K1] V. A. Kaimanovich, Brownian motion and harmonic functions on covering manifolds. An
entropic approach, Soviet Math. Dokl. 33 (1986) 812-816.

[K2] V.A. Kaimanovich, Brownian motion on foliations: Entropy, invariant measures, mixing,
Funct. Anal. Appl. 22 (1989), 326-328.

[KV] V. A. Kaimanovich and A. M. Vershik, Random walks on discrete groups: boundary and
entropy, Ann. Prob. 11 (1983), 457-490.

[KL1] A. Karlsson and F. Ledrappier, Propriété de Liouville et vitesse de fuite du mouvement
brownien, C. R. Acad. Sciences Paris, Sér. I 344 (2007), 685-690.

[KL2] A. Karlsson and F. Ledrappier, Noncommutative ergodic Theorems, preprint.

[L1] F. Ledrappier, Harmonic measures and Bowen-Margulis measures, Israel J. Math. 71 (1990),
275-287.

[L2] F. Ledrappier, Ergodic properties of the stable foliations, Springer Lect. Notes Math. 1514
(1992), 131-145.

[P] R. Pinsky, Positive harmonic functions and diffusions, Cambridge University Press (1995).

[S] D. Sullivan, The Dirichlet problem at infinity for a negatively curved manifold, J. Diff Geom.
18 (1983), 722-732.

[Va] N. Varopoulos, Long range estimates for Markov chains, Bull. Sci. Math. 109 (1985), 225
252.

[Y] C. Yue, Brownian motion on Anosov foliations and manifolds of negative curvature, J. Diff.
Geom. 41 (1995), 159-183.

LPMA, BoiTE COURRIER 188, 4, PLACE JUSSIEU, 75252 PARIS CEDEX 05, FRANCE
E-mail address: francois.ledrappier@upmc.fr



