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Abstract: This paper deals with the prediction of fatigue crack growth at high temperatures in the
N18 nickel base superalloy, which is employed by Snecma for turbine disc applications. This
material and other nickel base superalloys were widely studied in the past under isothermal
conditions and constant amplitude fatigue. Dwell time effects are observed which are attributed, in
this material, to grain boundary oxidation. The main objective of this research is to use this
knowledge to model the fatigue crack growth rate in the N18 nickel base superalloy when complex
“missions” are encountered. This implies variable amplitude and non-isothermal loading conditions
(450°C-650°C). For this purpose, an incremental fatigue crack growth model which was originally
developed for isothermal variable amplitude loading conditions was extended so as to be applicable
to non-isothermal loading conditions. In addition, the incremental form of the fatigue crack growth
law in this model is very useful to account for the coupling effect between fatigue and timedependent phenomena such as creep or oxidation. In the present case, the effect of the environment
was modelled as a competition between two phenomena: a detrimental effect of grain boundary
oxidation ahead of the crack tip and a beneficial effect of the growth of a passivation layer of
oxides on the freshly created crack surfaces. The model was used to simulate fatigue crack growth
under complex cycles at high temperature and the comparisons with experimental results are
satisfactory.
Keywords: fatigue crack growth, nickel base superalloy, oxidation, environment, high temperature.
Nomenclature
- CTG
- da dt

crack tip region
rate of production of cracked area per unit length of the crack front.

-

K I∞ .
v (x , t )

nominal applied stress intensity factor
velocity of the point x in the CTG

-

u eI (x ) , u cI (x )

elastic and plastic reference spatial fields

-

dK I* dt , dρ I dt
bc , a c

intensity factor rates of u eI (x ) and u cI (x )
size and displacement rate of the elastic domain of the CTG
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- a xm
displacement rate of the closure point versus dρ I dt
- α
rate of production of cracked area per unit length of the crack front
and per unit of ρ I at fixed time.
- β
rate of production of cracked area per second at fixed ρ I in the
absence of a passivation layer of oxides.
- m
efficiency of the passivation layer
1. Introduction
The aircraft industry faces the problem of predicting fatigue fracture of their aircraft engines
parts under variable loads, variable thermal conditions and detrimental environmental conditions.
An accurate prediction of the fatigue crack growth rate under complex loading conditions is useful
to improve the inspection intervals of industrial components. However, predicting fatigue crack
growth in metals under realistic loading schemes remains difficult because the fatigue crack growth
rate is very sensitive to load history. As a matter of fact, constrained plasticity at crack tip has been
known for decades to induce history effects in fatigue crack growth [1-7] and these effects are
closely related to the cyclic elastic-plastic behaviour of the material [8,9]. Therefore, a strategy was
proposed to identify a global history-dependent fatigue crack growth model, using finite element
computations that include a cyclic elastic-plastic constitutive model identified for each material
studied [10-12]. Once identified, this model consists finally of a set of about ten scalar derivative
equations, which therefore allows the computation of typically a million variable amplitude fatigue
cycles within a minute. In this model, the crack growth rate is a time derivative equation da/dt. This
formulation explicitly avoids the need of a cycle counting method [10-11]. In addition, it facilitates
the writing of coupled multi-physic problems, such as oxidation assisted fatigue crack growth and
non-isothermal fatigue. This model was identified and validated at room temperature for a low
carbon steel using constant and variable amplitude loading fatigue crack growth experiments [12].
The aim of the present research is to examine how that method can be extended to consider
oxidation assisted fatigue crack growth in a nickel base superalloy when variable amplitude and
non-isothermal loading conditions are encountered. In the following, the method employed to build
the model is briefly recalled and then the application to fatigue crack growth under variable
amplitude loading and non-isothermal conditions in the N18 nickel base superalloy is discussed.
2. Multiscale strategy
Let us briefly summarize what has already been done for mode I fatigue crack growth under
variable amplitude loading conditions. The fatigue crack growth model is based on the assumption
that the fatigue crack growth rate is a function of crack tip plasticity. First of all, a global measure
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dρ I dt of the rate of crack tip plasticity is introduced. Then the model is divided into two parts.

The first part provides the fatigue crack growth rate da dt as a function of dρ I dt and is
established using the results of fatigue crack growth experiments. The second part allows predicting
dρ I dt according to the loading conditions and the values of a set of internal variables introduced

to account for history effects. This second part is established using elastic-plastic finite element
computations. Details about this model can be found in previous publications [10-12].
The second part of the model can be considered as a global cyclic elastic-plastic constitutive
model for the crack tip region. A multiscale strategy was proposed in order to benefit on the one
hand from the ability of the local FE model to account for detailed and complex material behaviours
and on the other hand from the computational efficiency of global crack growth criteria. It assumes
that the velocity field in the crack tip region is partitioned into elastic and plastic parts which are
also assumed to be the product of an intensity factor and of a reference spatial field (Eq. 1).
v (x , t ) ≈

dK I* (t ) e
dρ (t )
u I (x ) + I u cI (x )
dt
dt

(1)

When the material behaviour is elastic, the intensity factor rate dK I* dt of the elastic field u eI (x )
is equal to the nominal applied stress intensity factor rate dK I∞ dt . When crack tip plasticity occurs,
dK I* dt diverges slightly from dK I∞ dt . Furthermore, the intensity factor rate of the plastic field
u cI (x ) , denoted by dρ I dt becomes non negligible and is used as a global measure of plastic

deformation within the crack tip region. Numerically, it is always possible to approximate a
velocity field as it is done in Eq. 1, using a proper orthogonal decomposition such as the KarhunenLoeve transform. In practice, u eI (x ) is defined as the finite element solution of a 2D plane strain
elastic problem with boundary conditions such that K I∞ = 1MPa m . Then a 2D plane strain elasticplastic finite element computation is performed, with K I∞ increasing from zero to a maximum value
chosen to be consistent with a fatigue application (i.e. a loading ramp from K I∞ = 0 up to
K I∞ = 40 MPa m , for instance). At the end of the computation, dK I* dt is obtained by projecting

the elastic-plastic numerical solution onto the reference elastic field u eI (x ) . The rest is partitioned
into an intensity factor and a reference field using the Karhunen-Loeve transform. This allows the
building of a numerical reference solution for u cI (x ) , which is non-dimensioned so that dρ I dt
could also be read as the mean rate of the plastic part of the displacement between the crack faces in
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micrometers. Alternatively, an analytical expression for u cI (x ) can also be used which is based on
the theory of distributed dislocations [13]. In such a case, u cI (x ) can be defined as the displacement
field around an edge dislocation aligned with the crack plane and with a Bürgers vector equal to 1.
In both cases, once the reference fields u eI (x ) and u cI (x ) are known for a material, they can be
used to extract dρ I dt as a function of dK I∞ dt from any complex elastic-plastic FE computation of
a cracked body.
Once the reference fields u eI (x ) and u cI (x ) are defined, the approximation in Eq. 1 is performed
at each step of a FE computation using an automated post-processing routine based on the least
square method. The mean square error between the computed velocity field during the step v (x , t )

(

)

and the approximated one dK I* dt u eI (x ) + (dρ I dt )u cI (x ) is also computed at each step of the FE
computation. This error is always found to remain well below 10%.
The finite element method and the post-treatment routine are then employed to generate
evolutions of dρ I dt under various loading cases, including cyclic loadings with either a stationary
crack (Fig. 1) or a growing crack.
Then, a global empirical model, developed within the framework of dissipative processes, is
associated to these evolutions and allows predicting dρ I dt as a function of dK I∞ dt and of a set of
internal variables.
For instance, at each load’s reversal (Fig. 1), it is observed that there is a domain within which
no variation of ρ I is observed. Since ρ I is a measure of crack tip plasticity, this domain (E in Fig.
1) can be considered as an elastic domain for the crack tip region. If the material does not display
any isotropic hardening, it was shown, using FE computations, that the size of the elastic domain

(

)

(E) is constant in a ρ I , K I∞ diagram (Fig. 1). That size, bc , can be identified for a given material
behaviour using an automated post-treatment routine on the curves generated using FE
computations (Fig. 1). If the stress intensity factor range remains below bc , then dρ I dt remains
negligible.
If the stress intensity factor range exceeds bc , the elastic domain (E in Fig. 1) moves. An internal

(

(

) )

2
variable φxc = K Ixc
1 − ν 2 E is therefore introduced to define the position of the centre of the

global elastic domain of the crack tip region. Since the size of the elastic domain is constant, the
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relation between ΔK I∞ and Δρ I allows the characterization of the displacement of the centre of the
elastic domain. This relation was determined using FE computations and a very simple equation can
be used to represent the numerical results: Δρ I ≈ ΔK I∞ − b c
an evolution law

(∂φxc ∂ρ )

2

a c . This result was used to propose

for the centre of the elastic domain with respect to a plastic

deformation including the two parameters bc and a c that are determined for a given material using
FE computations.
The same approach is also employed to determine the evolution equation of the centre of the
elastic domain when crack extension occurs (∂φxc ∂a ) , the evolution equation of the closure point

(φxm ) , either when plastic deformation occurs (∂φxm ∂ρ ) or when crack growth occurs (∂φxm

∂a ) ,

etc…

Figure 1. The nominal stress intensity factor K I∞ is plotted against the plastic strain intensity
factor ρ I . Within the domain (E), the variation of ρ I being negligible and the cracked structure is
assumed to behave elastically.
Finally, the global cyclic elastic-plastic model for the crack tip region (Eq. 2) consists of about
ten scalar partial derivative equations that allow computing dρ I dt as a function of the loading rate
dK I∞ dt and of the state of the internal variables V int that were introduced to account for plasticity

induced history effects. These equations can be found in previous publications [11, 12].
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⎛ dK ∞
⎞
dρ I
= f ⎜⎜ I ,V intj , P i ⎟⎟
dt
⎝ dt
⎠

and

dV intj
⎞
⎛ dρ da
= f j ⎜ I , ,Pi ⎟
dt
⎠
⎝ dt dt

(2)

The parameters P i in these equations are all determined, for a given material constitutive
behaviour, using an automated post-treatment procedure of FE computations. Therefore, this part of
the model requires only performing push-pull tests to identify the cyclic elastic-plastic behaviour of
the material used in the FE computations. It is worth mentioning that the robustness of the model
was checked carefully. More precisely, it is checked, for each material, that a linear variation of
each parameter of the material cyclic elastic plastic constitutive law induces a linear variation of the
parameters of the global cyclic elastic-plastic model for the crack tip region (Eq. 2) that are
identified using the FE method.
Finally, a crack propagation law is also introduced which assumes that the crack growth rate is
merely proportional to the plastic strain intensity factor rate. This equation derives directly from the
well known ΔCTOD equation:

da
dρ
=α I
dt
dt

(3)

The coefficient α in Eq. 3 is adjusted using the results of one constant amplitude fatigue crack
growth experiment [11,12].
Gathering the global cyclic elastic-plastic constitutive model for the crack tip region, which
predicts dρ I dt as a function of the loading conditions and of the loading history, and the crack
propagation law, which predicts da dt as a function of dρ I dt , finally yields an incremental crack
propagation model that accounts for plasticity induced history effects. This approach is operational
for mode I fatigue crack growth, and, out of its numerical efficiency, it has the main advantage of
avoiding cycle counting because of its incremental form. The model was identified for a low carbon
steel by R. Hamam et al. [12] using push-pull tests and constant amplitude fatigue crack growth
experiments at R=0, and validated using fatigue crack growth experiments for stress ratios between
R=-1 and R=0.4 and variable amplitude fatigue crack growth experiments.
3. Non isothermal loading conditions
Another advantage of an incremental formulation of the fatigue crack growth model is that its
application to non-isothermal loading conditions is straightforward. As a matter of fact, the
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following procedure is currently applied for complex missions that include temperature variations.
The rainflow counting method is used to extract cycles from the mechanical loading sequence.
Then for each extracted cycle, a reference temperature is defined, and the fatigue crack growth rate
is calculated for that temperature using the library of Paris laws for the studied material. Usually, to
get conservative predictions, the reference temperature is the maximum temperature encountered
during each cycle. However, this approach is overly-conservative if, for instance, the maximum of
the temperature is reached when the stress reaches its minimum value. This problem vanishes if an
incremental formulation (da / dt ) is used rather than a cyclic formulation (da / dN ) .
For this purpose, the incremental fatigue crack growth model should be modified so as to
account for temperature variations. First of all, the crack propagation law (Eq. 3) should be a
function of the temperature. Secondly, the global cyclic elastic plastic model for the crack tip region
(Eq. 2) should also be a function of the temperature, if the cyclic elastic-plastic behaviour of the
material is function of the temperature.
3.1 non-isothermal global cyclic elastic-plastic model for the crack tip region.
First of all, the constitutive behaviour of the N18 nickel base superalloy was identified at 450°C,
550°C, 600°C and 650°C using a database of experimental push-pull test results produced by
Snecma and by other researchers [14,15].
This material is a powder metallurgy superalloy that was developed by Snecma for engine
applications (turbine discs). Its chemical composition is given in Table 1. This material is particular
due to its high γ’ content (about 55%). γ’ precipitates are used to limit the mobility of dislocations
at high temperature, which improves the creep resistance of the alloy. Such a γ’ content is common
in monocrystalline cast alloys (employed for blade applications) but very high for a polycrystalline
forged material. Besides, the grains are equiaxed with a size around 15 μm. It displays high tensile
and creep properties up to 700°C [16,17]. As seen in Fig. 2, the evolutions of the cyclic elasticplastic behaviour of this material remain moderate between 450°C and 650°C.
C

Co

0.015 15.7

Ni

Cr

Mo

Al

Ti

B

Hf

base

11.5

5.5

4.35

4.35

0.015 0.45

Zr
0.03

Table 1 : Chemical composition of the N18 nickel base superalloy (weigth %).
A Von Mises criterion and a two parameter Armstrong-Frederick non-linear kinematic hardening
rule, standard in Abaqus, were employed to model the cyclic elastic-plastic behaviour of the
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material at 450°C, 550°C, 600°C and 650°C (Fig. 2) [18]. A very simple constitutive model was
adopted to ensure the uniqueness of the set of material parameters identified for each temperature.
This uniqueness is required because the parameters identified at these temperatures are interpolated
to predict the cyclic elastic-plastic behaviour of the material at intermediate temperatures. The
agreement between the experiments and the simulations is satisfactory but could be improved.

(a)

(b)

(c)

(d)

Figure 2. Comparison between experimental and simulated strain controlled push-pull tests on the
N18 nickel base superalloy at (a) 450°C, (b) 500°C, (c) 600°C and (d) 650°C
However, this choice is a rough simplification of the real material behaviour. In particular, it was
shown by previous authors [15,19] that the material is viscoplastic at temperatures above 600°C.
For instance, during a relaxation phase, after a loading ramp at dε p dt = 10 −1 s −1 , the stress
decreases by about 8%, from 1300 MPa, down to 1200 MPa within the first two seconds of
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relaxation and then stabilizes around 1000 MPa after 500 seconds of relaxation. This viscous nature
of the material is not taken into account in this model, although it will be extended to viscoplastic
material behaviours in the future. The global plasticity model for the crack tip region is now
formulated only for elastic-plastic material behaviours for three reasons.
First, the viscoplastic nature of the N18 nickel base superalloy only becomes non negligible
above 600°C and it is considered by our industrial partner (Snecma) that thermal excursions above
600°C are brief and should be considered as exceptions.
Second, the interpolation of the material parameters between the different temperatures requires
that the same material model is employed from 450°C up to 650°C.
And finally, it was also observed by previous authors that, under vacuum conditions, the fatigue
crack growth rate at 650°C is the same for triangular fatigue cycles (10 sec loading – 10 sec
unloading) and for fatigue cycles including a dwell time (10 sec loading – 300 sec dwell – 10 sec
unloading). On the contrary, under ambient air conditions, the addition of a dwell time increases the
fatigue crack growth rate by about a factor 2. Therefore, it was considered that more attention
should be put, in this case, on the modelling of the effect of the environment rather than on the
viscous behaviour of the material.

(a)

(b)

Figure 3. Example of parameters evolutions with temperature. (a) bc and ac, (b) a xm .
Then, using the multiscale approach discussed above, the various material parameters (Pi) of the
global cyclic elastic-plastic constitutive model f are identified for each temperature for the N18
nickel base superalloy and interpolated for intermediate temperatures as piecewise linear functions
(Fig. 3). For instance, the two parameters bc and a c are used to predict how the elastic domain of
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the cyclic plastic zone moves when plastic deformation occurs (domain E in Fig. 1). In constant
amplitude

fatigue

Δρ I = ΔK I∞ − b c

2

and

in

the

absence

of

crack

closure,

the

model

predicts

that

a c . In the present case bc and a c are found to remain constant below 600°C.

Above 600°C, bc remains constant, while a c decreases (Fig. 3 a). The parameter a xm is used in the
evolution

(∂φ

xm

equation

of

the

crack

opening

(

level

(K op )

versus

plastic

deformation

) )

∂ρ I = a xm φxm , where φxm = K op2 1 − ν 2 E . It is observed, from FE computations, that a xm

is negative (the crack opening level diminishes when the crack blunts dρ I > 0 ) and that it
diminishes with temperature.
⎛ dK ∞
⎞
dρ I
= f ⎜⎜ I , V intj , P i (T )⎟⎟
dt
⎝ dt
⎠

and

dV intj
⎛ dρ da
⎞
= f j ⎜ I , , P i (T )⎟
dt
⎝ dt dt
⎠

(4)

In this form the model allows computation of dρ I dt and of the rate of variation of the internal
variables for complex load histories including temperature variations.
3.2 Crack propagation law
A crack propagation law is also introduced that defines the rate of creation of cracked area per
unit length of the crack front (da/dt) as a function of dρ I dt . It is typically proposed that the crack
propagation rate obeys Eq. 3, where α is a parameter to be adjusted using a high frequency and
constant amplitude fatigue crack growth experiment (sinus, R=0.05, f=0.5 Hz).
This approach was applied to mode I fatigue crack growth at a moderate temperature (550°C)
and validated using constant amplitude and complex fatigue crack growth experiments. At 550°C
the effect of a dwell time on fatigue crack growth is negligible (Fig. 4). As a matter of fact, the
fatigue crack growth rate measured using triangle cycles at 0.5 Hz (1-1) or cycles including a dwell
time of 300 seconds (10-300-10) is nearly the same (Fig. 4).
Then the fatigue crack growth rate was determined for complex cycles, and plotted versus the
maximum stress intensity factor range of the complex cycle. These complex cycles are constructed
as follows : after a 10 seconds loading ramp, the sample is partially unloaded (by x% = 0%, 10% or
20%) and then either 5 or 10 secondary cycles are applied, before the sample is fully unloaded. This
type of cycle was also employed by previous authors, for instance, by Chassaigne et al. [15]. It is
observed that the fatigue crack growth rate per block measured when complex cycles are used is
about twice that obtained using (1-1) or (10-300-10) cycles.
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It is interesting to compare the predictions of this model with what would be predicted using a
more classical approach, namely the Paris law and a Rainflow counting method. With this
approach, the parameters of the Paris law are determined using the da dN − ΔK curve obtained
with triangular cycles (f=0.5 Hz, R=0.1) and then employed to predict the fatigue crack growth rate
for complex cycles (Fig. 4). The predicted crack growth rate is greater than the experimental one by
about a factor 5. As a matter of fact, with this approach, a secondary cycle is considered as fully
efficient, since its stress ratio is high enough to keep the crack open. Therefore the contribution of
secondary cycles to fatigue crack growth is overestimated.
On the contrary, using the model proposed herein the fatigue crack growth rate is successfully
predicted for complex cycles since a large part of a secondary cycle is considered as inefficient. As
a matter of fact, the crack growth rate da dt is proportional to the plasticity rate dρ I dt , therefore
when dρ I dt is null the crack does not grow. This happens when the crack is closed, but this
happens also during a secondary cycle, when the effective stress intensity factor range is below the
size of the elastic domain of the crack tip region (E in Fig. 1). Therefore, introducing an elastic
domain is analogous to introducing an intrinsic non propagation threshold stress intensity factor
range ΔK thint . These results confirm that at least two criteria should be fulfilled to get fatigue crack
∞
∞
int
growth, K Im
ax should be over K op and ΔK I should be over ΔK th . In this model, the current

values of K op and ΔK thint are calculated continuously during any variable amplitude loading scheme.
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Figure 4. Fatigue crack growth rate in CT specimens at 550°C in the N18 nickel base superalloy.
Symbols correspond to experiments and lines to predictions.
However, since the fatigue crack growth at high temperature is aimed to be modelled, the
phenomenon of oxidation that assists fatigue crack growth should also be considered [20-24]. This
mechanism is responsible, for instance, for the detrimental effect of dwell times at temperatures in
the N18 nickel base superalloy above 550°C [15-19]. As a matter of fact, the grain boundaries are
oxidized ahead of the crack tip. As a result, it is observed that the crack path changes from
transgranular to intergranular when a dwell time at maximum stress is added to the fatigue cycle.
This mechanism is thermally activated. Besides, the material is designed to develop a passivation
layer of oxides which protects the material against grain boundary oxidation. This second
mechanism is also thermally activated [15,19, 20-23].
Thus, at the beginning of a dwell time, grain boundary oxidation takes place at the crack tip and
the crack propagates, but as soon as the passivation layer has grown this propagation stops.
Consequently, it was shown, by Chassaigne et al. [15] that only the first seconds of a 300 sec dwell
time contribute to crack growth. However, if the crack tip is stretched the passivation layer breaks
and the competition between grain boundary embrittlement and the growth of a passivation layer
takes place again. Therefore a coupling effect appears between fatigue (mechanical loading) and
oxidation. This explains, in particular, why the crack growth rate is not only sensitive to the
duration of the fatigue cycle but also to its shape.

Page n° 12 / 25

This was demonstrated by Hochstetter et al. [19]. At 575°C, two types of cycles were used,
slow-fast and fast-slow cycles, with the same duration but a different shape. During a fast-slow
cycle, the passivation layer is broken during loading, but since the duration of the loading phase is
small the detrimental effect of the environment is reduced. Then, at unloading, the passivation layer
grows within a few second and protects the material during the rest of the unloading phase. On the
contrary, during a slow-fast cycle, the passivation layer breaks and grows continuously during the
loading phase. Since the duration of the loading phase is long in that case, oxidation can assist
fatigue crack growth. It is therefore observed that the crack growth rate is around twice as high
using slow-fast cycles than using fast-slow cycles at 575°C (Fig. 5).

Figure 5. Fatigue crack growth rate in CT specimens at 575°C in the N18 nickel base
superalloy [19]. Symbols correspond to experiments and lines to predictions.
These phenomena are modelled as follows. The crack growth rate is now the sum of two terms,
the first term is due to crack tip plasticity (Eq. 3) while the second term accounts for the
contribution of the time during which grain boundary oxidation takes place:

da ⎛ ∂a
=⎜
dt ⎜⎝ ∂ρ I

⎞ dρ I ∂a
dρ
∂a
⎟⎟
+
= α (T ) I +
∂t 1424
dt3 ∂t
⎠ dt

(4)

Eq .3

The global cyclic elastic-plastic constitutive model, which provides dρ I dt , is function of the
temperature through the dependency of the material cyclic elastic-plastic behaviour to the
temperature. Besides, the adjustable parameter α may also be function of the temperature. This
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parameter was determined using fatigue crack growth experiments for which the contribution of the
environment is assumed to be negligible (1-1 cycles). For this purpose, it was checked that the
crack path is transgranular during these experiments. The identification of α was performed
independently at 450°C, 550°C, 600°C and 650°C and then interpolated as a piecewise linear
function (Fig. 6).

Figure 6. Evolution of the coefficient α (Eq. 3) with temperature. α is adjusted for each
temperature so as the simulations coincide with experiments (R=0.1 and f=0.5Hz) for which the
crack path is transgranular.
Then, the second term of this equation (Eq. 4) corresponds to the contribution of grain boundary
embrittlement by the chemical environment to the fatigue crack growth rate. The physical
mechanisms at the origin of the coupling between fatigue and environment have been discussed by
other authors in previous publications [15,19,24]. In this paper, we propose very simple partial
derivative equations to represent these mechanisms and the experimental campaign that should be
performed so identify the parameters in these equations.
Since grain boundary embrittlement stems from a diffusion process, it was assumed to be
thermally activated (Eq. 5). Its activation energy Q corresponds to the activation energy of selfdiffusion in nickel at grain boundaries. This part of the fatigue crack growth equation accounts for
various effects of time, dwell time effects and frequency effects for instance.

∂a
⎛ Q ⎞
= m .β = m .β o exp⎜ −
⎟
∂t
⎝ kT ⎠

(5)

The contribution of the environment is assumed to be the product of two terms m and β . The
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crack growth rate β by grain boundary embrittlement, in the absence of any passivation layer, is
modulated by the variable m that stands for the state of that passivation layer. When m = 1 , the
passivation layer is broken, and the crack growth rate by grain boundary embrittlement is
maximum. When m = 0 , the passivation layer is thick enough to fully protect grain boundaries
against oxidation.
In between, three adjustable parameters are introduced so as to control the variations of m . A
first parameter R G is introduced to represent the growth rate of that passivation layer versus time
(Eq. 6):

∂m
= − R G .m
∂t

(6)

The easiest method to precisely identify this parameter, would be to compare the fatigue crack
growth rate for fatigue cycles with increasing dwell times (10-xx-10). In practice, we only had at
our disposal 1-1 cycles, 10-10 cycles and 10-300-10 cycles. However, previous results from J.C.
Chassaigne [15] allowed a more precise determination of the value of R G . In this study [15], the
authors have superimposed a mechanical cycle (10-300-10) with an air pressure cycle. The air
pressure is imposed during the dwell time, with a controlled duration.
Then, it is also assumed that the passivation layer is brittle. It breaks in tension and thickens in
compression. Therefore, a second parameter R F is introduced so as to model how the rupture of the
oxide layer increases the crack growth rate by grain boundary embrittlement. It is assumed that the
oxide layer breaks when the crack tip is stretched because of crack tip plasticity (Eq. 7). It happens
only at opening, when dρ I is positive.

dρ I ≥ 0 ⇒

∂m
∂m
= −R F .(1 − m ) , dρ I < 0 ⇒
=0
∂ρ I
∂ρ I

(7)

It is worth noting that Δρ I is found to increase with ΔK I during the simulation of a constant
amplitude fatigue crack growth experiment (using the global cyclic elastic plastic model for the
crack tip region). Therefore, the value chosen for RF in Eq. 7 modifies the slope of the simulated
da dN − ΔK curve in the Paris diagram, which was useful in identifying this parameter.

Finally, a third parameter RUL is also introduced to account for the variation of the thickness of
the oxide layer when it is elastically deformed (Eq. 8). Only the unloading phase is considered in
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this case:

dK I ≤ 0 ⇒

∂m
∂m
= RUL .m 2 , dρ I > 0 ⇒
=0
∂K I
∂K I

(8)

This last equation represents the beneficial effect of a partial underload before the application of
a dwell time on the fatigue crack growth. In order to identify the parameter RUL using fatigue crack
growth experiments, we had at our disposal the results of an experimental campaign at 550°C for
10-300-10 cycles with either a 10%, a 20% or a 30% underload before the dwell time is applied.
Finally, using the set of experimental results, it was possible to determine the various parameters
for temperatures ranging between 450°C and 650°C. RG and RF were determined at each
temperature and then were interpolated for intermediate temperatures by a thermally activated
function. The activation energy Q was found empirically using the values determined at 450°C,
550°C, 600°C and 650°C and its value is close to that given in the literature for the activation
energy of self-diffusion in nickel at grain boundary [25]. RUL was only determined at 550°C and
was assumed to be independent of the temperature.
This model was validated using complex isothermal fatigue crack growth experiments. For
instance, it was possible to reproduce the difference between fast-slow and slow-fast fatigue crack
growth experiments (Fig. 5) [19]. This result is interesting because the parameters were only
identified at 450°C, 550°C, 600°C and 650°C. 575°C is an intermediate temperature and allows
validation of the interpolation of the parameters. It also successfully reproduces the effect of the
shape of the fatigue cycle that was observed in the experiments, though this type of cycle was never
used during the identification phase.
In Fig. 7, the comparisons between some fatigue crack growth experiments performed at 550°C
and 650°C and the corresponding simulations are reported. The agreement is satisfactory for the
whole experimental database on CT samples.
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(a)

(b)
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(c)
Figure 7. Fatigue crack growth rate in CT specimens in the N18 nickel base superalloy. Symbols
correspond to experiments and lines to the simulations using this model. (a) complex cycles with 10
sec loading, 5 secondary cycles and 10 sec unloading at 550°C. (b) complex cycles with 10 sec
loading, 10% of unloading, 5 secondary cycles and 10 sec unloading at 550°C. (c) 1-1 cycles and
10-300-10 cycles at 650°C.
3.3 Validation
Finally, once the model is identified between 450°C and 650°C and validated for isothermal 1-1
cycles, 10-300-10 cycles and complex cycles in a database of experimental da dN − ΔK curves
obtained using CT specimens, it is also validated using more complex fatigue crack growth
experiments. Symmetric and non-symmetric double notched samples are used with quarter-elliptic
and semi-elliptic cracks, at 450°C, 550°C and 650°C.
For example, the information regarding the results plotted in Fig. 8 are gathered in Table 2. In
Fig. 8, the number of cycles to failure obtained in the experiments is plotted against the predicted
fatigue life.
The predictions of the model discussed in this paper (black symbols) are compared with those
obtained with a more conventional approach (empty symbols). That approach consists of a rainflow
counting method to extract fatigue cycles from a “mission”, then it uses the Paris law and the
Walker closure model to predict the fatigue crack growth rate for various stress ratios
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(da dN = C

fatigue ΔK eff

“pseudo-creep” law

) and finally the effect of dwell times is taken into account through a
(da dt = C K (t ) ) . Since that previous model was identified carefully

m _ fatigue

creep

m _ creep

using 1-1 cycles and 10-300-10 cycles at each temperature, for these cycles a good agreement with
the experiments is obtained either with the previous model or with the model proposed in this
paper.
On the contrary, when more complex cycles are used (Fig. 8), there is a clear improvement of
the predicted number of cycles by using the model proposed herein by comparison with the
previous model. This improvement is found either for quarter-elliptic or semi-elliptic cracks.

Cycle

loading 12 sec, 10% unloading 1 sec, 300 sec of dwell time, 4
cycles at 0.5 Hz and R=0.5, 12 sec unloading

Specimen
Non-symmetric double notched sample
Temperature

550°C, Fig. 8 (a)

Semi elliptical crack
650°C, Fig. 8 (b)

Table 2 : description of the experiments.

(a)
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(b)
Figure 8. Number of cycles predicted either using the model proposed herein (black symbols) or
using a more conventional approach which include a rainflow counting method, the Paris law and
the Walker equation for fatigue and a creep law to account for dwell times (empty symbols). (a)
550°C , (b) 650°C.
Finally, the model was also used to simulate non-isothermal fatigue crack growth experiments
performed on tubular specimens in the same material (Fig. 9a). Various problems arose. First of all,
if the model is used directly to simulate the experiments the agreement between the simulations and
the experiments is not satisfactory. A plane strain condition along the crack front was assumed from
the beginning, which is not valid for these tubular specimens. To solve this problem, the whole set
of parameters for the cyclic elastic-plastic model of the crack tip region was re-identified using the
same constitutive behaviour for the material but using a plane stress hypothesis instead of plane
strain during the finite element computations. Apart from these parameters, that can be re-identified
easily using FE computations, all the other parameters in the model were not modified.
With this new set of parameters it was possible to simulate the fatigue crack growth rate for a
non-isothermal cycle, which includes a loading ramp of 10 seconds, a partial unloading of 0%, 10%
or 20% of the maximum load, a dwell time of 300 seconds and finally an unloading ramp of 10
seconds. During this mechanical cycle the temperature is always kept at 450°C except during a
thermal peak of 20 seconds, that includes a thermal ramp of 10 seconds between 450°C and 650°C
followed by a cooling ramp of 10 seconds between 650°C and 450°C. The peak stress is reached
before the peak temperature is reached. The temperature is equal to 550°C, when the peak stress is
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reached. The temperature is measured using thermocouples positioned on the inner face and outer
face of the tubular sample near the hole used to initiate a crack.

(a)

(b)
Figure 9. (a) geometry of the tubular sample employed for the experiments. (b) fatigue crack
growth rates measured during non-isothermal fatigue crack growth experiments, for complex
cycles (empty symbols). These results are compared with the simulations (thick lines). The dotted
line is the reference isothermal test at 650°C and using a 10-300-10 loading cycle.
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The agreement between the simulations and the experiments is not satisfactory in this case.
There is a good prediction of the fatigue crack growth rate for a non-isothermal 10-300-10 cycle,
but the effect of a partial underloading at the beginning of the dwell time is not properly represented
by the model. The simulations, in this case, predict no difference in the fatigue crack growth rates
with the amount of underloading at the beginning of the dwell time, while a difference is observed
in the experiments. At the moment, it is not clear whether the model or the experiments should be
re-examined. In the future, it would be useful to setup an experiment which would be more
representative of the loading conditions in a turbine disk. In particular, a semi-elliptical crack at the
surface of a thick sample would be more representative and in this case the plane strain condition
along the crack front would apply. However, it is clear that controlling the temperature for such a
geometry is more complex than for tubular specimens. Besides, concerning the model, it is
questionable that the effect of a partial underload before the application of a dwell time is to be
attributed only to the thickening of the passivation layer of oxides during unloading. This approach
was successful for isothermal conditions, but other authors have attributed this effect to a local
closure effect [15] or to an effect of the viscous behaviour of the material at the crack tip.
Conclusions
An incremental model has been developed in order to predict fatigue crack growth under
variable amplitude loading conditions. The aim of the present research was to examine how to
extend the model to non-isothermal loading conditions and how to account for environmentally
assisted cracking.
The rate of creation of cracked area per unit length of the crack front da/dt is assumed to be the
sum of a term proportional to the rate of plastic deformation in the crack tip region and of a term
accounting for environmentally assisted cracking.
The first part of the model is developed partly using the FE method. A strategy is proposed to
transfer to the global scale the very detailed data generated using local FE computations in the
crack tip region. Then a simplified model is identified at the global scale that accounts for plasticity
induced history effects. This part of the model requires the identification of the constitutive
behaviour of the material (push-pull tests) and constant amplitude fatigue crack growth experiments
at a frequency high enough to avoid environmentally assisted cracking for various temperatures
within the operating temperature range. Then the parameters of the model were interpolated
between the identification temperatures, for use in non-isothermal and variable amplitude loading
conditions. It was shown that using this approach, the effect of secondary cycles superimposed with
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a dwell time on fatigue crack growth is successfully represented, in particular for high crack growth
rates.
The second part of the model aims at modelling the competition between crack growth by grain
boundary embrittlement ahead of the crack tip and the growth and fracture of a passivation layer of
oxides which is believed to reduce oxygen diffusion along grain boundaries and to protect the
material. This part was set up to improve the predictions of the model for low crack growth rates.
This competition was modelled by a thermally activated crack growth rate in absence of a
passivation layer, modulated by a variable, varying between 0 and 1, that stands for the state of the
passivation layer. It increases to one when the crack tip is stretched, because the passivation layer is
assumed to break in tension and decreases to zero progressively when time elapses, so as to account
for the growth of the passivation layer. This model allows modelling frequency effects, dwell time
effects and also the difference between fast-slow and slow-fast cycles in fatigue crack growth
experiments. A third equation was also added to account for the beneficial effect of a partial
unloading before the application of a dwell time, which was attributed to the thickening of the
passivation layer of oxides during an unloading phase. A good agreement was found under
isothermal conditions for fatigue cycles with a dwell time after a partial unloading, but this was not
the case for non-isothermal conditions. In the future, the experimental campaign should be enriched
so as to identify more precisely this coefficient.
The model was applied to constant amplitude and complex isothermal fatigue tests, for through
thickness, semi-elliptical and quarter-elliptical cracks leading to satisfactory results. It was also
applied to complex non-isothermal missions on industrial test components for which the results are
less satisfactory.
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