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HOLOMORPHIC ACTIONS OF HIGHER RANK LATTICES IN
DIMENSION THREE

SERGE CANTAT AND ABDELGHANI ZEGHIB

ABSTRACT. We classify all holomorphic actions of higher rank lattices
on compact Kähler manifolds of dimension 3. This provides a complete
answer to Zimmer’s program for holomorphic actions on compact Kähler
manifolds of dimension at most 3.

RÉSUMÉ. Nous classons les actions holomorphes des réseaux des groupes
de Lie semi-simple de rang au moins 2 sur les variétés complexes com-
pactes kählériennes de dimension 3. Ceci répond positivement au pro-
gramme de Zimmer pour les actions holomorphes en petite dimension.
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1. INTRODUCTION

1.1. Zimmer’s program and automorphisms.

This article is inspired by two questions concerning the structure of groups
of diffeomorphisms of compact manifolds.

The first one is part of the so called Zimmer’s program. LetG be a semi-
simple real Lie group. Thereal rank rkR(G) of G is the dimension of a
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maximal abelian subgroupA of G such that ad(A) acts by simultaneously
R-diagonalizable endomorphisms on the Lie algebrag of G. Let us suppose
that rkR(G) is at least 2; in that case, we shall say thatG is ahigher rank
semi-simple Lie group. LetΓ be a lattice inG; by definition,Γ is a discrete
subgroup ofG such thatG/Γ has finite Haar volume. Margulis superrigidity
theorem implies that all finite dimensional linear representations ofΓ are
built from representations in unitary groups and representations of the Lie
groupG itself. Zimmer’s program predicts that a similar picture should hold
for actions ofΓ by diffeomorphims on compact manifolds, at least when
the dimension of the manifold is close to the minimal dimension of non
trivial linear representations ofG (see [23] for an introduction to Zimmer’s
program).

The second problem that we have in mind concerns the structure of groups
of holomorphic diffeomorphisms, also calledautomorphisms. Let M be
a compact complex manifold of dimensionn. According to Bochner and
Montgomery [7, 9], the group of automorphismsAut(M) is a complex Lie
group, the Lie algebra of which is the algebra of holomorphicvector fields
on M. The connected component of the identityAut(M)0 can be studied by
classical means, namely Lie theory concerning the action ofLie groups on
manifolds. The group of connected components

Aut(M)♯ = Aut(M)/Aut(M)0

is much harder to describe, even for projective manifolds.
In this article, we provide a complete picture of all holomorphic actions

of latticesΓ in higher rank simple Lie groups on compact Kähler manifolds
M with dim(M) ≤ 3. The most difficult part is the study of morphismsΓ →
Aut(M) for which the natural projection ontoAut(M)♯ is injective. As a
consequence, we hope that our method will shed light on both Zimmer’s
program and the structure ofAut(M)♯.

1.2. Examples: Tori and Kummer orbifolds.

Let us give classical examples coming from carefully chosencomplex tori.

Example 1.1. Let E = C/Λ be an elliptic curve andn be a positive integer.
Let A be the torusEn = Cn/Λn. The groupAut(A) contains all affine trans-
formationsz 7→ B(z)+c whereB is in SLn(Z) andc is in A. The connected
componentAut(A)0 coincides with the group of translations. Similarly, ifΛ
is the lattice of integersOd in an imaginary quadratic number fieldQ(

√
d),

whered is a squarefree negative integer, thenAut(A) contains a copy of
SLn(Od).



HOLOMORPHIC ACTIONS ON K̈AHLER THREEFOLDS 3

Example 1.2. Starting with the previous example, one can changeΓ in a
finite index subgroupΓ0, and changeA into a quotientA/G whereG is a
finite subgroup ofAut(A) which is normalized byΓ0. In general,A/G is an
orbifold (a compact manifold with quotient singularities), and one needs to
resolve the singularities in order to get an action on a smooth manifoldM.
The second operation that can be done is blowing up finite orbits of Γ. This
provides infinitely many compact Kähler manifolds with actions of lattices
Γ ⊂ SLn(R) (resp.Γ ⊂ SLn(C)).

In these examples, the groupΓ is a lattice in a real Lie group of rank
(n−1), namelySLn(R) or SLn(C), andΓ acts on a manifoldM of dimen-
sionn. Moreover, the action ofΓ on the cohomology ofM has finite kernel
and a finite index subgroup ofΓ embeds inAut(M)♯. Since this kind of con-
struction is at the heart of the article, we introduce the following definition.

Definition 1.3. Let Γ be a group, andρ : Γ → Aut(M) a morphism into the
group of automorphisms of a compact complex manifoldM. This morphism
is aKummer example (or, equivalently, is ofKummer type) if there exists

• a birational morphismπ : M → M0 onto an orbifoldM0,
• a finite coverε : A→ M0 of M0 by a torusA, and
• a morphismη : Γ → Aut(A)

such thatε◦η(γ) = (π◦ρ(γ)◦π−1)◦ ε for all γ in Γ.

The name Kummer comes from the fact that the orbifoldsA/G, G a finite
group, are known asKummer orbifolds . Examples 1.1 and 1.2 are both
Kummer examples. IfA = Cn/Λ is a torus of dimensionn, every element
of Aut(A) is induced by an affine transformation ofCn. Hence, actions of
Kummer type are covered by affine actions onCdim(M).

1.3. Groups and lattices.

Before stating our results, a few classical definitions needto be given. Let
H be a group. A property is said to holdvirtually for H if a finite index
subgroup ofH satisfies this property. For example, an action of a groupΓ on
a compact complex manifoldM is virtually a Kummer example if this action
is of Kummer type after restriction to a finite index subgroupΓ0 of Γ.

A connected real Lie groupG is said to bealmost simpleif its center is
finite and its Lie algebrag is a simple Lie algebra. LetG be a connected
semi-simple real Lie group with finite center; thenG is isogenous to a prod-
uct of almost simple Lie groupsGi . The groupsGi are thefactors of G. A
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lattice Γ in G is said to beirreducible when its projection on every sim-
ple factor ofG is dense. Ahigher rank lattice is a lattice in a connected
semi-simple real Lie groupG with finite center and rankrkR(G) ≥ 2.

1.4. Main results.

Let Γ be an irreducible lattice in a higher rank almost simple Lie group.
As we shall see, all holomorphic faithful actions ofΓ on connected compact
Kähler manifolds of dimension 1 or 2 are actions on the projective plane
P

2(C) by projective transformations. As a consequence, we mostlyconsider
actions on compact Kähler manifolds of dimension 3.

Theorem A. Let G be a connected semi-simple real Lie group with finite
center and without nontrivial compact factor. LetΓ be an irreducible lattice
in G. Let M be a connected compact Kähler manifold of dimension3, and
ρ : Γ → Aut(M) be a morphism. If the real rank of G is at least2, then one
of the following holds

• the image ofρ is virtually contained in the connected component of
the identityAut(M)0, or

• the morphismρ is virtually a Kummer example.

In the second case, G is locally isomorphic toSL3(R) or SL3(C) and Γ is
commensurable toSL3(Z) or SL3(Od), whereOd is the ring of integers in
an imaginary quadratic number fieldQ(

√
d) for some negative integer d.

Remark 1.4. In the Kummer case, the action ofΓ on M comes virtually
from a linear action ofΓ on a torusA. We shall prove thatA is isogenous
to the productB×B×B, whereB is an elliptic curve; for example, one can
takeB = C/Od if Γ is commensurable toSL3(Od).

When the image ofρ is virtually contained inAut(M)0, one gets a mor-
phism from a sublatticeΓ0⊂Γ to the connected complex Lie groupAut(M)0.
If the image is infinite, one can then find a non trivial morphism of Lie groups
from G to Aut(M)0, and use Lie theory to describe all types of manifoldsM
that can possibly arise. This leads to the following result.

Theorem B.Let G be a connected, almost simple, real Lie group with rank
rkR(G) ≥ 2. Let Γ be a lattice in G. Let M be a connected compact Kähler
manifold of dimension3. If there is a morphismρ : Γ → Aut(M) with infinite
image, then M has a birational morphism onto a Kummer orbifold, or M is
isomorphic to one of the following

(1) a projective bundleP(E) for some rank2 vector bundle E→ P
2(C),

(2) a principal torus bundle overP2(C),
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(3) a productP2(C)×B of the plane by a curve of genus g(B) ≥ 2,
(4) the projective spaceP3(C).

In all cases, G is locally isomorphic toSLn(K) with n= 3 or 4 andK = R
or C.

One feature of our article is that we do not assume that the group Γ ⊂
Aut(M) preserves a geometric structure or a volume form. The existence of
invariant structures comes as a byproduct of the classification. For example,
section 9.2 shows that any holomorphic action of a lattice ina higher rank
simple Lie groupG on a compact Kähler threefold either extends virtually
to an action ofG or preserves a volume form (this volume form may have
poles, but is locally integrable).

Both theorem A and theorem B can be extended to arbitrary semi-simple
Lie groupsG with rkR(G)≥ 2. Section 9.4 explains how to remove the extra
hypothesis concerning the center and the compact factors ofG. The literature
on lattices in semi-simple Lie groups almost always assume thatG has finite
center and no compact factor; this is the reason why we first focus on more
restrictive statements.

1.5. Organization of the paper.

Section 4 explains how to deduce theorem B from theorem A. Letus now
sketch the proof of theorem A and describe the organization of the paper.
Let Γ andM be as in theorem A.

(1) Section 2 describes Lieberman-Fujiki results, Hodge index theorem,
and classical facts concerning lattices, including Margulis superrigidity the-
orem. Assuming that the image ofΓ in Aut(M) is not virtually contained in
Aut(M)0, we deduce that the action ofΓ on the cohomology ofM extends
virtually to a linear representation

(∗) G→ GL(H∗(M,R)),

preserving the Hodge structure, the Poincaré duality, andthe cup product.

(2) Section 3 describes the geometry of possibleΓ-invariant analytic subsets
of M. In particular, there is noΓ-invariant curve and allΓ-periodic surfaces
can be blown down simultaneously by a birational morphism

π : M → M0

onto an orbifold. This section makes use of basic fundamental ideas from
holomorphic dynamics and complex algebraic geometry.
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(3) Section 5 classifies linear representations ofG on the cohomology of a
compact Kähler threefold, as given by the representation(∗). It turns out that
G must be locally isomorphic toSL3(R) or SL3(C) when this representation
is not trivial. The proof uses highest weight theory for linear representations
together with Hodge index theorem.

(4) In section 6 and 7, we assume thatG is locally isomorphic toSL3(R).
The representation ofG on the vector space

W := H1,1(M,R)

and the cup product∧ fromW×W to its dualW∗ = H2,2(M,R) are described
in section 6. The representationW splits as a direct sum of a trivial factorTm

of dimensionm, k copies of the standard representation ofG onE = R3, and
one copy of the representation on the space of quadratic forms Sym2(E

∗).
We then study the position ofH2(M,Z) with respect to this direct sum, and
show that it intersects Sym2(E

∗) on a cocompact lattice. Section 6 ends
with a study of the Kähler cone ofM. This cone isΓ-invariant, but is not
G-invariant a priori.

(5) Section 7 shows that the trivial factorTm is spanned by classes ofΓ-
periodic surfaces. In particular, the mapπ : M → M0 contractsTm. To prove
this, one pursues the study of the Kähler, nef, and big cones. This requires a
characterization of Kähler classes due to Demailly and Paun.

(6) The conclusion follows from the following observation:On M0, both
Chern classesc1(M) andc2(M) vanish, and this ensures thatM0 is a Kummer
orbifold. One then prove thatΓ is commensurable toSL3(Z).

(7) Section 8 concerns the case whenG is locally isomorphic toSL3(C).
We just give the main lemmas that are needed to adapt the proofgiven for
SL3(R). All together, this concludes the proof of theorem A.

1.6. Notes and references.

This article is independant from [11], but may be consideredas a compan-
ion to this article in which the first author proved that a lattice in a simple
Lie groupG can not act faithfully by automorphisms on a compact Kähler
manifoldM if rkR(G) > dimC(M).

Several arguments are inspired by previous works concerning actions of
lattices by real analytic transformations (see [25], [20, 22]), or morphisms
from lattices to mapping class groups (see [21, 19]).
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Concerning actions of lattices on tori, the interesting reader may consult
[31, 32, 6]. These references contain interesting examplesthat can not ap-
pear in the holomorphic setting. A nice introduction to Zimmer’s program is
given in [23].

1.7. Aknowledgments.

Thanks to Bachir Bekka, David Fisher,Étienne Ghys, Antonin Guilloux,
Yves Guivarch, François Maucourant, and Dave Morris for useful discus-
sions.

2. AUTOMORPHIMS, RIGIDITY, AND HODGE THEORY

In this section, we collect important results from Hodge theory and the
theory of discrete subgroups of Lie groups, which will be used systematically
in the next sections.

In what follows,M is a compact Kähler manifold. Unless otherwise spec-
ified, M is assumed to be connected.

2.1. Automorphims.

As explained in the introduction,Aut(M) is a complex Lie group, but the
groupAut(M)♯ of its connected components can be infinite, as in example
1.1. The following theorem shows thatAut(M)♯ embeds virtually into the
linear groupGL(H2(M,R)), and thus provides a way to study it.

Theorem 2.1 (Lieberman, Fujiki, see [36]). Let M be a compact K̈ahler
manifold. Letκ be the cohomology class of a Kähler form on M. The con-
nected component of the identityAut(M)0 has finite index in the stabilizer of
κ in Aut(M).

2.2. Hodge structure.

2.2.1. Hodge decomposition.Hodge theory implies that the cohomology
groupsHk(M,C) decompose into direct sums

Hk(M,C) =
M

p+q=k

H p,q(M,C),

where cohomology classes inH p,q(M,C) are represented by closed forms
of type (p,q). This bigraded structure is compatible with the cup product.
Complex conjugation permutesH p,q(M,C) with Hq,p(M,C). In particular,
the cohomology groupsH p,p(M,C) admit a real structure, the real part of
which isH p,p(M,R) = H p,p(M,C)∩H2p(M,R). If κ is a Kähler class (i.e.
the cohomology class of a Kähler form), thenκp ∈ H p,p(M,R) for all p.
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2.2.2. Dimension three.Let us now assume thatM has dimension 3. In what
follows, we shall denote byW the cohomology groupH1,1(M,R). Poincaré
duality provides an isomorphism betweenH2,2(M,R) andW∗, which is de-
fined by

〈α|β〉 =

Z

M
α∧β

for all α∈H2,2(M,R) andβ∈W. Modulo this isomorphism, the cup product
defines a symmetric bilinear application

∧ :

{

W×W → W∗

(β1,β2) 7→ β1∧β2

Lemma 2.2(Hodge Index Theorem). If ∧ vanishes identically along a sub-
space V of W, the dimension of V is at most1.

Proof. Let V be a linear subspace ofW along which∧ vanishes identically:
α∧β = 0, for all α andβ in V. Let κ ∈ W be a Kähler class. LetQκ be the
quadratic form which is defined onW by

Qκ(α1,α2) = −
Z

M
α1∧α2∧κ,

andP1,1(κ) be the orthogonal complement ofκ with respect to this quadratic
form:

P1,1(κ) = {β ∈W ; Qκ(β,κ) = 0} .

Sinceκ is a Kähler class,κ∧ κ is different from 0 andP1,1(κ) has codi-
mension 1 inW. Hodge index theorem implies thatQκ is positive definite on
P1,1(κ) (see [44], theorem 6.32). In particular,P1,1(κ) does not intersectV,
and the dimension ofV is at most 1. �

2.3. Classical results concerning lattices.

Let us list a few important facts concerning lattices in Lie groups. The
reader may consult [43] and [4] for two nice introductions tolattices. One
feature of the theory of semi-simple Lie groups is that we canswitch view-
point from Lie groups to linear algebraic groups. We shall use this almost
permanently.

2.3.1. Borel and Harish-Chandra (see[4, 43]). Let G be a linear algebraic
group defined over the field of rational numbersQ. Let Gm denote the mul-
tiplicative group. IfG does not have any characterG→ Gm defined overQ,
the group of integer pointsG(Z) is a lattice inG. If there is no morphism
Gm → G defined overQ, this lattice is cocompact.
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2.3.2. Borel density theorem (see[43], page 37, or[4]). Let G be a linear al-
gebraic semi-simple Lie group with no compact normal subgroup of positive
dimension. IfΓ is a lattice inG, thenΓ is Zariski-dense inG.

2.3.3. Proximality (see[5], appendix).Let G be a real reductive linear al-
gebraic group andP be a minimal parabolic subgroup ofG. An elementg in
G is proximal if it has an attractive fixed point inG/P. For example, when
G = SLn(R), an element is proximal if and only if its eigenvalues aren real
numbers with pairwise distinct absolute values.

Let Γ be a Zariski dense subgroup ofG. Then, the set of proximal elements
γ in Γ is Zariski dense inG. More precisely, whenG is not commutative,
there exists a Zariski dense non abelian free subgroupF < Γ such that all
elementsγ in F \{Id} are proximal.

2.3.4. Limit sets (see[39], lemma 8.5).Let G be a semi-simple analytic
group having no compact normal subgroup of positive dimension. LetP be
a parabolic subgroup ofG. If Γ is a lattice inG, the closure ofΓP coincides
with G: ΓP = G. In particular, ifΓ is a lattice inSL3(K), K = R or C, all
orbits ofΓ in P

2(K) are dense.

2.3.5. Kazhdan property(T) (see[14, 3]). We shall say that a topological
groupF has Kazhdan property (T) ifF is locally compact and every continu-
ous action ofF by affine unitary motions on a Hilbert space has a fixed point
(see [3] for equivalent definitions). IfF has Kazhdan property (T) andΛ is a
lattice inF, thenΛ inherits property (T). IfG is a simple real Lie group with
rank rkR(G) ≥ 2, thenG and all its lattices satisfy Kazhdan property(T);
moreover, the same property holds for the universal covering of G.

If F is a discrete group with property (T), then

• F is finitely generated;
• every morphism fromF to GL2(k), k any field, has finite image (see

[29] and [48]);
• every morphism fromΓ to a solvable group has finite image.

Lemma 2.3. Every morphism from a discrete Kazhdan group F to the group
of automorphisms of a compact Riemann surface has finite image.

Proof. The automorphisms group of a connected Riemann surfaceX is either
finite (when the genusg(X) is > 1), virtually abelian (wheng(X) = 1), or
isomorphic toPGL2(C). �

2.4. Margulis superrigidity and action on cohomology.
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2.4.1. Superrigidity. The following theorem is one version of the super-
rigidity phenomenum for linear representations of lattices (see [37] or [43]).

Theorem 2.4(Margulis). Let G be a semi-simple connected Lie group with
finite center, with rank at least2, and without non trivial compact factor. Let
Γ ⊂ G be an irreducible lattice. Let h: Γ → GL k(R) be a linear representa-
tion ofΓ.

The Zariski closure of h(Γ) is a semi-simple Lie group; if this Lie group
does not have any infinite compact factor, there exists a continuous repre-
sentationĥ : G→ GL k(R) which coincides with h on a finite index subgroup
of Γ.

In other words, if the Zariski closure ofh(Γ) does not have any non trivial
compact factor, thenh virtually extends to a linear representation ofG.

Remark 2.5. Similar results hold also for representations of lattices inSp(1,n)
andF4 (see [13]).

Corollary 2.6. If the representation h takes values into the groupGL k(Z)
and has an infinite image, then h extends virtually to a continuous represen-
tation of G with finite kernel.

If G is a linear algebraic group, any continuous linear representation of
G on a finite dimensional vector space is algebraic. As a consequence, up
to finite indices, representations ofΓ into GL k(Z) with infinite image are
restrictions of algebraic linear representations ofG.

2.4.2. Normal subgroups (see[37] or [43]). According to another result of
Margulis, if Γ is an irreducible higher rank lattice, thenΓ is almost simple:
All normal subgroups ofΓ are finite or cofinite (i.e. have finite index inΓ).

In particular, if α : Γ → H is a morphism of groups, eitherα has finite
image, orα is virtually injective, which means that we can change the lattice
Γ in a sublatticeΓ0 and assume thatα is injective.

2.4.3. Action on cohomology groups.From Margulis superrigidity and Lie-
berman-Fujiki theorem, one gets the following proposition.

Proposition 2.7. Let G andΓ be as in theorem 2.4. Letρ : Γ → Aut(M)
be a representation into the group of automorphisms of a compact Kähler
manifold M. Letρ∗ : Γ → GL(H∗(M,Z)) be the induced action on the coho-
mology ring of M.

a.- If the image ofρ∗ is infinite, thenρ∗ virtually extends to a represen-
tation ρ̂∗ : G→ GL(H∗(M,R)) which preserves the cup product and
the Hodge decomposition.
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b.- If the image ofρ∗ is finite, the image ofρ is virtually contained in
Aut(M)0.

Hence, to prove theorem A, we can assume that the action of thelatticeΓ
on the cohomology ofM extends to a linear representation ofG.

Proof. In the first case, Margulis superrigidity implies that the morphism
ρ∗ extends to a linear representationρ̂∗ of G. SinceΓ acts by holomorphic
diffeomorphisms onM, Γ preserves the Hodge decomposition and the cup
product. Since lattices of semi-simple Lie groups are Zariski dense (see
§2.3.2), the same is true for̂ρ∗(G).

The second assertion is a direct consequence of theorem 2.1 �

For compact Kähler threefolds, section 2.2.2 shows that the Poincaré du-
ality and the cup product define a bilinear map∧ onW = H1,1(M,R) with
values into the dual spaceW∗.

Lemma 2.8. In case (a) of proposition 2.7, the bilinear map∧ : W×W →
W∗ is G-equivariant:

(ρ̂∗(g)α)∧ (ρ̂∗(g)β) = (ρ̂∗(g))∗(α∧β)

for all α, β in W.

2.4.4. Notations. In the proof of theorem A, we shall simplify the notation,
and stop refering explicitly toρ, ρ∗, ρ̂∗. If the action ofΓ on W extends
virtually to an action ofG, this action is denoted by(g,v) 7→ g(v). This
representation preserves the Hodge structure, the Poincaré duality and the
cup product.

2.5. Dynamical degrees and Hodge decomposition.

2.5.1. Dynamical degrees (see[27, 28] and [18]). Let f be an automor-
phism of a compact Kähler manifoldM. Let 1≤ p≤ dim(M) be a positive
integer. The dynamical degree off in dimensionp is the spectral radius of

f ∗ : H p,p(M,R) → H p,p(M,R).

We shall denote it bydp( f ). One easily shows thatdp( f ) coincides with the
largest eigenvalue off ∗ on H p,p(M,R). Hodge theory also implies that the
following properties are equivalent:

(i) one of the dynamical degreesdp( f ), 1 ≤ p ≤ dim(M)−1, is equal
to 1;

(ii) all dynamical degreesdp( f ) are equal to 1;
(iii) the spectral radius off ∗ : H∗(M,C) → H∗(M,C) is equal to 1.
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From theorems due to Gromov and Yomdin follows that the topological
entropy of f : M → M is equal to the maximum of the logarithms log(dp( f ))
(see [26]).

2.5.2. Invariant fibrations.Let us now assume thatf : M → M is an auto-
morphism of a compact Kähler manifoldM, thatπ : M 99K B is a meromor-
phic fibration, and thatf permutes the fibers ofπ, by which we mean that
there is a bimeromorphic mapg : B 99K B such thatπ ◦ f = g◦ π. In this
setting, one can define dynamical degreesdp( f |π) along the fibers ofπ and
dynamical degrees forg on B, and relate all these degrees to those off (see
[18]).

Theorem 2.9(Dinh and Nguyen). Under the previous assumptions, the dy-
namical degrees satisfy dp( f ) = maxi+ j=p(di(g)d j( f |π)) for all 0 ≤ p ≤
dim(M).

2.5.3. Dynamical degrees for actions of lattices.Let us now consider an
action of an irreducible higher rank latticeΓ on a compact Kähler manifold
M, and assume that the action ofΓ on the cohomology ofM does not factor
through a finite group. Then, according to proposition 2.7, the action ofΓ on
H1,1(M,R) extends virtually to a non trivial linear representation ofthe Lie
groupG. In particular, there are elementsγ in Γ such that the spectral radius
of

γ∗ : H1,1(M,R) → H1,1(M,R)

is larger than 1 (see [11],§3.1 for more precise results). This remark and the
previous theorem of Dinh and Nguyen provide obstructions for the existence
of meromorphic fibrationsπ : M 99K B that can beΓ-invariant. We shall use
this fact in the next section.

3. INVARIANT ANALYTIC SUBSETS

This section classifies possibleΓ-invariant analytic subspacesZ ⊂ M,
whereΓ is a discrete Kazhdan group, or a higher rank lattice in a simple
Lie group, acting faithfully on a (connected) compact Kähler threefoldM.

3.1. Fixed points and invariant curves.

Theorem 3.1. Let Γ be a discrete group with Kazhdan property(T), and
Γ → Aut(M) be a morphism into the group of automorphisms of a connected
compact K̈ahler threefold M. If the fixed points set ofΓ in M is infinite, the
image ofΓ in Aut(M) is finite.



HOLOMORPHIC ACTIONS ON K̈AHLER THREEFOLDS 13

Proof. The set of fixed points ofΓ is the set

{m∈ M |γ(m) = m, ∀γ ∈ Γ}.

SinceΓ acts holomorphically, this set is an analytic subset ofM; we have
to show that its dimension is 0. Let Z be an irreducible component of this
set with positive dimension, andp be a smooth point ofZ. Since p is a
fixed point, we get a linear representationD : Γ → GL(TpM) defined by the
differential atp

D : γ 7→ Dpγ.

If Z has dimension 1, thenD takes its values in the pointwise stabilizer of
a line. This group is isomorphic to the semi-direct productSL2(C)⋉ C2. If
Z has dimension 2, D takes its values in the pointwise stabilizer of a plane.
This group is solvable. SinceΓ has property (T), the image ofD must be
finite (see§2.3.5), so that all elements in a finite index subgroupΓ0 of Γ are
tangent to the identity arp. For everyk > 1, the group ofk-jets of diffeomor-
phisms which are tangent to the identity at orderk−1 is an abelian group,
isomorphic to the sum of three copies of the group of homogenous polyno-
mials of degreek (in 3 variables). SinceΓ0 has property(T), there is no non
trivial morphism fromΓ0 to such an abelian group, and the Taylor expansion
of every element ofΓ0 at p is trivial. Since the action ofΓ0 is holomorphic
andM is connected,Γ0 acts trivially onM, and the morphismΓ → Aut(M)
has finite image. �

Corollary 3.2. If Γ is an infinite discrete Kazhdan group acting faithfully
on a connected compact Kähler threefold M, there is noΓ-invariant curve
in M.

Proof. Let C be an invariant curve. ReplacingΓ by a finite index subgroup,
we can assume thatΓ preserves all connected componentsCi of C. The con-
clusion follows from the previous theorem and lemma 2.3. �

3.2. Invariant surfaces.

Theorem 3.3(see [11, 12]). Any holomorphic action with infinite image of a
discrete Kazhdan groupΓ on a compact K̈ahler surface S is holomorphically
conjugate to an action onP2(C) by projective transformations.

We just sketch the proof of this result. Complete details aregiven in [12]
in a more general context, namely actions by birational transformations (see
also [11] for hyperkähler manifolds).



HOLOMORPHIC ACTIONS ON K̈AHLER THREEFOLDS 14

Sketch of the proof.Let Γ be a Kazhdan group, acting on a compact Kähler
surfaceS. The action ofΓ on H1,1(M,R) preserves the intersection form.
Hodge index theorem asserts that this quadratic form has signature(1,ρ−1),
where ρ is the dimension ofH1,1(M,R). Let K (S) ⊂ H1,1(S,R) be the
Kähler cone, i.e. the open convex cone of cohomology classes of Kähler
forms of S. This cone isΓ-invariant and is contained in the cone of coho-
mology classes with positive self intersection. The fixed point property for
actions of Kazhdan groups on hyperbolic spaces implies thatthere exists
a Kähler class[κ] which is Γ-invariant (see lemma 2.2.7 page 78 in [3]).
Lieberman-Fujiki theorem now implies that the image of a finite index sub-
groupΓ0 of Γ is contained in the connected Lie groupAut(S)0. In particular,
all curves with negative self intersection onS areΓ0-invariant, so that we
can blow down a finite number of curves inSand get a birational morphism
π : S→S0 onto a minimal model ofSwich isΓ0-equivariant:π◦γ = Ψ(γ)◦π
whereΨ : Γ0 → Aut(S0)

0 is a morphism.
From lemma 2.3, we know thatΨ(Γ0) is finite as soon as it preserves a

fibrationS→ B, with dim(B) = 1. Let us now use this fact together with a
little bit of the classification of compact complex surfaces(see [2]).

If the Kodaira dimension kod(S0) is equal to 2, then Aut(S0) is finite.
We can therefore assume that kod(S0) ∈ {1,0,−∞}. If kod(S0) = 1, thenS0

fibers over a curve in anAut(S0)-equivariant way (thanks to the Kodaira-
Iitaka fibration), andΨ(Γ0) must be finite. If kod(S0) = 0, thenAut(S0)

0

is abelian, so that the image ofΓ0 in Aut(S0) is also finite (see§2.3.5). Let
us now assume that kod(S0) = −∞. If S0 is a ruled surface over a curve of
genusg(B) ≥ 1, the ruling is an invariant fibration over the baseB. If S0

is an Hirzebruch surface,Aut(S0) also preserves a non trivial fibration in
this case. In both cases,Ψ(Γ0) is finite. The unique remaining case is the
projective plane. In particular, if the image ofΓ in Aut(S) is infinite, thenS0

is isomorphic toP2(C).
Let us now assume thatS0 = P

2(C), so thatΨ(Γ0) is a Kazhdan subgroup
of PGL3(C). The set of critical values ofπ is a Γ0-invariant subset ofS0.
If this set is not empty,Ψ(Γ0) is contained in a strict, Zariski closed sub-
group ofPGL3(C). All morphisms from a discrete Kazhdan group to such a
subgroup ofPGL3(C) have finite image (see§2.3.5). As a consequence, the
critical locus ofπ is empty, andπ is an isomorphism fromS to P

2(C). �

Corollary 3.4. Let M be a connected compact Kähler threefold, andΓ ⊂
Aut(M) be a discrete Kazhdan group. Let S⊂ M be aΓ-invariant surface.
Then S is smooth and all its connected components are isomorphic toP

2(C).
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Proof. Let us assume that the singular locus ofS is not empty. Then, this set
must have dimension 0 (corollary 3.2). Letp be such a singular point andΓ0

be the finite index subgroup ofΓ fixing p. The differential

γ 7→ Dp(γ)

provides a morphismD : Γ0 → GL(TpM) which preserves the tangent cone
to Sat p. This cone defines a curve inP(TpM) which is invariant under the
linear action ofΓ0. Lemma 2.3 shows thatΓ0 acts trivially on this curve,
and therefore on the cone. As a consequence, the morphismD is trivial.
The proof of theorem 3.1 now provides a contradiction. It follows thatS is
smooth. Theorems 3.3 and 3.1 imply that the connected components ofSare
isomorphic toP2(C). �

Theorem 3.5.Let M be a compact K̈ahler manifold of dimension3. Assume
thatAut(M) contains a subgroupΓ such that

(i) Γ is an infinite discrete Kazhdan group;
(ii) there is an elementγ in Γ with a dynamical degree dp(γ) > 1.

If Z is a Γ-invariant analytic subset of M, it is made of a finite union of
isolated points and a finite union of disjoint smooth surfaces Si ⊂ M that are
all isomorphic to the projective plane. Moreover, all of them are contractible
to quotient singularities.

Remark 3.6. More precisely, we shall prove that each componentSi can be
blown down to a singularity which is locally isomorphic to the quotient of
C3 by scalar multiplication by a root of unity.

Remark 3.7. We shall apply this result and its corollaries for lattices in
higher rank simple Lie groups in section 7.

Proof. From corollary 3.2 we know thatZ is made of surfaces and isolated
points, and corollary 3.4 shows that all connected, 2-dimensional compo-
nents ofZ are smooth projective planes. LetSbe one of them. LetNS be its
normal bundle, and letr be the integer such thatNS≃ O (r). Let L be the line
bundle onM which is defined byS. The adjunction formula shows thatNS is
the restrictionL|S of L to S.

If r > 0, thenS moves in a linear system|S| of positive dimension (see
[30]); equivalently, the space of sectionsH0(M,L) has dimension≥2. More-
over the line bundleL|S≃ O (r) is very ample, so that the base locus of the
linear system|S| is empty. As a consequence, this linear system determines
a well defined morphism

ΦL : M → P(H0(M,L)∗)
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whereΦL(x) is the linear form which maps a sections of L to its value
at x (this is well defined up to a choice of a coordinate along the fiber Lx,
i.e. up to a scalar multiple). The self intersectionL3 being positive, the
dimension ofΦL(M) is equal to 3 andΦL is generically finite. SinceS is
Γ-invariant,Γ permutes linearly the sections ofL. This gives a morphism
η : Γ → PGL(H0(M,L)∗) such thatΦL ◦ γ = η(γ) ◦ΦL for all γ in Γ. Let
γ be an element ofΓ. The action ofη(γ) on ΦL(M) is induced by a lin-
ear mapping. This implies that(η(γ))∗ has finite order on the cohomology
groups ofΦL(M). SinceΦL is generically finite to one, all eigenvalues ofγ
onH1,1(M,R) have modulus 1 (theorem 2.9), contradicting assumption (ii).

Let us now assume thatr = 0. From [35], we know thatS moves in a
pencil of surfaces. In other words,H0(M,L) has dimension 2 and defines a
holomorphic fibrationΦL : M → B whereB is a curve. This fibration isΓ-
invariant, and replacingΓ by a finite index subgroup, we can assume that the
action on the baseB is trivial (lemma 2.3). All fibers ofΦL areΓ-invariant
surfaces and, as such, are smooth projective planes. This implies thatΦL is
a locally trivial fibration: There is a coveringUi of B such thatΦ−1

L (Ui) is
isomorphic toUi ×P

2(C). In such coordinates,Γ acts by

γ(u,v) = (u,Au(γ)(v))
where(u,v) ∈ Ui ×P

2(C) andu 7→ Au is a one parameter representation of
Γ into Aut(P2(C)). Once again, theorem 2.9 implies that all eigenvalues of
γ onH1,1(M,R) have modulus 1 (see [18]), a contradiction.

As a consequence, the normal bundleNS is isomorphic toO (r) with r < 0.
Grauert’s theorem shows thatScan be blown down to a quotient singularity
of type(C3,0)/ξ whereξ is a root of unity of orderr. �

Corollary 3.8. If M and Γ are as in theorem 3.5, there is noΓ-equivariant
fibration p: M → B with dim(B) ∈ {1,2}.
Proof. If there is such a fibration with dim(B) = 1, then the action ofΓ on the
baseB is virtually trivial, and the fibers are virtually invariant. We then get
a contradiction with the previous theorem. If the dimensionof B is 2, then
two cases may occur. The action ofΓ on the base is virtually trivial, and
we get a similar contradiction, orB is isomorphic to the plane andΓ acts by
projective transformations on it. Once again, the contradiction comes from
theorem 2.9. �

3.3. Albanese variety and invariant classes.

The Picard variety Pic0(M) is the torusH1(M,O )/H1(M,Z) parametriz-
ing line bundles with trivial first Chern class (see [44], section 12.1.3). If this
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torus is reduced to a point, the trivial line bundle is the unique line bundle
on M with trivial first Chern class. If its dimension is positive,the first Betti
number ofM is positive; in that case, the Albanese map provides a morphism
α : M → AM, whereAM is the torusH0(M,Ω1

M)∗/H1(M,Z), of dimension
b1(M)/2 (see [44]). This map satisfies a universal property with respect to
morphisms fromM to tori.

Proposition 3.9. Let M andΓ be as in theorem 3.5. If Pic0(M) has positive
dimension, the Albanese mapα : M → AM is a birational morphism.

Remark 3.10. WhenM is a torusC3/Λ, Γ acts by affine transformations on
it, because every automorphism of a torus lifts to an affine transformation of
its universal coverC3.

Proof. If Pic0(M) has positive dimension, the image of the Albanese map
α has dimension 1, 2, or 3. From the universal property of the Albanese
variety,Γ acts onAM andα is Γ-equivariant. Corollary 3.8 implies that the
image ofα has dimension 3, so thatα has generically finite fibers.

Let V be the image ofα. EitherV has general type, orV is degenerate,
i.e. V is invariant under translation by a subtorusK ⊂ A with dim(K) ≥ 1
(see [15], chapter VIII). In the first case, the action ofΓ on V, and then
on M, would factor through a finite group, a contradiction. In the second
case, we may assume thatK is connected and dim(K) is maximal among
all subtori preservingV. Then,Γ preserves the fibration ofV by orbits ofK.
From corollary 3.8, we deduce thatV coincides with one orbit, so thatV is
isomorphic to the torusK. SinceV is a torus, it coincides with the Albanese
variety AM and α is a ramified covering. SinceAM does not contain any
projective plane, the ramification locus ofα is empty (theorem 3.5), andα is
a birational morphism. �

Corollary 3.11. If Z is an effective divisor, the homology class of which is
Γ-invariant, then Z is uniquely determined by its homology class and Z is
Γ-invariant.

Proof. Let Z be a divisor, and letL be the line bundle associated toZ. A
divisor Z′ is the zero set of a holomorphic section ofL if and only if Z′ is
linearly equivalent toZ. Since Pic0(M) is trivial (proposition 3.9), the line
bundleL is determined by the homology class[Z].

If Γ preservesZ, then Γ linearly permutes the sections ofL. Let now
ΦL : M 99K P(H0(M,L)∗) be the rational map defined byL. This map is
Γ equivariant:ΦL ◦ γ = tη(γ) ◦ΦL whereη(γ) denotes the linear action of
γ ∈ Γ on the space of sections ofL. From corollary 3.8, we know that the
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image ofΦL has dimension 0 or 3, and since there are elements inΓ with
degreesdp(γ) > 1, the dimension must be 0 (see the proof of theorem 3.5).
This implies thatL has a unique section up to a scalar factor, which means
that the divisorZ is uniquely determined by its homology class. This implies
thatZ is Γ-invariant. �

3.4. Contracting invariant surfaces.

From section 3.2, we know that everyΓ-invariant or periodic surfaceS⊂
M is a disjoint union of copies of the projective planeP

2(C). Let Si , i =
1, ...,k, beΓ-periodic planes, andO j , j = 1, ..., l , be the orbits of these planes.
If the numberl is bigger than the dimension ofH2(M,Z), there is a linear
relation between their cohomology classes[Oi], that can be written in the
form

∑
i∈I

ai [Oi] = ∑
j∈J

b j [O j ]

where the sets of indicesI and J are disjoint and the coefficientsai and
b j are positive integers. We obtain two distinct divisors∑aiOi and∑b jO j

in the same invariant cohomology class, contradicting corollary 3.11. This
contradiction proves the following assertion.

Theorem 3.12.Let M andΓ be as in theorem 3.5. The number ofΓ-periodic
irreducible surfaces S⊂ M is finite. All of them are smooth projective planes
with negative normal bundle, and these surfaces are pairwise disjoint. There
is a birational morphismπ : M → M0 to an orbifold M0 with quotient singu-
larities which contracts simultaneously allΓ-periodic irreducible surfaces,
and is a local biholomorphism in the complement of these surfaces. In par-
ticular, the groupΓ acts on M0 and π is Γ-equivariant with respect to the
action ofΓ on M and M0.

Remark 3.13. Of course, this result applies whenΓ is a lattice in an almost
simple Lie group of rank at least 2.

4. ACTIONS OFL IE GROUPS

In this section, we show how theorem A implies theorem B. By assump-
tion,Γ is a lattice in an almost simple higher rank Lie groupG, andΓ acts on
a connected compact Kähler manifoldM. Since this action has infinite im-
age, it has finite kernel (§2.4.2). ChangingΓ in a finite index subgroup, we
can assume that this action is faithful. Now, theoremA implies that either the
action is of Kummer type, and thenM is birational to a Kummer orbifold, or
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the image ofΓ is virtually contained inAut(M)0. We therefore assume that
Γ embeds intoAut(M)0.

According to Lieberman and Fujiki,Aut(M)0 acts on the Albanese vari-
ety of M by translations (see section 3.3), and the kernel of this action is a
linear algebraic groupL; thus,Aut(M)0 is an extension of a compact torus
by a linear algebraic groupL (see [36] and [9] for these results). SinceΓ
has property (T), the projection onto the torus has finite image; once again,
changingΓ into a finite index subgroup, we may assume that the image of
Γ is contained inL. As explained in [11], section 3.3 (see also [48],§3, or
[37], chapter VII and VIII), this implies that there is a non trivial morphism
G→ L. As a consequence,L contains a simple complex Lie groupH, the Lie
algebra of which has the same Dynkin diagram asg. The problem is now to
classify compact Kähler threefoldsM with a holomorphic faithful action of
an almost simple complex Lie groupH, the rank of which is larger than 1.
Hence, theorem B is a consequence of the following proposition

Proposition 4.1. Let H be an almost simple complex Lie group with rank
rk(H) ≥ 2. Let M be a compact K̈ahler threefold. If there exists an injective
morphism H→ Aut(M)0, then M is one of the following:

(1) a projective bundleP(E) for some rank2 vector bundle E→ P
2(C),

and then H is locally isomorphic toPGL3(C);
(2) a principal torus bundle overP2(C), and H is locally isomorphic to

PGL3(C);
(3) a productP2(C)×B of the plane by a curve of genus g(B) ≥ 2, and

then H is locally isomorphic toPGL3(C);
(4) the projective spaceP3(C), and H is locally isomorphic to a sub-

group ofPGL4(C), so that its Lie algebra is eithersl3(C) or sl4(C);

Example 4.2. The groupGL3(C) acts onP
2(C), and its action lifts to an

action on the total space of the line bundlesO (k) for everyk≥ 0; sections of
O (k) are in one-to-one correspondence with homogenous polynomials of de-
greek, and the action ofGL3(C) on H0(P2(C),O (k)) is the usual action on
homogenous polynomials in three variables. Letp be a positive integer and
E the vector bundle of rank 2 overP2(C) defined byE = O ⊕O (p). Then
GL3(C) acts onE, by isomorphisms of vector bundles. From this we get an
action on the projectivized bundleP(E), i.e. on a compact Kähler manifold
M which fibers overP2(C) with rational curves as fibers. A similar example
is obtained from theC∗-bundle associated toO (k). Let λ be a complex num-
ber with modulus different from 0 and 1. The quotient of thisC∗-bundle by
multiplication byλ along the fibers is a compact Kähler threefold, with the
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structure of a torus principal bundle overP
2(C). Since multiplication byλ

commutes with theGL3(C)-action onO (k), we obtain a (transitive) action
of GL3(C) on this manifold.

Proposition 4.1 is easily deduced from the classification ofhomogenous
complex manifolds of dimension at most 3, as described in the work of
Winkelmann (see [45]). Let us sketch its proof.

Sketch of the proof.First, H contains a Zariski dense lattice with property
(T), so that we can apply the results on invariant analytic subsets from section
3 to the groupH. If H has a fixed pointp, one can locally linearize the
action ofH in a neighborhood ofp (see for example theorems 2.6 and 10.4
in [8]). This provides a regular morphismH → SL3(C). Since all complex
Lie subalgebras ofsl3(C) with rank≥ 2 are equal tosl3(C), this morphism
is onto. In particular, ifH has a fixed point,H has an open orbit.

Let us first assume thatH does not have any open orbit. In particular, no
orbit ofH is a point. LetObe an orbit ofH. Its closure is an invariant analytic
subset; since it can not be a point, it must be a projective plane (corollary
3.4). The action ofH on O gives a mapH → Aut(P2(C)) = PGL3(C), and
this map is surjective because the rank ofH is at least 2. Hence,H does not
preserve any strict subset ofO, andO coincides with its closure. From this
follows that all orbits ofH are closed, isomorphic toP2(C), and the action
of H on each orbit coincides with the action ofPGL3(C) on P

2(C). In that
case, there is an invariant fibrationπ : M →B, whereB is a curve, with orbits
of H as fibers. LetA be a generic diagonal matrix inPGL3(C). The action
of A on every fiber ofπ has exactly three fixed points: One saddle, one sink
and one source. This gives three sections of the fibrationπ : M → B. The
action ofH is transitive along the fibers, and permutes the space of sections
of B. From this follows easily that the fibration is trivial. According to the
value of the genus ofB, this case falls in one of the three possibilities(1),
(2), (3).

Let us now assume thatH has an open orbitM0 ⊂ M, which does not
coincide withM. According to section 3, its complement is a disjoint union
of points and of projective planes,H is locally isomorphic toPGL3(C), and
acts asPGL3(C) on each of these invariant planes. The open orbitM0 is
a homogenous complex manifold of dimension 3. Chapter 4 of [45] shows
thatM0 is aC∗-bundle overP2(C), and it follows thatM falls in case(1) of
the classification.

The last case corresponds to transitive actions, whenM is isomorphic to
a quotientH/N whereN is a closed subgroup ofH. A classical result due
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to Tits (see [42]) classifies all homogenous compact complexmanifolds of
dimension 3. For compact Kähler threefolds with a transitive action of an
almost simple Lie group, the list reduces to the projective spaceP

3(C), the
smooth quadricQ3⊂P

4(C), and principal torus bundles as in(2). The group
of automorphisms ofQ3 is locally isomorphic toSO4(C). Sinceso4(C) is
isomorphic tosl2(C)⊕ sl2(C), it does not contain any simple complex sub-
algebra with rank≥ 2. As a consequence, homogenous manifolds fall in case
(2) and(4). �

5. HODGE STRUCTURES AND HIGHER RANKL IE GROUPS

In this section, we use Hodge theory, Lie theory and Margulisrigidity
to rule out several kind of lattices and Lie groups. In what follows, G is
a connected semi-simple Lie group with finite center, without non trivial
compact factor, and with rank at least 2. The Lie algebra ofG is denoted by
g. Let Γ be an irreducible lattice inG andΓ → Aut(M) be an almost faithfull
representation ofΓ into the group of automorphisms of a compact Kähler
threefoldM. The first statement that we want to prove is the following.

Theorem 5.1. If the action ofΓ on the cohomology of M does not factor
through a finite group, then G is locally isomorphic toSL3(R) or SL3(C).

The proof is given in sections 5.1 to 5.6.

5.1. Preliminaries.

In order to prove theorem 5.1, we first apply section 2.4.2: Since the action
of Γ onH∗(M,Z) does not factor through a finite group, this action is almost
faithful. Let W denoteH1,1(M,R). From section 2.5.1, we also know that
the action ofΓ on W is faithful, with discrete image. Let us now apply
corollary 2.6, proposition 2.7, and lemma 2.8. The action ofΓ on H∗(M,R)
extends virtually to a linear representation ofG on H∗(M,R) that preserves
the Hodge decomposition, the cup product, and Poincaré duality. Hence,
theorem 5.1 is a corollary of the following proposition and of Hodge index
theorem.

Proposition 5.2. Let g be a semi-simple Lie algebra, andg → End(W) a
faithful finite dimensional representation ofg. If

(i) there exists a symmetric bilinearg-equivariant mapping∧ : W ×
W →W∗, where W∗ is the dual representation,

(ii) ∧ does not vanish identically on any subspace of dimension2 in W,
and

(ii) the real rankrkR(g) is at least2,
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theng is isomorphic tosl3(R) or sl3(C).

Our main goal now, up to section 5.6, is to prove this proposition; g will
be a semi-simple Lie algebra acting onW, and∧ a g equivariant bilinear
map with values in the dual representationW∗, as in the statement of propo-
sition 5.2.

5.2. sl2(R)-representations.

For all positive integersn, the Lie algebrasl2(R) acts linearly on the space
of degreen homogeneous polynomials in two variables. Up to isomorphism,
this representation is the unique irreducible linear representation ofsl2(R)
in dimensionn+ 1. The weights of this representation with respect to the
Cartan subalgebra of diagonal matrices are

−n,−n+2,−n+4, ...,n−4,n−2,n,

and the highest weightn characterizes this irreducible representation. These
representations are isomorphic to their own dual representations.

Lemma 5.3. Let µ: sl2(R) → g be an injective morphism of Lie algebras.
Then the highest weights of the representation

sl2(R) → g → End(W)

are bounded from above by4, and the weight4 appears at most once.

Proof. Let V be an irreducible subrepresentation ofsl2(R) in W, and letm
be its highest weight. Let us assume thatm is the highest possible weight
among all irreducible subrepresentations ofW. Let um andum−2 be elements
in V \{0} with respective weightsmandm−2. From Hodge index theorem
(cf. lemma 2.2), we know that one of the cup products

um∧um, um∧um−2, um−2∧um−2

is different from 0. The weight of this vector is at least 2(m− 2), and is
bounded from above by the highest weight ofW∗, that is bym; consequently,
2(m−2) ≤ m, andm≤ 4.

Let us now assume that the weightm= 4 appears twice. Then there are 2
linearly independant vectorsu4 andv4 of weight 4. Since the highest weight
of W∗ is also 4, the cup productsu4∧u4, u4∧v4, andv4∧v4 vanish, contra-
dicting Hodge index theorem (lemma 2.2). �
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5.3. Actions of sl2(R)× sl2(R).

Lemma 5.4. If there is a faithful representationg → End(W) as in proposi-
tion 5.2, theng does not contain any copy ofsl2(R)⊕ sl2(R).

Proof. Let us assume thatg containsg1⊕ g2 with both g1 andg2 isomor-
phic to sl2(R). Let n1 be the highest weight ofg1 and n2 be the highest
weight ofg2 in W. Since the representation ofg is faithful, bothn1 andn2

are positive integers. After permutation ofg1 andg2, we shall assume that
n1 = max(n1,n2).

Let h ≤ g1⊕g2 be the diagonal copy ofsl2(R) ; the highest weight ofh
is n1. Let ui ∈W be a vector of weightni for gi . Sinceg1 andg2 commute,
u1 is not colinear tou2. If ui ∧u j is not zero, its weight forh is ni +n j . This
implies thatu1∧u1 = 0 andu1∧u2 = 0. Sincen2 is a highest weight forg2,
we also know thatu2∧u2 = 0 because 2n2 does not appear as a weight forg2

onW∗. Hence,∧ should vanish identically on the vector space spanned byu1

andu2, contradicting Hodge index theorem. This concludes the proof. �

5.4. Actions of sl3(R).

We now assume thatg contains a copy of the Lie algebrasl3(R), and
we restrict the faithful representationg → End(W) to sl3(R). Doing that,
we assume in this section thatg = sl3(R). In what follows, we choose the
diagonal subalgebra

a =











a1 0 0
0 a2 0
0 0 a3



 ; a1+a2+a3 = 0







as a Cartan algebra ing. We shall denote byλi : a → R the linear forms
λi(a1,a2,a3) = ai , and bya+ the Weyl chambera1 ≥ a2 ≥ a3. With such a
choice, highest weights are linear forms ona of type

λ = aλ1−bλ3,

wherea andb are non negative integers. Irreducible representations are clas-
sified by their highest weight. For example,(a,b) = (0,0) corresponds to the
trivial 1-dimensional representation (denotedT in what follows), (a,b) =
(1,0) corresponds to the standard representation on the vector spaceE = R3,
while (0,1) is the dual representationE∗. When (a,b) = (0,2), the rep-
resentation is Sym2(E

∗), the space of quadratic forms onE. The weight
(a,b) = (1,1) corresponds to the adjoint representation(E ⊗E∗)0, i.e. to
the action ofSL3(R) by conjugation on 3×3 matrices with trace zero. We
refer to [24] for highest weight theory and a detailed description of standard
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representations ofSL3(R). If V is a representation of a Lie groupG, we shall
denote byVk the direct sum ofk copies ofV.

Proposition 5.5. If g is isomorphic tosl3(R), then:

a.- The possible highest weights of irreducible subrepresentations in W
are (0,0), (1,0), (0,1), (1,1), (2,0), (0,2);

b.- W contains at most one irreducible subrepresentation with highest
weight aλ1−bλ3 such that a+b = 2.

Proof. The action ofsl2(R) on the space of quadratic homogenous polyno-
mial ax2+bxy+cy2 provides an embeddingµ2 : sl2(R)→ g. If we restrict it
to the chosen Cartan subalgebras, the diagonal matrixdiag(s,−s) is mapped
to diag(2s,0,−2s). Let λ = aλ1−bλ3 be a highest weight for the representa-
tionW. After composition withµ2, we see that 2(a+b) is one of the weight
of sl2(R). From lemma 5.3, we geta+ b ≤ 2. The list of possible weights
follows. Point (b.-) follows from the last assertion in lemma 5.3. �

Lemma 5.6. If g is isomorphic tosl3(R), then:

a.- The representation W contains at least one weight aλ1− bλ3 with
a+b = 2;

b.- The adjoint representation (corresponding to(a,b)= (1,1)) does not
appear in W;

c.- If W contains a factor of type Sym2(E
∗) (resp. Sym2(E)), then W

does not contain any factor of type E∗ (resp. E).

Proof. The cup product defines a symmetric,g-equivariant, bilinear map∧ :
W×W →W∗. Let us interprete it as a linear map from Sym2(W) toW∗, and
deduce the lemma from its study.

a.- If W does not contain any weight witha+b = 2, thenW is isomorphic
to a direct sum

Ek⊕ (E∗)l ⊕Tm

whereT is the trivial one-dimensional representation ofg andk, l , andmare
non-negative integers. Ifk > 0, the cup product determines ag-equivariant
linear map∧E : Sym2(E) → W∗. Since Sym2(E) is irreducible and is not
isomorphic toE, E∗, or T, this map∧E vanishes identically, contradicting
lemma 2.2. From this we deduce thatk = 0, and similarly thatl = 0; this
means thatW is the trivial representation, contradicting the fact thatg →
End(W) is a faithful representation.

b.- The weights of the adjoint representation(E⊗E∗)0 areλi − λ j where
i, j ∈ {1,2,3} are distinct numbers. This representation is self-dual. IfW
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contains it as a factor, thenW∗ also, and this factor is the unique one with
highest weightaλ1−bλ3 such thata+ b ≥ 2. Let ui j be a non-zero eigen-
vector ofa corresponding to the weightλi −λ j . Thenu13∧u13 has weight
2(λ1−λ3), which does not appear inW∗. As a consequence,u13∧u13 = 0,
and similarlyu23∧u23 = u13∧u23 = 0. This implies that∧ vanishes on the
two-dimensional vector space Vect(u13,u23), contradicting lemma 2.2.

c.- Assume thatW decomposes as

Sym2(E)⊕Ek⊕ (E∗)l ⊕Tm,

with k > 0. Chooseu in Sym2(E) \ {0} a vector of weight 2λ1, andv in
E \{0} of weightλ1. The weights ofu∧u, u∧v, andv∧v are equal tonλ1,
with n = 4, 3, and 2 respectively. None of them appears inW∗, and lemma
2.2 provides the desired contradiction. �

Theorem 5.7. If the Lie algebrag is isomorphic tosl3(R), and if g →
End(W) is a linear representation as in proposition 5.2, there exist two in-
tegers k≥ 0 and m≥ 0 such that the representation W is isomorphic to
Sym2(E

∗)⊕Ek⊕Tm, or to its dual.

5.5. Actions of sl3(C) and sl3(H).

Let us now assume thatg is isomorphic tosl3(C). Let EC denote the vector
spaceC3 with its standard action of the Lie algebrasl3(C). We denote byEC
the complex conjugate representation, and byHer (E∗

C) the representation of
sl3(C) on the space of hermitian forms. As before,T will denote the trivial
one dimensional representation ofsl3(C).

Theorem 5.8. If the Lie algebrag is isomorphic tosl3(C), and if g →
End(W) is a linear representation as in proposition 5.2, there exist three
integers k≥ 0, l ≥ 0, and m≥ 0 such that the representation W is isomor-
phic to

W = Her (E∗
C))⊕Ek

C⊕EC
l ⊕Tm

after composition by an automorphism ofg.

Remark 5.9. The automorphismb 7→ − tb of sl3(C) turns a representation
into its dual, andb 7→ b into its complex conjugate. Ifg is not isomorphic to
sl3(C) but contains a subalgebrag′ ≃ sl3(C), theorem 5.8 holds forg′.

Proof. Let h ⊂ g be the Lie algebrasl3(R). With respect to the action ofh,
we may assume thatW splits as

W = Sym2(E
∗)⊕Ek⊕Tm.
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Let a be the real diagonal subalgebra ing: This is a Cartan subalgebra for
bothh andg. The highest weight for the representation ofa onW is

−2λ3 : (a1,a2,a3) 7→ −2a3.

The eigenspace ofa corresponding to this weight has dimension 1; it is
spanned by the elementdx3⊗dx3 of Her (E∗

C). Its orbit underh spans Sym2(E
∗),

and one easily checks that its orbit underg determines a unique copy of the
representationHer (E∗

C). Sinceg is a simple Lie algebra,W decomposes
as ag-invariant direct sumW = Her (E∗

C)⊕W0 whereW0 is isomorphic to
Ek−1⊕Tm as ah-module. In particular, all weights ofa onW0 are equal to
0 orL1. This shows thatW0 is isomorphic to

Ek′
C ⊕EC

l ′ ⊕Tm

as ag-module, withk = 2(k′+ l ′)+1. �

Let H be the field of quaternions.

Proposition 5.10. If there is a faithful representationg → End (W) as in
proposition 5.2, theng does not contain any copy ofsl3(H).

Proof. Let us switch to representations of Lie groups, and assume thatSL3(H)
acts onW, as in proposition 5.2. Let∆ be the subgroupSL3(H) which is
made of diagonal matrices with coefficentsh1, h2, andh3 in H (with the
condition that the real determinant of the matrix is 1, see [24] page 99).

Let A= diag(a1,a2,a3) be an element of∆∩SL3(C) with complex entries
a j = ρ jeiφ j , whereρ j = |a j |. Theorem 5.8 implies that the eigenvalues ofA
onW⊗C are

• ρ−2
j , j = 1,2,3, with multiplicity 1;

• ρ je
i(φ j′−φ j” ), where{ j, j ′, j”} = {1,2,3}, with multiplicity 1;

• ρ jeiφ j , j = 1,2,3, with multiplicity k;
• ρ je−iφ j , j = 1,2,3, with multiplicity l ;
• 1 with multiplicity m.

Let nowBbe an element ofSL3(H) of typediag(eiψ,1,1) (respdiag(1,eiψ,1),
resp. diag(1,1,eiψ)). SinceB commutes with∆∩SL3(C), B preserves the
eigenspaces ofA. In particular,B preservesHer (E∗

C), acts trivially on the one
dimensional eigenspaces ofA corresponding to the eigenvaluesρ−2

j , and as
a standard rotation on the invariant planes associated to pairs of conjugate
eigenvaluesρ je

±i(φ j′−φ j” ). In other words,B acts onHer (E∗
C) as elements of

GL3(C) do. As a consequence, composing elements of typeB with elements
of typeA, we see that the action of∆∩GL3(C) on Her (E∗

C) is the standard
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action on hermitian forms; the previous computation for theeigenspaces of
matricesA holds for this larger group.

Let us now chooseA= diag(ρ1eiφ1,ρ2,ρ3e−iφ3) with pairwise distinctρ j ,
distinct irrationalφ1 andφ3, andρ1ρ2ρ3 = 1. This element ofSL3(H) com-
mutes with the subgroupS= {diag(1,q,1) |q ∈ SU2} of SL3(H). In par-
ticular, S preserves the eigenspaces ofA. But S≃ SU2 does not have any
non trivial representation in dimension< 3. This implies thatSacts trivially
on Her (E∗

C). In the same way,S′ = {diag(1,1,q) |q ∈ SU2} acts trivially
on Her (E∗

C). This is a contradiction becausediag(1,eiφ,e−iφ), φ 6= 0, is an
element of the productSS′ that does not act trivially onHer (E3

C). �

5.6. Proof of proposition 5.2.

Lemma 5.11. Let g be a simple real Lie algebra. If the real rank ofg is at
least3, theng contains a copy ofsl2(R)⊕ sl2(R). If the real rank ofg is
equal to2, then

a.- If g admits a complex structure, theng is isomorphic to one of the
three algebrassl3(C), sp4(C) or g2(C).

b.- If g does not admit a complex structure, eitherg contains a copy of
sl2(R)⊕ sl2(R), or g is isomorphic to one of the algebrassl3(R),
sl3(H), or eIV .

Sketch of the proof.This is a consequence of the classification of simple Lie
algebras (see [33]) and exceptional isomorphisms in small dimensions. For
example, the complex Lie groupE6 has two real forms of rank 2:eIII and
eIV . The root system ofeIII with respect to its maximalR-diagonalizable
subalgebra is isomorphic toBC2, which contains the root system ofsl2(R)⊕
sl2(R); the same is true forg2. Another example is given by the Lie algebras
so2,k, k≥ 2: All of them containso2,2, i.e. sl2(R)⊕ sl2(R). �

Lemma 5.12.The real Lie algebraeIV contains a copy ofsl3(H).

Proof. This follows from the classification of simple real Lie algebras in
terms of their Vogan diagrams (see [33], chapter VI), and from the fact that
the diagram ofsl3(H) embeds into the diagram ofeIV . �

Proof of proposition 5.2.Let g andg → End(W) be as in proposition 5.2. If
g has two simple factors of rank≥ 1, theng contains a copy ofsl2(R)⊕
sl2(R), and lemma 5.4 provides a contradiction. We can therefore assume
that g is simple. Lemma 5.4 implies thatg does not contain any copy of
sl2(R)⊕ sl2(R), and proposition 5.10 shows that it does not contain any
copy ofsl3(H). The proposition is now a consequence of lemmas 5.11 and
5.12. �
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6. LATTICES IN SL3(R): PART I

We pursue the proof of theorem A. From section 5, theorem 5.1,we can
assume thatΓ is a lattice inSL3(R) or SL3(C). Here we deal with the first
case, namelyG = SL3(R). Our main standing assumptions are now

• Γ is a lattice inG = SL3(R);
• Γ acts holomorphically on a compact Kähler threefoldM;
• the action ofΓ on H∗(M,R) extends to a non trivial linear represen-

tation ofG.

We shall denote byW both the cohomology groupH1,1(M,R) and the lin-
ear representationG → GL(H1,1(M,R)). This gives a representation of the
Lie algebrag = sl3(R), and section 5.4 shows that this representationg →
End(W) decomposes into the direct sum

(∗) W = Sym2(E
∗)⊕Ek⊕Tm,

or its dual; composingΓ → Aut(M) with the automorphismB 7→ t(B−1)
of G, we shall assume thatW is isomorphic to the direct sum(∗). The
representationH2,2(M,R) is isomorphic to the dual ofW. We shall denote it
byW∗, with its direct sum decomposition

(∗∗) W∗ = Sym2(E)⊕ (E∗)k⊕ (T∗)m

whereT∗ is just another notation for the one dimensional trivial representa-
tion of G.

Our goal is to show that the action ofΓ on M is of Kummer type. In this
section, we study the structure of the cup product∧ and the position of the
latticeH2(M,Z) with respect to the Hodge decomposition ofH2(M,C), the
direct sum decomposition(∗) of H1,1(M,R), and the Kähler cone ofM.

Most of the lemmas that we shall prove in this section are not specific to
SL3(R), and will be used forG = SL3(C) in section 8.

6.1. The cup product.

6.1.1. Intersections between irreducible factors.The following lemmas are
straightforward applications of representation theory, in the same spirit as
what we did in section 5.

Lemma 6.1. Up to a multiplicative scalar factor,

a.- there is a unique non-zero symmetric bilinear G-equivariant map-
ping from Sym2(E

∗) to Sym2(E).
b.- All G-equivariant bilinear symmetric mappings from Sym2(E

∗) to
(E∗)k⊕ (T∗)m vanish identically.
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Proof. From [24], page 189, we know that

Sym2(Sym2(E
∗)) ≃ Sym4(E

∗)⊕Sym2(E).

Both assertions follow from this isomorphism. �

In the same way, one shows that, up to multiplication by a scalar fac-
tor, there is a uniqueG-equivariant, symmetric, and bilinear map fromE to
Sym2(E), but there is no non-zero map of this type fromE to (E∗)k⊕(T∗)m.

Lemma 6.2(See [24], pages 180-181). The symmetric tensor product

Sym2(Sym2(E
∗)⊕Ek)

decomposes as the direct sum of the following factors : Sym2(Sym2(E
∗)),

Sym2(E
k), and k copies ofΓ1,2⊕E⊕E∗, whereΓ1,2 is the irreducible rep-

resentation with highest weightλ1−2λ3.

As a consequence, there exist non trivial symmetric andG-equivariant bi-
linear mappings from Sym2(E

∗)⊕Ek to (E∗)k, but all of them vanish iden-
tically on Sym2(E

∗) andEk. In particular,

(1) if u is in Sym2(E
∗) thenu∧u∈ Sym2(E);

(2) if v is in Ek thenv∧v∈ Sym2(E);
(3) if u is in Sym2(E

∗) andv is in Ek thenu∧v∈ (E∗)k;
(4) if t is in T thent ∧ t ∈ (T∗)m;
(5) if u is in Sym2(E

∗)⊕Ek andt is in T thenu∧ t = 0.

Moreover,∧ is uniquely determined up to a scalar multiple once restricted
to Sym2(E

∗) (resp. to each factorE of Ek).

6.1.2. Cubic form. Let D be the cubic form which is defined onW by

D(u) =
Z

M
u∧u∧u.

Lemma 6.3. When restricted to Sym2(E
∗), the cubic form D coincides with

a non trivial scalar multiple of the determinantdet : Sym2(E
∗) → R. It van-

ishes identically on Ek.

The automorphismu 7→ −u of Sym2(E
∗) commutes with the action of

G and changesdet in −det. As a consequence, we shall assume thatthere
exists a positive numberε such that

Z

M
u∧u∧u = εdet(u)

for all u in Sym2(E
∗).
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Proof. The trilinear mappingD is symmetric, and

Sym3(Sym2(E
∗)) = Sym6(E

∗)⊕Γ2,2⊕T,

where the trivial factorT is generated bydet (see [24], page 191). This
implies thatD is proportional todet. Let κ0 ∈ W be a Kähler class, and let
κ0 = u0+v0+ t0 be its decomposition with respect toW = Sym2(E

∗)⊕Ek⊕
Tm. By Hodge index theorem,Qκ(u,u) = −

R

M κ0∧u∧ u does not vanish
identically along a subspace ofW of dimension> 1 (see the proof of lemma
2.2). This remark and property (1) above imply the existenceof an element
u in Sym2(E

∗) such that
Z

M
u0∧u∧u 6= 0.

SinceD is symmetic,D does not vanish identically along Sym2(E
∗), andD

is a non zero scalar multiple ofdet.
The second assertion follows from the fact thatv∧v∈ Sym2(E) for all v

in Ek, and that
R

M w∧e= 0 for all w in Sym2(E) ⊂W∗ and alle in E. �

The following lemma shows how the hard Lefschetz theorem canbe used
in the same spirit as what we did with Hodge index theorem.

Lemma 6.4. There are elements t∈ Tm ⊂W such that D(t) 6= 0.

Proof. Let κ0 ∈ W be a Kähler class, and letκ0 = u0 + v0 + t0 be its de-
composition with respect toW = Sym2(E

∗)⊕Ek⊕Tm. The hard Lefschetz
theorem (see [44], page 142 theorem 6.25) shows that the linear map

β 7→ κ0∧β

is an isomorphism betweenW andW∗. As a consequence,κ0∧ t 6= 0 for all
t ∈ T \ {0}. Let t1 be a non-zero element ofTm. Then, from property (5)
above, we get

κ0∧ t1 = (u0+v0 + t0)∧ t1 = t0∧ t1 ∈ (Tm)∗ \{0}.
Sincet0∧ t1 is different from 0, there existst2 in Tm such thatt0∧ t1∧ t2 6= 0.
This implies that the symmetric trilinear formD does not vanish identically
onTm. �

6.2. Cohomology with integer coefficients.

Our next goal is to describe the position ofW = H1,1(M,R) with respect
to H2(M,Z). Note thatH2(M,Z) is a lattice inH2(M,R), where we use the
following definition: A lattice L in a real vector spaceV is a cocompact
discrete subgroup of(V,+).
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6.2.1. Invariant lattices.

Lemma 6.5. Let G be an almost simple Lie group andΓ be a lattice in G.
Let V be a G-linear representation with no trivial factor, let T be the trivial
one dimensional representation of G, and let V⊕Tm be the direct sum of V
with m copies of T. If L ⊂V ⊕Tm is aΓ-invariant lattice, thenL ∩V is also
a lattice in V.

Proof. Let u = v0 + t0 be an element ofL , with v0 in V \ {0} andt0 in Tm.
Let us consider the subsetL0 of L ∩V defined by

L0 = {v−w|w,v∈ L ∩ (V + t0)}.
This set isΓ-invariant, and contains all elements of typeγ(v0)−v0, whenγ
describesΓ. Since the representationV does not contain any trivial factor,
andΓ is Zariski dense inG, we know thatΓ does not fix the vectorv0; in
particular,L0 spans a non trivial subspaceV0 of V. If V0 coincides withV,
we are done, becauseL0 is a lattice inV0. Otherwise, the codimension of
V0 in V is positive. SinceL is a lattice inV + T, the projection ofL on V
spansV, so that there exists an elementv1+ t1 in L such thatv1 is not inV0.
The same argument, once applied tov1 + t1 in place ofv0 + t0, produces a
newG-invariant subspaceV1 in V for whichL ∩V1 is a lattice inV1. Either
V0⊕V1 = V, and the proof is complete, or the construction can be pushed
further. In less than dim(V) steps, we are done. �

Lemma 6.6. If L0 is aΓ-invariant lattice in Sym2(E
∗)⊕Ek, the intersection

L0∩Sym2(E
∗) is a lattice in Sym2(E

∗).

Proof. Let B be an element ofΓ. SinceΓ is an arithmetic lattice, the eigen-
values ofB are algebraic integers. Letα be such an eigenvalue, and letQα be
its minimal polynomial: By construction,Qα is a polynomial in one variable
with integer coefficients, and the roots ofQα are all Galois-conjugate toα.

Let us now assume thatB is diagonalizable (overC) with three distinct
eigenvalues satisfying|α|> |β|> |γ|. Such elements exist becauseΓ is Zariski
dense inG (see section 2.3.3). LetPB be the product

PB(t) = Qα(t)Qβ(t)Qγ(t);

its coefficientsa j are integers andPB(B) = ∑ j a jB j = 0.

Let ρ1 : G→ GL(Ek) be the diagonal representation. Let

ρ2 : G→ GL(Sym2(E
∗))

be the representation on quadratic forms, andρ = ρ1⊕ρ2 the direct sum of
these two representations. ThenPB(ρ1(B)) = 0. Let us assume thatPB(ρ2(B)) =
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0. The eigenvalues ofρ2(B) are roots ofPB, and so are their Galois-conjugates.
Let µ be a root ofPB. Then, by construction,µ is conjugate to an eigenvalue
of B, so thatµ−2 is conjugate to an eigenvalue ofρ2(B). As a consequence,
PB(µ−2) = 0. From this we deduce the following: Ifµ is a root ofPB, so isµ4.
This implies that all roots ofPB are roots of unity, contradicting the choice
of B. This contradiction shows thatPB(ρ2(B)) is different from 0.

Let us now choose an elementu0 + v0 in L0 with u0 ∈ Sym2(E
∗) andv0

in Ek. ThenPB(ρ(B))(u0+v0) is an element ofL0 becauseL0 is Γ-invariant
andPB has integer coefficients. Moreover,

PB(ρ(B))(u0+v0) = PB(ρ2(B))(u0)

is an element of Sym2(E
∗). SincePB(ρ2(B)) ∈ End(Sym2(E

∗)) is differ-
ent from 0 andL0 is a lattice, we can chooseu0 + v0 in such a way that
PB(ρ2(B))(u0) 6= 0. This implies that the latticeL0 intersects Sym2(E

∗) non
trivially. From the Zariski density ofΓ in G and the irreducibility of the lin-
ear representation Sym2(E

∗), we conclude thatL0∩Sym2(E
∗) is a lattice in

Sym2(E
∗). �

6.2.2. The lattice H2(M,Z). Let us assume thatH2,0(M,C) is not trivial.
The sesquilinear mapping

(Ω1,Ω2) 7→ Ω1∧Ω2,

from H2,0(M,C) to H2,2(M,C) =W∗⊗R C is G-equivariant. Moreover,Ω∧
Ω = 0 if and only if Ω = 0. From this we deduce that, ifλ = aλ1− bλ3

is a weight for the linear representation ofG on H2,0(M,C), then 2aλ1−
2bλ3 is a weight forW∗. This implies that the linear representation ofG
on H2,0(M,C)⊕H0,2(M,C) decomposes as a sum of standard and trivial
factors: There exist two integersk′ andm′ such that

H2,0(M,C)⊕H0,2(M,C) = Ek′ ⊕Tm′
.

We can then write the linear representation ofG onH2(M,R) as a direct sum

H2(M,R) = Sym2(E
∗)⊕Ek′′ ⊕Tm′′

wherek′′ = k+k′ andm′′ = m+m′.

Proposition 6.7. The lattice H2(M,Z) intersects each of the three factors
Sym2(E

∗), Ek′′ , and Tm′′
on lattices.

Proof. Let L be the latticeH2(M,Z) in H2(M,R). We shall say that a sub-
spaceV of H2(M,R) is defined over the integers, if it is defined by linear
forms from the dual latticeL ∗. From the two previous lemmas, we know
thatL intersects Sym2(E

∗) on a latticeL1. The cup product is defined over
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the cohomology with integral coefficients, so thatH4(M,Z) intersects also
the subspace Sym2(E) of W∗ onto a lattice. Since its orthogonal with respect
to Poincaré duality coincides withEk′′ ⊕Tm′′

, this subspace ofH2(M,R) is
defined overZ, and intersectsL on a lattice. From lemma 6.5,L ∩ Ek′′

is a lattice inEk′′. SinceTm′′
is the set of cohomology classest such that

u∧ t = 0 for all u in Sym2(E)⊕ (E∗)k′′, this subspace is also defined overZ,
and intersectsL on a lattice. �

6.3. Invariant cones.

6.3.1. Cones from complex geometry.Let us recall that a convex coneC in
a real vector spaceV is strict when it does not contain any line. In other
words,C is entirely contained on one side of at least one hyperplane of V.
TheKähler coneof M is the setK (M) ⊂ W of cohomology classes of all
Kähler forms ofM. This set is an open convex cone; its closureK (M) is a
strict and closed convex cone, the interior of which coincides withK (M).
We shall say thatK (M) is the cone ofnef (1,1)-cohomology classes. The
pseudo-effective coneis the setP s(M) ⊂ W of cohomology classes[c] of
closed positive currents of type(1,1). This is a strict and closed convex cone,
that containsK (M). Thecone of numerically positive classesis the subset
P (M) ⊂W of cohomology classes[α] such that

Z

Y
αdim(Y) > 0

for all analytic submanifoldsY of M. All these cones are invariant under the
action ofAut(M). In our context, they areΓ-invariant, but it is not clear a
priori thatK (M) or P s(M) is G-invariant.

6.3.2. Invariant cones in Ek⊕Tm.

Lemma 6.8. The representation Ek (resp. (E∗)k) does not contain any non
trivial Γ-invariant strict convex cone.

Proof. Let D ⊂ E be aΓ invariant convex cone, which is different from
{0}. Its boundary provides a closedΓ-invariant subset in the projective plane
P(E). Since the limit set ofΓ in P(E) coincides withP(E) (see§2.3.4), the
boundary ofD is empty, andD coincides withE.

Let nowC ⊂ Ek be aΓ-invariant convex cone. LetA be the smallest linear
subspace ofEk which containsC . SinceΓ is Zariski dense inGand preserves
A, the groupG preservesA. ReplacingEk by A, we can therefore assume that
C spansEk ; in other words, we shall assume thatC has non empty interior
in Ek. Let C ′ be the interior ofC .
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Let π : Ek → E be the projection onto the first factor. The convex cone
π(C ′) is open andΓ-invariant; as such it must coı̈ncide withE. The fiber
π−1{0}∩C ′ is an open, convex cone inEk−1, and isΓ-invariant. Afterk−1
steps, we end up with aΓ-invariant open convex subcone ofC ′ in E. This
cone must coincide withE; in particular,C is not strict. �

Lemma 6.9. If C is a strict andΓ-invariant convex cone in Ek⊕Tm (resp.
(E∗)k⊕ (T∗)m) thenC intersects Tm\{0} (resp.(T∗)m).

Proof. LetD be the projection ofC ontoEk. The previous lemma shows the
existence of a vectorv in Ek such thatv and−v are both contained inD .
From this follows the existence of a pair(t, t ′) of elements ofTm such that
bothv+ t and−v+ t ′ are contained inC . SinceC is convex and strict,t + t ′

is contained inC ∩Tm\{0}. �

Remark 6.10. If C is a strict, open, andΓ-invariant convex cone andL is a
Γ-invariant lattice inEk⊕Tm (resp.(E∗)k⊕ (T∗)m), the same proof implies
thatC ∩L intersectsTm.

6.3.3. Invariant cones in Sym2(E
∗). Let us now study invariant cones in

the representation Sym2(E
∗). Let Q+ ⊂ Sym2(E

∗) be the cone of positive
definite quadratic forms. This convex cone is open, strict, and G-invariant.

Proposition 6.11. If C is a Γ-invariant, strict, and open convex cone in
Sym2(E

∗), C cöıncides with Q+ or its opposite−Q+. If C is a Γ-invariant,
strict, and closed convex cone, thenC is either{0}, Q+, or −Q+.

Proof. Let C ⊂ Sym2(E
∗) be aΓ-invariant, strict convex cone which is dif-

ferent from{0}. First of all, C spans Sym2(E
∗) becauseΓ is Zariski dense

in G. In particular, the interiorC ′ of C is not empty.
The projective spaceP(Sym2(E

∗)) has dimension 5. The groupΓ acts on
it by projective transformations, and its limit set coı̈ncides with the surface
S⊂P(Sym2(E

∗)) of projective classes of quadratic forms of rank 1. The pro-
jectionP(∂C) of the boundary ofC onto the projective spaceP(Sym2(E

∗))
is a closed andΓ-invariant subset ofP(Sym2(E

∗)). As such it must contain
the limit setS.

The proposition is now a consequence of the following observation: If
a strict and closed convex coneD ⊂ Sym2(E

∗) containsS in its projective
boundary, thenD containQ+ or its opposite−Q+ . �

6.3.4. The nef cone.

Proposition 6.12.The intersection of the nef coneK (M) with the subspace
Sym2(E

∗) of W is equal toQ+.
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Proof. Let γ be a proximal element ofΓ (see 2.3.3). Then,γ preserves a
one dimensional eigenspaceR⊂ Sym2(E

∗) ⊂W, with the property that the
eigenvalueλ of γ alongR dominates all other eigenvalues ofγ on W⊗R C
strictly. If u+v+ t is an element ofW = Sym2(E

∗)⊕Ek⊕Tm, then

u+ := lim
n→+∞

1
λn γn(u+v+ t)

is contained inR.
Let us apply this remark to a generic elementu+v+ t of K (M). Since the

Kähler cone is open, we may assume that the vectoru+ ∈ R in the previous
limit is different from 0. TheΓ-invariance ofK (M) implies thatR∩K (M) 6=
{0}. From this follows that the intersection betweenK (M) and Sym2(E

∗)
is a non trivial,Γ-invariant, strict, and closed convex cone of Sym2(E

∗). It
must therefore coı̈ncide withQ+ or its opposite. The conclusion follows
from the normalization chosen in section 6.1.2 and the inequality

Z

M
u∧u∧u = εdet(u) < 0

if u is in −Q+, which is not compatible with the existence of nef classes
in Q+. �

7. LATTICES IN SL3(R): PART II

We pursue the proof of theorem A under the same assumptions asin the
previous section. While section 6 focussed on the cohomology of M, we
now use complex algebraic geometry more deeply to conclude.

7.1. Contraction of the trivial factor.

7.1.1. Ample, big and nef classes.The following theorem describes the Kähler
cone of any compact complex manifoldM (see section 6.3.1 for definitions).

Theorem 7.1 (Demailly, Paun [17]). The K̈ahler coneK (M) of a (con-
nected) compact K̈ahler manifold M is a connected component of the cone
P (M) of numerically positive classes.

As a consequence, if the cohomology classα is on the boundary ofK (M),

there exists an analytic subvarietyY of M such that
R

Y αdim(Y) = 0; in dimen-
sion 3, this leads to three cases:

(1) dim(Y) = 3, i.e. Y = M, andα3 = 0;
(2) dim(Y) = 2, Y is a surface and

R

Y α2 = 0;
(3) dim(Y) = 1, Y is a curve and

R

Y α = 0.
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Another result that we shall use is the following characterisation ofbig
line bundles.Let L be a line bundle onM. If the first Chern classc1(L) is
contained in the nef coneK (M), and

R

M c1(L)3 > 0, thenL is big, in the
sense that

dim(H0(M,L⊗k) > cstekdim(M)

for k > 0 (see [16], corollary 6.8, and [17]).

7.1.2. Base locus of Q+. The coneQ+ is open, andH2(M,Z) intersects
Sym2(E

∗) on a lattice. As a consequence, the setQ+ ∩H2(M,Z) spans
Sym2(E

∗) as a real vector space. Letu be an element ofQ+ ∩H2(M,Z).
Lefschetz theorem on(1,1)-classes implies thatu is the first Chern class of
a line bundleL on M (see [44], theorem 7.2, page 150). This line bundle is
big and nef becauseQ+ is contained inK (M) and

Z

M
u3 = εdet(u) > 0.

Let Bs(L) be the base locus ofL. If we choose two line bundlesL1 andL2

with first Chern class inQ+, the base locusBs(L1⊗L2) is contained in the
intersection ofBs(L1) andBs(L2). From this we deduce that

Bs(Q+) :=
\

L,c1(L)∈Q+

Bs(L)

is an analytic set, that coincides withBs(⊗iLi) if we take sufficiently many
line bundlesLi with c1(Li) ∈ Q+. The setBs(Q+) will be refered to as the
base locus ofQ+.

SinceQ+ is Γ-invariant, this base locus is aΓ-invariant analytic subset
of M. Theorem 3.5 implies the following proposition, becauseΓ has prop-
erty (T).

Proposition 7.2. The base locus of Q+ is made of a fixed component, which
is a disjoint union of projective planes, and of a finite number of points.
Contracting allΓ-periodic surfaces, one gets a birational morphismπ : M →
M0 onto an orbifold M0 such that the base locus ofπ∗Q+ is reduced to a finite
set.

7.1.3. Remarks concerning orbifolds.Let M0 be an orbifold of dimension 3;
by definition,M0 is locally isomorphic toC3/Gi whereGi is a finite linear
group. A Kähler form onM0 is a (1,1)-form ω which, locally in a chart
Ui ⊂ M0 of typeC3/Gi , lifts to aGi-invariant Kähler formω̃ in C3. All other
classical objects are defined in a similar way (see [10] for more details):
(1,1)-forms, closed and exact classes, cohomology groups, etc. For exam-
ple, Chern classes can be defined in terms of curvature of hermitian metrics.
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In a neighborhood of a singularity, locally of typeC3/Gi whereGi is a finite
linear group, the metric is supposed to lift to aGi-invariant smooth metric
onC3; the curvature is then invariant, and the Chern classes are well-defined
onM0.

7.1.4. Ampleness inπ∗Q+. The morphismπ defines two linear operators
π∗ : H2(M0,R) → H2(M,R) andπ∗ : H2(M,R) → H2(M0,R). The first one
is defined by tacking pull back of forms ; this is compatible with the op-
eration of pull back for Cartier divisors and line bundles. The second one
is defined by taking push forward of currents ; this is compatible with the
usual operatorπ∗ for divisors. Sinceπ has degree 1, we haveπ∗ ◦π∗ = Id on
H2(M0,R).

Let us now studyπ∗Q+ and show that this subspace ofH1,1(M0,R) is
indeed contained in the Kähler cone ofM0.

The morphismπ beingΓ-equivariant, the linear mapπ∗ embeds the rep-
resentation ofG onH1,1(M0,R) into a subrepresentation ofW. On the other
hand,π∗ contracts a subfactor of the trivial partTm (corresponding toΓ-
invariant surfaces), so thatH1,1(M0,R) is isomorphic, viaπ∗, to a direct
sum Sym2(E

∗)⊕Ek⊕Tn, with n≤ m. We shall prove thatn = 0.
The proof of theorem 7.1 can be adapted to the orbifold case almost word

by word (see [10] for similar ideas), so thatif V is a (connected) compact
Kähler orbifold, the Kähler coneK (V) is a connected component ofP (V).

Corollary 7.3. The setπ∗Q+ is contained in the K̈ahler cone of M0. There
are ample line bundles L on M0 with c1(L) ∈ π∗Q+.

Proof. To simplify notations, we shall denote the projectionπ∗Q+ by Q+,0,

the spaceH1,1(M0,R) by W0 and the subspaceπ∗Sym2(E
∗) by Sym2(E

∗)0,
and use similar notations for the dual vector spaceW∗

0 ⊂ H2,2(M0,R).
From proposition 6.12 we know thatQ+,0 is contained in the nef cone.

Let us assume thatQ+,0 does not intersect the Kähler cone, so thatQ+,0 is
in the boundary ofP (M0) (theorem 7.1). Letv1, ..., v6 be elements ofQ+,0

that span Sym2(E
∗)0 as a real vector space. The vectorsvi ∧v j , 1≤ i ≤ j ≤

6, span Sym2(E)0 ⊂ W∗
0 . Let v be the sum of thevi ; v is in ∂P (M0) and

v3 > 0. Theorem 7.1 provides an analytic subsetY ⊂ M0 of pure dimension
dim(Y) = 1 or 2, such that

Z

Y
vdim(Y) = 0.

Since allvi are nef, this implies that
R

Y vi ∧v j = 0 for all (i, j) if dim(Y) = 2
(resp.

R

Y vi = 0, ∀ i, if dim(Y) = 1). In particular,
R

Y w= 0 for everyw in W∗
0

(resp.
R

Y w = 0 for all w in W0).
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Let us now fixY as above, with dimension 2 (resp. 1), and let us decom-
pose its cohomology class[Y]∈W0 (resp.W∗

0 ) with respect to the direct sum
W0 = Sym2(E

∗)⊕Ek⊕Tm (resp. to its dual):

[Y] = a+b+c.

Since
Z

Y
w = 0

for all w in Sym2(E)0 (resp. Sym2(E
∗)0) we havea = 0. In particular, there

is an effective class[Y] in (E∗)k ⊕ (T∗)n that does not intersectQ+. Let
C ⊂ (E∗)k⊕ (T∗)n (resp.⊂ Ek⊕Tn) be the cone

C = {w∈ (E∗)k⊕ (T∗)n|w is effective and〈w|[Y]〉 = 0}.
Since this cone is strict, lemma 6.9 and remark 6.10 imply theexistence of
an effective divisor (resp. curve)Z, with integer coefficientsai ,

Z = ∑aiYi ,

such that its homology class[Z] is an element of the trivial factor(T∗)n (resp.
Tn).

When the dimension ofZ is 2, we know that[Z] is contained inTn, so
that the cohomology class ofZ is Γ-invariant, and corollary 3.11 shows that
Z itself must beΓ-invariant. But there is noΓ-invariant surface since all of
them have been contracted byπ.

Let us now assume that dim(Z) = 1. Let Cov([Z]) be the set covered by
all curvesZ′ such that[Z′] = [Z]. Since[Z] is an element ofTn, its class is
Γ-invariant. The setCov([Z]) is therefore aΓ-invariant analytic set and, as
such, must be all ofM0. Let Di , 1≤ i ≤ k, be three divisors with cohomology
classes inQ+,0 such that the intersection

\

1≤i≤k

Di

is made of a finite number of points; such divisors exist because the base
locus of Q+,0 is reduced to a finite number of points. LetZ′ be a curve
with [Z′] = [Z] which goes through at least one point of∩iDi. Let Z′

0 be an
irreducible component ofZ′ containing that point. Since[Z′

0].[Di] = 0 for all
i, the curveZ′

0 must be contained in all of theDi , a contradiction.
In both cases (dim(Z) = 1 or 2) we get a contradiction. This implies that

π∗Q+ intersects the Kähler cone of the orbifoldM0, and proposition 6.11
shows thatπ∗(Q+) is contained inK (M0). SinceQ+ intersectsH2(M,Z),
there are ample line bundlesL onM0 with c1(L) in π∗(Q+). �
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7.1.5. Contraction of Tm. We shall now prove thatn = 0, i.e. thatπ∗ con-
tracts all classest in Tm. This is a consequence of Hodge index theorem.

Corollary 7.4. The cohomology classes of allΓ-periodic surfaces Si ⊂ M
span Tm. Since all of them are contracted byπ : M → M0, the trivial factor
Tm is mapped to0 by π∗, and there is no non-zeroΓ-invariant cohomology
class on M0.

Proof. Let u be a Kähler class inπ∗Q+. Thenu∧u is different from 0, and
Ek⊕Tn is contained in(u∧u)⊥. Sinceu is in the Kähler cone, Hodge index
theorem implies that the quadratic form

v 7→ −
Z

M
u∧v∧v

is positive definite on(u∧ u)⊥. But from section 6.1.1 we know that all
elementst ∈ Tm satisfy

R

M u∧ t∧ t = 0. All together,n is equal to 0. �

Remark 7.5. We could also apply the hard Lefschetz’s theorem, as in the
proof of lemma 6.4, to prove this corollary (see [47] for a proof of the hard
Lefschetz theorem in the orbifold case).

7.2. Triviality of Chern classes and tori.

Let c1(M0) andc2(M0) be the Chern classes of the orbifoldM0. These
classes are respectively of type(1,1) and(2,2), and are invariant under the
action ofΓ on the cohomology ofM0. From corollary 7.4, anyΓ-invariant
class is equal to 0, proving thatthe Chern classes of the orbifoldM0 are equal
to0. We now use the following result, the proof of which is described in [34],
and is easily adapted to the orbifold case (see [10] for similar extensions of
classical results to the orbifold setting).

Theorem 7.6. Let X0 be a connected K̈ahler orbifold with trivial first and
second Chern classes. Then X0 is covered by a torus: There is an unramified
coveringε : A→ X0 where A is a torus of dimensiondim(X0).

Let us be more precise. In our case,M0 is a three dimensional (con-
nected) orbifold with trivial Chern classesc1(M0) andc2(M0). This implies
that there is a flat Kähler metric onM0 (see [34]). The universal cover ofM0

(in the orbifold sense) is then isomorphic toC3 and the (orbifold) fundamen-
tal groupπorb

1 (M0) acts by affine isometries onC3 for the standard euclidean
metric. In other words,πorb

1 (M0) is identified to a cristallographic group∆
of affine motions ofC3. Let ∆∗ be the group of translations contained in∆.
Bieberbach’s theorem shows that (see [46], chapter 3, theorem 3.2.9).

a.- ∆∗ is a lattice inC3;
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b.- ∆∗ is the unique maximal and normal free abelian subgroup of∆ of
rank 6.

The torusA in the previous theorem is the quotient ofC3 by this group of
translations. By construction,A coversM0, Let F be the quotient group
∆/∆∗; we identify it to the group of deck transformations of the covering
ε : A→ M0.

Lemma 7.7.

(1) A finite index subgroup ofΓ lifts to Aut(A).
(2) Either M0 is singular, or M0 is a torus.
(3) If M0 is singular, then M0 is a quotient of the torus A by a homothety

(x,y,z) 7→ (ηx,ηy,ηz), whereη is a root of1.

Proof. By property (b.) all automorphisms ofM0 lift to A. Let Γ ⊂ Aut(A)
be the group of automorphisms ofA made of all possible lifts of elements
of Γ. So,Γ is an extension ofΓ by F :

1→ F → Γ → Γ → 1.

Let L : Aut(A)→GL3(C) be the morphism which applies any automorphism
f of A to its linear partL( f ). SinceA is obtained as the quotient ofC3 by
all translations of∆, the restriction ofL to F is injective. LetN ⊂ GL3(C)
be the normalizer ofL(F), andN0 the connected component of the iden-
tity of N. The groupL(Γ) normalizesL(F). Hence we have a well defined
morphismΓ → N, and an induced morphismδ : Γ → N/L(F). ChangingΓ
into a finite index subgroup, we may and do assume thatδ is injective and
δ(Γ) is contained inN0/L(F). Let us now assume thatL(F) is not contained
in the center ofGL3(C). Then there is an elementg of F which is not an
homothety; in particular,g has an eigenspaceV of dimension 1 or 2. Since
this space isN0 invariant,N0 embeds in the stabilizer ofV. ButV andC3/V
both have dimension at most 2. Hence, ifH is a discrete group with Kazh-
dan property (T), all morphisms fromH to N0 (resp. toN0/L(F)) have finite
image (see§2.3.5). This contradicts the existence ofδ : Γ → N0/L(F). As a
consequence,L(F) is contained in the center ofGL3(C).

EitherF is trivial, and thenM0 coincides with the torusA, or F is a cyclic
subgroup ofC∗Id. In the first case, there is no need to liftΓ to Aut(A). In
the second case, we fix a generatorg of F, and denote byη the root of unity
such thatL(g) is multiplication byη. The automorphismg has at least one
(isolated) fixed pointx0 in A; this point is fixed byF. ChangingΓ into a
finite index subgroupΓ1, we can also assume thatΓ1 fixes x0. The linear
partL embedsΓ1 into GL3(C). Selberg’s lemma assures that a finite index
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subgroup ofΓ1 has no torsion. This subgroup does not intersectF, hence
projects bijectively onto a finite index subgroup ofΓ1. This proves that a
finite index subgroup ofΓ lifts to Aut(A). �

7.3. Possible lattices and tori.

We now show thatΓ is commensurable toSL3(Z) and thatA is isogenous
to a productB×B×B whereB is an elliptic curve. For this purpose, we
shall use the following proposition, and refer to the next section for a proof.

Proposition 7.8. Let Γ be a lattice inSL3(R), which preserves a latticeL
in Sym2(E

∗). If there exists a real numberε such thatdet : Sym2(E
∗) → R

mapsL into εQ, thenΓ is commensurable withSL3(Z).

This proposition, proposition 6.7 and lemma 6.3 show thatΓ is commen-
surable withSL3(Z). After a conjugacy inSL3(R), we may assume thatΓ
intersectsSL3(Z) on a finite index subgroup. As a consequence, there exists
a finite index subgroupF of SL2(Z) such that





a b 0
c d 0
0 0 1



 ∈ Γ, ∀
(

a b
c d

)

∈ F.

The groupF, viewed as a subgroup ofΓ, acts on the subspace Sym2(E
∗)

of W = H1,1(A,R), preserving the latticeR = Sym2(E
∗)∩H2(A,Z). This

lattice defines aQ-structure on the real vector space Sym2(E
∗). SinceF

preservesR , the intersection of all subspaces

V1(γ) = {v∈ Sym2(E
∗); γ(v) = v}

whereγ describesF is defined overQ. This space has dimension one, and
is generated by the cohomology class of a(1,1)-form of rank 1. This im-
plies that there exists a line bundleL on A with a first Chern classc1(L) in
Sym2(E

∗) that is invariant under the action ofF. Moreover, this Chern class
being proportional to a rank 1 hermitian form,L determines a morphism to
an elliptic curveB:

φL : A→ B.

ComposingφL with elements inΓ which are not inF, we can construct two
new projectionsΦL ◦ γi : A → B such that the holomorphic 1-formsDΦL,
DΦL ◦ γ1, andDΦL ◦ γ2 generateT∗A at every point. It follows that the map

ΦL × (ΦL ◦ γ1)× (ΦL ◦ γ2) : A→ B×B×B

is an isogeny. This proves thatA is isogenous to a productB×B×B.
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7.4. Proof of proposition 7.8.

Let us prove proposition 7.8. By assumption,L is a lattice in Sym2(E
∗),

andΓ is a lattice inSL3(R) which preservesL . The latticeL determines a
Q-structure on the real vector space Sym2(E

∗), andΓ acts by matrices with
integer coefficients with respect to this structure.

From the classification of lattices inSL3(R), we know thatΓ is commen-
surable toSL3(Z), Γ hasQ-rank 1, or Γ is cocompact (see [38]). What we
have to do, is to rule out the last two possibilities.

7.4.1. Cocompact lattices.Let us assume thatΓ is cocompact, and get a
contradiction.

Let q0 be an element ofL which, as a quadratic form onE, has signature
(+,+,−). Then there exists a basis ofE such that

q0(x,y,z) = 2xy+z2

(note that the value ofε may change after the choice of a new basis forE).
The stabilizerH of q0 in SL3(R) is isomorphic to the groupSO2,1(R). The
orbit of q0 underSL3(R) may be identified toSL3(R)/H. The orbit ofq0

underΓ is contained inL , and is therefore discrete inSL3(R)/H. From this
we deduce that theH-orbit of q0 in Γ\SL3(R) is closed. SinceΓ\SL3(R)
is compact, theH-orbit must be compact too, so thatΓ∩H is a cocompact
lattice inH.

As a consequence, we can find an elementγ in Γ∩H which is a proximal
element ofH; this means thatγ has 3 distinct eigenvaluesλ, 1/λ, and 1,
with |λ|> 1. After conjugation insideH, we can assume that the set of fixed
points of the endomorphism

γ : Sym2(E
∗) → Sym2(E

∗)

coincides with the plane

V1 = Vect{q1,q2}

whereq1 andq2 are the quadratic formsq1 = z2 andq2 = 2xy. Sinceγ pre-
servesL , the planeV1 is defined overQ (with respect to theQ-structure
given byL ). In particular,L ∩V1 is a (cocompact) lattice inV1.

Let r0 = 2αxy+βz2 be an element ofL ∩V1 which is not proportional to
q0, so thatα 6= β. Computingdet(mq0+nr0) we see that

(m+nα)2(m+nβ) ∈ εQ
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for all integersm andn. With n = 0, we see thatε is rational. Withm= 0,
we see thatα2β is a rational number. This implies that the affine function

(m,n) 7→ β+2αm+(2αβ+α2)n

takes rational values for(m,n) ∈ Z2, mn 6= 0. As a consequence, bothα and
β are rational numbers.

From this we deduce the existence of positive integersa andb such that
aq1 and bq2 are contained inL ∩V1. In particular,L contains a multiple
of the rank 1 quadratic formq1. The cone of quadratic forms of rank 1 is
parametrized by the map

s :

{

E∗ \{0} → Sym2(E
∗)

f 7→ s( f ) = f 2

This map is a 2-to-1 cover and, in particular, is proper. Sinces isΓ-equivariant
(i.e. s(γ. f ) = γ(s( f ))), theΓ-orbit of s−1(q1) is a discrete subset ofE∗. This
contradicts the following theorem, due to Greenberg (see [1], appendix):
Let Γ be a cocompact lattice inSLn(R) (resp.SLn(C)); if v if an element of
Rn\{0} (resp.Cn\{0}), the orbitΓv is a dense subset ofRn (respCn).

7.4.2. Q-rank-1 lattices. Let us now assume that theQ-rank of Γ is equal
to 1. In this case,Γ is obtained from the construction in chapter 7.E in the
book [38]. In particular, after conjugacy,Γ contains matrices of type





1 a+b
√

r −(a2− rb2)/2+c
√

r
0 1 −a+b

√
r

0 0 1





wherer is a fixed square free integer, anda, b, andc are sufficiently divisible
integers. The groupΓ contains also the transpose of those matrices.

For the representationρ : SL3(R) → GL(Sym2(E
∗)), we have

tr(ρ(B−1)) = tr(B2)− tr(B−1)

for all B∈ SL3(R). Let us apply this formula toB= tAA′ whereA andA′ ∈ Γ
are as above. A straightforward computation shows that the trace is not
rational in general. This implies that the action ofΓ on Sym2(E

∗) can not
preserve a latticeL .

8. LATTICES IN SL3(C)

We now study holomorphic actions of lattices in a real Lie groupG which
is locally isomorphic toSL3(C). As before,Γ will be a lattice inG that acts
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faithfully on a compact Kähler threefoldM, and we assume that the action
of Γ onW = H1,1(M,R) extends to a non trivial linear representation

G→ GL(W).

Our goal is to prove that

(1) the action ofΓ on M is virtually of Kummer type (coming from an
action of a finite index subgroupΓ0 in Γ on a three dimensional com-
pact torusA);

(2) Γ is commensurable toSL3(Od) whereOd is the ring of integers in a
quadratic fieldQ(

√
d) for some negative squarefree integerd;

(3) the torusA is isogenous to a productB×B×B whereB is the elliptic
curveC/Od.

Since the proof follows the same lines as for lattices inSL3(R), we just list
the results that are required to adapt sections 6 and 7.

8.1. The linear representation onW.

From theorem 5.8, we can assume that there exist three integers k ≥ 0,
l ≥ 0, andm≥ 0 such that the representationW of g = sl3(C) is isomorphic
to

W = Her (E∗
C))⊕Ek

C⊕EC
l ⊕Tm

after composition by an automorphism ofg.

8.2. The cup product and the integer structure.

As in section 6.1.1, one then proves that the cup product satisfies proper-
ties (1) to (5) (§6.1.1) where Sym2(E

∗) must be replaced byHer (E∗
C) and

Ek by Ek
C ⊕El

C.

Once again, the latticeH2(M,Z) intersects the irreducible factorHer (E∗
C)

on a (cocompact) lattice.

8.3. Invariant cones.

The coneQ+ ⊂Sym2(E
∗) must now be replaced by the coneH+ ⊂Her (E∗

C)
of positive definite hermitian forms. This cone admits the following charac-
terization.

Lemma 8.1. If C is aΓ-invariant, strict, and open convex cone inHer (E∗
C),

C cöıncides with H+ or its opposite−H+. If C is a Γ-invariant, strict, and
closed convex cone, thenC is either{0}, H+, or −H+.
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Sketch of the proof.Every orbit of the latticeΓ in P(E) is dense, so that ev-
ery orbit of Γ on the cone of rank one positive hermitian formsξ ⊗ ξ is
dense. As a consequence, the projectivized boundary of any strict invariant
coneC must contain the set of rank one hermitian forms. Since the cone of
rank one positive hermitian forms containsH+ in its convex hull, the lemma
follows. �

Similarly, one shows that there is no invariant convex coneC in EC (resp.
EC) except the trivial ones{0} andEC (resp. EC). This implies that any
non trivial, strict, closed, andΓ-invariant convex coneC in Ek

C ⊕El
C ⊕Tm

intersectsTm\{0}.
8.4. Conclusion.

The strategy used in section 7 can now be applied word by word.It shows
that the actionΓ×M → M is virtually of Kummer type. ChangingΓ in one
of its finite index subgroups, this action comes from a linearaction ofΓ on
a compact complex torusA.

Proposition 8.2. Let Γ be a lattice inSLn(C). If there exists aΓ-invariant
lattice L in Cn thenΓ is commensurable toSLn(Od) for some square free
negative integer d.

Proof. Let G be the groupSLn(C). This is an algebraic subgroup ofSL2n(R)
acting linearly onR2n = Cn and preserving the complex structure. By as-
sumption, the latticeΓ in G preserves a latticeL ⊂ R2n.

Let (e1, ...,en) be a family ofn linearly independant vectorsei ∈ L such
that

P := VectR(e1, ...,en)

is a totally real subspace inCn, i.e. P⊕
√
−1P = Cn. Then(e1, ...,en) is a

basis ofCn as a complex vector space. ChangingL into one of its finite index
lattices, we may assume thate1, e2, ..., anden are the first elements in a basis
(e1, ...,e2n) of L as aZ-module. In this new basis (i.e. after conjugation by
an elementB in GL2n(R)), L is the standard latticeZ2n, Γ is a subgroup of
SL2n(Z), and sinceG containsΓ as a lattice,G is defined overQ. Borel-
Harish-Chandra theorem (see section 2.3.1) shows thatΓ has finite index in
the latticeG∩SL2n(Z).

In this new basis, then-planeP is obviously defined overQ, and Borel-
Harish Chandra theorem shows thatSL2n(Z) intersects the stabilizer ofP
in G onto a latticeΓ′. Let us use(e1, ...,en) as a complex basis ofCn. The
stabilizer ofP coincides withSLn(R) ⊂ SLn(C), andΓ′ has finite index in
SLn(Z) ⊂ SLn(R).
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Let π be the projection ofR2n onto
√
−1P parallel toP. The projection

of L is then a latticeπ(L ) in
√
−1P. The groupΓ′, viewed as a subgroup of

SLn(C) in the basis(e1, ...,en), is given by matrices with integer coefficients.
As such, it preserves bothP and

√
−1P. On the real vector space

√
−1P, we

use the basis(
√
−1e1, ...,

√
−1en), and choose a matrixM ∈ GL(

√
−1P) =

GLn(R) such that

π(L) = M(Z
√
−1e1⊕ ...⊕Z

√
−1en).

SinceΓ′ preservesπ(L ), bothMΓ′M−1 andΓ′ are finite index subgroups of
SLn(Z). This implies thatπ(L ) is, up to finite indices, equal to

√
−1δ(Ze1⊕

...⊕Zen) for some positive real numberδ. As a consequence, up to finite
indices, we may assume thatL coincides with the subgroup

Zn⊕
√
−1δZn

in the basis(e1, ...,en) of Cn.
Let Γ1 be the finite index subgroup ofΓ that preservesZn⊕

√
−1δZn. Let

A+
√
−1B be an element ofΓ1 whereA andB aren×n real matrices. Then

Ax−δBy∈ Zn andδAy+Bx∈ δZn for all (x,y) ∈ Zn×Zn.

Hence,A is an element ofMatn(Z), B is an element ofδMatn(Z), andδ2 is
a positive integer. Letd be the negative integer−δ2. ThenL coincides with
Zn⊕

√
dZn andΓ with SL3(Od), up to finite indices. �

Let us now apply this proposition to our context. Since we canchangeΓ
into finite index subgroups andA into isogenous tori, we may assume that
A is the quotient ofC3 by the latticeZ3 ⊕

√
dZ3, and Γ has finite index

in the latticeSL3(Od). In particular,A is (isogenous to)B×B×B where
B = C/Od. This proves theorem A whenG = SL3(C), which was the last
remaining case.

9. COMPLEMENTS

9.1. Kummer examples.

Let A be a torus of dimension 3 with a faithful action of an irreducible
higher rank latticeΓ. We proved thatA is isogenous to a productB×B×B
and thatΓ contains a subgroupΓ0 which is commensurable toSL3(Z) (note
thatSL3(Od) containsSL3(Z)).

Let nowF be a finite subgroup ofAut(A). If the orbits ofF are permuted
by the action ofΓ, thenΓ normalizesF: γFγ−1 = F for all γ in Γ. Changing
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Γ0 into a finite index subgroup, we can and do assume thatΓ0 commutes
with all elements ofF. Let F0 be the group of translations contained inF:

F0 = Aut(A)0∩F.

This group is normal, and commutes toΓ0. ChangingA into the torusA′ =
A/F0, we can assume thatF0 is trivial or, equivalently, that the morphism

f 7→ L( f )

which maps an automorphism onto its linear part, is injective. Under these
assumption, we proved in lemma 7.7 thatF acts as a finite cyclic group of
homotheties:F is generated by(x,y,z) 7→ (ηx,ηy,ηz) whereη is a root of
1 (for this we put the origin ofA at a fixed point ofF). Multiplication by
η must preserve a lattice of typeΛ×Λ×Λ whereB = C/Λ is an elliptic
curve, and thus preserves a latticeΛ ⊂ C. As a consequence,η is equal
to −1, i =

√
−1, eiπ/3, or to one of their powers (to prove it, remark that

multiplication byη is a finite order element ofSL(Λ) ≃ SL2(Z)).

Proposition 9.1. Let M0 be a Kummer orbifold A/F where A is a torus of
dimension3 and F is a finite subgroup ofAut(A). Assume that

(i) M0 is not a torus, and
(ii) F is normalized by an irreducible higher rank latticeΓ ⊂ Aut(A).

Then M0 is isomorphic to a quotient A′/F ′ where A′ is a torus and F′ is a
cyclic subgroup ofAut(A′) generated by a homothety f(x,y,z) = (ηx,ηy,ηz),
whereη is a root of1 of order1, 2, 3, 4 or 6.

9.2. Volume forms.

Let us start with an example. LetM0 be the Kummer orbifoldA/F where
A is (C/Z[i])3 andF is the finite cyclic group generated by

f (x,y,z) = (ix, iy, iz),

wherei =
√
−1. Let M be the smooth manifold obtained by blowing up the

singular points ofM0. Let

Ω = dx∧dy∧dz

be the standard volume form onA. Then f ∗Ω = iΩ andΩ4 is f -invariant (Ω4

may be viewed as a section ofK⊗4
A , whereKA = det(T∗A) is the canonical

bundle ofA). In order to resolve the singularities ofM0, one can proceed
as follows. First one blows up all fixed points of elements inF \ {Id}. For
example, one needs to blow up the origin(0,0,0). This provides a compact
Kähler manifoldÂ together with a birational morphismα : Â→ A. The au-
tomorphismf lifts to an automorphism̂f of Â; since the differentialD f is a



HOLOMORPHIC ACTIONS ON K̈AHLER THREEFOLDS 48

homothety,f acts trivially on each exceptional divisor, and acts asz 7→ iz in
the normal direction. As a consequence, the quotientÂ/F̂ is smooth.

Let us denote byE ⊂ Â the exceptional divisor corresponding to the blow-
ing up of the origin, and fix local coordinates(x̂, ŷ, ẑ) in Â such that the local
equation ofE is ẑ= 0. In these coordintates, the formα∗Ω is locally given
by

α∗Ω = ẑ2x̂∧ ŷ∧ ẑ.

The projectionε : Â→ M = Â/F̂ is given by(x̂, ŷ, ẑ) 7→ (u,v,w) = (x̂, ŷ, ẑ4),
and the projection ofα∗Ω onM is

ε∗α∗Ω =
1

4w1/4
du∧dv∧dw.

This form is locally integrable, and its fourth power is a well defined mero-
morphic section ofK⊗4

M .
A similar study can be made for all Kummer examples. More precisely, a

local computation shows that, after one blow up, the volume formε∗α∗Ω on
the quotientĈ3/η

• vanishes along the exceptional divisorε(E) with multiplicity 1/2, if
η = −1,

• has a pole of type 1/w1/4 if η has order 4,
• is smooth and does not vanish ifη has order 3,
• has a pole of type 1/w1/2 if η has order 6.

As a consequence,the real volume formε∗α∗(Ω∧Ω) on M is integrable
andΓ-invariant(this form is not smooth ifη is not in{1,−1,e2iπ/3,e2iπ/3}).

Corollary 9.2. Let M be a compact K̈ahler manifold of dimension3. Let Γ
be a lattice in a simple Lie group G withrkR(G) ≥ 2. If Γ acts faithfully on
M, then the action ofΓ on M

• virtually extends to an action of G, or
• preserves an integrable volume form µ which is locally smooth or

the product of a smooth volume form by|w|−1/N, where w is a local
coordinate and N= 1 or 2.

Proof. If the action ofΓ on the cohomology ofM factors through a finite
group, thenΓ is virtually contained inAut(M)0 and two cases may occur.
In the first case, the morphismΓ → Aut(M) virtually extends to a morphism
G→ Aut(M). In the second case,Γ is virtually contained in a compact sub-
group ofAut(M)0, and thenΓ preserves a Kähler metric. In particular, it
preserves a smooth volume form.
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If the action ofΓ on the cohomology is almost faithful, then it is a Kummer
example, and the result follows from what has just been said. �

9.3. Calabi-Yau examples.

Let M be a compact Kähler manifold of dimension 3. By definition,M is
a (irreducible) Calabi-Yau manifold if its fundamental group is finite and its
first Chern class is trivial. Another definition, which is notequivalent to the
previous one, requires a trivial first Chern class and a trivial first Betti num-
ber. The difference between the two definitions comes from the existence of
smooth quotients of toriA/F with trivial first Betti number (the fundamental
group has a finite abelianization, see [40]). Both definitions work for the
following corollary.

Corollary 9.3. Let M be a Calabi-Yau manifold of dimension3. If Aut(M)
contains an irreducible higher rank lattice, then M is birational to the quo-
tient of(C/Z[ j])3 by multiplication by j, where j= e2iπ/3.

Proof. Let M be a Calabi-Yau manifold of dimension 3 such thatAut(M)
contains an irreducible higher rank latticeΓ. SinceAut(M) is discrete, we
can and do assume thatΓ acts faithfully on the cohomology ofM. Contract-
ing all Γ periodic surfaces as in section 3.4, theorem A shows that we get
a birational morphismπ : M → M0 onto a Kummer orbifold. In particu-
lar, there exists a torusA and a finite subgroupF of Aut(A) such thatM0

is isomorphic to the quotientA/F. Sections 9.1 and 9.2 show that we can
write M0 asA′/F ′ whereF ′ acts on the torusA′ by multiplication byη, with
η ∈ {−1, i,e2iπ/3,−e2iπ/3}. The unique case which leads to a Calabi-Yau
manifold isη = e2iπ/3. �

9.4. Infinite center and compact factors.

In this section, our goal is to remove the hypothesis concerning the center
(resp. the compact factors) ofG in theorem A and theorem B. We first start
with the center.

9.4.1. Infinite center.Let G be a connected semi-simple Lie group without
non trivial compact factor. LetZ be its center,G′ = G/Z the quotient, and
π : G → G′ the natural projection. LetΓ be a lattice inG andΓ′ = π(Γ)
its projection. The following fact is well known but is hard to localize. We
present a proof using Borel density theorem.

Lemma 9.4. The groupΓ′ is a lattice in G′ andΓ∩Z has finite index in Z.
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Proof. Let 1 denote the neutral element inG and 1′ = π(1). Let B be a neigh-
borhood of 1 inG such thatΓ∩B = {1} andπ defines a diffeomorphism
from B to its imageB′. Let us assume thatΓ′ is not discrete. In that case,
there exists a sequence(γ′n) of pairwise distinct elements ofΓ′ ∩B′ which
converges toward 1′. After extraction of a subsequence, we can assume that
γ′n/dist(γ′n,1′) converges toward an elementv 6= 0 of the Lie algebrag. Let
γn be elements ofΓ such thatπ(γn) = γ′n. Let us writeγn = znεn with zn in Z
andεn in B. Let β be an element ofΓ. If n is large enough,

[β,γn] = [β,εn] ∈ Γ∩B

and therefore[β,γn] = 1. Thus,v is invariant under the adjoint representation
ad : Γ→GL(g). Borel density theorem (see theorem 5.5 of [41]) implies that
v is invariant under the adjoint representation ofG′. SinceG′ is semi-simple,
we obtain a contradiction withv 6= 0, proving thatΓ′ is indeed discrete.

Let Γ̃ be the groupπ−1(Γ′). Sinceπ is a covering,̃Γ is a discrete subgroup
of G containing bothΓ andZ. SinceΓ is a lattice inG, Γ̃ is also a lattice and
Γ has finite index iñΓ. In particular,Γ∩Z has finite index inZ. Moreover,
G′/Γ′ = G/Γ̃, so thatΓ′ is a lattice inG′. �

Let nowρ : Γ → GL(V) be a finite dimensional linear representation ofΓ.
Let L be the Zariski closure ofρ(Γ), A be the center ofL, andπA : L → L/A
the natural projection.

Lemma 9.5. If the image ofρ is discrete, its natural projection in L/A is
also discrete.

The proof is along the same lines as the previous one. For the sake of
simplicity, we slightly change it, using a finite generatingset{βi,1≤ i ≤ l}
for Γ.

Proof. Let B be a neighborhood of 1 inL such thatΓ∩B = {1}. Let U ⊂ B
be a neighborhood of 1 such that[ρ(βi),U ] ⊂ B for all 1 ≤ i ≤ l . Let U ′ =
πA(U). Let γ be an element ofΓ such thatπA(ρ(γ)) is contained inU ′. Let
us writeρ(γ) = aε wherea ∈ A andε ∈ U. Sincea is in the center ofL,
we see that[ρ(βi),ρ(γ)] is contained inB∩Γ, and is thus equal to 1, for all
l generatorsβi . This implies thatρ(γ) is in the center ofρ(Γ). SinceL is
the Zariski closure ofρ(Γ), ρ(γ) is in the centerA of L. As a consequence,
πA(ρ(Γ)) intersectsU ′ trivially, proving the lemma. �

Let us now assume that the rank ofG is at least 2. Margulis’s arithmeticity
theorem implies thatΓ′ is an arihtmetic lattice inG′. We can then apply a
result due to Millson, Deligne and Raghunathan (see [37], remark 6.18 (A),
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page 333), according to which any subgroupΛ of G with π(Λ) = Γ′ is a
lattice inG. Since[Γ′,Γ′] has finite index inΓ′, this implies that[Γ,Γ] has
finite index inΓ.

Let nowρ : Γ → Aut(M) be a morphism into the group of automorphisms
of a compact Kähler manifoldM. Let ρ∗ be the morphism given by the ac-
tion on the cohomologyH∗(M,Z). LetV = H∗(M,Z)⊗R. The image ofρ∗

is a discrete subgroup ofGL(V). With the same notations as above, the mor-
phismπA ◦ρ∗ : Γ → L/A is trivial on Γ∩Z becauseρ∗(Z∩Γ) is contained
in A. As a consequence, this morphism factors throughΓ′. Since its image
is discrete, it extends virtually to a morphism of Lie groupsG′ → L/A with
Zariski dense image (cf. theorem 2.4). As a consequence,L/A is finite or
locally isomorphic toG, becauseG is semi-simple.

If L/A is finite, the image ofρ∗ is virtually abelian, thus finite because
[Γ,Γ] has finite index inΓ. In other words, a finite index subgroup ofΓ acts
trivially on the cohomology ofM. Lieberman-Fujiki’s theorem implies that
ρ(Γ) is virtually contained inAut(M)0.

If L/A is locally isomorphic toG, thenL is locally isomorphic toG×A
becauseA→ L → L/A is a central extension. Since[Γ,Γ] has finite index in
Γ, A is a finite group andρ∗(Z∩Γ) is finite too. In other words,ρ∗ factors
virtually to an almost faithful representation ofΓ′. Section 5 implies thatG′

is locally isomorphic toSL3(R) or SL3(C). In particular, the center ofG is
finite, andΓ is commensurable toΓ′.

This proves that theorem A holds even if the center ofG is infinite. Theo-
rem B follows from theorem A, section 3, and classical algebraic geometry.
Section 3 needs property (T) forΓ, and this property holds for lattices in
Lie groupsG as soon asrkR(g) ≥ 2 andg is simple (the center ofG can
be infinite, see [3]). As a consequence, theorem B can be generalized as
follows.

Theorem B’. Let G be a connected real Lie group with a simple, higher rank
Lie algebrag. LetΓ be a lattice in G. Let M be a connected compact Kähler
manifold of dimension3. If there is a morphismρ : Γ → Aut(M) with infinite
image, then M has a birational morphism onto a Kummer orbifold, or M is
isomorphic to one of the following

(1) a projective bundleP(E) for some rank2 vector bundle E→ P
2(C),

(2) a principal torus bundle overP2(C),
(3) a productP2(C)×B of the plane by a curve of genus g(B) ≥ 2,
(4) the projective spaceP3(C).

In all cases,g is isomorphic tosln(K) with n= 3 or 4 andK = R or C.
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9.4.2. Compact factors.Let nowG be a higher rank semi-simple Lie group.
Let K be a maximal, connected, normal and compact subgroup ofG. Let G
be the quotientG/K andπ : G → G be the natural projection. LetΓ be a
lattice inG. SinceΓ is discrete,Γ∩K is finite andΓ = π(Γ) is a lattice inG.
Let ρ : Γ → Aut(M) be a morphism fromΓ to the group of automorphisms
of a connected compact Kähler manifoldM. Let ρ∗ : Γ → GL(H∗(M,Z)) be
the action on the cohomology ofM. From Selberg’s lemma, there is a finite
index subgroupΓ1 of Γ such thatρ∗(Γ1) is torsion free. ChangingΓ into Γ1,
we haveρ∗(K ∩Γ) = {1}. In other words,ρ∗ factors throughΓ. Sections 5
and 9.4.1 imply that

• the image ofρ∗ is finite, or
• G is locally isomorphic toSL3(R) or SL3(C) and the action ofΓ on

H∗(M,R) extends virtually to a non trivial representation ofG.

In the first case, the image ofρ is virtually contained inAut(M)0. In the
second case, there is a sectionsof π : Γ → Γ over a finite index subgroupΓ1

of Γ. ChangingΓ into s(Γ1), we can then apply theorem A. The final form
of theorem A can now be stated as follows.

Theorem A’. Let G be a connected semi-simple real Lie group. Let K be
the maximal compact, connected, and normal subgroup of G. Let Γ be an
irreducible lattice in G. Let M be a connected compact Kähler manifold of
dimension3, andρ : Γ → Aut(M) be a morphism. If the real rank of G is at
least2, then one of the following holds

• the image ofρ is virtually contained in the connected component of
the identityAut(M)0, or

• the morphismρ is virtually a Kummer example.

In the second case, G/K is locally isomorphic toSL3(R) or SL3(C) andΓ
is commensurable toSL3(Z) or SL3(Od), whereOd is the ring of integers in
an imaginary quadratic number fieldQ(

√
d) for some negative integer d.
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feuilletages stable et instable différentiables.Invent. Math., 111(2):285–308, 1993.

[6] E. Jerome Benveniste and David Fisher. Nonexistence of invariant rigid structures and
invariant almost rigid structures.Comm. Anal. Geom., 13(1):89–111, 2005.

[7] S. Bochner and D. Montgomery. Locally compact groups of differentiable transforma-
tions.Ann. of Math. (2), 47:639–653, 1946.
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