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Abstract This note presents an estimator of the hazard rate function based on right censored data. A
collection of estimators are built from a regression-type contrast, in a general collection of linear models.
Then, a penalised model selection procedure gives an estimator which satisfies an oracle inequality. In
particular, we can prove that it is adaptive in the minimax sense on Hoélder spaces.
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1 Introduction

In medical follow-up and other subjects, the observation of a variable of interest, for example the lifetime
of an individual, can be right censored. This means that we only observe the minimum of the lifetime
and a variable called censoring time (for example the time when a patient leaves the medical program),
which is supposed independent of the lifetime. We also observe if this minimum corresponds to the
variable of interest or to the censoring time. More precisely, we consider a sample (X;);=1, ., of non-
negative variables, and a sample (C;);=1,... », of non-negative censoring times. Then we observe a sample
(Y3, 0;)i=1,..n, with:

Y = min(X;, C;), & = lx,<c; (1)
A function of interest in such a study is the hazard rate function of X, which represents the risk of death

at a time x knowing that the patient is alive until z. If we denote by fx (x) and Fx(x) = P[X; > ] the
density and the survival function of X, we have:

W) = & (@)

A lot of papers are devoted to hazard rate estimation, among which two general methods can be
drawn in the non parametric context that we only consider.

The first one consists in estimating h by a quotient of two estimators. The most obvious is fX / ﬁX
where fX and Fy are estimators of fx and Fx. In general, Fx is replaced by the well known Kaplan
Meier estimator of Fx (Kaplan and Meier (1958)). Another decomposition of h is

fxFc
Fy

h= (3)
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The function ¥ (z) = fx () Fc(z), called the subdensity of X, corresponds heuristically to the “density”
of the observed variables X;, in the sense that for every function ¢ : Rt — R such that ¢(0) = 0:

Bl(6:)] = E6e(X0)]) = [ ta)ota)da

As the (§;, X;) are directly measured, 1) is easier to estimate than fx. Similarly, Fy is easier to estimate
than Fx. Indeed it can simply be replaced by the empirical survival function of the observed (Y;).
Patil (1993) proposes a kernel estimator of ¢ with a bandwidth selection and gets an estimator of h
via expression (3). Antoniadis et al (1999) use a wavelet decomposition but their estimator is not really
adaptive as the optimal resolution of the wavelets depends on the regularity of fx. Comte and Brunel
(2005) build a projection estimator of 1) by model selection in more general bases, and obtain an adaptive
estimator.

Other estimators of h are based on the cumulative hazard H(z) = —log(Fx(z)). One of the most
frequently used estimator of H is the Nelson-Aalen estimator (Nelson (1972)). Obviously, we have:

h(z) = H'(z) (4)

Yandell (1983) and Tanner and Wong (1983) build an estimator of h by differentiating the Nelson-
Aalen estimator of H with a delta-sequence method, and Muller and Wang (1994) introduce a variable
bandwidth. Comte and Brunel (2008) propose a projection type estimator based on a approximation of
cumulative hazard function. The method is very different from the one presented here, but leads also to
an adaptive estimation procedure.

Let us mention also the estimator of Reynaud-Bouret (2006) built by model selection in a set of
random models, which is adaptive on Holder spaces with regularity smaller than 1.

The present note describes a regression type strategy, in a different spirit from other procedures.
It leads to an adaptive estimator for the integrated squared risk on a set [0, 7] such that P(Y > 7) is
positive. The proofs are self contained (apart from the well-known Talagrand Inequality), and the key
point is that the reference norm for the risk is chosen to be well suited to the problem.

The plan of the paper is the following. Section 2 presents the framework, and the main assumptions.
The estimation procedure is described in Section 3, as well as the main result. But the estimator built in
Section 3 brings into play unknown quantities, which are estimated in Section 4. The proofs are gathered
in Sections 5 and 6. Section 7 recalls classical deviation inequalities for empirical processes.

2 Presentation of the framework, assumptions and notations
2.1 Framework

We consider a sample (X71,...,X,,) of i.i.d. (independent identically distributed) non negative random
variables with common survival function Fx (z) := P[X; > z] and density fx, and a sample (C4,...,C,,)
of i.i.d. non negative random variables with common survival function F. We suppose that the (C;)
are independent of the (X;) The variables of interest are the (X;), but we only observe the sample
((Y1,61),...,(Yn,d,)) defined in (1). The aim of this paper is to build an estimator of the hazard rate of
X given by (2), on a compact interval A on which Fy = FcFx is lower bounded by a positive number.
Theoretically, A is a known compact interval independent of the data, even if practically it is chosen by
looking at the data. Moreover, we take A = [0, 1] for simplicity, but the results can be adapted to any
compact interval A by rescaling the data. More precisely, we consider the following assumptions:

Aframe : We suppose that Fy is lower bounded on A = [0,1] by Fg > 0, and that h is upper bounded
by [|Alloo, 4 := supgec4 h(x) < o0.



2.2 Notations

We define the following scalar products and norms on L?(A). For every s,t € L?(A):

<s,t):/As(x)t(x)dx, ||t|\2:/At2(a:)dx
(5,85, = / @@ Py (@)de, |, = [ #@)Fy @)ds

Z/ 1y>xdl‘ |tHn— Z/ t2 1y>xdx

Let A be a square matrix, we denote by Sp(A) the spectrum of A, that is the set of its eigenvalues.
Let 0 and L be positive numbers, and r the greatest integer smaller than G, we define the Holder
space H((3, L) on A:

HB,L)={f: A= R, |f"(x) — f(y)| < Lz — y|* ", Va,y € A}

For every z € R, we denote by E(x) the integer part of z, that is the greatest integer smaller than or
equal to x.

All throughout the paper, C; denotes a universal numerical constant, and C, C’ denote constants
which depend on the given parameters of the problem and may change from one line to another.

2.3 Collections of models

The estimators proposed in this paper are computed by model selection in a general collection of models
M,, == {Sm, m € J,} where every model S,,, is a finite dimensional linear subset of L?(A) with dimension

Dy, We suppose that the collection M,, satisfies either Assumption A( od OF Amo 4

Agld The models Sy, are nested, that is J,, = {1,..., N, } and:
S1CSyC - CSNn =5,
Besides, there exists a constant K such that for every model S,,, and for every (¢7%,..., gf)gm) or-

thonormal basis of S, for the L?(A)-norm:

sup | > (¢7(2))?] < K2Dyy (5)
Moreover, the maximum size of model satisfies: N, < n/ In%n.
A2

+2) 1+ There exists a linear subset S,, of L?(A) with dimension N,, < n/In®n such that every model
Sm 1is a subspace of Sy, and the global space S,, satisfies Property (5).

Remark 1 Obviously, Assumption Agld is stronger than Assumption Agld. Thus, Aﬁld allows more

irregular collections of models. Let us explain this notion on the example of histograms. Let I,, be the

regular partition of [0, 1] of step 1/N,,, and S,, the set of histograms on [0, 1] which are constant on I,,.
(2)

mod» the collection M,, can include any set of histograms S,, based on a partition

I, of [0, 1] composed of union of intervals from I,,. Whereas Assumption Agld only allows diadic regular

set of histograms, that is:

Under Assumption A

Sm=Vect{1[gi[,j:1,...Dm}, where D,,, = 2Fm

D’IYL Dm
for some k,,, = 1,...,k, and 2¥» = N,,. We consider also a general assumption related to the maximum

number of models for a given dimension.

A(3)

mod - For every a > 0, there exists a constant A > 0 such that, for every n € N*,

> exp(—ay/Dy,) <A

meJy,



3 Theoretical estimators

The estimators built in this section bring into play unknown quantities, that is why we call them the-
oretical estimators. We replace in turn these quantities by estimators in Section 4. In Section 3.1, we
present a non adaptive procedure, to build an estimator h,, of h on each model S,,,. The model selection
procedure is described in Section 3.2, with two different penalties corresponding to the two Assumptions
AE:lc):)d and A](;Z)d. Section 3.4 presents the main result.

3.1 Non adaptive estimator

We consider the following contrast, for every t € L?(A):

2 n
0 = el = 2 dur(v)
i=1
Let us justify this contrast. First,

_ : 2 _ _
hly = argterzlzu(nA) It = hliF, = arg, mln 2(t, )%,

min, el -
Besides for every t € L%(A), E[||t]|2] = Ht||2fy In addition, for every ¢ =1,...,n:
E[6:¢(Y:)] = E[E [6:;¢(Y;) | X:]] = E [t(X:)E[1x, <c [ Xi]]
= BUX)Pe(X)] = [ 0Pl fx(w)is

_ /A H(x)F o (2)F x () h(x)dz = (t, hyp, (6)

Thus E[y,(t)] = [[t|l7, — 2(t,h)5, and hla = argminger2(a) E[y,(t)]. This explains how v, (t) is built.

For every model S,,, we define h,, = arg mingeg,, Yn(t). Let (o7, ..., 47 ) bean L?(A)-orthonormal
basis of S,,, then A, = Zf;"l ax ¢yt with:
Dm m
Mt axd) _ o yy—1,...p,
aa,\
This is equivalent to: L R
GmAm = Vm
with A,, = (@1,...,ap,, )" and:
m m % 1 - m
= ({ox 7¢A’>H)A,)\/=17,,_,Dm s V= (n Zfsi%\ (Yz)> (7)
=1 A=1,...,D

yersdm

where M? denotes the transpose of M. But the matrix Gm is not necessarily invertible. We consider a
set on which Gm is invertible, more precisely on which the spectrum of Gm is lower bounded. First, we
define the following set:

A = 1 -1 EV S, 8
1= | < 3 VEe Sy (8)
1£]1% 4
Y

Since ||. ||, is the empirical norm associated to |.|[%, , P[A1] is close to 1 (see Proposition 53). Let t € Sy,.
On the set A; and under Assumption Agrame, We have

355 1112 < 3412 2
2 Folltl < litlls, < 11l 9)

so that for every \ € Sp(ém)7



ZFO < (10)

Then we consider the following set, on which @m is invertible:

and it satisfies A; C Agh. Finally, we consider the estimator of h: ﬁm = Z)\;‘l a\¢y® with

. A—117 th
A = (@1,....4p, )t = § Gm Vm  on 43
m 0 otherwise

3.2 Adaptive estimators

By the non adaptive estimation procedure described above, we obtain a collection of estimators {ﬁm, m e
M, }, among which one is automatically selected by a penalised model selection procedure. We briefly
present this strategy, developped by Birgé and Massart (1998). For every model S,, the risk of the
estimator Em is split in two terms:

Bl — bl <2 (10—l + Bl — Pl ]

where h,, is the [.||z, -projection of h on S, The bias term [h — hm||2fy decreases when the model S,

grows, whereas the term E[Hﬁm - hmH%y] has the order D,,/n of a vairiance-type term, and increases

with D,,. (Nevertheless in our case it is not exactly a variance, as E[h,,(x)] # hn,(2).) Thus, the best
model would be the one which realises the better trade-off between bias and variance.

The basic outline of model selection is to estimate the bias-variance sum (possibly up to a constant
independent of m) and to select the model which minimises this sum. Besides,

2 2 2
Ih = bl = Il = 208 hond s, + 1B, -

The term ||hmH%y — 2(h, him )7, 1s estimated by 'yn(ﬁm) (see 6). The variance term E[||Em - hm||2fy] is
upper bounded by a deterministic term with order D,,,/n, called the penalty. We do not explicitly prove
this result here but a more general one (see Theorem 1 and Comment 1. hereafter).

We consider two penalties with order D,,/n, but with different constants.

BK? D,, Dy,
= Fo T Pengh(m):BHhHoo,AT (12)

pent(m)

with B > 3, and select the model

m; = arg mrg}a Vi (hn) + penfh(m)

for i =1 or 2. We get two almost data-driven estimators of h: ﬁml and /]';ffm. Each penalty corresponds to

a set of assumptions. Penalty pent corresponds to Assumption Agld so it works under both Afrllz)d and

Ag())d (S%) remark 1). Penalty pent® only works under Assumption Al(;g)d, but is more computing-saving

because F is estimated anyway, to compute the non adaptive estimators (see A5 in (11)).

Remark 2 Actually, any constant B > 1 could be allowed in the above penalties provided slight changes
in the definition of AY*, but we fix B > 3 for simplicity’s sake. This point is discussed more precisely in
Section 5.5. Nevertheless, as B tends to 1, the constants C' and C” involved in Theorem 1 tend to infinity.



3.3 Result

The following theorem states the adaptivity of ﬁfm

Theorem 1 Leti =1 or 2. Under Assumption NS

A(32,d and Aframe:

mod’ m

~ C/
o2 leo i ; Iz th ¢
E (1, — 11, ) <€ int, {int lle— 01, + penom b+ (13

where C is a numerical constant and C' depend on (K, Fo, ||h| )

Comments:

. We do not study explicitly the risk of T for one model S, but a particular case of (13) when M,,
is restricted to {S,,} provides the following inequality:

2 1A~ 3, ] < 0 {11, +pention)}

fori=1or 2.
. Huber and MacGibbon (2004) prove that the minimax rate of convergence on the Hdolder space
H(B, L), for B> 0 and L > 0 is the classical rate n—28/(26+1)  Besides, suppose that h € H(B,L):

. o o < . o < 7ﬁ
Jnf = hllg, < inf |1t~ bl < C(L.B)D;,

Thus for a model of dimension D,,~ = n!/(26+1).

E ||[Ae — |2 | < Cn=20/(25+1)
Fy

So, for this choice D, iALm is optimal in the minimax sense on the space H (8, L). Thus, the collection
M,, contains an estimator with optimal rate, but the choice of D,,« = n/#+1) is not accessible as
(3 is unknown.

. The model selection procedure enables to choose automatically such a model, whithout estimating
(3. More precisely, Inequality (13) (called an oracle inequality) shows that the risk bound of hz, has
same order as the risk of the best estimator among the collection {/Hm, m € M, }. In particular, Em
reaches the minimax rate of convergence n?/#+1) gyer all Holder classes H(S, L) for § > 0, L > 0.

4 Data-driven estimators

The estimators presented in this section are similar to the ones of Section 3, but the unknown quantities

Fo and ||h]|sc.4 are replaced by estimators.

4.1 Estimator of Fg

Fq is the lower bound of F'y on A = [0,1], so Fo = Fy(1). Thus a natural estimator of Fiy would be the

value of the empirical function in 1. For forcing the estimator of F to be lower bounded, we define:

~ 1 &
FO = max(an, - E lyl.>1), where Ay = 1/\/’5
n =1 -

and denote by:

(=)



4.2 Estimator of ||hl|so,4

Let v = ||h]|co,a- Let D = E(n”) be a middle-sized model with 0 < v < 1, and Sp = Vect(pP,...,oP)
the set of piecewise constant functions on [0, 1]: <ij = \/51[%7%[. Let hp := argminges, ¥n(t). As

the basis functions (gij ) have disjoint supports, the matrix Gp of the scalar product (.,.), in the basis
(eP, ..., ¢B) is diagonal, with diagonal coefficients:

.....

On the set Ay, these coefficients are positive, so the matrix G p is invertible and

~ . - (A/n) F, i (V)
hp = Z ajgaf where a; = ” 5”2 :
j=1,...D w5 lln

Let us denote 7, := ||h||oc, then:
Up=VD max a;

Besides, we denote by hp the |.|[%, -projection of h on Sp, then

P (x)h(z)Fy (z)dx
hp = Z ajp; where a; = fA #j ( )D(2) v (z)
e L

Finally, we define the following set whose probability is close to 1 (see Proposition 63):

3 N 5
Ay = {41/ <v, < 41/}

4.3 Data-driven estimator

Let S,, be a model of the collection M,,. We follow a procedure similar to the one described in Section
3.1, but now the set A%" is replaced by

N 3 ~
Ay = {min(Sp(Gm)) > 5FO}.
Now we have h,, = Zf;”l a'¢y with A, = (6?,...,Egm)t given by A, = éfnlﬁm on Ay, and 0
otherwise, where ém and ‘A/m are defined in (7).
Moreover, we take:

BK? D, ~ Dp,
= -m — By, 2™
peny(m) 7 n pena(m) Uy, -

with B > 15/4. Lastly we consider the estimators ﬁml and ﬁmz where

o~

m; = arg min v, (h.,) + pen;(m)
meM,,

fori=1 or 2.



4.4 Results

Now our estimators are completely data-driven when B is chosen, and we can generalize Theorem 1 as
follows.

Theorem 2 Let i =1 or 2. Suppose that Assumption Asm)ow Agld and Afgrame hold, and that:
v
Ih =hpllee < g (15)

where hp is the projection of h in the histogram basis defined in (14), then:

- , , c’
E (s, —bli%, | <C inf [inf [t =A% +pent(m)] + =

mEMp €S n
where C is a numerical constant and C' depend on (K, Fy, ||k )

Remark 3 1. If h is in the Holder space H(S, L) for some 8 €]0,1[, L > 0, then Assumption (15) is
satisfied for n large enough. In fact, let y € A:

D [P VEFy (z)dx
h(5) — ho)| = |y — ZJa-nn )
Df]/D (z)dx
(-1 /D
D D
D55 o )Py (e =D /1 @)y (w)d
= D
Df(JJ/ 5 /D y(z)dz
D
_ DS o ) — h@) [Py ()de g
= /D = DB
D [ p Fy(@)dz b

The comments of Section 3.3 hold, so the adaptive estimators are minimax over Holder spaces.
2. As notified in Remark 2, B could be choosen as any numerical constant, provided that it is greater
than 1.

5 Proof of Theorem 1

The following Propositions are intermediate results to prove Theorem 1. Suppose that Assumption
(8)
Aframe and A hold.

mod

Proposition 51 Let i =1 or 2. Suppose that Assumption Arnod holds, then
7 2 2 th ¢’
E [, ~ Al 1a] < int | inf o= nl, +pentton)] + < (16)

where C is a numerical constant and C' depend on (K, Fo, ||h| )

Proposition 52 For every model S,, € M,,:

1A = b7, < +Plz, ac

2K/ N,
Fy
Proposition 53 Suppose that Assumption Afjllz)d or Aflz)d holds, then

—2n
P(Ai:) S 2exp(—C’2F0F)

where Cy is a numerical constant.



5.1 Proof of Theorem 1

Under AW

mod’

N, <n/(Inn)?, so according to Proposition 52 and 53,

~ 2K —n —
E [Ifn, - 4, 1) < (5 4l ) expl-CaFi 2] < Cnexpl-CaFoan)’

n

o nn — qlnn — 4
—Cn [exp(—CQFO mn)]"" = Cn [n*@Fo} = Cpl=C:Folnn < % (17)

And the result of Proposition 51 ends the proof of the Theorem. O

5.2 Proof of Proposition 51

Let i=1 or 2. To simplify the notations, we denote by pen(m) = pent*(m) and m = m,. Let S,, be a
model in the collection M,, and h,, be any function in S,,. On the set A", we have:

Yo (hi) + pen(it) < vu(hum) + pen(m)
Thus,

[hwl|2 = [|hm |2 < pen(m) — pen(in Z(S (Y;)

Besides, [[ha — |2 = [hall2 + [|hm |2 = 2(ha, hon)n, s0:
~ N 2 ~ ~
[ha = Bl < pen(m) — pen(i) + - > " 8i(him = hn) (Vi) = 2(ham, Ban)n + 2| B[
i=1

o~

— pen(m) — pen() — 2(om — huns hanhn + %Z 5B — hon) (Y3)

s
Il
—

= pen(m) — pen(m) — 2(ha — hun, bn — B)n + 20n (B, — him)
where we denote:

1 n
= E ;5115(3/2) - <t7 h>n

Let us denote S, + Sy = {t +t',t € Sy, ¥’ € Sy}, then by noting that 2ab < 2a? + (1/2)b* for every
a, b, and with Cauchy-Schwartz Inequality:

A — hn |2 < pen(m) — pen(ii) — 2(ha — o, hon — h) + 2||hi — |7, sup Un(t)
t€Sm+ Stz =1
L= 2
< pen(m) — pen(m) + 2||h = hinllnllhm = Bl + iHhﬁl - hm”fy

+2 sup (1/”(75))2
teSm+Sm,Ht\|fyz1

Since 2ab < (1/4)a® + 4b?, for every p(m,m’) function of (m,m’):

~ ~ 1 ~
[him = hm i < pen(m) — pen(i) + 2p(m, M) + 2|[ha — hon |lnllhm — hlln + S hm = h) 1%,

+2 sup [(Vn(t))2 —p(m,m)]
tGSm+Sﬁ,Htny:1

1 ~
< pen(m) — pen(m) + 2p(m,m) + ZIIhm—hmlliJr‘th—hmHi

1~ ~
+5llha — honl[%,, +2 sup [(vn(t))? — p(m, m)]
tE€Sm+Sm,lItlF, =1



Thus:

3~ ~ N 1~
17 = Bl < pen(m) — pen(i) + 2p(m, ) + Sllham — hmllT, + 410 = b7,

+2 sup [(va(1))? = p(m, )]
t€Sm+ S ||t =1

On the set Ay N AL = Ay (cf Section 3.1), [ — hun|ln = %Hﬁm — hum||F7, , hence

3 1, ~ ~ ~
() = ha = B, < 4llh = honlI7 + pen(m) — pen(i) + 2p(m, i)
+2 sup [(va(1))? = p(m, )]
teSm+S;n\,\|t|\fyz1
Moreover, we note that [hs — hml|% > §llha = hll% = lh =kl and B [[|h = hpl2] = 15— b2

SO:
E [ — b, Lay] < O {IIh = Aol + Elpen(m) — pen(i) + 2p(m, i)+
sup  [(va(6)) = p(m. m)]} (18)
t€Sm+Sm Iz, =1

where C is a numerical constant. Besides, v, (t) is a centered process since

E[5:4(Y;)] = /A H(2)h(2)Fy (z)dz = E[(t, k)]

(see (6)). Therefore, we insert the mean term [, t(x)h(z)Fy (z)dz to obtain the sum of two variance-type
terms. More precisely, we define:

t
A

na(t) = 13- 8:(¥) — [ Hah(@)Fy (a)da

Up2(t) = %Z/At(x)h(ﬂc)lygmd:v - /At(x)h(x)Fy(m)dx

Then, since (a + b)? < 3a? + 3b?,

E sup ((a(1))? = p(m,m))
t€Sm+ 55|t =1
3 2 2 = 2
< E sup (1 (£) = 3p(m, )| +3E sup (vn,2(t)) (19)
t€Sm+Sm lItlF, =1 tE€Sm+Sm, [IthF, =1

Moreover, the two terms above are upper-bounded as follows.

lemma 51 Under the Assumptions of Theorem 1

1
E sup (n2()?| < =—IIhll%
t€Smt-Sam |tz =1 Fon' 7 FY
lemma 52 1) Let
BK2 D,, + D,

/
m,m )= —
pl( ) 2T, "

then under Assumptions Af,{llld, Agld and Agrame, we have:

A
=Q

2 .
E sup (Vn,l(t))Q - 7p1(m7m1)
1€ S+ S, Ity =1 3 .

10



2) Let
_ BE?||hllsc,a D + D

pa(m,m’) 5 - (21)
then under Assumptions Aflllz)d, Ag())d and Aframe, we have:
2 . c’
E < sup (Va1 (1)? - 3p2(m,m2)> <—
tE€Sm+Sm,, It #, =1 n n
for some constant C' depending on (K, ||h||co,a, Fo).
Finally, for the estimator Bmlz
. . BYK? D,,
pen(m) — pen(my) + 2p1(m, M) = —— — (22)
Fy n
and for the estimator ﬁﬁw
_ _ 2 D,
pen(m) — pen(iin) + 2p1(m, #11) = BOK?|loc.a 2 (23

Finally inequalities (18), (19), (22) or (23), and the results of Lemmas 51 and 52 provides inequality
(16), which ends the proof of 51. O

Proof of Lemma 51
Let (@7, ..., 9%, ) be an ||.|-orthonormal basis of the global space S,,, and note that {t, ||t||2fy <1} cC

{t, ]2 < Fy ' }. Then:

E sup (Vn,g(t))2 <E sup (1/,172(25))2
t€Sm+Sm,,ltlw, =1 | t€Sn,lItllF,, =1
<E sup (Vn,2(t))?
[tESH,|[t]2<1/Fo
- N )
=E sup < ax((@X, h)n — <¢§,h>py)>
37 a3<1/Fo \X=1

With Cauchy-Schwartz Inequality, we obtain

E su (ma()?] < = - E [((65, h)n — (63, W5 )2] = — S Ly [/ h(@)6% (2) 1y, >adz
teSm-&-Smﬁltnyzl w2 -~ Fy st A Em MR TR, i A A Yize
1 Al 1
= FonE );<¢’S\L7h’(’)]‘yl>~>2‘| = ﬁE |:H(h(>1Y12)SnH2}

where (h(.)ly,>.)s, denotes the L2-orthogonal projection of h(.)1y,>. on S,. Thus:

‘ -

<

ol

E l sup (z/nvg(t))2

t€Sm+ S, Nty =1

1
E [||(.)1v,>.II"] = FTn”hH%Y

on

Proof of Lemma 52
For i=1 or 2, we have:

E ( sup (U (1)? — gpz(m,ml)> < Z E ( sup (Vpa (1) — zpi(m,m’)>

I | t€Sm St ], =1 .

11



Besides, for every models Sy;,, S/, we upper bound the term E[(supycg, 15, j1¢). =1 (Vn1 (t)2—pi(m,m’))]
m’ Y
with Talagrand Inequality as recalled in Theorem 4.
(1

Let us compute first the term H. Under Assumption Amz)d, S C Sy or S, C Sp,. Thus, if we
denote by D,y the dimension of S, + 57, we have D,y = max(Dyy, Dynr) < Dy + Dy Moreover,

we denote by ( T+m/, ce ”D’:Zi;,) the orthonormal basis of S, + S;,,; with ¢T+m/ = o3 if Sy C Sp,
and ¢ if Sy C Spn.

1. Suppose that the assumptions of 1. in Lemma 52 hold. Similarly to the upper bound of
E[supt657n+sm7Ht”ﬁyzl(un,g(t))z], we obtain

E sup (Vn71(t))2 <E sup (Vn,l(t))2)+
t€Sm A8, It Fy, =1 tESm+S,,, 1t <1/Fo
1 P
< — =Var [5167™ (1))
FO ); n A
1 Dm,-f—m,’ 1
< = bl ) [( m+m')2(Y1):| (24)
FO );1 n A
Besides, under Assumption Agld:
Dot /
D@2 < KDy, (25)
A=1 -
hence:
1| e , K2(Dy + Do)
E sup na®)?] < — | Y (o0 < —=—" =1
tESm+S It F, =1 nko || 5 Fon

o0

Since B > 3, according to the definition (20) of p;(m,m’), we have (2/3)p(m,m’) = 0H? for some
0 > 1. Besides,

Dm+7n’
sup 1612(Y1) ][0 < sup |t = sup Y ayt
tGSerSm/,Ht“fy:l teSm+S,,,|[t)|2<1/Fq Zf:l+m/ aigl/fo A=1 -
With Cauchy-Schwartz Inequality, and inequality (25), we obtain
Dm+m'
1 m-+m’\2 K /
sup H(slt(yl)”oo S N Z ( by ) >~ T = Dm +Dm’ =1b
t€Sm+Sy, |ItlF, =1 VFoll X2 Fo
(oo}
And according to computings (6),
sup Var(01t(Y1)) < sup E[6:t3(Y1)]
tESm 4S8, It F, =1 tESm+S 0 lItllF,, =1
= sup / t2(z)h(x)Fy (z)dx < 1A]|co,a ==
tE€Sm+ S, lltll7, =1 A
Then, with Talagrand Inequality, we obtain
2 2 /
E sup (Vna(t)” — gp(m,m )
tESm 4S8, lItllF,, =1 n
— |l K?(Dyy, + D,y —+K*(Dyy + Dy
< C'H loc.a exp (—I{( m ¥ Dm )> K (Do + Do) g+ m) exp(—r'v/n)
n Follhlloon Fon?
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Thus, with Assumption ASL)) a» we have

> E < sup <un,1<t>>2—§p<m,m'>> <<
.

meM, | \t€Sm+ Sty =1

which conclude the proof of 1. in Lemma 52.
2. Suppose that the assumptions of 2. in Lemma 52. Let (1, ... ,¢Dm+m,) be an orthonormal basis of
S + Spy for the norm |||z, . Then, similarly to (24):

D
1 m4+m/ 1 Tn
E sup (Vn1(1))? S Var(6193(X,)) < — E[6193 (X1)]
t€Sm+S,,1,lItllF,, =1 Z n z:: A
1 Dm+7n’
=2 > [ B@h@ Py
A=1
D, + D,y
< [[Alloc,a = H
n
Besides, according to Assumption Ag()) 4
sup ||51t(Y1)||oo < sup [thoe € —=VNn =0
tESm+S,lItlF,, tESm+S,./,lIt12<1/Fo vV Fy

and the end of the proof is similar to the 1). O

5.3 Proof of Proposition 52
Let m < N,,:
[hm = b7, < [hmll +112]F,
= [[Anl + [[2llF,
< max (Sp(G7,1)) [Vl + 1],

= [min (Sp(é7n)):| ) ||‘7mH + ”thy

According to inequality (10):

by |
I =, < > %Z L2 1,
<T%3i YO + il
T 3F) — n4 Fy
4 ;m ; , 1/2
< 3F, >\Z1(¢>\) . + 77,
< B jaly, o

13



5.4 Proof of Proposition 53

The proof of Proposition 53 is inspired from Baraud (2002).

1 1
c __ 2 2 2 _ 2
a5 = {12~ Wl | > J1el, ve € 5, | = { s n(t?) > 4}

teSltle, =1
where 1, (t) = 2 30 ([, t(#)ly,>0dzx — [, t(z)Fy (z)dz). Let (¢1,...,1¢y, ) be an orthonormal base of
the global space S, for the norm |||z, then

A = sup Zaxax llz([q¢x($)¢A/($)1mzzd$/Al//A(ZWA/(x)FY(I)dx)] >

1
T aX=15x "3 4

1
= sup axax Sy > —
zzlz 1

>al=1) y

On the one hand, let A\, \’ be fixed, then:

1 n 2
E;E K/A %wxlm>xdm>

and for every [ > 2:

=E

2
(/ wkw)\’lY1>wdw) 1 = UaN
A

l

E ( /A NN (x)lylzwdx) )

<E

(/A %(a:)?#x/(x)llewdx)Q (/A o () (@Idx)l_T

1/2—1
< oo ( [ vt [ w§,<w>dx)

< ax (;0)[ ( [ @y @i [ v (x)Fy(x)dx)l/

1-2
_ 1 — 1—2
= UaN ?0 EUNNCY N

Thus, Bernstein Inequality recalled in Theorem 3 provides the following upper bound:

PS> V2oa vz + cavz] < 2exp(—nz)
On the other hand,

{13,3] < V/2oxx@ + eanw, VAN =1,... N, }

N, Ny Ny,
S Y lallSaxllan] < V2z D aalyaaalax|+z D laaleaxlan], V(aa)r=1,. v,

AN =1 AN =1 AN =1
N, Ny Ny,
C sup Z lax||Sxx|lax| < V2x sup Z |ax]\/Uxalax |+ 2 sup Z lax]eaa|ax]
Sal=1y1 Sa3=1 =1 Yal=1 v

= { sup I (£2)] < V2zp(V) + xp(C)}

teSn, lItlF,, <1

where p(M) denotes the maximum of the spectrum of M, and V' and C denote the following matrix:
V= (\/U)‘vA/),\,)\’:l,...,Nn v C=(@axn)yvo,N,

14



Thus, for every = > 0,

P

sup 7 (t2)] > V2xp(V) + :Ep(C)} < ZP [1Sax] > V2usnz +eynz] < 2N?2 exp(—nzx)

tESmHtnyﬁl AN

To upper bound the term P[A§], we choose z such that v2zp(V) < & and 2p(C) < i. Let L(¢) =

max(p(C), 16p(V)?) then,
PlAil = 2exp (_SL@))

Now we have to upper bound L(t). Applying two times Cauchy-Schwartz Inequality,we obtain

Zai= N=1 Tai=l a=1 Lv=1

(V) = sup [Zm(Zwm)]l up (Z) %:[%:||\/71
- z(zw«m) <3 (3]

S al=1327 \w=1 N=1

We replace vy y by its expression.

N,
(p(V)? <> E > <¢,\',¢,\1Y1>.>2]
=1 v=
L N [N
<= Z(ib,\ul/i,\lyp.ﬁy]
Ox=1 Ly=1

Besides, \/Zf\\’,"ﬂ(d}x, w)\].yl>z>% is equal to the norm of the ||.||z, -projection of 51y, > on Sy, so:
>z) %, >

Nn

> (ni vz, < alviz I, < lalE, =1
N=1
Hence (p(V))* < .
Besides, ’
1
P(C) = — sup |a>\Ha;\/
F ZGQ_I AN =1
1 Nn Nn N,
= TP ZGA lax])?
0 Xa3=1 \ =1 =1 ,\':1
N,
1 n N
< — sup \/]T"Z lax| <
Fo sa3=1 r=1
i No 16NaY — 16 Vn
Finally L(¢) < ma:v(ﬁ, 16?5) = 16?3 and

Pl < o (~GiFeA) O

5.5 Comment about the constant in the penalty

This Section ensues from Remark 2. Suppose that A4 is replaced by the set:

t2
(5 <o)
Fy

and the inequalities of the kind 2ab < 2a? + (1/2)b? by 2ab < (1/8)a® + b2 in the proofs above. Then
if a, 8 are chosen small enough, Theorem 1 still holds for a constant B > 1 in the penalty.
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6 Proof of Theorem 2

The following Propositions are intermediate results to prove Theorem 2.

Proposition 61 Suppose that Assumptions Afﬁz)d and Aframe hold.

1. If Assumption Al(ﬂrlu))d holds, then:

E |:||h7/7\11 - h||%y1AlmA2ﬁA3:| < leer.l/\f;l |:tg}9f ||t - hH%y +pentlh(m):| +—

2. If Assumption A(mz())d holds, then:

B (s — Al Lasnainasna,] < C int [ inf 1= Al +pent ()] + &

where C is a numerical constant and C' depends on (K, Fy, ||h|ls)

Proposition 62 Under Assumption Agrame-
1. For every n such that o, < Fo/2:
PAS] < 2exp(~CinFy)

for some numerical constant Cf.

2.
ASN A5 C ASN Ay

Proposition 63 Under Assumptions (15) and Agrame, we have:

P]AS N Ay] < 4D exp (fc%)

where C depends on (v, Fo, ||h|so)-

6.1 Proof of Theorem 2

Similarly to the proof of Proposition 52, for every model m,

~ 2K+/N, 2K+/N,
[ = hll7, < ==+ lbll7, < ==+ llhl7, =2Kn+ ki,

= 3 N

A

since ﬁo > oy, and N, < n.
e Proof for i = 1:

~ 2 c
Ehm, = hl%, 1ainanag: | < 2Kn+ [hlz,)* PI(A10 A2 0 Aq)

and

P(A1NAyNA3)°] = PAT U AS U Af]
= P[(ATU AS U AS) N As] + P[(AT U AS U AS) N AF]
< P[(Af N A3) U (A5 N As)] + P[AS]

According to 2) of Proposition 62, we have
P[(A11 451 Ag)] < P45 1 Ag] + P[AS] < PAS] + P A
Thus Proposition 53 with computings in (17), and Proposition 62 lead to

P[(A1 N Ay N A3)] < exp (_cﬁoﬁ) + 2exp(—CoFon)

Hence E ||Tlm1 — h”%yl(AlmAzﬂAS)c} < % and 1. of Proposition 61 ends the proof for 7 = 1.
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e Proof for i = 2:

P[(A1N AN As N ALY = P(ASUAS U AS U AS) N Ay + P[AS]
< P[AS U ASU AS] + P[AS N Ay + PAS]

According to inequality (27),
Pl(A1NAsNA3N AL <2P[AS] + P[AS] + P[AS N A

and Propositions 8, 62 and 63 allow to conclude similarly to the case 1.. O

6.2 Proof of Proposition 61
We only expose the proof for the estimator ?Lﬁll. The proof of Proposition 61 follows the same line as
Proposition 51, let us point out the slight differences. Inequalities (18) and (19), as well as Lemma 51

hold. Hence, for every model m and every h € S,,,

E “}\Lm1 - h‘|2fY1A1ﬂA2ﬂA3:| <G {”h - hnL”%Y +E [(penl(m) - penl(ﬁll) + 2p1(maﬁ7’1))1A3] +

+||h||F,,F + > E ( sup <vn,1<t>>2—§p1<m,m'>>

mieM,, tESm 4SS ltlFy, =1 +
with
( /) 2B K? D,,, + D,,
m,m -
P1 5 Fo n

The only difference with the proof of Proposition 51 is the upper bound of E [(pen; (m) — peny (1) + 2p1(m, m1))1 ],
indeed:

,\ ~ (( B Dy, — Dz 4B D, + Dg
E — 2 In, ] =E|| =—————+ =——"——| 14,
(pem (m) = pem () + 2pa(m. 7)) 1, = B | (F 2220 20 D0 D) |
(B D,,— Dz B D,,+ Dz
<E (A + A+) 1A3]
L FO n FO n
(2B Dy, B Dp,
FO n 3F0 n
6.3 Proof of Proposition 62
1. If a, < Fo/2, then
P Y 1y>1 > 1_F =P l Y (].inl —E[].inl]) > EFO
— 4 n = 4

We apply Bernstein Inequality with the parameters ¢ = 1 and v = Fy, then P[A§] < 2exp(—C1nFy)
where (7 is a numerical constant.
2. We prove that Ay N Az C Ay N As. According to (9), on the set Ay N Ag:

3 4~ 3~
1t12 > 1% gFO”tH2 = 5F0||t||2

So infies,, ¢£0 ll‘\t‘\llg = mm(Sp(@m)) > % thus Ay N Az C Ay N As.
This entails the result 2) from Proposition 62, in fact:

(ASN AN A =A5N (AsNA) CASN(AsNAy) =10

thus A5 N Az C Af. Besides we have immediatly AN Az C Az, so ASN A3 C A{ N As. O
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6.4 Proof of Proposition 63

Let zo and Zg be in A such that:
Ihflse = h(z0), [hpllec = hp (o)
Then,
D —v < (hp — h)(@o) = (hp — hp)(Fo) + (hp — h)(Fo) < @j:i“pD j@; — aj + [1h = hp oo
Similarly,
v —0n < (h—hp)(zo) < (h—hp)(zo) + (hp — hp) (@) < [|h — hplleo + \/ﬁj:SlUPD la; —a;

Hence |v — U] < ||h — hplleo + \/Esupjzlw,D |a; — a;|. According to Assumption (15),

PIAS] < Pl|h=hplee + VD sup [d; —a;| > ﬂ

Jj=1,..,

D
<P |VD sup [ —a]|> Z \/5|aj—aj|zg

Jj=1,...,

Moreover, for every j =1,...,D,

VB, —a) @l(l/n)Z?léiw?(E)_fw? o)h(z >Fy<x>dx1

P12 lPIZ, o,

fHZ Ly~ [&@?(Yi) -/ @f<x)h<x>py(x)d4 .

" le? p
. - 1 1
VD [ ¢P(@)h(z)Fy (z)de F — o
A P12~ TPl
Besides, on the set Ay,
e - 3F
6P 2 JIePI, =5 [ DFy(apo 2 200
(j-1)/D
and
/A PP (@)h(2)Fy (@)dz| < [kl 9P |7, < Ihlz,
Hence:
4D |1 & _ lef 1%, — lle? Il
VDIt - i, < S5 |1 Y 0P () - [ P WFy(w)ds| + VD hly
1T 3F, nE J AL P | TP TPl
4VD |1 & .
< Ty [ 250 () — Bl P (D) + VDl fz\nw :
Thus:
D n
4v/D |1 I D v
¢ < B Sy .ok ) — ok . >
P[ASN A _;P = n;((sz% (Ye) = E[5ipy (V)))| = 15| +
D 1%
5 r | VDlile, o 1o, 113> 55
j=1
D
= (P + P2 (27)
j=1
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Py ; and P, ; are upper bounded with Bernstein Inequality. For P; ;, the parameters b and v are the
following:

E[67 (07)*(Yo)] = /A(SOf))Q(ff)h(ff)Fy(fﬂ)d:ﬂ < llss,a =0, 1607 (Yi)lloo < VD :=c

Hence, for every j € {1,...,D},

Pl,j < Qexp(—C’%) (28)
where C' depends on (v, ||h]|oc, 4, Fo). Let us upper bound P» ;. For every j € {1,..., D},
£VD|h|lz, |1 & v
Ppj=P| ——5"Y | = DQl.wd—E/ DV (2)1ly, spda])| > —
[ | o (P @izt B[ (6 0zl 2
and
2
E [(/ (@f)z(l‘)lmzwdx) H/ eP) (@) ly,>pdz|| <1:=c
A [e%S)
Thus, with Bernstein Inequality we obtain
P, <2exp (—C%) (29)

where C depends on (v, ||h|/#,, Fo). Now inequalities (27), (28) and (29) entails the result of Proposition
63. O

7 Appendix

The following Inequality, called Bernstein Inequality, is proved in this form in Birgé and Massart (1998),
p366, Lemma 8.

Theorem 3 Let (Xq,...,X,) be independent random variables. Let us suppose that:
|

1 — !
f§ E[X?] < EE <7 -2
"2 [X7] <w, XV X C

for every 1 > 2. Let S =1 Y | X, — E[X;].
1) For every € > 0:
P[S > V2vx + cx] < exp(—nz), P[|S|> V2vz + cz] < 2exp(—nx).
2) Similarly, for every ¢ > 0:
ne? ne?
PS> ¢ < - P >e€l <2 - .
[S—d—eXp< 2(v+ce)>’ RS eXp( 2(v+ce))

Theorem 4 Let F a set of uniformly bounded functions, which have a countable dense for the infinite
norm subspace. Let (X1, ..., X,) be independant random variables and:

= sup
feF

3\*—‘

Let consider b, v and H such that:
1 n
b>sup || flleo, v = sup— Var(f(X;
s ] swp S Var(f(X)

H > E(Z)

Then for every 0 > 1, there exist numerical constants C, C' , &, & such that:

o H2 2 H
E(ZQ—9H2)+§C’ZeXp( nv >—|—C bexp( *’nb )

The above version of Talagrand Inequality is enunciated for example in Lacour (2008) (Section 6, Lemma
5).
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