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Abstract

This paper is concerned with the determination of credit risk premia
of defaultable contingent claims by means of indifference valuation princi-
ples. Assuming exponential utility preferences we derive representations
of indifference premia of credit risk in terms of solutions of Backward
Stochastic Differential Equations (BSDE). The class of BSDEs needed for
that representation allows for quadratic growth generators and jumps at
random times. Since the existence and uniqueness theory for this class of
BSDESs has not yet been developed to the required generality, the first part
of the paper is devoted to fill that gap. By using a simple constructive
algorithm, and known results on continuous quadratic BSDEs, we provide
sufficient conditions for the existence and uniqueness of quadratic BSDEs
with discontinuities at random times.
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Introduction

The current global financial crisis demonstrates the importance of a proper
evaluation of credit risk, in particular of financial assets that may default. In
this article we study an approach of determining the credit risk premium of a
defaultable contingent claim by using utility indifference principles and tech-
niques of stochastic control. We introduce the concept of an indifference credit
risk premium, defined as the maximal amount of money an owner of a default-
able position is ready to pay for an insurance that completely compensates his
credit risk. We derive a mathematical representation showing that the credit
risk premium coincides with the solution of a BSDE. For an introduction into
BSDEs and overview of standard results we refer to [

Credit risk research is a huge field and a large panel of mathematical tools
have been used to model, explain and manage credit risk. For an overview
we refer the reader to the books of Bielecki and Rutkowski (2002) [[f, Duffie
and Singleton (2003) [§], Schénbucher (2003) [IJ], and to the survey papers of
Bielecki et al (2004) [H, -

One standard approach of credit risk modeling is based on the powerful tech-
nique of filtration enlargements, by making the distinction between the filtration
F generated by the continuous processes underlying the market model, and its
smallest extension G that turns the default time into a G-stopping time. This
kind of filtration enlargement has been referred to as progressive enlargement
of filtrations. It plays an important role in many studies on credit risk, and
also the present study strongly profits from this methodology. For an overview
on progressive enlargements of filtrations we refer to the fundamental work by
Brémaud, Yor, Jeulin and the French school of probability in the 80’s [ﬂ], [B],
[kdl p1].

For our analysis of credit risk premia we build on the well-known link be-
tween BSDEs and the maximal expected utility of economic agents investing
in a financial market. We choose the perspective of an economic agent who is
investing on an incomplete financial market, and at the same time is holding a
contingent claim in her portfolio. For agents with exponential utility preferences
and holding non-defaultable additional claims, it has been shown by Rouge and
El Karoui [@], that the maximal expected utility of an economic agent has a
representation in terms of a BSDE growing quadratically in the control variable.
In this result has been generalized to agents that are exposed to non-convex
trading constraints. In this paper, we allow for defaultable contingent claims in
the portfolio, while at the same time extending the tradable assets at the agent’s
disposal by allowing her to invest (with possibly non-convex trading constraints)
in bonds, non-defaultable risky assets and a defaultable zero-coupon bond. We
show that in this case the maximal expected utility coincides with the solution



of a BSDE that is discontinuous at the default time.

Nearly upon completion of the present article we discovered a related work
by Lim and Quenez [E], who have also studied the problem of utility maximiza-
tion of agents endowed with defaultable claims, but who may invest only in a
bond and a risky asset. In contrast to our approach using BSDEs as a tool for
stochastic control, in [E] the value function is derived by using dynamical pro-
gramming techniques. Besides, as a further major difference with our work, it
is assumed that the price process of the only risky asset is driven by a Brownian
Motion and a default indicating process.

For the BSDEs appearing in the papers [B] and [@] the authors fall back
on existence results of quadratic BSDEs as shown by Kobylanski ] The
BSDEs we need for extending their results to defaultable contingent claims, has
a discontinuity at the default time, and to our knowledge there are no results in
the literature that we may use in order to guarantee the existence of solutions.
Therefore, a considerable part of our article is devoted to a thorough analysis of
that class of BSDEs. More precisely, with W being a multidimensional Brownian
motion driving the price processes and M the compensated default process
1{r>¢}, we consider BSDEs of the form

T T T
th = 5 - / stWs - / Udes + / f(Su 257 Us)dsu (1)
t t t

where ¢ is the defaultable contingent claim and f is a generator satisfying a
quadratic growth condition in z.

Notice that quadratic BSDEs similar to (m), namely with M being replaced
by a compensated Levy jump process, have been studied by Morlais [@] Suffi-
cient conditions for the existence of solutions are derived by using approximating
BSDEs with generators satisfying a Lipschitz condition.

Having only one possible jump in the BSDE (), we propose an alternative
approach based on a backward induction in order to derive a solution of (m)
We show that one can find two continuous quadratic BSDEs from which one
can construct a solution of () simply by switching from the first to the second
one when the default occurs.

We stress that the BSDE ([]) has to be solved with respect to the proges-
sively enlarged filtration G, since the predictable representation property for
defaultable claims is valid with respect to G, but not with respect to the small
filtration F. This bears similarities with initial enlargements. As it is shown
in [@] and [@], investment decision processes of agents possessing information
advantages (represented by an initial enlargement) have to be linked to BSDEs
that are solved with respect to enlarged filtration.

The paper is organized as follows. In Section ﬂ, we give a precise description
of the default model. Our first aim will be to solve the control problem ([
by means of BSDE techniques. In Section E we will show that the maximal
expected utility and the optimal strategy can be expressed in terms of a specific
BSDE that grows quadratically in the control variable. The BSDE that will
do this job belongs to a class of BSDEs for which no existence theory has been



developed yet. In Section E we make up for that and clarify the existence and
uniqueness of BSDEs with one possible jump. In Section ff we discuss the credit
risk premium derived from indifference principles and derive a representation in
terms of a BSDE.

1 The model

Let d € N and let W be a d-dimensional Brownian motion on a probability
space (2, F, P). We denote by (F;) the completion of the filtration generated
by W.

Our financial market consists in k risky assets and one non-risky asset. We
use the non-risky asset as numeraire and suppose that the prices of the risky
assets in units of the numeraire evolve according to the SDE

dS; = Si(ai(t)dt + oy (t)dWr), i=1,....k,

where «;(t) is the ith component of a predictable and vector-valued map « :
Q% [0,T] — R* and 0;(t) is the ith row of a predictable and matrix-valued map
o:Qx[0,T] — RFxd,

In order to exclude arbitrage opportunities in the financial market we assume
d > k. Moreover, for technical reasons we suppose that

(M1) « is bounded,

(M2) there exist constants 0 < ¢ < K such that eIy < o(t)o*(t) < K}, for all
te 0,7,

where 0*(t) is the transpose of o(t), and I is the k-dimensional unit matrix.
Notice that (M1) and (M2) imply that the market price of risk, given by

9 =o*(co*) ta,

is bounded.

Defaultable contingent claims

We aim at studying pricing and hedging of contingent claims that may default
at a random time 7 : Q@ — Ry U {oc}. We suppose that at any time, the
agent can observe if the default 7 has appeared or not, which is quite natural
to suppose for default times in finance or for death times in life assurance. So
her information is not the filtration generated by the price processes F, but is
defined by the following progressive enlargement of filtration, as defined in [ﬂ] :

Gy =F: Vo(ll.<), (2)

which is the smallest filtration containing the filtration (F;) and that makes 7 a
stopping time. Throughout we suppose that the so-called hypothesis (H) holds,
ie.



Hypothesis (H) Any square integrable (F, P)-martingale is a square inte-
grable (G, P)-martingale.

Under this hypothesis, the Brownian motion W is still a Brownian motion
in the enlarged filtration.

Suppose an investor is endowed with a defaultable contingent claim with pay-
off X at time T if no default occurred, and with a compensation X5 otherwise.
Then the total payoff may be written as

F=X11g>m + Xolr<ry

where 7 is the default time (or the death time in the case of an insurance con-
tract). This payoff F' consists in a Fp-measurable random variable X7, to hedge
at maturity 7" if 7 has not occurred at time 7', and a compensation Xo, payed
at hit (at the default/death time) in case of default (or death) occurs before T
In the following we will always assume that X; is a bounded Fp-measurable
random variable and X2 = h(7) where h is a F-predictable process.

Let Dy = 1i7<;3.- Then D is a submartingale, and there exists an (Fp)-
predictable increasing process K, called compensator, such that Ko = 0 and

t
A@:Ln—/X1—DyMKS
0

is a martingale with respect to (G;). We suppose that there exists an (F;)-
predictable non-negative and bounded process ks and an (F;)-predictable in-
creasing process A, with values in {0, 1}, such that

dK, = kods + dA,. (3)

Since M is a (G;)-martingale, it can have no (G;)-predictable jumps, and con-
sequently, whenever the predictable process A jumps, M does not jump.

Example 1.1. Let k£ a bounded non-negative (F;)-predictable process and © an
exponentially distributed random variable that is independent of the Brownian
Motion W. Then the compensator K, associated to the stopping time

¢
= inf{t,/ ksds > ©},
0

is given by K; = fg kods.

Example 1.2. Let a € Ry, i € {1,...,k}, and 7o = inf{t > 0 : S} <
a forone 1 < i < k}. Notice that 7o is an (F;)-predictable stopping time.
Moreover, let 7y be the stopping time from Example IEJI The compensator K,
associated to the stopping time

T =11 N\ To,

is given by th = ktdt + dl{TgSt}'



The arbitrage free dynamics of a defaultable zero-coupon bond p; is
dpt = Pt— (atdt + Ctth - th) (4)

where (a¢, ct, b) are R x R x R-valued measurable processes. For a derivation
of the precise dynamics under the risk neutral measure we refer to [E], and for
the dynamics under the historical measure to [E]

By an investment process we mean any (G;)-predictable process (A, A\?),
where A = (A)1<;<) takes values in R¥ (or a constrained subset, as we will

suppose in the next paragraph) such that the integral process fg A d;:” is de-
fined for all ¢ € {1,...,k}, and A\* with values in R (or a constrained subset)

such that fot AP ;lij is defined. We interpret A\* as the value of the portfolio
fraction invested in the ith asset, and A? the value of the portfolio invested in
the defaultable bond.

Let py = Ao, be the image of A with respect to o, and ¢ = A p;-. In what
follows we mean by a strategy the image of any investment process.

Investing according to a strategy (p, ¢) amounts, at time ¢, to a total trading
gain of

t

t t
61t = [ .+ quads+ [ o+ aedaW ~ [ gt

0 0 0
Let A denote the set of all so-called admissible strategies (p,q), defined as the
integrands satisfying

T T
E/ |ps|2ds + E/ lgs|?ds < .
0 0

Throughout let U be the exponential utility function with risk aversion co-
efficient n > 0, i.e.
U(z) = —e ™.

Consider an investor with preferences described by U investing on the financial
market. Moreover, suppose that some constraints are imposed on the investor,
in such way that at time ¢ the strategies have to stay within a closed set. We
will assume that at any time a strategy (p¢, ;) belongs to a set C; = C} x C? C
R*g; x Rp,—. In addition, we assume that (0,0) € C} x C? for all ¢, and that

C} is closed, C? is bounded. (5)

If the investor has a defaultable position F in her portfolio, then her maximal
expected utility is given by

V(v) = sup {EU(U-FGIF}’(Z-FF) 2 (p,q) € A, (ps,qs) € CLxC? for all s € [O,T]}
(6)

In the remainder we will derive a representation of the maximal expected
utility in terms of a BSDE driven by the Brownian motion W and the compen-
sated jump process M. We will see that V¥ is equal to the initial value of a



process (Y;)ie[o,r] being part of the solution of a BSDE. More precisely, let for
all s €[0,T],peRF, g€ R, 2 € R? and u € R,

1 1
h(s,p,q,2,u) = —pis — qas + §nlp + qes — 2> + 5(1 — Dy )k, [en<u+q> —1—n(u+ Q)} ,

and define

f(s,z,u) = min h(s,p,q,z,u). (7)
(p)Q)ECs

We will show that for bounded and Gpr-measurable F' there exists a unique
solution of the BSDE

T T T
Y, = F—/ Z,dW, —/ U,dM, +/ £(s, 24, Us)ds, (8)
t t t

and that
VE(v) =U(v - Yp). (9)

There are no results in the literature that guarantee that the BSDE (F) possesses
a solution. Therefore, in the next section we will fill this gap, and we study
existence and uniqueness of a class of BSDEs that includes the BSDE (§). In
Section [J we will come back to the model introduced in this section and prove

Equality (f).

2 Quadratic BSDEs with one possible jump

Let (J;) be an arbitrary filtration. We denote by H?(J;) the set of all (J;)-
predictable processes X; satisfying EfOT | X¢|?ds < oo, and by H>®(J;) the set
of essentially bounded (7;)-predictable processes. The set of all (J;)-optional
processes X, for which E(supco 7} [Xs|?) is finite, will be denoted by RF(7;),
and the set of all bounded (7;)-optional processes by R*(J;). Finally, we write

S°(J:) for the set of all (J;)-predictable processes such that EfOT | X [2(1 —
D;_)kyds < oo.
Throughout this section we will consider BSDEs of the form

T T T
Y, = g—/ stWs—/ UdeS—i—/ F(s, Zs, Uy)ds (10)
t t t

where £ is a bounded Gpr-measurable random variable, and the generator f :
QxR x RY x R — R satisfies the following property:

(P1) The generator can be decomposed into a sum
f(s,z,u) =[U(s,2) + j(s,u)](1 — Ds—) +m(s,2)Ds—_,

where [ : QxR xR? =R, m: QxR xR? - Randj: QxR xR - R
satisfy:



I(-,2), m(-,z) and j(-,u) are predictable for all z € R? and u € R respec-
tively,

1(-,0),m(-,0) and j(-,0) are bounded, say by A € Ry,

there exists a constant L € R, such that for all z and 2’ € R?

(s, 2) = U(s, &')| + [m(s, 2) = m(s, 2")| < L(1+ |2] + [2'])] = = &),

j >0, and j is Lipschitz on (—K,00) for every K € R, with Lipschitz
constant L, (K).

In addition, we will sometimes assume that the generator f satisfies also

(P2) There exists a continuous increasing function +y such that for all s € [0, T
and u,u’ € [-n,n], n € N,

l(s,u) — j(s,u")| < v(n)V/kslu — /],
where k is defined by (H)

We first prove a priori estimates for BSDEs of the type (E), before ad-
dressing existence and uniqueness of solutions. We remark that one can show
existence by approximating the generator by Lipschitz continuous functions, a
method employed in [@] However, as we will see, in this case an approxima-
tion is not necessary since one can explicitly construct a solution by combining
solutions of non-jump quadratic BSDEs.

2.1 A priori estimates

We start showing some technical results which will be used in the proof of
existence and uniqueness. We first provide a sufficient condition for the pro-
cess [, ZdWy, where Z is the control part of a solution of (Ld), to be a BMO
(Bounded Mean Oscillation) martingale.

Recall that a continuous square integrable martingale (M);c(o,71, with quadratic
variation (M, M), is a BMO martingale on [0,7] if and only if there exists a
constant C' € R such that for all stopping times 7 with values in [0, T] we have

E [<M, M)r — (M, M), gf <C, as (11)

The BMO norm ||M||gmo is defined to be the smallest constant C € Ry for
which (L)) is defined. In the following lemma we collect some properties of
BMO martingales that we will frequently use.

Lemma 2.1 (Properties of BMO martingales).
Let M be a continuous BMO martingale. Then the following properties are
satisfied:



1) The stochastic exponential of M,
1
S(M)T = exp{M - §<M, M>T},
satisfies E(E(M)r) = 1, and thus the measure defined by dQ = E(M)rdP

is a probability measure.

2) The process M = M—(M, M) is a BMO martingale relative to the measure
Q (see Theorem 3.3 in [[[})]).

3) It is always possible to find a p > 1 such that E(M) € LP. One can
determine such a p with the help of the function

1 20 —1 2
v :{1 1 7} —1,
() + 22 8 2(x —1)

defined for all1 < x < co. Notice thatlim, 1+ ¥(z) = 00 and limy_,oo ¥(z) =
0. It holds true that if | M| mo < ¥(p), then E(M) € LP (see for example
Theorem 3.1 [i}]).

Lemma 2.2. (BMO property) Let & be a bounded and Gr-measurable random
variable, and f a generator satisfying (P1). Assume that (Y, Z,U) € R*(G;) x
H2(Ge) x H™(Gy) is a solution of ({[4). Then [, Z,dW is a BMO-martingale.
Moreover, its BMO norm depends only on || supepo 1) |Ysllloos Ly Lj, T and A.

Proof. Let x be an upper bound of the process |Y| and |U|. Ito’s formula
applied to e®¥*, with a € R, yields

t t t
et = e“YO—i—/ ae“YS*ZSdWS—i—/ ae“YS*UdeS—/ ae™== f(s, Zs,Us)ds
0 0 0

1 t
+§/ a’e™==|Z,|%ds + E e®e (e®AYs 1 — aAY,).
0 s<t

Let g(t,z) = (1 — D;_)I(t, z) + Dy—m(t, z). Then Property (P1) implies

_|g(S=Zs) - 9(870 | - |g(370)| - |j(S,U5) —j(s,0)| - |j(870)|
—2L(1+ |Z4|?) — Lj(k)|Us| — 2A.

- f(S, Z87 Us)

AVANAY)

Hence, for a > 0,

t t t
et > o 4 / aes= Z AW, + / ae™=-UydM, — / 2aLe™~ds
0 0 0

1 t t
+(§a2 — 2aL)/ e~ |Z|?ds — / a(L;(k)k + 20)e™ == ds.
0 0



Taking the conditional expectation yields, for arbitrary stopping times 7 with
values in [0, 7],
T
/ anS,
-

T
< E[e"" —e" (G, ]| +E / 2aLe™*~ds|G,

1
(§a2 —2aL)E

¢
—|—/ a(Lj(r)k + 20)e*Y~ds.
0

Choose a = 5L. Then %aQ — a2l = %L2, and

§L2675LKE
2

T
/ |ZS|2ds|gT] < (24 10L*T + 5LT(Lj(x)k + 2A))eSE",

from where we obtain the result. O

We are now able to give the following a priori estimates.

Let ¢! and €2 be two bounded Gr-measurable random variables, f! and
f? two generators satisfying properties (P1) and (P2), and let (Y, 2%, U?) €
R>(G;) x H2(G:) x H*°(G:) be solutions of the BSDEs

:g_/ Z;dWs—/ U;dMs+/ Fi(s. 2, U)ds.
t t

Lot 06 = €1 € ofy = [1(8. 21 UD) = f(5, Z2L,U), 8Y = ¥! = Y%, 62 =
ZV — 72 and 06U = U —

Theorem 2.1. Let f! and f2 satisfy the properties (P1) and (P2). There exist
constants ¢ > 1 and C € Ry, depending only on T, A, L, ||klloo; || supse(o. 7y [V lloos
| supseio,r) 1Y lloo and the functions Lj and vy, such that

T
sup |6Yt|2+</ (|6Z5|2+|5U5|2(1—D5)E)ds>]
te[0,T) 0 2

T 2q %
<cle |65|QQ+</ |5fs|d8>
0

We will prove Theorem in several steps. First observe that for any 3 € R,
Ito’s formula yields

E

T T
Ploy? = PToyZ —2 / P 0Y o 62, dW, — / eP45U ,26Y ,_dM,
t t
T
b2 [P0 (15, 20D - s, 22, U
t

T
_ / (B0 +10Z.P)ds — Y P UR(AM,)?,
t

t<s<T

10



and since AM? = AM, this can be further simplified to

T T
Ptoy? = PToys —2 / P 8Y o 67 dW, — / eP55U (20 s + 06U )d M,
t t

T
2 / HSY (M5, 21, UY) — 12(s, 22, U2)]ds
t

T
—/ P (BSY2_ +10Zs> + (1 — Ds_)ks6U?)ds.
t

Next define two processes

_ f2(SaZslstl) _f2(SaZs27Usl) and J. = f2(SaZs27Usl) _f2(SaZs27Us2)

0Zs o 0Us ’
and note that f2(s, ZL, U)—f2(s, Z2,U?) = Hy6Z s+Js0U 5. Property (P2) im-
plies | Js| < ev/ks(1—D;-), for some ¢ € Ry that depends on || sup,epo 7y Y3 [l
and || sup,epo, 7] |Y2|||oo. Property (P1) implies |Hs| < L(1 + |Z} + |Z2)),
which, together with Lemma E, guarantees that fo H,dW; is a BMO mar-
tingale with a norm bounded by L || [, (1 + |Z}] + |Z§|)dWSHBMO. By defining
W, =W, — fot H,du, we obtain

H,

T T
Poy? = PTsyE —2 / eP50Y 07 AW, — / eP55U (20 s + 06U )d M,
t t

T T
+2/ eﬁszSYs,JséUsds—/ eP(BOY2 +10Z)% + (1 — Dy )ko6U?)ds
t t
T
+2/ eP38Y o6 fods.
t

Notice that 2|0Y _J,0U | < 2[0Y s_cv/Es(1 — Dy_)dU | < 2¢2|0Y 4| + (1 -
D;_)|8U¢|?. By choosing 3 = 2¢* we get

T
Moy ? +/ (16212 + (1 —Ds_)%wﬁ)ds
t

IN

T
PToe? + 2/ 415 ,]|0Y,_|ds (12)

t

T T
-2 / P 0Y 6 ZdW, — / eP55U (20Y s + 6U )dM,.
t t

Based on the previous inequality we will first derive a priori estimates with
respect to the auxiliary measure @, defined by % = &E(H - W)p. Note that
Girsanov’s theorem implies that W is a @-martingale. Moreover, M remains a
martingale with respect to Q. To show this recall the well-known fact that M
is a martingale with respect to @ if and only if M;E(H - W), is a P-martingale.
The latter is satisfied because (M,E(H -W)) = 0, and hence d(M:E(H -W);) =
MHE(H - W) dWy + E(H - W) dM;.

11



Lemma 2.3. For all p > 1 there exists a constant C € Ry such that

T
< CE® |6§|2”+</ |5fs|d8>
0

Proof. Let p > 1. Throughout the proof let Cy,C5,... be constants de-
pending only on p, T, L, %, [[k]loc, || 5tpacio ) [Y2 ool stpacio.) [/ First
taking the G;-conditional expectation with respect to @ on both sides of In-
equality (@), and then applying Doob’s LP-inequality implies that

2p
EQ

T p
sup [0Y]%P + </ (|5ZS|2+|5U5|2(1—D5)%)ds>
0

t€[0,T]

T p
E°[ sup |6Y|*’] < C1E% <|5§|2p+ (/ |5fs||5YS|ds> ) (13)
0

t€(0,T]

Young’s inequality yields

T p T p
Joc / 6fl10Valds | < EQ( sup |V / 16, |ds (14)
0 $€[0,T] 0
1 T i
< 5B sw ovipr) e car? ([ panlas)
2Ch s€[0,T] 0
which allows us to deduce
T 2p
EC[ sup |6Y|*P] < C3EC | |6¢*? + / |0 fs|ds . (15)
t€[0,T] 0

Besides, it follows from ([[J) that

r k
(/ (16213 + (1 - Ds_)—séUi)ds>
0 2

T p
< ¢ <|5s|2p+</ |5fs||5Ys|dS> N
0

P

T
/ [20Y 07 AW, — 0U (20 o + 6U ,)dM,]
0

)

12



The Burkholder-Davis-Gundy Inequality yields

T k p
E° 6Zs* + (1 — D, )=6U%d 16
(/O<| 4D, )k >s> (16)
T p
CsE9 <|5g|2p+ </ |6f5||5Y5|ds>
0

T
+ / (20Y s [0Za])%ds + > [6UL*(20Y - + 6U)*[M, M],
0

0<s<T

T
CsE® <|5g|2p+ </0 |6f5||5Y5|ds>

T
+ / (6Y o |0Z4])%ds| + |5U5|p|5YS+5US|pAMS)
0

0<s<T

IN

[NS]

p

IN

Using the fact that (ab) < 2Csa® + 5 b2 for all a,b € Ry, we get

T 3
E° / (20Y,_6Z,)%ds| < E9| sup [6Y P (/ 5Z2ds> (17)
0 s€[0,T)
1 T :
< 2CE?( sup |6Y4|*P)+ —E¢ /(5Z§ds :
s€[0,T] 2Cs 0

Combining ([[7) with ([Ld), and using an estimate as in ([l4), we obtain

T p
E° (/ (16Zs* + (1 — Ds_)%wg)ds>
0

T 2p
< CsE® [ |66 + (/ |5fs|ds> + sup. |5Y P T SULPISY s + 8UL[PAM,
0 s€(0,T

0<s<T

Notice that |6Us| < sup;e(o 7 2|0V, for P ® ksds-a.a. (w, s), and hence

E? > |0ULIPI8Y o 40U |PAM,
0<s<T

T T
— EQ/ |6U |P|6Y o 4 6U {|Pd M, + EQ/ |6U s[P|6Y s— 4+ 6Us|P(1 — Dy )ksds
0 0

IN

CoE? sup |6Y;|?P.
te[0,T)

With the previous inequality, and (@), the estimate stated in the lemma can
be deduced. (|
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Proof of Theorem @ As in Lemma @, let @ be defined by % =

E(H - W)p. Property 2) of Lemma P.] guarantees that [ —HydW; is a BMO
martingale w.r.t. @, and hence, by Property 3) of Lemma EI, there exists a

constant p’ > 1 such that E% [8(—H : VNV)’}/} < 0.
Holder’s inequality yields, with p being the conjugate exponent of p’,

E sup [0Y,> < EQ|&(—H W)r | sup |6Y)? (18)
te[0,T] te[0,T
~ ’ 1/17/ 1/p
< (EQ [8(—H~W)’:’F]) <EQ sup |5Yt|2pD .
te[0,T]

Lemma @ further implies

T 2p 1/p
E sup [6Y,* < O | E® |5§|2p+(/ |5fs|d3> - (19)
0

te[0,T)

As fo HydWy is a BMO martingale w.r.t. P, Property 3) of Lemma @ implies
that there exists a constant ' > 1 such that E? {E(H . W)TT/} < oo. Then,

applying Holder once again to come back to the initial measure P, we obtain,
with 7’ denoting the conjugate of r,

T 2pr pr
E sup |0V, < Co | E |5§|2pr+</ |5fs|d5> :
0

te[0,T]

Using similar arguments, we get

T T
E(/ <|6zs|2+|6U5|2<1—Ds_>%>ds> <o (B |6§|2f"+< / |5fs|d8>

and hence the proof is complete. O

2pr 1/pr

2.2 Existence and Uniqueness of the BSDE

We now discuss existence and uniqueness of quadratic BSDE with one possible
jump. First assume that the terminal condition is a sum of the form £1,~7) +
¢lir<7y, where £ and ¢ are bounded random variables measurable with respect
to Fr. The next result guarantees that there exists a solution of

T T T
Y, = 51{7.>T} + Cl{TST} — / ZsdWy — / UgdM, +/ f(S, Zs, US)dS. (20)
t t t
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Theorem 2.2. (Eristence) Let & and ¢ be two bounded Fr-measurable random
variables, and let f be a generator satisfying (P1). Then there exists a solution

(Y, Z, U) S R‘x’(gt) X Hz(gt) X Hoo(gt) Of @)

Proof. In the proof we explicitly construct a solution of (E) starting from
two continuous quadratic BSDEs with terminal conditions £ and ( respectively.

First, by referring to standard existence results as shown in , we choose
a solution (Y, Z) € H®(F,) x H2(F;) of the BSDE

T T
Yi :g_/ ZsdWs +/ m(s, Zs)ds. (21)
t t
Secondly, we define the stopping time
T4 =inf{t >0: A; = 1},

with the convention inf ) = oo, and where A is the increasing process introduced
in Section . Observe that 74 is an (F;)-predictable stopping time, since A is
(Fi)-predictable.

Next we consider a BSDE with generator

h(S, Y, Z) = Z(S, Z) +j(5a (}?S - y)l{‘rAZs}) + (}?S - y>1{TAZS}kS'

Since h does not satisfy a Lipschitz condition with respect to y, we may
not directly invoke standard existence results. However, by using a sandwich
argument, we will show that there exist solutions of BSDEs with a bounded
terminal condition and generator h. For this purpose let

Q(Svya Z) = l(S, Z) + (}?S - y>1{TAZs}ks-
Let (Y9,29) € H®(F:) x H?(F:) be a solution of the BSDE with generator g
and terminal condition
=&l 51y + Cliry<Ty

In particular, there exists a K € Ry such that sup,c(o Yy’ > —K, as.

In addition consider an auxiliary generator h® satisfying, for all z € R¢ and
s €[0,T7,

h(S,y,Z), 1fy € (—K,OO)

h(s,y,2) = { 9(s,y, 2) +j(8,i}s +K)[1-(y+ K)], else.

Notice that h* is Lipschitz continuous in y, and hence we may again fall back on
standard existence results, such as Theorem 2.3 in [@], guaranteeing that there
exists a solution (Y%, Z%) € H>(F;) x H*(F:) of the BSDE with generator h®
and terminal condition .

15



We next show that Y;* > Y, a.s. To this end we define the R%valued
predictable process
Z(S, Zg) — l(S, Zg)

Bl = , . AA 1<i<d.
Zgﬂ_zgﬂ

Observe that (P1) guarantees that there exists a constant K’ € Ry such that
1Bs] < K'(14|Z2| + |Z9]), a.s., which implies, together with Lemma P.J, that
N; = fot BsdWy is a BMO martingale. Hence there exists a probability measure
Q@ on Fr, with density % = &(N)r, such that W, = W; — fot Bsds is a Q-

Brownian motion. Now observe that
T ~ T
veovy = - [ @z [0 - Yo ks
t t
T o~ o~
+ / 308, (Vs =Y ) ros)lves—k + (s, Yo + K)[1 = (Y + K)|lye<—kds
t

Notice that the pair of differences (Y — Y9, Z% — Z9) solves the linear BSDE

T T
Yt = _/ z2sdW +/ (905 + 1{7-A25}ksys)ds
t t

where pg = j(s, (i}s—Y;a)l{q-Azs})lea>—K+j(Su i}s'i‘K)[l — (Y + K)]lye<—k.
The boundedness of j(-,0), together with the Lipschitz property of j on compact
sets yield that ¢ is bounded. By using the solution formula for linear BSDEs
(see f.ex. Prop. 2.2 in [{]), one gets the representation

gi;| )

T s
/ exp </ l{TAZu}kudu) psds
t t
which shows that Y* > Y9, Q- and P-a.s.

Since Y9 is bounded from below by —K, we therefore have also Y,* > — K,
and this further implies that (Y'*, Z%) solves the BSDE with generator i and
terminal condition .

Finally, we have now all at our hands for a solution by setting

R

Yo, (r>t)V(r<t,T=1a),
}/t: A~
i, (1<t,757a)

Zg, (r>t)Vv(r <t 1m=r1a),
Zt: ~
Zt7 (T S taT é TA)7

and

0, t>T.
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Notice that, on the set B = {T <t,7 £ Ta}, we have

YV, = Y-Y 4V, =V -Y)+ Y, —Y)+Y"
t T
= /ZdW /m ds+/UdD +/ Z8dWs — | h(s, Y, Z%)ds
0 0

/stws+/ USdMS—/ F(s, Zs,Uy)ds.
0 0 0

On the complementary set B¢ = {7 >t} U {7' < t,7 = Ta}, the martingale M

has no jumps on [0, ¢] and satisfies M; = — fo _)ksds. Hence, on B¢, we
have

¢ ¢
Y, = v© :/ Z0dW, —/ h(s, Y2, Z%)ds

0 0

t t t
/Z%%—/f@ﬂﬁ@ﬂwmgwwj/%—ﬂmma%%
0 0 0

t t t
= /ngws+/ f(s,Zg,Us)ds+/ UydM,.
0 0 0

Finally, the terminal condition Y7 = §1¢,~ 7y + (l;<7) is satisfied, since on B
we have, Y = lAfT = (, and on B® we have Yy =Yy =&l 7y + (lyru<ry =
lrsty + Clrery.

This shows that (Y, Z, U) is a solution of the BSDE ([l0). Moreover, the
boundedness of Y* and Y implies that Y and U are bounded, too. O

We next show that we can still solve BSDE (E)7 if we allow the compensation
to depend on the default time.

Theorem 2.3. (Eristence) Let (((t))o<i<T be a (Fi)-predictable bounded pro-
cess, such that t — ((t) is almost surely right-continuous on [0,T]. Let f satisfy
(P1) and (P2). Then there exists a solution (Y,Z,U) € R>®(G;) x H2(G:) x
H>*(G:) of the BSDE

T T T
Yt=§1{T>T}+g(T)1{TST}—/ stWS—/ USdMs—i—/ f(s,Z5,U,)ds.
t t t
(22)

Proof. To simplify notation, we assume throughout the proof that the process
A is equal to zero, and hence that (H) simplifies to dKs = ksds.
Let 7,, n € N, be the discrete approximation of the default time 7 defined
by
k k—1 k
(@) =it ﬂ@e}——ﬁykeh.
n

n n
Observe that 7, is a stopping time with respect to the filtration (G;). For

all £ < T let (Y*" Z¥") be the solution of the BSDE

k T _ T N

o _/ ZEn W, +/ f(s,Z5m 0)ds.

n t

t

Y =
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Let (Y7, ZT) be the solution of the BSDE
T =cr)- [ Ztaw.r [ g 28 0,
t t
and let h™ be the family of generators such that h™(0,y,z) = 0 and
BN E—1 k
hn _ )/hn__ if o - r
(S7y7 Z) f(S,Z, S ) s e] n ? n]

Let (y", 2™) be a solution of the BSDE with terminal condition ¢ and gen-
erator h"™. Moreover, let

y\t”, t<T,
Vr={ YP' t>rand7, =L <T,
Y7, tZTandTn:%>T,
z,  t<T,
Zp={ ZF" t>randT, =k <7,
Zr, tZTandTn:%>T,
and
yjﬁ" _'y?a t<7,t G]E__' %]7% <T
U= YF —yp, t<rtell E) ks
0, t>T.

To simplify notations assume that 7 > 0 a.s. Then

Y=y + D Y e mkary + Y Hemn Loy
k

= Yirr+ Z Lzl —cry [(VF7 = y) + (FF0 = TP

oLty |57 =) + (37 = 77)] (23)
Notice that
Lusrplr —i<r (V=Y = Liezrylir, =k <ty </ ZdWs — / f(s.Z,0)d )
and
1{t>‘r}1{7— =k }(YT n—yf) = 1{t27}1{rn—§gT}/0 UgdD;.

Then using the same argument for the third term of (@), we obtain
tAT tAT t
o= g [ smawe- [ waads+ [ undp,
0 0 0

tvT tvT
+/ Z2dWy — f(s,Z2,0)ds

T

t t t
y0n+/ ngWSJr/ UgddMs — | f(s, 2, U),
0 0 0
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which shows that (Y™, Z",U") is a solution in R>(G;) x H2(G:) x H*(G;) of
the BSDE

Y;fn = 51{T>T} + (E(Tn)l{‘rngT} + E(T)l{Tn>T})1{TST} (24)

T T T
_/ Z"dW, —/ US"dMS—i—/ f(s, 27, U )ds.
t t t

Now let 1 < n < m. Then we have 7,, < 7,. Moreover, letting x denote a
bound for the process |((t)|, we obtain for all ¢ > 2

E [l(é(Tm)l{TMST} + E(T)l{Tm>T})1{TST} - (E(Tn)l{‘rngT} + E(T)1{7n>T})1{T§T}|q]
< P(rm <T <7)K7 + E|€(Tm) - E(Tn)lqa

which converges to 0 as n, m — oo.
Since the random variables [((t)| and & are bounded, results of Kobylanski [[L5]
and Lemma imply that the R° norms || sup,cpo,77[Yy"[[lcc and the BMO
norms of fo Z?dWy are uniformly bounded in n. Consequently we may deduce
from the a priori estimates of Theorem @ that there exists a ¢ > 2 such that
the sequence (Y™, 2™, U™) is Cauchy in RY(G;) x H%(G:) x H(G;), and hence
possesses a limit, say (Y, Z,U), which is easily shown to solve the BSDE (@)
O

Theorem 2.4. (Uniqueness) Let & be a bounded Gr-measurable random variable
and f a generator satisfying (P1) and (P2), then the BSDE ([L4) has a unique
solution in R (G;) x H?(Gt) x S*®(Gy).

Proof. let (Y*,Z",U") € R>®(G;) x H*(G:) x H>®(G;) be solutions of the
BSDEs

‘ T T T o
Yi=¢— / Zidw, — / UldM, +/ f(s, 25, Ug)ds.
t t t

Let 06 =¢—€=0,0f, =086V =Y'—Y2,6Z=2"— 22 and U = U' — U2.

Applying Theorem @7 we obtain for a ¢ > 1,
T 2q
< CE ||6¢* + </ |6fs|ds> =0.
0

O

E

T
sup |0Y|? + (/ (|6Z|% + [0Us*(1 — DS)%)ds>
0

t€[0,T]

3 Expected utility and optimal investment in
terms of BSDEs

Forall s € [0,T],p€RF, ¢ €R, 2z € R and u € R let

1 1
h(Sapa%ZaU) = _p'l95 — (qas + §n|p+ qCs — Z|2 + 5(1 - DS—)ks [e"(“Jrq) -1 ’]7(’(1, + Q):| )
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and define

f(s,z,u) = min h(s,p,q,z,u). (25)
(p,9)€Cs

Remark 3.1. If it is impossible to invest in the defaultable zero-coupon, i.e
the constraints set is (p, q)/Vt(ps, ¢t) € C} x {0}, then the generator f satisfies

1 1
f(s,z,u) = 577dis‘52(z + =9, CY) — 9z — |2—| + —(1 — Ds_)ks [e" — 1 —nu] . (26)
n n
In this case hypotheses (P1) and (P2) are easily seen to be fulfilled. Moreover,
the minimum of h on Cs x {0} is attained at p = ¢, (2 + %195).

Theorem 3.1. Let F' = X111y + Xolgr<r) where Xy is a bounded Fr-
measurable random variable and Xo = h(7), where h is a F-predictable bounded
process. Let (Y, Z,U) € R™(Gy) x H?(G;) x H®(G;) be a solution of the BSDE
(@) with generator defined in @) and £ = F. We assume that the generator
defined in (R3) satisfies properties (P1) and (P2). Then

VE@) =U(v - Yy),
and any predictable process (P, q) satisfying P ® A-a.s.

h(s,Ds,qs, Zs,Us) = min_ h(s,p,q, Zs,Us).
(p,9)€Cs

is an optimal strategy.
The proof of Theorem @ is based on the following lemma.

Lemma 3.1. U(v + GV'? —Y,) is a local supermartingale for every locally
square integrable and (Gi)-predictable processes p and q. If in addition (ps,qs) =
argming, ,ec,h(s,u,v, Zs,Us), P® X-a.s., then U(v+G}? =Y;) is a local mar-
tingale.

Proof. Let p and g be locally square integrable and (G; )-predictable processes.

Use the abbreviation G; = GV'? and note that an application of Ito’s formula
to U(Gy — Yy) yields

Uw+Gi—Y) = Ulv—Yo)+ /t U'(v+ Gy =Y )(ps + qscs — Zs)dWs
/ "(v+ Gs— = Ys-)(gs + Us)dM;
/ (04 Goe = Yoo ) (pals + asas + f(5, Zs,Us))ds
%/ U" (v + Goe — Yoo )lps + aycs — Zs|?ds

+ Y Uw+Ge —Yi) [e-nms-ﬂs) — 1+ (AG, — AYS)]
0<s<t
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Moreover, we may write

Uwv+ G —Y) =U(v—Ypy) + local martingale (27)
t

b [ U0 G V)5, 200 = Dot Zes U, (28)
0

The monotonicity of U and (@) implies that the bounded variation process in
(Bg) is decreasing and hence that U(v + Gy — Y;) is a local supermartingale.
If in addition (ps,qs) = argming, ,)ecc, (s, u,v, Zs,Us), P ® A-a.s., then the
integrand in (B§) vanishes, and therefore in this case U(v + G%? —Y;) is a local
martingale. O

Proof of Theorem @ Let (p,q) be a (G:)-predictable process satisfying
h(s,Ds, s, 2, u) = ming, gec, h(s,p, ¢, 2,u), A& P-a.s. We first show that (ps, gs)
is locally square integrable, and that ((p + gc) - W) is a BMO martingale.

Since C? is bounded, the process g is bounded. Moreover we have a repre-
sentation of p in terms of ¢, namely p; = HCtl(Zt + %ﬁt — qict), and hence we
have

1 1
Ipl < |Z+519—q0|+|p—(2+519—q0)|

IN

1 N
2|1Z| + 2|519| + 2|qc|.

This immediately yields the square integrability of p and ¢, and with Lemma
-3, the BMO property of ((p+ ge) - W).

According to the previous lemma there exists a sequence of stopping times
Tn, converging to T', a.s. such that for all n > 1, the stopped process U(v +
Gfﬁn —Yinr,) is a martingale.

Next observe that

Uw+GPT-Y) = -¢ ("7/ (Ps + Gscs — Zs) dWS)
0

t

t
X exp (n(—v +Yy) + 77/ (qs + Us)dMs>
0

t
X exp (-/ (eM@+Us) 1 — (G + Us))(1 — Ds)ksds)
0

Since U and Y are bounded, this yields that {U (v + Gg"?— Y,) : p stopping
time with values in [0,7]} is uniformly integrable. Moreover, lim, EU (v +
GPT  —Yipn) = EU(v+ GPT —Y,), for all t € [0,T], from which we deduce,
EU(v+ GhT —Y7) = EU(v — Y)).

Note that for all (p,q) € A we have

EU(v+ G5 —Yr) < EU(v+ GHT - Yy) = EU(v — Yy),

A~ N

which shows that (p,q) is indeed the optimal strategy. Finally, it follows that
VE@W) = EU(W - Y)). O
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4 Credit risk premium

In this section we show how the results from the previous sections can be applied
in order to obtain probabilistic and analytic expressions for the premium to be
paid due to the probable default. To keep things simple we assume that there is
no tradable defaultable asset and hence the trading constraints are of the form
Ct = Ctl X {0}

Let ¢ be a bounded Fr-measurable random variable representing the value
of a position if no default occurs. By indifference credit risk premium we mean
the amount of money ¢ such that an investor is indifferent between holding
the non-defaultable security &, or holding the defaultable security 1,7} and
receiving a riskless compensation ¢ at time 0. To define the indifference credit
risk premium in a strict sense, denote by V¢(v) and V&'~>7} (v) the maximal
expected utility of an investor with initial wealth v, and endowment £ and
§1l¢r>1y respectively. Then c is defined as the unique real number satisfying

1743 (0) = V&> (c)

Since we assume that the preferences are determined by the exponential utility
function, ¢ does not depend on the initial wealth of the investor. As for the
maximal expect utility, the indifference credit risk premium has a representation
in terms of a BSDE, too. To this end let

R T 1,
g(t,z)—2ndlst (2—}—77195,05) Yz 277|19|

and let (Y, Z) be the solution of the BSDE

Y, =¢ —/ ZsdW —I—/ g(s, Zs)ds.
t t

Then V¢(0) = U(—Yp). Analogously, let

1 1 1 1
ft,z,uz—ndistzz—i——ﬁs,CSl — 9z — —|9)> + —(1 — D,_)ks[e™ — 1 — nul,
(t210) = stz + 0., 1) = 02 = 59 + (1 = D)k |

and let (Y, Z,U) be the solution of the BSDE

T T T
Yt:fl{”T}_/t ZSdWS_/t UdeS+/t f(s, Z,,Uy)ds.

Then, by Theorem B.1, VE'>71(c) = U(c — Yy).
Next we define the R%valued predictable process

o dist®(Zo + 10, C1) — dist?(Z, + 20,,C1)
Vs = - =
ARYAL

1< <d.

)
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Notice that we have |y| < C(1+|Z|+]|Z|) for some constant C' € R;. Therefore
the integral process fo vsdWy is a BMO martingale and hence we may define

the probability measure P with density

dP '
— = sdWs) .
= wawys

Girsanov’s theorem implies that ﬁ/\t =W+ fot Ysds is a Brownian motion with

respect to P. We are now ready to establish the representation of the credit
risk premium in terms of a BSDE.

Proposition 4.1. The indifference credit risk premium satisfies
Cc = YQ,

where (Y, Z,U) is the solution of the BSDE

T T T
Vi = €lpery - / Z.dW, — / 0.dM, + / h(s, Z,, 0)ds, (29)
t t t

with generator h(t,z,u) = =9z + %(1 — Dg_)ks[e™ — 1 —nu.

Proof. The very definition of the indifference credit risk premium implies
c=Yy—Yy. Thedifferences Y =Y —-Y, Z =27 —Z, U = U, are easily shown
to solve the BSDE (R9). O

Remark 4.1. Notice that once the default occurred while the time horizon is
not attained, the terminal condition in the BSDE (@) is equal to &, and the
compensation is equal to the value of the contingent claim.

In the following we will derive a lower bound for the credit risk premium
given as the expectation of the defaultable security §1¢;<7y.

Corollary 4.1. Let Q be the probability measure defined by
d . —~
—6;2\ = 5(/ FdWs)p.
dpP 0

Then the credit risk premium is bounded from below by E? [€1¢r<7y]. In partic-
ular, if € is positive, then the indifference credit risk premium is positive, too.
Moreover, with vanishing risk aversion n, the credit risk premium converges to

EQ[gl{‘rST}]
Proof. The solution (Y, Z,U) of (R9) satisfies

- T T T4 -
Vi = €l — / ZydW, — / U dM, +/ 5(1 — Dy kgl — 1 —qU,)ds,
t t t
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where W =W — fg ¥sds is a Q-Brownian motion. Hence,

T
_ 1 - _
V; = B9 |€lp<my +/ ;(1 — Dy )ks[e" — 1 —nU,)ds| Ge| > E? [€11r<1|Ge] -
t

Notice that lim,;|o %ks [e"* — 1 —nu] = 0, and since U is bounded, we have that
with vanishing risk aversion 7, the credit risk premium converges to E?[¢ Lir<my]-

Remark 4.2. If the number of uncertainties equals the number of assets (i.e.
k = d), and if there are no constraints (i.e. C} = R¥), then P = P. Moreover, in
this case the measure @) defined in Corollary @ is the risk-neutral fair measure
for pricing non-defaultable derivatives on the assets ST, ..., S*.

Analytic representation for a defaultable Put Option

In this subsection we derive an analytic expression for the credit risk premium
of a defaultable put option. To keep things simple we suppose that our financial
market consists in only one tradable asset with dynamics evolving according to

dSt = StOédt + StUth.

In addition we assume k = d = 1, there are no trading constraints and
there does not exist a defaultable asset. So the credit risk is the only source
for market incompleteness. Moreover we suppose the compensator K satisfies
dK; = k(S:)dt + dAs where k is for example a positive continuous function.

Let C € Ry be the strike of a put option with pay-off function ¥(z) =
(C —z)*. We will show that the credit risk premium of ¢ (S7)l;~ry is the
initial value of a PDE.

We use the fact that solutions of BSDEs can be represented in terms of
solutions of PDEs and vice versa. To this end we characterize in more detail
the solution of (RY) where we set &€ = ¢(S7). We first solve the BSDE with driver
(s,z) — h(s, z,0) and non-defaultable derivative 1(St) as terminal condition,

T T
Y: = ¢(St) —/ ZsdW —I—/ h(s, Zs,0)ds.
t t
It is known that Y; = u(t, Sy) where u is the solution of the PDE

1
up + Eazxzum =0, u(T,z)=1y(z). (30)

The PDE (B0) is the Black-Scholes PDE for put options and the solution is

ey o (P
known to satisfy u(t,z) = C®(—dy) — 2®(—d;y) with dy = % and
d2 :dl —U\/T—t.
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Up to the default time 7, the solution (V,Z) of (R9) coincides with the
solution of the BSDE

T T
yo o—/ 294w, +/ [h(s, 2%, u(s, Sy) — V) + (1 — Dy_)(u(s, Ss) — YO)k(S,)|ds

k(Ss)

(en(:5)=Y) _ 1)) ds.
n

T T
0 / Z0aw, +/ W2+ (1 - Dy_)
t t
Moreover, we have Y, = v(t, S;), where v is the solution of the PDE

1 k

vy + 5029021)11 + ﬁ(e"(“_v) -1)=0, o(T,z)=0. (31)
n

Notice that the PDE (@) does not depend on the drift parameter «, which is

almost impossible to estimate in practice. To sum up, we have the following

result.

Proposition 4.2. Conditionally on Sy = x and T > t, the credit risk premium
at time t of a defaultable put option with strike C' and maturity T >t is given
by v(t,z), where v is the solution of the PDE (B1)).

5 Conclusion and final remarks

In this article we studied a class of BSDEs allowing for a jump at a random
time and satisfying a quadratic growth condition, and we provided sufficient
conditions for the existence and the uniqueness of solutions. With this at hand,
we have generalized BSDE representations of the maximal expected exponen-
tial utility of investors endowed with defaultable contingent claims. Finally, we
introduced the notion of indifference credit risk premium of a defaultable contin-
gent claim, and we derived a representation in terms of a BSDE with quadratic
growth generator jumping at the default time.

We remark that one may determine not only the indifference price of credit
risk associated with a contingent claim, but the indifference value of the de-
faultable contingent claim #tself. As for the credit risk premium, the indifference
value can be shown to be equal to the difference of two continuous BSDEs with
quadratic growth, and hence to a single BSDE with a jump at the default time
7. By using analogue methods as in Section E, one can thus generalize represen-
tations of indifference prices as derived in [[I]]. Moreover, regularity of continuous
quadratic BSDEs, as verified in [[lf], allow to write hedging formulas in terms of
derivatives of the indifference value with respect to the market price processes.
One can thus extend delta hedging principles to defaultable contingent claims,
by linking the optimal hedge to sensitivities of indifference values.
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