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Abstract — A unified approach is presented for the synthesis of continuous-time
fractional orthogonal basesincluding Laguerre-like, Kautz-like and the Generalized-
Orthogonal-Basis-like (GOB-like) bases. They extend the definitions of their rational
counterpart to fractional differentiation orders. Modes can either be chosen to be
real or by pairs complex conjugate. Completeness of fractional Laguerre-like basis
is demonstrated.

Keywords — Fractional calculus, fractional derivative, dynamical system, orthog-
onal functions, Laguerre basis, Kautz basis, generalized orthogonal basis (GOB),
identification.

1 Introduction and mathematical background
1.1 Context and motivation

Over the last fifteen years, identification and control of linear stable dynamic systems
using orthogona functions have widely been used; see for instance [1, 2, 3, 4] and al
references therein. The most popular orthogonal functions used in control engineering
are: Laguerre functions, having a single real pole; Kautz functions, having two complex
conjugate poles; and the Generalized Orthogonal Basis (GOB) functions which extend
the two former definitions to any number of real or complex conjugate poles.

The interest of fractional differentiation (real, complex, integer or not) is motivated by
studies on real systems such as thermal [5] and electrochemical [6] which reveal inherent
fractiona differentiation behavior. The use of classical models, based on integer order
differentiation, is thus inappropriate in modeling these fractional systems. Thus, models
using fractiona differentiation have been developed [7, 8, 9] .

El-Sayed [10] has proposed a direct extension of the definition of Laguerre functions by
simply allowing their differentiation orders to be real. However, Abbott [11] has proven
that Laguerre functions are divergent as soon as their differentiation order is non-integer
commenting on El-Sayed’s work.



Recently, we have proposed an interpolation of Laguerre functions to fractional dif-
ferentiation orders keeping them convergent when differentiation orders are non-integers
[12]. To our knowledge, this fractional Laguerre-like basisisthe first fractiona orthogo-
nal basis ever synthesized for control engineering purposes. It is however limited to the
use of a unique mode.

The aim of this paper is to present a unified construction for al fractional orthogo-
nal bases including Laguerre-like, Kautz-like and GOB-like bases, allowing the user to
choose any number of real or complex conjugate modes. For that purpose, Gram-Schmidt
orthogonalization procedure is applied on adequate functional seriesleading to extend the
definition of Laguerre, Kautz and GOB bases to fractional differentiation orders.

1.2 Representation of fractional systems
Fractional mathematical models are based on fractional differential equations:

y(t) +0iD%y (t) + -+ + by, Dy () = )
aoD*u () + a;D*'u (t) + - - - + ay, , D 4w (t)

where differentiation orders 3y, ..., Gny, @0, --., ay, are alowed to be non-integer
positive numbers. The concept of differentiation to an arbitrary order (non-integer),

Afd\”
was defined in the 19" century. The main contribution to the establishment of the def-
inition is due to Riemann and Liouville. They extend differentiation by using not only
integer but also non-integer (real or complex) orders. The ~ fractional order derivative of
x(t) is defined as being an integer derivative of order m = |v] + 1 ( |.] stands for the
floor operator) of a non-integer integral of order 1 — (m — ) [13]:

D ()2 s (%)m!% @

wheret > 0,y > 0.

A more concise algebraic tool can be used to represent fractional systems:. the Laplace
transform. The Laplace transform of a v order derivative (v € R,) of a signal z(t)
relaxed at t = 0 (i.e. al derivatives of z(¢) equal 0 whent < 0) isgiven by [14]:

LDz (t)} =s7ZLA{x(t)}.

This property allowsto write thefractional differential equation (1), provided all signals
u(t) and y(t) arerelaxed at t = 0, in atransfer function form:

ma
D a;s™
A =0
- mp
1+ 3 byss
j=1

where (ai,bj) € (CQ, (Cki,ﬂj) € R?I-’ Vi = 0, 1, oo, My, VJ = 1,2, ...,MpB.

F(s) )



Definition: A transfer function F'(s) is commensurate of order - iff it can be written as

F(s) = S(s"), where S 2 Z isarational function with 7" and R two coprime polynomi-
as. O

All differentiation orders are multiples of the commensurate order, allowing to obtain a
rational transfer function. In this paper, the commensurate order isleft freeto vary in R?,.
Taking as an example F'(s) defined in (3), assuming that F'(s) is commensurate of order
v,and using F'(s) = S(s7), one can write:

ma am
> aps
T (s o
S(e) = _ @
14+ > bys v

m=1

All powers of s in (4) are integers. A sufficient condition for £'(s) to be commensurate
isthat all differentiation orders belong to the set of rational numbers Q. It covers awide
range of fractional transfer functions.

The transfer function (3) is said to be of explicit form because all fractional derivatives
apply to s (as compared to implicit forms where fractional derivatives apply to (s + &),
V¢ € C, Vy € REAN).

1.3 Stability condition

Matignon [15, theorem 2.21 p.150] has established the stability condition of any com-
mensurate explicit fractional model. Here isarevisited version of his theorem.

Theorem: A commensurate (of order ) transfer function F(s) = S(s7) = ;Ejzg is
BIBO stable iff
0<~y<2 5)
and for every s € C such that R(s) =0
T
larg (s)| > 75 (6)

2
1.4 Fractional transfer functionsbelongingto Hy(C™)

Contrary to therational case, stability condition doesnot guaranteefor afractional transfer
function to belong to H,(C™), Hardy space of functions F'(s) analytic on the open right

half-plane C* and such that ||F||3 = 5= [*° F(jw)F(jw)dw < oo . As demonstrated
in [16], afractional transfer function (say (3)) belongsto H,(C™) iff stability conditions
(5) and (6) are satisfied and the difference between denominator and numerator degrees

is greater than one half:
(7)

Condition (7) is essential when choosing fractional generating functions for the orthogo-
nal basis to be synthesized.

57713 - amA >
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1.5 Function expansion on orthogonal bases

The classical Laguerre, Kautz, and GOB functions form complete orthonormal bases in

L]0, o[, Lebesgue space of squared integrable functions % = [ f () dt < oo, accord-
0

ing to the usual definition of the scalar product [17]:

o0

(lp, L) = /ln () L () dt = Spm, (8)
0
which can also be computed in the frequency domain by using Plancherel’s theorem:
(s ) = AL, L) = 5= / Lo (i2) Ton (0) o = S ©
m
Thus, any transfer function F(s) belonging to H,(C*) can be written as a linear combi-
nation of orthogonal functions spanning Hy(C™):

o0

F(s) =) anLy(s). (10)

n=0
The Fourier coefficients a,, being convergent as n tends to infinity, (10) is usually trun-
cated to an order N. Hence, F'(s) is approximated by the finite sum:
N
anLy (s). (12)

n=0

Y

F(s) ~ Fy(s)

The Fourier coefficients are computed by minimizing the least squares criterion:

J = / (F(t) = ut))%dt. (12)

which corresponds to the L, norm of the approximation error, according to definition (8)
of the scalar product :

T=1f = fwll3- (13)
Minimizing .J, when orthogonal functionsareinvolved, leadsto the computation of Fourier
coefficients by evaluating the scalar product either in the time or the frequency domain:

an, = (f,1,) = (F, Ly,) (14)
2 Orthonormal bases construction
2.1 Gram-Schmidt procedure

Given an arbitrary functional series {F,,,}M_,, where F},, € H?(C*) Vm, orthonormal

functions {G,, }}/_, are obtained, according to the Gram-Schmidt orthogonalization pro-
cedure, as alinear combination of the generating functions F,,:

G=AxF, (15)



where A isareal-valued MxM matrix,

GZ[G1 Gy - Gua GM}T7
and .
F=[FR F - Fuya Ful .
The vector G, gathering the functional series {G,, }M_,, satisfies thus:
(G,G") =1, (16)

where (G, G") is amatrix of scalar products which element (4, j) is (G;, G;) and | de-
notesan M by M identity matrix. Using (15):

(G,G") =A(F,F")AT =1, (17)
and the following quadratic form is obtained:
ATA = (F,FT),
A, alower triangular matrix, is computed using the Cholesky decomposition:
A = Cholesky <<F, FT>‘1) . (18)
Orthonormal functions are then deduced from (15):
G = Cholesky ((F, FT>_1> x F (19)

The remaining difficulty isto compute the matrix of scalar products (F, F”) for fractional
transfer functions known to be multivalued complex functions as soon as non-integer
differentiation isinvolved.

2.2 Scalar product of any pair of fractional explicit and commensurate transfer
functions

Assume any pair (G(s), H(s)) € H3(C™) of fractional explicit and commensurate trans-
fer functions. The scalar product of G and H is expressed in the frequency domain as:

[e.9]

(G H) = % / G (ju) T () dow. (20)

Define the following change of variable, where ~ is the commensurate order:

1
r=w = dw=—27"'dr. (21)
n

Define ¢ and p respectively as integer and non-integer parts of % Then,

(G,H) = F—ln/xq“_l%dx. (22)

Two cases are distinguished.



221 deg(B) < deg(A)+1
Inthis case,
(G,H) = oo, (23)

because the difference between denominator and numerator degreesin (22) is greater than
one, which yields after integration a positive power of = in the numerator and the integral
diverges.

222 deg(B) >deg(A)+ 1
Depending on the nullity of p, the solution to integral (20) is different. Again, two cases

are distinguished.

a—0< p< 1. Thiscondition means that % is non-integer. A partial fraction expansion

is carried out on 2 ;‘Eg and gives:

Pl PM} — ~\ Mp_ll_ (24)
B (z) i (@t sk)
Replacing back in (22) gives:
1 ro Uk c0 p—1
(G, H) = — ax 57! / m—_dfl. (25)
[ 0 (1+ s 7)

Similar function was integrated in [18] and is aso reported in [19, as formula 3.194,4 p.
285]. Plugging the result gives:

i k (_1>l—1 aklszil < lp_—ll )
(G, H) = == . (26)

nsin (pm)

b—p = 0. Thiscondition means that % isinteger. The following expansion is carried

out:
Al ¢ - by
v B(a:)_kz:;(:v+sl ) (x + si) ZZ 20

= (@ sp)

where s, is an arbitrary chosen pole. Plugging (27) in (22) and computing the integral
yields the following result:

Ck (111 (Sk & bk lSk -
G,H) = 28

compl eting the computations of the scalar product of any fractional explicit and commen-
surate transfer functions.



2.3 Choosing fractional generating functions

The method described above allows to orthogonalize any series of generating functions
provided they are not collinear according to the scalar product (9). However, to extend
the definition of classical bases (Laguerre, Kautz, and BOG) to fractional differentiation
orders, it is necessary to choose adequate generating functions. Hence, each generating
function will introduce either a real or a complex mode. If a generating function intro-
duces a complex mode, then the next generating function must introduce its conjugate
SO as to obtain a real-valued impulse response. Specia care must be taken for the first
generating function which must satisfy stability condition and belong to H?(C™). Once
these functions chosen, (19) is applied in order to obtain the orthonormal basis functions.

If the first mode is chosen to be real, the first generating function is set to:

1

Fl) = R

(29)

However, if a complex mode )\, is chosen, then, its conjugate \,,, must be chosen
afterwards. The first two generating functions are then set to:

, 1
) =
. (30)
Fruo(s) =

(87 I /\—mo) mo

For Fyn,(s), Fy, (s), and I (s) to be stable, according to §1.3, the following conditions
must be satisfied:

m
|arg(=Am)l > 75 and v €0,2[ (31)

Moreover, for F,,(s), F, (s), and F (s) to belong to H*(C*), according to §1.4, the
difference between denominator and numerator degrees must be greater than % Conse-
quently, m isthe smallest integer satisfying the aforementioned condition:

me = {%J +1. (32)

Generating functions F;, (s) and F}’ (s), having complex impulse responses, are not
adapted to represent real-valued impulse response systems. Therefore, they are replaced
by two new generating functions F;, and F}’ which are linear combinations of F, and

Fl.:
O] la e D] -

mo

where ¢y, ¢1, ¢, and ¢} are non null complex numbers chosen so that F,’no(s) and F;;O(s)



have real-valued impulse responses, which yields: ¢, = ¢ and ¢, = ¢}. Consequently,
% By,s7*
k=0
(87 + Amg) (87 + Amg)) ™"
S st
= =0 .
(57 + Amg) (87 + X))

Fro(s) =
, (34)

where

m mo— mo—
B =2 < ko) (% (co) Se ()\mo k) + Im (co) Im ()\mo k))
(35

/ ™m / mo— / mo—
By =2 < ko) (%’e (cp) Se ()\mo k) + Im (cy) Im ()\mo k))
Then, the generating functions of index m > m, are defined recursively based on the

definition of the preceding function, noted ®,,,_,(s), where:

| P, if \,,_; isreal
Hence, if areal mode ), isintroduced , the generating function is set to:
1
Fm(S) = mq)mil(s). (37)

Otherwise, if two complex conjugate modes ),,, and )\, are chosen, the two generating
functions having real-valued impulse responses are:

{ %EZ; ] B { EZ Z:Z} { i: ] Pin1(5); (38)
yielding:
~ Y
Fnls) = (s7 +ﬁ)\1,i) eri o) P, 1(s)
for Bis” + By ’ (39)
F(s) = ) ) D,_1(s)
where

By = 2%e (co) and Bo = e (co) He (Am) + Im (co) Im ()

By = 2%e (c;) and ) = % (c}) He (Aw) + Im(cy) Sm (M)’ (40

and the complex parameters c, and c;, are chosen so that ¢, # dc;,, Vd € R7.
Taking into account (31) and (32), F;,.(s), F! (s) and " (s) belong to H?(CT) iff:

[arg(—An)| > 75 (41)



It isinteresting to point out that, in the special case where all the modes \,,, are chosen
to be alike, Laguerre-like generating functions are obtained asillustrated in [12]:

1

Fn(s) = m7

m > mgy= {%J + 1. (42)

In the special case where all pairs of complex conjugate modes are chosen to be alike,
the fractional Kautz-like generating functions are obtained asillustrated in [20].

3 Completeness

To date, completeness of fractional Laguerre-like basis is proven. Completeness of frac-
tional Kautz-like basisisannounced in a conjecture and completeness of fractional GOB-
like basisis yet to be proven.

3.1 Completenessof Fractional Laguerre-like basis

Theorem: Define F,,(s) asin (42) with A € R™. Then, the linear space spanned by the
Series { F b inemomosn.....00n Where mg = L%J +1andm € N*,isdensein H?(C*). O

-----

Proof: Let .

w(s) = T+ A

w isabijective conformal mapping from C* to afinite modulus open domain 2 bounded
by aJordan curve I'. I isafinite union of circle arcs.

Let G(s) = (s7+A)™ F(s) wheremgy = L%J—i—l. Let £(2) bethe spaceof all functions
anaytical on (2 and continuouson 2 = QUI. Then, Gow™! € E(£2). Moreover, applying
Runge — Walsh theorem [17, p.7 theorem 1.3.4], G o w™—! can always be approximated
by apolynomial P(z):

Vz € Q,Ve > 0,3 P(2),suchthat |Gow™ — P(2)|| <e.

N
Setting P(z) = Y a,(2)", N € N, and substituting z by w(s) yields:

n=0

Vs € Cr: |G(s) = Y an(w(s))

n=0

(87 + X F(s) = Y an(w(s))"| < e

Since A > 0 and R(s) > 0 (convergence domain of Laplace transform), then (s” +
A)™o £ 0 and:

N
[F(s) = (87 + X077 an(w(s))"] < e (s7+ N

n=0



[F(s) = Y an(w(s))""™| < efw(s)™|

Moreover, w™ € H?(C") (m € N) iff m > mqg. Thus, Vn € N,w"t™ € H?*(CT).
Furthermore, since F' € H*(C™),

T 1R (s) = 35 an(u(s)ymof2ds <

7joo n=0
joo
e [ |w(s)]*0ds
—joo
N
Consequently, VF (s) € H*(CT),Ve > 0,3 P(w(s)) = Y a,(w(s))" ™ such that
n=0

N
1F(s) = D an(w(s)™ ™ |ls < e
n=0
Thus the series {w™ },,>m, isdensein H?(C*) which completes the proof. O

Conseguently, the orthogonal functions { Gy, }im=m,mes1,....00, lin€ar combinations of

{En }memomosr,...00n € densein H?(C*) too. Therefore,

77777

VH(s) € H*(C"): H(s) =Y anGn(s). (43)

m=0

Moreover, al results announced in §1.5 are valid for the Laguerre-like fractional orthog-
onal basis which can hence be used to model any finite energy system.

3.2 Completeness of Fractional Kautz-like basis

Conjecture:  Define 7, (s) and F7;, (s), for mg = [3-] + 1, Vy €]0,2], asin (34) and

F),(s) and F(s) for m > mg asinand (39) With Ay = A1 = Agsz = ... = Aand
| arg(—A)| > ~%. Then, thelinear space spanned by the series { ], F7" } rn—mo mos1....00 1S
densein H?(C™). O

The proof of this conjecture would permit to model any finite energy system using
fractional Kautz-like basis.

3.3 Completeness of Fractional GOB-like basis

To date, no result can be announced concerning the compl eteness of fractional GOB-like
basis. However, it is interesting to point out that the classical GOB, which can aso be
obtained by orthogonalizing F,,,,F,, and F” wheny = 1 andm, = 1, isdensein H*(C™)
iff [21]:
—~ Ze (M)
———= =00 for =1. 44
mz_l AT v (44)
An extended condition needs undoubtedly to be found for the completeness of the frac-
tional GOB-like basisfor any - €]0, 2].



4 System identification using the synthesized orthogonal bases

The fractional orthogonal bases are now used in a system identification context based on
fixed denominator models. The procedure is described below.

— Firdt, differentiation order ~ and all the modes are fixed either using an a priori
knowledge on system’s behavior or a rough estimation of a fractional ARX model
[22]. The knowledge of these parameters allows then to fix all the generating func-
tions F;,, based on (29), (34), (37) and (39).

— Next, orthogonalization procedure described in §2.1 is applied on the aforemen-
tioned generating functions.

— Finally, Fourier coefficients of the orthogonal basis are computed, using a least
squares method.

The identified model H (s) is expressed as the sum of Fourier coefficients multiplied by
the orthonormal functions:

M
H(s)= Y gmGm(s) =g"G(s), (45)
where
g — [gmoygmo—&-l; B 7gM]T7
and

G(S) = [Gmo<s)7 Gm0+1(5)7 R GM(‘S)]T .
The truncation order M is fixed so as to obtain a satisfactory approximation and can be
increased if the identified model is not satisfactory.
Assume u(t), y(t),t € [0, 7] input and output dataissued from linear finite-energy sys-
tem. Then the identification procedure consists of computing optimal coefficient vector g
by minimizing the least squares error:

T
J= %/(5(t))2dt, (46)
0
where y
et) =Y gmtc,(t) —y(t) (47)

Thefiltered outputs u,, ) and ug(t) are defined respectively as:

m

ug,, (t) = Gn(t) @ u(t) (® being the convolution product)

Ug (t) = [quo (t)v UG 41 (t)v UGy (t)} .
The optimum values of Fourier coefficients are given by the least squares formula:

g = { / (uc(t) uc(t)) dt] / ug(t) Ty (t) dt, (48)



or after anumerical discretization, by defining Y as a column vector of system’s outputs
and X asaregression matrix which columns arefiltered outputs, (48) can be approximated

by:

g = (XTX)"'XTY. (49)
5 Examples
5.1 Example1l-Orthogonalization of a set of functions

The objective is to synthesize an orthogona basis with the following parameters. the
commensurate order « is set to 1.5 and the eigenvalues to 1, 2, and 2 £+ i. The first two
generating functions are obtained using respectively (29) and (37):

1

Fl(S) = m (50)
1 1
B(s) = 55 X 5T (51)
The next two generating functions are obtained using (39) with ¢, = 1 and ¢, = i:
251 4+ 2 1 1
Fs(s) = 2
5(s) 3 4+ 4515 + 5 X 15 +9 X S5 1 (52)
-1 1 1
F,(s) =
a(s) 3 4+ 4515 4+ 5 X 15 +9 x sl 1 (53)
The functions of the orthonormal basis are computed by applying formula (19):
1.14
Gi(s) = pEEaY (54)
Cls) = 1.53s1% — 0.11 (55)
2= 5 13,0055 + 2.00
0.385%% — 0.60s> + 1.58s5 — 2.45
Ga(s) = 5 15 3 1.5 (56)
s% 4+ 7.00s*° 4+ 19.00s° + 23.00s> 4 10.00
1.52s% +3.00s3 + 3.13s™5 4 2.15
Gy(s) = (57)

s8 +7.00s*5 + 19.00s% + 23.00s'> + 10.00
Their impulse responses are plotted in figure (1).

5.2 Example2—Application in system identification context

To illustrate the use of Fractional GOB-like functions in system identification, the pro-
posed procedure will be applied to identify areal industrial system, the nature of which
cannot be divulged due to confidentiality reasons. System’s input and output signals are
plotted on figure (2). In addition to these signals, frequency domain analysis showed that
differentiation orders can be set to multiples of 0.6, and that 3 modes can be fixed at 0.6
and 4.1e%791127 - Consequently, one Laguerre-like and two Kautz-like generating func-
tions are fixed. Applying orthogonalization procedure yields the following orthonormal

functions:
0.78

596 +0.60 8

Gl (8) =



0.01f~

0.005

-0.005

-0.01 -

8 10 12 14 16
Time(s)

Figure 1: Impulse responses of the orthogonal functions (54), (55), (56), and (57)

Output

-0.01

-0.02

-0.03

Time(s)

Figure 2: Input and output identification data



0.06 -

0.04*,':

4 a4

-0.06 __ : Gy contribution
.... . G4 contribution
— . G5 contribution
—0.08- — : model output

-0.1 1 1 1 1 1 1 | ]
4 7 8
Time(s)

Figure 3: Output of the optimal model and contribution of each function of the basis.

0.70s'2 — 8.83s%6 — 16.09
518 4+ 8.40s%2 4+ 21.49506 4+ 10.09
0.225%2 — 24.825%6 4+ 24 .49

s!8 + 8.40s12 + 21.49596 4 10.09
Then, Fourier coefficients are computed by minimizing least squares criterion (46), which
gives the following identified model:

GQ(S) =

(59)

Gs(s) = (60)

H{(s) = 0.1138G(s) + 0.0647G4(s) — 0.0002G3(s) (61)

Contribution of each vector of the basisin model’s output is plotted in figure (3). Due
to the weak contribution of G, it is omitted and the number of the orthogonal functions
isreduced to 2 in the final model. As shown on validation data of figure (4), the identified
model gives satisfactory results.

6 Conclusion

A unified procedure is presented in this paper for the synthesis of fractional orthogonal
bases. The rational Laguerre, Kautz and GOB functions are interpolated to fractiona
differentiation orders. Fractional Laguerre basis is proven to be dense in Hy(C'*). The
obtained Fractional GOB-like functions was successfully used in the context of system
identification with fixed denominator models.
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