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THE SPACES H"(0sp(1|2), M) FOR SOME WEIGHT MODULES M
DIDIER ARNAL, MABROUK BEN AMMAR AND BECHIR DALI

ABSTRACT. We entirely compute the cohomology for a natural and large class of osp(1]2)
modules M. We study the restriction to the s[(2) cohomology of M and apply our results
to the module M =D, of differential operators on the super circle, acting on densities.

1. INTRODUCTION

The simplest Lie superalgebra is the algebra osp(1]2). For such an algebra, the notion of
Cartan subalgebra and weight module is well known (see section 2 for definitions and nota-
tions). In this paper, we consider such a weight module M, with moreover the assumption
that one of the odd element (noted here A) acts through a surjective map.

This generalizes the notion of ¢ | modules for s[(2) [], a class of modules admitting
a finite dimensional and nontrivial extension, but our main motivation is the study of
deformations of some actions of vector fields on the supercircle or the superspace R,
this theory was developped by Ovsienko and many other authors and some conjectures
about the cohomology of natural modules coming from the action of 0sp(1|2) on differential
operators on densities were presented (see [ll, B, f]). The first cohomology group for this
module was computed by Basdouri and Ben Ammar [, it was conjectured that the second
cohomology group would be generated by cup-product of nontrivial 1 cocycles, that the 2
cocycles whose s[(2) restriction is trivial are trivial, and so one.

In this paper, we first entirely determine the cohomology for our osp(1]|2) module M and
prove that the restriction map is one to one from H"(osp(1]2), M) to H"(sl(2), M). Then
we apply this to the module of the differential operators on densities, computing completely
their cohomologies and explicitely describing the cocycles.

2. DEFINITIONS AND NOTATIONS

First, we define the Lie superalgebra osp(1]|2) and the module M. We define the super-
algebra g = osp(1|2) as the real algebra whose basis is (H, X,Y, A, B). The elements H, X
and Y are even (with parity 0, or in gg) and the elements A, B are odd (with parity 1, or
in g1), the bracket is graded antisymmetric, we denote this property by

U.v]=-(-1"[V,U].
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The commutation relations are :

[H7X]:X7 [H7Y]:_K [va]_ZHa
[H,A] = 1A, [X,A] =0, [Y,A] = —B,
[H7B]:_%Bv [XvB]:A7 [Y>B]:07
(A4 Al =2X.,  [A.B|=2H, [B B|=-2V

The bracket satisfies the graded Jacobi identity
Do VW] + ()WL 0T+ ()WY WL V]LUT = 0.

We consider the subalgebra RH as the Cartan subalgebra of osp(1|2), its adjoint action is
trivially split, with roots 0, i%, +1.

The even subalgebra go of 0sp(1]2) is of course the simple Lie algebra s((2). From the
relations, it is clear that, as a graded Lie algebra, osp(1|2) is generated by its odd part
g1 = Span(A4, B).

We consider here a special class of 0sp(1]2) modules M. We first suppose M is a complex
Zs graded vector space My @ M; (the elements of M; are said homogenous with parity 7)
and the H action is diagonalized on M, that is we decompose M (and thus My and M)
into weight spaces M“ (resp. M) :

M =P M, Hvg=oav,, Yo € M.
aceX

(¥ C C is the set of weights).
If V' is a H-invariant vector subspace, then V itself can be decomposed in V' = @ 5, V¢
with V¢ = M* N V. For instance, each M, can be decomposed.
The commutation relations imply directly
a—l—%

AME C My, XM C M

3 (3

BM® C M;. >, YM® C MM

Then we add the condition that the action of A is onto (or equivalently X is onto). This
conditions implies that M does not have any minimal weight vector v, with weight .
Indeed, if such a vector exists, the relation v = Aw =AY gex Wo (wg € M ) implies

Hv = apv =35 HAwg =Y 5(8 + HAwg = Y5 w0 Awpg,

or Awg = 01if 8 # ap — %, and 0 v = Awao_%, therefore ag — % € X, which is impossible.
Then our modules M are infinite dimensional.

For s1(2), the simple modules for which X are onto are the modules ¢ |. It is well known
that these modules are the only (with the ‘symmetric’ case ¢ 1) s[(2)-modules admitting
finite dimensional nontrivial extensions for some values of ¢ (see [§]).

We now consider the cohomology groups H"(0sp(1|2), M) of these modules. A n cochain
is a mapping f from o0sp(1|2)"” to M which is n linear and graded antisymmetric:

fUL,.. Uiy Uy Uy) = —(=D)YY5 f(Uy, .. Uy, Uy Uy,

Defining the graded sign £;7(0) for a permutation o € &,, acting on the elements U; as the
product £(o)e(7) of the usual sign £(0) of o by the sign of the induced permutation 7 on
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the set of indices i for odd elements U;, we have :

f(UO'(l)7‘ . 'aUcr(n)) = €U(U)f(U17 .- aUn)

Due to this property, we use the following notation:
vu,---U, = ] Z EU(O')(UU—l(l) K- ® U071(n))

and for any o € 6,
fU...Un) =ev(0)f(Us101) @ - @ Us-1()) = €v(0) f(Us-11)5 - -+, Ug=1(n))-

The cochain f is homogeneous with parity f if f(g;, ® - ®g;,) C M 7+ i;- The space
of n cochain is denoted C"(0sp(1|2), M), or C™ if no confusion is possibe.
On such a cochain f, the coboundary operator is defined, using the Koszul rule for signs,
by the relation (see [f] for instance):
n
@F)(Wo, ..., Up) = > (1) (1) HAFVy £(U, ., Uy )+
i=0
+ Y (—1)H ()Pl U (U Wobbit i) 10, U5), U, -4y, s Un).
0<i<j<n
If f is a m cochain, Of is a n + 1 cochain with the same parity f, we can verify directly
that 0o 0 = 0 (or we can use a shift on degree and usual cohomology computations). The
n cocycles are the n cochains such that df = 0, the n coboundaries are the cochains in the
image of 0, we put as usual

Z" = ker(d: C" — O™, B" = 9(C™"), H"(osp(1[2), M) = Z"/B".
H"(0sp(1]2), M) is the n'™ cohomology group for the module M.

3. THE COHOMOLOGY
3.1. 0sp(1]2) cohomology. The cohomology is described by the following

Theorem 3.1. (The groups H"(0sp(1|2), M))
Let us denote by ker A (respectively ker B) the subspaces of M, kernel of the morphism
v — Av (respectively v— Bv) in M. Then we have the following linear isomorphisms:

(i) HO(0sp(1]2), M) = ker A Nker B.

(if) T (osp(1[2), M) =~ (ker A N ker B) & ((ker )73/ B((ker A)’)).
(iii) H2(0sp(1]2), M) ~ (ker A)~ /B((ker A)0).
(iv) H(0sp(1]2), M) = 0 if n > 2.

~
~

The realization of these isomorphisms will be explicitly detailed in the proof. Before to
prove this theorem, we shall give some preliminary results.

First we say that a n cochain f is reduced if f(AUsy---U,) = 0 for any Us,...,U, in
{A,H,B,Y}. Observe that if f is reduced then we have also f(XUs---U,) = 0 for any
Us,...,U, in {A, H, B,Y}, since

0= (8f)(A2U2 ce Un) = _f([A7 A]U2 t Un) = _2f(XU2 Tt Un)
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Proposition 3.2. (Each cochain is cohomologous to a reduced one)
Let f be an cochain. Then there exists an — 1 cochain g such that f — g is reduced.

Proof. If n = 0, any cochain is reduced and there is nothing to do. Suppose now n > 0,
Recall that the vectors X, A, H, B, Y are root vectors with respective weight 1, %, 0, —%, —1.
Define the weight of U1 ® - -+ ® U, as the sum of the weights of the vectors U;.

First, we kill f(A™). Indeed, if go is the n — 1 cochain such that go(Uy...U,—1) = 0

except if Uy = -+ = U,_1 = A and go(A""!) = v where v is such that nAv = (—1)/ f(A")
then (0go)(A™) = f(A™) and fo = f — Ogo vanishes on A™. If n = 1, the proposition is
proved.

Now, by induction, we suppose there is g; such that f;, = f —0gx vanishes on any product
of the form A"~*U,_j.1--- U, with U; € {A, H,B,Y}.

Suppose n — k > 1 and consider a k + 1 product of the form U,,_j --- U,. If one of the
U; is A, fi vanishes on A" *~1U, _, .- U,, if there is no such U;, but if U; = U; = H,
then fj, vanishes on A" *~1U,_; ---U,. The monomial T" with maximal weight for which
fr(A"F=1T) could be not zero is thus HB* and its weight is w(T) = —%.

By induction, we can suppose f; vanishes for any monomial of the form A"kS and
any monomial of the form A" *~!T with w(T) > ¢ (¢ < —% + 3). We choose now
9£+1(U1 o iUp_1) = 0 except if Up...Up_1 = A" *20,_ - U, and w(Uy,_y---U,) = ¢
and U; € {H, B,Y }. Then for such a monomial,

0= g1 ([A, AJA P30, o2 Un) = gi ([A, U A 20 e Uy)
— gb (U, UJA R0, i § - U)
and
(O ) (AU, _yo - Uy) = (—1)%+1(n — k — 1)Agh (A" 52U,y U).

We can then choose the value of gﬁ 1 such that f; — agﬁ 41 vanishes on any monomial of
the form A" *~1T with w(T) > .
By induction, we prove there is ¢’ such that f' = f — d¢’ is reduced.

Proposition 3.3. (Localization for cocycles)
Suppose than f is a n reduced cocycle. Then

(i) If n >0, f =0 if and only if f(B™) =0.
(i) If n > 1, any reduced cocycle vanishing on HB" ' is a coboundary.

Proof. (i) With the antisymmetry condition on f, the only possibly non vanishing terms
for f are monomials containing B (as odd vector) and H and Y as even vector, but each
of them at most one time. f(Uy---U,) = 0 except if Uy --- U, is HB" ! or B" or Y B"!
and, if n > 1, HY B" 2,

Now, the cocycle relation allows us to compute these vectors with the only knowledge of

f(B") :

(Of)(AB") = (-1TAf(B") + XL, (-1 (-) Y f([4, B]1B )

(~DJAf(B") = 2nf(HB""") =0,
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and
@B =YLy (=D)I (1) Bf(B") + Zogiqgn(_l)iﬂ(_1)i+j_1f([Ba BIB"1)
=(n+1) [(—1)fo(B”) + nf(YB”_l)] =0,

(Of)(HB"™) = Hf(B")+ X0, (-1 (-1)/" ' Bf(HB" ")+
+ 30 (1 (=1 ([, BIB )+
+Zl<z<]<n( )Z+](_ )Z+]f([B?B]HBn_2)
= (H + %id) f(B") —n [(-1)/Bf(HB" ') + (n — 1) f(HY B"2)] = 0.
Thus a reduced cocycle f is completely determined by the vector f(B™), especially f =0
if and only if f(B") = 0.
(ii) Suppose now f(HB" ') =0 and n > 1. Then our computation proves that f(B")
is in the kernel of A. We define a n — 1 cochain g by putting g(U; - - - U,,—1) = 0 except for

1

g(YB"?) = mf(Bn)-
Then
(09)(B™) = n(n — 1)g(Y B"~?) = f(B").
and
(09)(AUL -+ - Un—1) = (—1)7Ag(Ur - Up—1)+
+ 350 (—1) (-l Uy, g(AUl--'j---Un_1>+
+ 355 (=17 (=) g (A, U0 e Un-1)+

+Zl<i<j<n 1(_1)2+J( )U(1+U1+ +U;-1)+U; (1+U1+..,2,..+U] 1)
g(Ui, UjJAUy -7+ G-+ Upn_y)
= S () () g (A, U - Una).
This is non vanishing only if [A,U;] = B and Uy-+-j---Uy—1 = YB" 3 or [A,U;] =Y
and Uy ---j---U,_1 = B" 2. In the first case, we are computing dg(AY2B"~3), but, the
antisymmetry condition on dg gives dg(AY?B"~3) = 0. In the second case there is no such

U;. Thus 0g vanishes on any monomial AU; ...Up_1.
Now f — dg is a cocycle vanishing on any AUs --- U, and on B", thus f = Jg.

Proof of Theorem B.1].

(i) If n = 0, there is no coboundaries, the cocycles are the vector f € M such that
ONHU) = (- )fUUf = 0 for any U in 05p(1]2) these vectors are in ker A Nker B. Con-
versely, since A and B generate osp(1]2) as an algebra, each vector in ker A Nker B is 0
cocycle.

(ii) Suppose n = 1. We saw that up to a coboundary, f is vanishing on A and X. Thus
f(H) belongs to ker A since

(OF)(AH) = (—1) Af(H) = 0
Let us now decompose f(H) on weight vectors :
f(H) =3 pex Vas Hu, = avg, Avg = 0.
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Put g =3", 0 1va. Then (9g)(A) = (—1)9Ag = 0 and (9g)(H) = Hg = > a0 Va- The 1
cocycle f' = f — Og is reduced and satisfies f'(H) € ker A Nker H. Now

0= (0 )(HB) = Hf'(B) - (-1 Bf (H) + L f'(B) = (H + Jid){'(B) - (~1)! Bf (H).

The first term is in @, 1 M, the second one in B(ker H) C M ~2. Thus these two terms
vanish. Therefore f/(H) is in ker A Nker B. We now suppose f(H) € ker A Nker B. Then
(H + id) f(B) = 0.

On the other hand, we have Af(B) = 2(—1)/ f(H). Thus f(B) is in the affine space

of solutions for these two last equations. The corresponding linear space is (ker A)_%.
But we can still add a coboundary dg to f with Ag = Hg = 0, then f(B) becomes
f(B)+(—1)9Bg. That means, we can impose to look for solution in an affine space parallel

to (kerA)_%/B(kerA Nker H).
To be more precise, let us choose a supplementary space V to (ker A)_% in M=% and a
supplementary space W to B((ker A)Y) in (ker A)_%:

M2 =(kerA) 2@V = B((ker A W & V.

Up to a coboundary, f(H) belongs to ker ANker B and f(B) to W@ V. Write f(B) = w+w,
we get Af(B) = Av = 2(—1)/ f(H). This relation characterizes v since Al is one-to-one.
We associate to f the vector (f(H),w) in (ker ANker B) & W.

Conversely, let u be in ker A Nker B, homogeneous with parity u and v the unique vector
in V41 such that Av = 2(—1)"u. Choose any w in W and define a map f : osp(1]2) — M
by putting f(4) = F(X) = 0, f(H) = u, f(B) = v+ w, and f(¥) = —(~1)/ B(v + ).
Then we verify directly that

(0F)(AX) = (9f)(AA) = (0f)(AH) =0
(Of)(AB) = (—1)T A(v + w) — 2u = (—1)T Av — 2u = 0,
(Of)(AY) = —AB(v+ w) — (v +w) = —(AB + BA)(v + w) — (u+ w)
= —(2H +id)(v +w) = 0.
The map 9f is then a reduced 2 cocycle and moreover, we have
df(B?) = (-1)"2Bw + 2(—(~1)’ Bw) = 0.
Thus 0f = 0, that is, f is a 1 cocycle.
Now, suppose f is a coboundary, then there is g such that
Ag=0 and f(H)=u= Hg.

This implies H?g = Hu = 0, thus g € (ker A)® and v = 0, thus v = 0 and f(B) =
w = (=1)9Bg € B((ker A)%) N W, thus w = 0. Conversely, if v = 0 and w = (—~1)9Bg
with g € (ker A)°, then f’ = f — Jg is a reduced 1 cocycle such that f/(B) = 0, thus
f"=0and f is a coboundary. Thus, the map f +— (u,w) realizes an isomorphism between
H'(0sp(1]2), M) and (ker A Nker B) & W.

We proved (ii) since W =~ (ker A)~2 /B((ker A)°).
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(iii) Suppose n > 2 and f is a reduced n cocyle. Since
0= (Of)(AHB™) = (—1)f Af(HB"™Y),
we get as above: f(HB" 1) is in ker A.

We decompose f(HB" 1) = 3" v, with (H —aid)v, = Av, = 0. Define the n— 1 cochain
gby g(Ur...U,_1) = 0 except for g(B" ') and g(Y B"2) and

g(B" ) = Yy vt —hrva, (<1)7Ag(Y BY) = g(B"L).
2 2

Then dg is a n cocycle, the only non vanishing terms in dg(AUs ---U,) are Ag(Y B"~2)
and g([A,Y]B"~2). Both happen only if Us...U, = Y B""2 and

(09)(AY B""?) = (=1)?Ag(Y B""?) — g(B" ") = 0,
Thus f' = f — dg is a reduced n cocycle and f/(HB"™ ') = Von1 € (kerA)_%. From

now on, we suppose f is a reduced n cocycle such that f(HB"!) € (ker A)_nTil.

Suppose now n = 2.

If f(HB) is in B(ker ANker H), we put g(X) = g(A) = 0 and (—1)Bg(H) = f(HB)
with Ag(H) = Hg(H) = 0, then we choose g(B) such that Ag(B) = (—1)92¢g(H) and g(Y")
such that Ag(Y) = (—1)%g(B). Then f — g is a 2 cocycle vanishing on AX, AA, AB and
AY and on HB. We saw that f — 0g is then a coboundary. Thus, f is a coboundary.

Conversely, let w be a vector in (ker A)_%/ B((ker A)°) (or in the supplementary space

W for B((ker A)?) in (ker A)_%). Then

ABw = -w=(AB+ BA)w,
—2Bw =2HBw = (AB + BA)Buw,
AB*v = —2Bw— BABw = —Buw.

We put f(XU) = f(AU) = 0, for any U, f(HB) = w, put f(B?) = —4(-1)/Buw,
f(HY) = —(=1)f Bw, and f(YB) = 2B%w. The 3 cocycle 0f vanishes on A%U for any U,
we consider it on AHB, AB?, AYB and AY H.

(0f)(AHB) = (—1)/Aw =0,
0f)(AB?) = —4ABw —2f([A, B]B) = 4w — 4w = 0,
(AHY) =—-ABw+ f([A,)Y|H) =w —w =0,
(AYB) = (-1)JAf(YB)— f([A,Y]B) + f([A,B]Y)

= (-1)/ [2AB?*w + 4Bw — 2Bw] = 0.

df is a reduced 3 cocycle, we moreover have
(0f)(B?) = (-=1)/3Bf(B? — 3f([B, B|B) = —12B*w + 6f(Y B) = 0.
Thus f =0, f is then a reduced 2 cocycle. Now if f = 0g, then
w= f(HB) = 0g(HB) = (H + %id) g(B) — Bg(H).

Let g(B) = Y, ua, g(H) = >, xq and g(A) = >, Yo where uq,, o and y, are in M*,

then we get
w = Ea;é—% <(a + %)ua — B:Ea+%> — Bxy.
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But w is in W, thus, (a + 3)ua — Ba:m_% =0 if @ # —% and then w = —Bxy. Moreover,
we have

0= f(HA) = (H - Yid)g(4) — Ag(H) = S us (0 = )ya — Az, 1 ) = Aso.

Thus, Azg = 0, therefore zg € (ker A)? and w = —Bxg € W N B((ker A)?) = {0}, this
implies f = 0.

We proved the point (iii).

(iv) Suppose n > 2. We saw that any n cocycle f can be choosen such that f is reduced
and f(HB"!) € (ker A)_%. We define g by g(U; ... U,—1) = 0 except
1

n—3\ _
gHY B = T )

fFHB"™)

and g(Y B"2), choosen such that
Ag(YB™"™%) —2(n — 2)g(HY B"3) = 0.

Then (9g)(AHB"2) =0 and if Us ... U, # HB" 2, then the only non vanishing terms
in (09)(AU; ...Uy) have the form +g([A,U;]Us...7...Uy,) with [A,U;] = Y, which is
impossible, or [A, U;] = B, this means U; =Y, but there is another index i # j with U; = Y
and this is still impossible or [A4,U;] = H, this means U; = B and Us...U, = HB"2,
which is impossible. Thus f — dg is reduced and vanishes on HB"~!, it is a coboundary, f
is a coboundary, H"(0sp(1]2), M) = 0.

3.2. Restriction to s[(2). We keep our notations.

Lemma 3.4. (Characterization for B((ker A4)°))

Let w be a vector in M such that w € (ker A)_% and Bw € Y ((ker X)°). Then w is in
B((ker A)?).

Proof. We suppose Bw = B?v, with Hv = A%y = 0. Thus ABv + BAv = 0 and

2HBv = —Bv = AB*v + BABuw, ABw = AB*v = —Bv — BABuw.
But

2Hw = (AB + BA)w = ABw = —w.
Or w = B(v+ ABwv). But
2HAv = (AB + BA)Av = ABAv = Av.
Finally:
A(v+ ABv) = Av + A?Bv = Av — ABAv = 0.

This proves our lemma.

Let f be an cochain for 0sp(1[2). Its restriction f|s2) to 5I(2)" is a n cochain for the s[(2)

module M. If f is a cocycle (resp. a coboundary), fls2) is a cocycle (resp. a coboundary).
The map f + fls2) defines a map ¢ from H"(osp(1[2), M) to H"(s[(2), M).

Proposition 3.5. (Restriction of 0sp(1|2) cocycle and triviality)
A n cocycle f for osp(1]2) is a coboundary (a trivial cocycle) if and only if its restriction
flsi2) is a sl(2) coboundary. Or: ¢ is one to one.
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Proof. We just consider n < 2 and f choosen as in Theorem B.1].
A 0 cocycle is a vector f in ker A Nker B, it is trivial if and only if f = 0.
A 1 cocycle is cohomologous to a cocycle f such that:

f(A)=f(X)=0, f(H)=ue€ (kerA),
fB)=v+weVaWw, fY)=—-(-1)/Blv+w).

Here V' is a supplementary space for (ker A)_% in M _%, W a supplementary space for

B((ker A)%) in (ker A)_%, and v is the only vector in V such that Av = 2(—1)/u. We saw
that f is characterized by u and w.
Suppose there is g in M such that (f — dg)|s2) vanishes, thus Hg = f(H) = u, since u

is in MO, this relation forces u = 0, therefore v = 0. Now Xg = f(X) =0, Hg = f(H) =0
and Yg = f(Y) = —(—1)/ Bw. Our lemma says that w is in B((ker A)°), thusw = 0, f = 0.

A 2 cocycle is cohomologous to a cocycle f such that:
fAU) = f(XU)=0, f(HB) =weW, f(BB) =—4(-1)/Bu,
f(HY) =—(-1)/Bw, f(YB) =2B%w.

And f is characterized by w.
Suppose there is g in C(s((2), M) such that (f — 99)|si(2) vanishes, put:

9(X) =20 %a, gH) =2 har 9Y) =20 Yar (Tas hay Yo € M?).
We get
f(XH) =Xg(H)—-Hg(X) —g([X,H]) = >, (ma+ 1)zq + Xha-1) + Xho =0,
fAHY) =Hg(Y)-Yg(H)—g(H,Y]) =3 (v +1)yy = Yhys1) = Yho = —(~1)/ Bw.

Since Bw is in M ~!, this implies Hho = Xhg = 0 and Yhg = (—1)f Bw. Our lemma says
that w is in B((ker A)°), therefore w = 0 and f = 0.

Remark 3.6. In the same way as for Theorem [3.1, it is easy to compute the cohomology
for the s1(2) module M. Here it is:

HO(s(2), M) = ker X Nker, H'(51(2), M) ~ (ker X NkerY) @& (ker X) ™! /Y ((ker X)?),
H2(s((2), M) ~ (ker X)™1 /Y ((ker X)?), H>%(s((2), M) = 0.

4. APPLICATION TO D) ,

4.1. Differential operators on weighted densities.
We define the superspace R in terms of its superalgebra of functions, denoted by
C>®(R'") and consisting of elements of the form:

F(x,0) = fo(x) + f1(2)0,

where x is the even variable, @ is the odd variable (#2 = 0) and fo(z), fi(z) € C®(R). We
consider the contact bracket on C*°(R'!) defined on C>°(R!) by:

{F,G} = FG' — F'G + n(F)7(G),
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where 1) = % + 08% and ) = % — 08%. Let Vect(R!") be the superspace of vector fields on

R
Vect (R = {FO&E +F8 | F e C“(Rl‘l)},

where 0y stands for % and 0, stands for 8%. We can realize the algebra osp(1]2) as a

subalgebra of Vect(R!1):
05p(1|2) = Span(Xl, Xz, X2, Xoo, Xg).
where, the vector field X¢ is defined for any G € C*®(R!!) by
Xg = GO, + 3n(G)7.
Here, we have (—X,, X1, —X,2,2Xp, Xp9) = (H,X,Y, A, B). The bracket on osp(1]2) is
then given by [Xr, X¢] = X(r q)-
We denote by F» the space of all weighted densities on R of weight :

§r = {F(:z:, 6)a* | F(z,0) € ow(Rl‘l)} (o = dz + 0dp).
The action of 0sp(1]2) on §) is given by
1
Xg(Fo') = (GO + 5n(G))(F) + AG'F)a’.

Any differential operator A on R'" defines a linear mapping from Fy to Sy for any A by:
A: Fo — A(F)a*, p € R, thus, the space of differential operators becomes a family of
0sp(1]2) modules denoted D) ,, for the natural action:

Xg - A=XgoA—(—1)4%0 Xg.
For more details see, for instance [fl, B, B, B]

4.2. Cohomology.
Let us consider the osp(1]2)-module D, , of differential operators on densities on R,
We put here p =y — A and choose the following basis for D , :

A ;= xmﬁf, b i = xmﬁﬁgaf, Cmk = xmeai?, i = xm%@]; — :L'm98];+1.

(Here, m and k are natural integral numbers), we say that a,,  and b, are even vectors
(see below) and ¢, 1, and d,, ; are odd vectors.
In fact they are weight vectors for the action of H:

Happ =(k—m—pamk Hbyp =((k—m—p)by,k
Hepy =(k—m—p—3emr  Hdpp =k —m—p+3)dps.
Similarly, a direct computation give the following relations for the A and B actions on
these vectors :
A Um ke = MCm—1k, A bm,k = dm,ka
A Cmk = Om,k, A dm,k = mbm—l,k

and

Bam,k = (m — 2k + 2p)cm,k - kdm,k—ly Bbm,k = dm-‘,—l,k - (2)‘ + k)cm,ka
ch,k = Gm+1,k t+ kbm,k—la Bdm,k = (m —2k+2p — 1)bm,k + (2)\ + k‘)am,k.
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From these formulas (or directly), we can compute the X and Y actions, getting:

Xam,k = Mam—1,k, Xbm,k = mbm—l,k7
Xcm,k = MCm—1,k;> de,k = mdm—l,ka
and
Yam,k = (2k — 2p — m)amﬂ,k + ]{7(2)\ + k- 1)am7k_1 + k’bm7k_1,
meJg = (2k — 2p — m)bm+17k + k‘(2/\ + k?)bmJg_l,

(
(
}/CmJg = (Qk‘ —2p—m — 1)Cm+1,k + k?(2>\ + k- 1)Cm,k—1y
Ydmnr = 2k—=2p—m+1)dpi1r+ k@A +E)dy -1 — 2N+ 2k + 1)y -

From these formulas, we immediately get

Span(ago) if p=0,

ker ANker B = Span(dp k) ifp:k‘—i—%, ke{0,1,2,...} and 2\ + k=0,
0 elsewhere.
and
) Span(ag ) if p=k+ %, ke{0,1,2,...},
(ker A)72 = Span(do ) if p=k+1, k€{0,1,2,...},
0 elsewhere.

Moreover, if p = k + %, (ker A)° = Span(do ), B((ker A) ) = Span(ag ) if 2\ + &k # 0, 0 if
it is not the case. Slmllarly, if p=k+1, then B((ker A)°) = B(Span(aox+1)) = Span(do ).
Now we deduce :

Proposition 4.1. (The cohomology for ©) ,)
The dimensionalities for the cohomology groups H"(0sp(1]2),D ) are:

1 if A= ,u,
(i) dim(H(osp(1]2),D3,)) = 8 1 if A=—-L andp=2L ke {0,1,2,...},
0 n the other cases.
1 if A= ,u,
(i)  dim(H'(0sp(1]2),Dx,)) = ¢ 2 if A=—5 andp="2, ke {0,1,2,...},
0 in the other cases.
N 1 i x=-tandp=5L ke{o1,2,...},
(i) dim(H(0sp(112), D)) = { 0 in the other cases.

(iv) dim(H"(osp(1]2),Dx,)) = 0.

We refind here the results of [B] for the H!.
To be more precisey, in the following, we give explicit basis for these cohomology groups

(i) HO(0sp(1]2), D) = Span(id) and HC (05]3(1\2),”}3_& M) — Span(9pdF — 09 +).
27 2

(i) The space H!(0sp(1]2),D, ) is spanned by the cohomology class of the reduced 1
cocycle hy defined by:

ha(X) = ha(A) =0, hy(H) = —id, hy(B)=0- and hy(Y)=—2z-.
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While the space H! <05p(1|2),©_% 7 %) is spanned by the cohomology classes of
the reduced 1 cocycles fr and fi defined respectively by:
fo(X) = fo(A) =0, fu(H)=0p05 — 005",  fr(B) = 0050 and fi(Y) = 2z fi.(H),
Fe(X) = fo(A) = f(H) =0,  fi(B) = 9% and fi(Y) = —2k0p0%5 " + 20(k + 1)9k.
(iii) A similar realization of H? <05p(1\2), ”}3_% gt} ) is easy, we prefer to give an explicit,
nontrivial, reduced 2 cocycle as a cup product. Let
(U, V) = (fi Vh_)(UV) = feU) o h_x (V) = (=1)"Y fiu(V) 0 h_r (U).

Since fr and h_ are cocyles, a direct computation shows that ) is a 2 cocycle, it
2

is nontrivial since its restriction to s[(2) x s[(2) is nontrivial:
(X7, Xg) = —(=DFw(f, 9) (ks " — (k +1)60;)
where w is the Gelfand-Fuchs cocycle defined by w(f,g) = f'¢" — ¢ f".

REFERENCES

[1] Agrebaoui B and Ben Fraj N, On the cohomology of the Lie superalgebra of contact vector fields on
51\17 Bell. Soc. Roy. Sci. Liége 72, 6, 2004, 365-375.

[2] Basdouri I and Ben Ammar M, Cohomology of 0sp(1]|2) acting on linear differential operators on the
supercircle S*I'. Letters in Mathematical Physics (2007) 81:239-251

[3] Ben Ammar M and Boujelbene M, sl(2)-Trivial deformations of Vectp (R)-modules of symbols. SIGMA
4 (2008), 065, 19 pages.

[4] Conley C H, Conformal symbols and the action of contact vector fields over the superline, arXiv:
0712.1780v2 [math.RT].

[6] Gargoubi H, Mellouli N and Ovsienko V, Differential operators on supercircle: conformally equivariant
quantization and symbol calculus. Lett. Math. Phys. 79 (2007), no. 1, 51-65.

[6] Fuch D B and Leites D A, Cohomology of Lie superalgebras. C. R. Acad. Bulgare Sci. 37 (1984), no.
12, 1595-1596

[7] Kassel C, Quantum groups. Graduate Texts in Mathematics, 155. Springer-Verlag, New York, 1995.
xii4+-531 pp. ISBN: 0-387-94370-6.

[8] Miller, W. Jr. Lie theory and special functions. Mathematics in Science and Engineering, Vol. 43
Academic Press, New York-London 1968

DIDIER ARNAL, INSTITUT DE MATHEMATIQUES DE BOURGOGNE, UMR CNRS 5584, UNIVERSITE DE
BourcoGNE, U.F.R. SCIENCES ET TECHNIQUES B.P. 47870, F-21078 D1joN CEDEX, FRANCE
E-mail address: Didier.Arnal@u-bourgogne.fr

MABROUK BEN AMMAR, DEPARTEMENT DE MATHEMATIQUES, FACULTE DES SCIENCES DE SFAX,, ROUTE
DE SOUKRA, KM 3,5, B.P. 1171, 3000 SFAX, TUNISIE.
E-mail address: mabrouk.benammar@fss.rnu.tn

BECHIR DALI, DEPARTEMENT DE MATHEMATIQUES, FACULTE DES SCIENCES DE BIZERTE,, 7021 ZARZOUNA,
BIZERTE, TUNISIE.
E-mail address: bechir.dali@fss.rnu.tn



