
Cell entered Galerkin methodsDaniele A. Di PietroInstitut Français du Pétrole, 1 & 4, avenue de Bois Préau, 92852 RueilMalmaison, FraneAbstratIn this work we propose a new approah to obtain and analyze lowest order methodsfor di�usive problems yielding at the same time onvergene rates and onvergeneto minimal regularity solutions. The approah merges ideas from Finite Volume anddisontinuous Galerkin methods in a uni�ed perspetive.RésuméDans ette note, on propose une nouvelle approhe pour obtenir et analyser desméthodes d'ordre bas pour les problèmes di�usifs. L'analyse permet d'estimer àla fois le taux de onvergene et de prouver la onvergene vers des solutions àrégularité minimale. Cette approhe ombine les avanées réentes dans les méthodesde Volumes Finis et de Galerkine disontinues.
1 IntrodutionDans ette note on propose une nouvelle approhe pour obtenir et analyserdes méthodes d'ordre bas pour les problème di�usifs. Les idées sont présentéespour le problème modèle

−∇·(ν∇u) = f in Ω, u = 0 on ∂Ω, (1)où Ω denote un ouvert polygonal borné, f ∈ L2(Ω) et ν est un tenseur uni-formement elliptique et onstant par moreaux sur une partition PΩ de Ω. Laméthode est omposée de plusieurs étapes : (i) pour toute fae du maillage,on dé�nit un interpolateur de trae onsistant pour des fontions su�sam-ment régulières ; (ii) à partir des valeurs de trae, on reonstruit un gradientpar maille qui est aussi onsistant ; (iii) le gradient permet dé�nir un sous-espae de l'espae des fontions a�nes par moreaux, qui est ensuite utiliséEmail address: daniele-antonio.di-pietro�ifp.fr (Daniele A. Di Pietro).Preprint submitted to Elsevier 29 otobre 2009



dans une formulation inspirée des méthodes de Galerkine disontinues (dG).Pour des solutions su�samment régulières, la forme bilinéaire disrète s'étendà l'espae onténant la solution, e qui permet de béné�ier des tehniquesd'analyse par estimation d'erreur propres aux méthodes dG. D'autre part,les tehniques d'analyse par ompaité typiques des Volumes Finis (.f., e.g.,Eymard, Gallouët et Herbin [5℄) s'appliquent aussi en vertu des résultats ré-emment obtenus pour les espaes polynomiaux par moreaux dans [4℄. Parsimpliité, on utilisera dans la présentation l'interpolateur baryentrique pro-posé dans [5℄. Cet interpolateur, simple à mettre en ÷uvre, ne tient toutefoispas ompte des hétérogénéités du tenseur de di�usion. Parmi les autres hoixpossible pour mieux gérer les opérateurs hétérogène, on signale l'interpolateuren L introduit par Aavatsmark et al. [1℄ et réemment analysé dans [2℄. Atitre d'exemple, la méthode sera appliquée aussi à un problème de di�usion-advetion-réation.2 DisretizationLetting a(u, v)
def
=

∫
Ω ∇u·∇v, the weak formulation of problem (1) readsFind u ∈ H1

0 (Ω) s.t. a(u, v) =
∫

Ω
fv for all v ∈ H1

0 (Ω). (2)Let H ⊂ R+ \ {0} be a ountable set having 0 as an aumulation point andlet {Th}h∈H de�ne an admissible polyhedral mesh family in the sense of [4℄parametrized by the meshsize h and ompatible with PΩ. Let h ∈ H be given.For eah T ∈ Th, let xT ∈ T \ ∂T be suh that T is star-shaped with respetto xT (the ell enter) and, for all faes F ∈ Fh, set x̂F
def
=

∫
F x/|F |. The set offaes of an element T ∈ Th will be denoted by FT

h , the set of boundary faesby F b
h. For eah internal fae we selet an arbitrary but �xed diretion for thenormal nF ≡ nT1,F and denote by T1 the element out of whih nF points. Thediameters of the generi element T ∈ Th and fae F ∈ Fh are denoted by hTand hF respetively.Let VTh

def
= Rcard(Th), VFh

def
= Rcard(Fh). We all a trae interpolator I a linearbounded operator from VTh to X ⊂ VFh suh that, for all VTh ∋ V = {vT}T∈Th

,X ∋ I(V) = {IF (V)}F∈Fh
is suh that IF (V) = 0 if F ∈ F b

h. To ease thepresentation, we shall heneforth refer to the baryentri interpolator of [5℄de�ned hereafter. Let, for eah F ∈ F i
h, IF

h ⊂ Th be suh that card(Ih) = dand denote by {αF
T }T∈IF

h
the family of reals suh that x̂F =

∑
T∈IF

h
αF

T xT . Thebaryentri interpolator is de�ned as follows:
∀V ∈ VTh, IF (V) =






∑
T∈IF

h
αF

T vT if F ∈ F i
h,

0 if F ∈ F b
h.

(3)2



To ensure the onsisteny of the method, the following property must beful�lled by the trae interpolator for any funtion w in a suitable spae V :
∀T ∈ Th, ∀F ∈ FT

h , |w(x̂F ) − IF (ΠVT
h
(w))| ≤ Cwh2

F , (4)where ΠVTh : V → VTh is the operator that maps every element w ∈ V onto
ΠVTh (w)

def
= {w(xT )}T∈Th

. For the baryentri interpolator (3) we an take
V

def
= {w ∈ C2

0(Ω) ; ν∇w ∈ H(div; Ω)}.The global regularity assumptions in V are only needed to prove optimalonvergene rates and strongly depend on the hoie of the interpolator. When
ν is heterogeneous, the L-interpolator introdued in [1℄ and analyzed in [2℄ maybe preferable, as only loal regularity inside eah Ωi is required. Convergeneto minimal regularity solutions that are barely in H1

0 (Ω) is also obtained, butno estimate of the onvergene rate is available in this ase.The trae interpolator is the key ingredient to onstrut a onsistent gradientapproximation. For all V ∈ VTh, we let (.f. [5℄)
GT (V)

def
=

1

|T |

∑

F∈FT
h

|F | (IF (V) − vT ) nT,F .For k ≥ 0, let P k
h

def
= {ph ∈ L2(Ω) ; ∀T ∈ Th, ph|T ∈ Pk

d(T )}. Consider thefollowing approximation spae:
Vh

def
=

{
vh ∈ P 1

h ; ∃V ∈ VTh, ∀T ∈ Th, vh(xT ) = vT and ∇vh|T = GT (V)
}

.For every vh ∈ Vh, there holds vh|T (x) = vT + GT (V)·(x − xT ) for all T ∈ Thand V the element of VTh assoiated to vh. The spae Vh is thus a subspaeof P 1
h with pieewise a�ne test funtions whose value at xT is presribed andwhose gradient depends on the values at neighbouring ell enters, on themesh and, possibly, on the problem data via the interpolator I. We de�ne thefollowing norm on the augmented spae V (h)

def
= V + Vh: For all v ∈ V (h),

‖v‖2
h

def
=

∑

T∈Th

‖∇v‖2
[L2(T )]d +

∑

F∈Fh

1

hF

‖JvK‖2
L2(F ),where, for all ϕ suh that a (possibly two-valued) trae is available on F ,

JϕK
def
=





ϕ|T1

− ϕ|T2
for all F ∈ FT1

h ∩ FT2
h ,

ϕ|T for all F ∈ FT
h ∩ F b

h.The Poinaré inequality proved in [4℄ for the pieewise broken a�ne spaeensures that ‖·‖dG is a norm. 3



Lemma 1 (Approximation estimate). For all w ∈ V , there exists Cw inde-pendent of the meshsize h suh that
inf

wh∈Vh

‖w − wh‖h ≤ Cwh. (5)Proof. Use (4) and proeed as in [5, Theorem 4.2℄ to prove that
∑

T∈Th

‖∇wh −∇w‖2
[L2(T )]d ≤ Cwh2.For the jump term, observe that, sine w is ontinuous aross mesh interfaesand it vanishes on ∂Ω, JwhK = Jwh−wK for all x ∈ F , F ∈ Fh. Using Agmon'strae inequality together with Taylor expansion yields the desired result.Consider the following bilinear form inspired from the SIPG method of Arnold:For all (w, vh) ∈ V (h) × Vh

ah(w, vh)
def
=

∫

Ω
ν∇hw·∇hvh −

∑

F∈Fh

∫

F
[{ν∇hw}·nF JvhK + JwK{ν∇hvh}· nF ]

+
∑

F∈Fh

η

hF

∫

F
nF ν· nF JwKJvhK, (6)where ∇h denotes the broken gradient, η > 0 is large enough to ensure oer-ivity and

{ϕ}
def
=






1
2
(ϕ|T1

+ ϕ|T2
) for all F ∈ FT1

h ∩ FT2
h ,

ϕ|T for all F ∈ FT
h ∩ F b

h.The implementation does not require ubatures. Indeed, using linearity, theterms in square brakets in (6) an be rewritten as ∑
F∈Fh

|F |{ν∇huh}· nF Jvh(x̂F )Kand ∑
F∈Fh

|F |{ν∇hvh}· nF Juh(x̂F )K respetively and the penalty term an besafely approximated using the middle point rule by ∑
F∈Fh

η|F |
hF

Juh(x̂F )KJvh(x̂F )K.As the disrete bilinear form ah has been naturally extended to V (h) × Vh,the usual dG analysis tehniques an be applied.We onsider the following approximation of (2):Find uh ∈ Vh s.t. ah(uh, vh) =
∫

Ω
fvh for all vh ∈ Vh. (7)Problem (7) has only one unknown per ell, as the elimination of fae un-knowns has been arried out in the interpolation proess. Suh an operationan be performed in pratie when, for a given V ∈ VTh, the dependene ofeah IF (V) on V is limited to a few ell values (whih is the ase, e.g., for thebaryentri interpolator). On the other hand, when eah IF (V) potentiallydepends on all the values {vT}T∈Th

(as it is the ase for the interpolator ob-tained by expressing fae unknowns in terms of ell unknowns in the hybridmethods of [5℄) suh an elimination need not be implemented.4



Table 1Numerial example for a pure di�usion problem on a triangular mesh family(u = sin(πx) sin(πy), ν = 1d, f = 2π2 sin(πx) sin(πy)).
h ‖u − uh‖L2(Ω) order ‖u − uh‖h order1/4 2.8891e-02 � 1.7460e-01 �1/8 6.9933e-03 2.05 8.1249e-02 1.101/16 1.7562e-03 1.99 3.9300e-02 1.051/32 4.4048e-04 2.00 1.9467e-02 1.011/64 1.1098e-04 1.99 9.6534e-03 1.011/128 2.7795e-05 2.00 4.8156e-03 1.001/256 6.9559e-06 2.00 2.4051e-03 1.003 Main results and ommentsThroughout this setion, {uh}h∈H will denote the sequene of solutions of thedisrete problem (7) on the admissible mesh family {Th}h∈H. Proeeding as inArnold et al. [3℄, one an prove the following result:Theorem 2 (Convergene to regular solutions). Let u ∈ H1

0 (Ω) solve (2)and assume, moreover, that u ∈ V . Then, there exists Cu independent of themeshsize h suh that
‖u − uh‖h ≤ Cuh.Furthermore, the Aubin-Nitshe trik yields ‖u−uh‖L2(Ω) ≤ Cuh

2. The aboveestimates are numerially veri�ed in Table 1. For all vh ∈ Vh and for all
F ∈ Fh, de�ne the lifting operator solution of the following problem: Find
rF (JvhK) ∈ [P 0

h ]d suh that
∫

Ω
rF (JvhK)·τh =

∫

F
JvhK{τh}· nF ∀τh ∈ [P 0

h ]d,and set Rh(JvhK)
def
=

∑
F∈Fh

rF (JvhK). Then, proeeding as in [4, Theorem 2.2℄one an prove that, for all sequenes {vh}h∈H bounded in the ‖·‖h norm, as
h → 0, there is v ∈ H1

0 (Ω) suh that vh → v in L2(Ω) and ∇hvh − Rh(JvhK)weakly onverges to∇v in [L2(Ω)]d. Following the guidelines of [4, Theorem 3.1℄one an then prove thatTheorem 3 (Convergene to minimal regularity solutions). Let u solve (2).Then, as h → 0, (i) uh → u in L2(Ω), (ii) ∇huh → ∇u and ∇huh − Rh(JuhK) → ∇uin [L2(Ω)]d and (iii) ∑
F∈Fh

h−1
F ‖JuhK‖

2
L2(F ) → 0.Some omments are of order. The derivation of the method outlined in �2remains valid taking inspiration from any alternative dG method for problem(1) (.f. [3℄ for a review). Moreover, the ideas of �2 virtually extend to anyproblem for whih a dG method has been devised. As an example, for thedi�usion-advetion-reation problem

∇·(−ν∇u + βu) + µu = f in Ω, u = 0 on ∂Ω,5



Table 2Numerial example for a di�usion-advetion-reation problem on a triangularmesh family (‖·‖ν,β,h is the assoiated energy norm, u = sin(πx) sin(πy), ν = 1d,
β = (2π, 0), µ = 0, f = 2π2 (sin(πx) + cos(πx)) sin(πy)).

h ‖u − uh‖L2(Ω) order ‖u − uh‖ν,β,h order1/4 3.0457e-02 � 1.7902e-01 �1/8 7.4629e-03 2.03 8.3564e-02 1.101/16 1.8935e-03 1.98 4.0205e-02 1.061/32 4.7634e-04 1.99 1.9815e-02 1.021/64 1.1978e-04 1.99 9.7981e-03 1.021/128 2.9997e-05 1.99 4.8796e-03 1.001/256 7.4900e-06 2.00 2.4344e-03 1.00with β ∈ C1(Ω) and µ ≥ 0 suh that µ + 1
2
∇·β > 0, the following bilinearform yields an optimally onverging approximation (.f. Table 2 for a numerialexample):

bh(w, vh)
def
= ah(w, vh) −

∫

Ω
wβ·∇hvh +

∑

F∈Fh

∫

F
w↑JvhK +

∫

Ω
µwvh,where w↑ def

= (β· nF ){w} + |β·nF |
2

JwK on every F ∈ F i
h and as w↑ def

= (β· n)⊕won every F ∈ F b
h. Finally, the ompatness analysis of [4℄ also apply, so thatvaluable tools for the analysis of nonlinear problems are available.Referenes[1℄ I. Aavatsmark, G. T. Eigestad, B. T. Mallison, and J. M. Nordbotten, A ompatmultipoint �ux approximation method with improved robustness, Numer. MethodsPartial Di�erential Equations 24 (2008), no. 5, 1329�1360.[2℄ L. Agélas, D. A. Di Pietro, and J. Droniou, The G method for heterogeneousanisotropi di�usion ongeneral meshes, M2AN Math. Model. Numer. Anal. (2009), To appear. Preprintavailable at http://hal.arhives-ouvertes.fr/hal-00342739/fr.[3℄ D. N. Arnold, F. Brezzi, B. Cokburn, and D. Marini, Uni�ed analysis ofdisontinuous Galerkin methods for ellipti problems, SIAM J. Numer. Anal. 39(2002), no. 5, 1749�1779.[4℄ D. A. Di Pietro and A. Ern, Disrete funtional analysis tools fordisontinuous Galerkin methods with appliation to the inompressible Navier-Stokes equations, Math. Comp. (2009), To appear. Preprint available athttp://hal.arhives-ouvertes.fr/hal-00278925/fr/.[5℄ R. Eymard, T. Gallouët, and R. Herbin, Disretization of heterogeneous andanisotropi di�usion problems on general non-onforming meshes. SUSHI:a sheme using stabilization and hybrid interfaes, Preprint available athttp://hal.arhives-ouvertes.fr/hal-00203269/en/, 2009, To appear on IMAJNA.6
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