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ABSTRACT
The magnetorotational instability (MRI) is presently the most promising source of turbulent
transport in accretion discs. However, some important issues still need to be addressed to
quantify the role of MRI in discs; in particular no systematic investigation of the role of the
physical dimensionless parameters of the problem on the dimensionless transport has been
undertaken yet. For completeness, we first generalize existing results on the marginal stability
limit in the presence of both viscous and resistive dissipation, exhibit simple scalings for all
relevant limits, and give them a physical interpretation. We then re-examine the question of
transport efficiency through numerical simulations in the simplest setting of a local, unstrat-
ified shearing box, with the help of a pseudo-spectral incompressible 3D code; viscosity and
resistivity are explicitly accounted for. We focus on the effect of the dimensionless magnetic
field strength, the Reynolds number and the magnetic Prandtl number. First, we complete
existing investigations on the field strength dependence by showing that the transport in high
magnetic pressure discs close to marginal stability is highly time dependent and surprisingly
efficient. Secondly, we bring to light a significant dependence of the global transport on the
magnetic Prandtl number, with α ∝ Pmδ for the explored range: 0.12 < Pm < 8 and 200 <

Re < 6400 (δ being in the range 0.25–0.5). We show that the dimensionless transport is not
correlated to the dimensionless linear growth rate, contrary to a largely held expectation. For
large enough Reynolds numbers, one would expect that the reported Prandtl number scaling
of the transport should saturate, but such a saturation is out of reach of the present generation
of supercomputers. Understanding this saturation process is nevertheless quite critical to ac-
cretion disc transport theory, as the magnetic Prandtl number Pm is expected to vary by many
orders of magnitude between the various classes of discs, from Pm � 1 in young stellar object
discs to Pm � or �1 in active galactic nucleus discs. More generally, these results stress the
need to control dissipation processes in astrophysical simulations.

Key words: accretion, accretion discs – MHD – turbulence.

1 I N T RO D U C T I O N

Angular momentum transport has always been a central issue in
accretion disc theory. The first α model (Shakura & Sunyaev 1973)
already assumed the presence of strong turbulent motions, modelled
through an effective viscosity, orders of magnitude larger than the
expected disc molecular viscosity. Since then, the physical origin
of this turbulence has been highly debated. As purely hydrody-
namic non-stratified Keplerian flows are known to be linearly stable
to small perturbations, a finite-amplitude instability was first envi-
sioned to trigger turbulence. This question was studied both exper-
imentally (Richard & Zahn 1999; Richard 2001) and numerically
(Balbus, Hawley & Stone 1996; Hawley, Balbus & Winters 1999),

�E-mail: geoffroy.lesur@obs.ujf-grenoble.fr

leading to a long controversy. More recent numerical and experi-
mental investigations of this problem strongly support the idea that
the transport due to this mechanism, if present, would be far too
inefficient to account for the short disc evolution time-scales im-
posed by astrophysical observations (Lesur & Longaretti 2005; Ji
et al. 2006). Linear instabilities of hydrodynamic origin have also
been envisioned as a source of turbulence, relating in particular to
the flow stratification (Klahr & Bodenheimer 2003; Urpin 2003;
Dubrulle et al. 2005; Shalybkov & Ruediger 2005), but these are
either not present or too inefficient (Arlt & Urpin 2004; Johnson
& Gammie 2006; Longaretti & Lesur, in preparation; see Lesur &
Longaretti 2005 and references therein for a recent review of this
issue).

The potential role of magnetohydrodynamic (MHD) instabilities
in accretion discs was pointed out in a seminal paper by Balbus &
Hawley (1991), devoted to an analysis of what is now known as
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the magnetorotational instability (MRI). This instability has been
extensively studied since then, mainly with the help of local
(Hawley, Gammie & Balbus 1995; Stone et al. 1996) and global
(Hawley 2000) 3D numerical simulations. Although a more recent
set of numerical simulations did focus on MRI energetics (Gardiner
& Stone 2005), the dissipation of turbulent fields in these simulations
is not controlled, as no physical term was introduced to account for
physical viscosity and resistivity. Note however that Brandenburg
et al. (1995) have introduced such dissipation in their simulations,
but kept it as small as possible, and in any case did not try to in-
vestigate their effect in a systematic way. Resistivity effects alone
have also been introduced by Fleming, Stone & Hawley (2000),
but viscous effects were still neglected. This raises questions about
the exact role of numerical dissipation in all these simulations, espe-
cially in the light of our recent investigation of subcritical turbulence
in accretion discs (Lesur & Longaretti 2005), which clearly showed
that a careful control of dissipation and resolution – and more gen-
erally of the dimensionless parameters of the problem – is required
to properly quantify turbulent transport.

This issue is addressed here in the context of MRI-driven tur-
bulence, using a 3D spectral Fourier code, which allows a precise
monitoring of viscous, resistive and numerical dissipation. First,
we recall the MHD equations in the shearing sheet framework
(Hawley et al. 1995), along with the relevant dimensionless pa-
rameters of the problem, and summarize what is known about their
effect on MRI-induced turbulent transport. Next, we investigate the
linear stability of the MRI, which to the best of our knowledge has
not been fully characterized when both viscosity and resistivity are
accounted for in the dispersion relation. Then, we present new re-
sults on the behaviour of turbulent transport in the dimensionless
parameters regime that has not been investigated in the past: first,
very close to the threshold of instability (in terms of relative mag-
netic field strength), and then with respect to the magnetic Prandtl
number, which has been ignored in all previous investigations. The
dependence of turbulence transport on the magnetic Prandtl number
is the most significant finding of this investigation. This dependence
may turn out to be critical, as the magnetic Prandtl number varies by
many orders of magnitude in astrophysical discs. The astrophysical
implications of our findings are further discussed in our concluding
section, along with potential caveats relating to numerical limita-
tions that may influence our results.

2 S H E A R I N G B OX C H A R AC T E R I Z AT I O N
A N D S U M M A RY O F E A R L I E R R E S U LT S

The MRI has already been extensively studied in the literature (see
e.g. Balbus 2003, and references therein for a review of the sub-
ject). Our objective is to extend previous work through a systematic
exploration of the dependence of the MRI-induced transport on the
physical quantities characterizing the problem. For simplicity, we
work in a shearing sheet setting (see Hawley et al. 1995 for a de-
scription of the shearing box equations, numerical boundary con-
ditions and conserved quantities); vertical stratification is ignored,
but both viscous and resistive microphysical (molecular) dissipa-
tion are included. This differs from previous investigations, where
this is always ignored. Our previous experience with subcritical hy-
drodynamic transport has shown us that the inclusion of explicit
dissipation is required to precisely characterize transport properties
and to sort out converged simulations from under-resolved ones (see
Lesur & Longaretti 2005 for an extensive discussion and illustration
of these points).

The problem is formulated in a Cartesian frame centred at r =
R0, rotating with the disc at � = �(R0) with radial dimension H �
R0. In this work, H is the size of our simulation boxes, in the vertical
and radial dimensions. This leads to the following set of equations,
assuming φ → x, r → −y:

∂t u + u · ∇u = − 1

ρ
∇ P + 1

µ0ρ
(∇ × B) × B,

− 2Ω × u − 2�Syey + ν�u, (1)

∂t B = ∇ × (u × B) + η�B, (2)

∇ · u = 0, (3)

∇ · B = 0, (4)

where the medium is defined by S = −r∂r�. For simplicity, incom-
pressible motions are assumed. This is a priori justified by the fact
that MRI-induced motions are usually subsonic, so that one expects
at least in first approximation that compressibility effects do not
play a major role in the problem. This approximation allows us to
remove the flow Mach number from the list of dimensionless pa-
rameters characterizing the problem, so that we can more effectively
isolate and quantify the role of the various physical agents.

The terms on the right-hand side of equation (1) are the gas pres-
sure, Lorentz force, Coriolis force, tidal force and viscous dissipa-
tion, respectively. The steady-state solution to this equation is the
local profile u = Sy ex with S = 3/2� for Keplerian discs. In the
remainder of this paper, we will use the deviation from the laminar
profile w defined by w= u − Syex. For simplicity, we assume that
the steady-state magnetic field B0 lies along the vertical axis. Note
that this field is also the average field in the shearing sheet box,
and is conserved during the evolution thanks to the shearing sheet
boundary conditions (Hawley et al. 1995).

These equations are characterized by four dimensionless num-
bers; the first three are related to the Navier–Stokes equation while
the last one belongs to the induction equation.

(i) The Reynolds number, Re ≡ SH2/ν, measures the relative
importance of non-linear coupling through the advection term and
viscous dissipation.

(ii) A proxy to the plasma β parameter, defined here as β =
S2 H2/V2

A where V2
A = B2

0/µ0 ρ is the Alfvén speed. The rationale
of this definition follows from the vertical hydrostatic equilibrium
constraint cs ∼ � H, which is expected to hold in thin discs, so that
our definition of β is indeed related to the plasma parameter in an
equivalent, vertically stratified disc. This parameter measures the
relative weight of the Lorentz force and the advection term.

(iii) The rotation number (inverse Rossby number), defined as
R� = 2�/S, which measures the relative importance of the Coriolis
force.

(iv) The magnetic Reynolds number, Rm = SH2/η, which mea-
sures the relative importance of resistive dissipation with respect to
the ideal term in the induction equation.

We consider only Keplerian discs in this investigation, so that the
rotation number is held fixed to its Keplerian value R� = −4/3. This
leaves us with three independent dimensionless numbers: β, Re and
Rm.

On the other hand, the (local in the disc) dimensionless transport
coefficient,

α = 〈vxvy − Bx By/(µ0ρ)〉
S2 H 2

, (5)
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MRI-induced turbulent transport 1473

being a dimensionless number, can only depend on the local di-
mensionless parameters characterizing the flow that we have just
defined1 (the bracketing refers to appropriate box and/or time aver-
ages). Our task reduces to characterizing this dimensionless trans-
port as a function of the three independent dimensionless numbers
just defined. However, for later convenience, we take them to be
β, Re and Pm ≡ ν/η = Rm/Re instead (the rationale of this latter
choice will become apparent later on).

All previous investigations ignore the dependence on the last two
dimensionless numbers, which have not been included in the phys-
ical description up to now. Within such an approximation, Hawley
et al. (1995) have characterized the dependence of α on β. Their
results imply that

α � 3β−1/2, (6)

from their equations (10), (15), (16) and (18).
This implies in particular that α increases when the initial (and

box-average) magnetic field B0 is increased. However, for a large
enough field, the smallest unstable wavelength (which increases
along with B0) becomes larger than the box size, and the instability
is quenched. On this basis, one expects that the scaling equation (6)
would break down close enough to the critical β stability limit.
This question is somewhat investigated in the present work. How-
ever, most of our effort is devoted to characterizing the Re and Pm
dependence of α.

3 L I N E A R S TA B I L I T Y A NA LY S I S

In order to quantify the MRI-induced turbulent transport, it is first
necessary to define the parameter domain in which this instabil-
ity operates. The linear stability of differentially rotating discs in
the presence of a magnetic field was first investigated in the astro-
physical context by Balbus & Hawley (1991). Then, the instability
in the weakly ionized case was considered (Blaes & Balbus 1994;
Wardle 1999; Balbus & Terquem 2001), leading to the well-known
dead zone problem (Gammie 1996). However, we are not aware
of any reasonably complete and heuristically clarified investigation
of the stability limits of the fluid when both viscous and resistive
dissipation are taken into account. Some discussions of this point
are available in the literature, mostly motivated by liquid-metal ex-
periments, in the limit Pm � 1 (Ji, Goodman & Kageyama 2001;
Rüdiger & Shalybkov 2002). However, these papers exhibit no clear
asymptotical limit that may be useful for astrophysical discs. There-
fore, we provide such an analysis here, as a prelude to our non-linear
simulations.

We will consider only axisymmetric perturbations, so that we
can eliminate the azimuthal perturbation transport term. Note that
this assumption does not seem to have a great influence on the
stability limit, since 3D numerical simulations and linear analysis
of axisymmetric modes exhibit nearly the same stability limit; this
holds in particular in the simulations presented here.

We linearize and Fourier transform the equations of motion by
assuming v= v0 exp[i(ωt − kyy − kzz)] and b = b0 exp[i(ωt − kyy
− kzz)]. This yields the following linearized equation set:

(iω + νk2)v0 = i kψ − i kz
B0

µ0ρ0
b0

+ (2� − S)vyex − 2�vx ey, (7)

1 It may also depend on the simulation aspect ratio and resolution, from a
numerical point of view.

(iω + ηk2)b0 = −i kz B0v+ by Sex, (8)

i k · v = 0, (9)

i k · B = 0, (10)

where ψ is the perturbation in total pressure (P + B2/µ0)/ρ. Intro-
ducing ων ≡ ω − i ν k2 and ωη ≡ ω − i η k2, the Alfvén speed V2

A =
B2

0/µ0ρ, the epicyclic frequency κ2 = 2�(2� − S) and γ 2 = k2
z /k2,

one eventually gets the dispersion relation:(
ωνωη − k2

z V 2
A

) [
ω2

νω
2
η − 2ωνωηk2

z V 2
A − ω2

ηκ
2γ 2

− k2
z V 2

A

(
2�Sγ 2 − k2

z V 2
A

)] = 0 (11)

which we now solve in various dissipation regimes.

3.1 Pm = 1 behaviour

Let us first look at the Pm = 1 case, where the dispersion equa-
tion can be solved exactly by analytical means. The condition
�(ω) < 0 expresses the existence of the instability, and implies
that the MRI exists if and only if ν2k4 < −ω2

ν . From this constraint
and the dispersion relation (11), one finds that

ν2 <

√
κ4γ 4 + 16k2

z V 2
A�2γ 2

2k4
− k2

z V 2
A

k4
− κ2γ 2

2k4
(12)

is a necessary and sufficient criterion for instability. One can check
that the highest ν values are obtained when γ = 1 and kz = min (kz) =
2π/H, which corresponds to the so-called channel flow solution
in the z-direction. From our definition of the Reynolds number as
Re = SH2/ν where H is the numerical box height or the typical
disc height, and of the plasma parameter β = S2H2/V2

A, the stabil-
ity limit equation (12) translates into a relation between these two
parameters, represented in Fig. 1.

Note that the instability has two different limits, depending on
the β parameter.

(i) A high-β regime, corresponding to a low magnetic pressure.
In this regime, marginal stability occurs at a characteristic Reynolds
number value Rec � 80. This behaviour illustrates that the growth
time-scale of the most unstable mode must be shorter than the dis-
sipation time-scale, defined by τ d � k2/ν.

(ii) A low-β regime, which is nearly Reynolds independent. In
this region, one can define a critical β(βc = 29.5) for which the MRI
is lost. This behaviour can be explained by considering the unsta-
ble mode of shortest wavelength: as β goes to smaller values, the
smallest unstable wavelength increases (see equation 12). At some
point it becomes larger than the scaleheight H (or box size in our

10
2

10
3

10
2

10
3

β

R
e c

Figure 1. MRI linear stability limit for Pm = 1.
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case) and the instability is lost. Since this phenomenon takes place
at large scales, the Reynolds number plays little or no role. Note
that this regime is not specific to our unstratified calculation, since
similar results are found for a stratified medium where marginal
stability usually occurs for βc � 1 (see e.g. Balbus & Hawley 1991;
Gammie & Balbus 1994). This limit is reached when the last factor
in equation (11) cancels out, that is, when 2� S = V2

A k2
z (the usual

dissipationless MRI-stability limit).

3.2 Pm �= 1 behaviour

The dispersion relation can no longer be solved exactly in this
case, but an approximate solution can be found in the low mag-
netic field limit (VA → 0, or more precisely VAkz � κ), where
marginal stability follows from a balance between the destabilizing
term, and the dissipation ones. The ‘opposite’ (high-β) marginal
stability limit, where destabilization is balanced by the usual
Alfvénic magnetic tension, is briefly addressed at the end of this
section.

In the limit of vanishing magnetic field, the dispersion relation
has two relevant roots ω2

η = 0 and ω2
ν = κ2. In what follows, we refer

to these roots as the Alfvénic and the inertial branch, respectively.
Looking for the first-order correction in V 2

Ak2
z to the Alfvénic branch

yields the following result, which describes the MRI modes:

ω = iηk2
z ± i

[
2�S

k4
z (η − ν)2 + κ2

]1/2

VAkz . (13)

Note that viscosity and resistivity do not play a symmetric role in
this expression. Two interesting limits with respect to the magnitude
of the viscosity prove useful to characterize marginal stability. As
before, we maximize instability by assuming γ = 1 and kz = 2π/H.

3.2.1 Low-viscosity limit

First consider the limit where νk2
z � κ . In this case, equation (13)

reduces to ηk2 = (2� S/κ2)1/2VAkz (where ηk2
z � κ has been

self-consistently used). Using the Lundquist number defined as
Lu = Rmβ−1/2, this can be recast as

Lu =
(

2π

31/2

)
� 3.6. (14)

Note that our definition of the Lundquist number is not strictly iden-
tical to Turner, Sano & Dziourkevitch (2007) but is widely used in
the MHD community.2 In this regime, the ω2

ηκ
2 term balances the

2�SV 2
Ak2

z term in the dispersion relation (11). Equation (14) corre-
sponds to the limit found by Fleming et al. (2000). It is also related
to the origin of the ‘dead zone’ in accretion discs (see e.g. Gammie
1996). This marginal stability limit is relevant to discs with low
Prandtl numbers (Pm � 1) and high Reynolds numbers (Re � 1),
such as young stellar object (YSO) discs.

Also, for negligible resistivity, growth rates in this regime are
given by

τ−1 � 1

2π

(
2�S

κ2

)
VAkz . (15)

This result is valid for VAkz � κ due to our expansion scheme;
it also gives the correct order of magnitude of maximum growth

2 The difference lies in the fact that our calculation is made in the limit of
high β, leading to a linear growth rate controlled by VA instead of �.

rates when VAkz ∼ κ , as shown by the standard dissipationless MRI
analysis.

3.2.2 High-viscosity limit

Conversely, consider the large viscosity limit, where ν k2 � κ . The
corresponding relations in this limit are

ReRm = 31/2

2
(2π)3β1/2 � 215β1/2 (16)

and

τ−1 � 1

2π

(
2�S

νk2
z

)
VAkz . (17)

In this regime, the ω2
νω

2
η term balances the 2�SV 2

A k2
z term in the

dispersion relation (11). The growth rates relevant here are much
smaller than those in the small-viscosity limit, equation (15). In fact,
equation (13) indicates that this is the case as soon as νk2

z � κ , or
equivalently, for the largest mode, when

Re � 3(2π)2

2
� 60. (18)

This limit divides the low- and high-viscosity regimes.
The marginal stability limit equation (16) obtains for large Prandtl

and small Reynolds numbers. In the large Prandtl (Pm � 1) and large
Reynolds number limit (Re � 1) expected in active galactic nucleus
(AGN) discs, the growth rates of equation (15), or more generally
of dissipationless MRI, are recovered. As before, these growth rates
are expected to be valid (in order of magnitude) for VAkz � κ due
to our expansion scheme.

Note finally that a similar analysis can be performed for the iner-
tial modes, but is not very informative; as they appear to be always
stable.

3.2.3 High-β limit

Although we did not investigate this case in much detail, it is appar-
ent from equation (11) that when 2�S = V2

Ak2
z (cancellation of the

last term in equation 11), ωη = 0 is one of the solutions to the dis-
persion relation. In the light of our preceding analyses, and because
this equality embodies the MRI-stability limit in the ideal case, as
recalled above, it is apparent that this relation is the relevant limit
in a small dissipation context as well, generalizing the result found
for Pm = 1.

3.2.4 Heuristic explanation

To explain the behaviour brought to light in equations (14) and (16),
it is useful to recall the physical origin of the instability, as dis-
cussed, for example, in Balbus & Hawley (2003), in the dissipation-
free limit; the process is sketched in Fig. 2, for convenience. As-
sume for definiteness that one starts by distorting the equilibrium
velocity field in the radial direction with a sinusoidal perturba-
tion in the vertical direction: vy = vy0 exp(−ikz). The magnetic
field being frozen in the fluid will also develop a radial compo-
nent [first term in the right-hand side of the linearized induction
equation, i.e. equation (8)]; the shear will then transform this ra-
dial field into an azimuthal one [second term in the right-hand
side of the linearized induction equation, i.e. equation (8)]. The re-
sulting tension force produces a momentum transfer between fluid
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Figure 2. Sketch of the MRI mechanism (see text).

particles that have been moved according to the imposed velocity
perturbation [second term in the right-hand side of the linearized
motion equation, i.e. equation (8)]. This force is destabilizing if the
angular velocity decreases with radius: indeed in this case, the in-
ner particle, moving faster than the outer one, will transfer orbital
momentum to the outer one, thereby reinforcing its inward motion,
an effect mediated by the Coriolis force when seen in the rotating
frame. In this description, marginal stability follows when the driv-
ing mechanism is balanced by the usual tension restoring force (the
piece not connected to the generation of magnetic field from the
mean shear).

What does dissipation change in this picture? For definiteness,
let us focus on marginal stability and let us consider only resis-
tive dissipation for the time being (‘low’-viscosity limit). In this
limit, the magnitude of the velocity and magnetic fields in the var-
ious steps of the instability mechanism described above are con-
trolled by dissipation processes so that one may again go through
the preceding process step by step, assuming equilibrium at each
step. The magnitude of the radial magnetic field in this context
results from the balance between the motion driving and field
dissipation:

−ikB0vy = ηk2by, (19)

while the shearing generation of the azimuthal field from the radial
one is also balanced by resistive dissipation:

Sby = ηk2bx . (20)

Both relations follow from the induction equation in the marginal
stability limit, except for the term dropped in equation (20), which
leads to the usual magnetic tension stabilization and is of no inter-
est in the limit considered here. The azimuthal force balance then
requires that

(2� − S)vy = i
k B0

µ0ρ0
bx , (21)

that is, ω2
ηκ

2 = 2�SV2
Ak2, once the two preceding constraints are

taken into account (inclusion of ω in this line of argument does not

change the result). As noted earlier, this relation directly leads to
equation (14).

If one assumes instead that viscous dissipation exceeds the
Coriolis force in magnitude, then the magnetic tension due to the
generation of azimuthal field from the radial one by the shear should
be balanced by viscous dissipation instead of the Coriolis force in
the two horizontal components of the momentum equation, leading
alternatively to ω2

ηω
2
ν = 2�SV2

Ak2, that is, to equation (16).
This also relates to the structure of MRI modes. In the limit of a

very small magnetic tension restoring force, the Alfvénic branch is
made of bx dominated modes. The other components of the magnetic
field and the velocity field are of the order of VAk compared to bx.
Therefore, the growth rate is at first controlled by the dissipation rate
of bx, which is related to the resistivity (first term of the right hand
side of equation 13). The interaction of the other fields, which leads
to the MRI, is controlled by a term symmetric in ν and η (second
term of equation 13).

3.2.5 Generic behaviour

A more complete view of the stability limits and growth rates implied
by equation (11) may be obtained from exact numerical solutions
for Pm �= 1. Expressing this dispersion relation in terms of ω leads
to the condition

ω4 − 2ik2ω3(η + ν) − ω2[a + k4(η2 + ν2 + 4ην) + b]

+ ω[2ik6(ην2 + νη2) + aik2(ν + η) + 2ibηk2]

+ ν2η2k8 + aνηk4 + bη2k4 − c = 0, (22)

with

a = 2k2
z V 2

A, (23)

b = κ2γ 2, (24)

c = k2
z V 2

A

(
2�γ 2 S − k2

z V 2
A

)
. (25)

To characterize the stability limits as a function of the Reynolds
(Re) and the magnetic Reynolds numbers (Rm = SH2/η), one needs
to choose β, γ and kz. As in the Pm = 1 case, we take kz = 2π/H and
γ = 1 (which are again expected to maximize the dissipation limits),
and solve the relation (22) for β = 104. The resulting stability limits
are shown in Fig. 3 and the corresponding growth rates in Fig. 4
(arbitrary units). These results match closely the analytical limits
just discussed: a high Re threshold found for Rm ∼ 371, and a low

10
1

10
2

10
3

10
4

10
3

10
4

Re

R
m

Figure 3. MRI linear stability limit in the Pm �= 1 case for β = 104.
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1476 G. Lesur and P.-Y. Longaretti

Figure 4. MRI growth rate (arbitrary unit) as a function of viscous and
resistive dissipation for β = 104.

Re threshold found for Rm Re ∼ 2.3 × 104, both in agreement
with equations (14) and (16), respectively. Moreover, significantly
lowered growth rates are observed when Re � 60–80, as predicted
by equations (17) and (18). A similar behaviour follows at much
smaller β. For example, the observed scalings are identical, and the
preceding asymptotic expressions valid within a factor of 2, down
to β values of the order of twice the critical β limit.

These results indicate that most of the stability limit behaviour is
captured by the approximate relations (14) and (16) (as well as by
the large-field β limit, where relevant), whose physical origin has
been discussed above.

3.3 Numerics

3.3.1 Equations

Our objective is to simulate the system of equations (1) and (2),
with the incompressibility condition (3), to characterize the depen-
dence of turbulent transport on the main dimensionless numbers
introduced above (β, Re and Pm). We focus on incompressible mo-
tions; indeed, the values of α found in previous investigations make
us a priori expect that compressibility effects will be small. In any
case, this allows us to more effectively distinguish the effects of the
various physical mechanisms at work in this problem.

First, we simplify the problem from a numerical point of view by
distinguishing the mean laminar shear u = Syex from the deviation
from this mean w. The resulting equations read

∂tw+ w · ∇w = −Sy∂xw− ∇ψ + B × (∇ × B)

µ0ρ0

+(2� − S)wyex − 2�wx ey + ν�w,

∂t B + w · ∇ B = −Sy∂x B + B · ∇w+ By Sex + η�B,

∇ · w = 0,

∇ · B = 0.

This system is numerically solved using a full 3D spectral code,
using the classical shearing sheet boundary conditions (Hawley et al.
1995). This code is now briefly described.

3.3.2 Numerical code

The code used for these simulations is an MHD extension of the HD
code used in Lesur & Longaretti (2005), and extensively described

there. This code is a full 3D spectral (Fourier) code, based on FFTW
libraries, parallelized using the MPI protocol. This kind of code has
many advantages for the simulation of incompressible turbulence,
such as:

(i) The incompressibility and solenoid conditions are easily im-
plemented at machine precision, using a projector function in
Fourier space.

(ii) The energy budget is much easier to control, leading to a
precise quantification of the energy losses by numerical dissipation.

(iii) Spatial derivatives are very accurate down to the grid scale
(equivalent to an infinite order finite difference scheme down to the
grid scale).

The algorithm used is a classical pseudo-spectral method which
may be described as follows. All the derivatives are computed in
Fourier space. However, the non-linear term requires special treat-
ment: in Fourier space, a real-space product is a convolution, for
which the computational time evolves as n2, where n is the number
of grid cells. The computation time is minimized if one goes back
to real space, computes the needed product and then transforms the
result to Fourier space. This procedure (pseudo-spectral procedure)
is more efficient than a direct convolution product since the FFT
computation time scales as n log n. However, the finite resolution
used in this procedure generates a numerical artefact commonly
known as the ‘aliasing’ effect (apparition of non-physical waves
near the Nyquist frequency). This effect may be handled through a
de-aliasing procedure, in which the non-linear terms are computed
with a resolution 3/2 higher than the effective resolution used in the
source terms (e.g. Peyret 2002).

Comparing our spectral code with a ZEUS-type finite difference
code (Stone & Norman 1992), similar results are obtained with a
finite difference resolution two to three times higher than the spectral
resolution. However, FFT calculations are more computationally
expensive than finite differences, leading to a final computational
time equivalent for both kinds of code with the same ‘effective’
resolution.

All the simulations presented in this paper were performed with
an xyz resolution of 128 × 64 × 64 with an aspect ratio of 4 ×
1 × 1, x being the azimuthal direction, y the radial direction and z
the vertical direction. One may change the physical viscosity and
resistivity as well as the magnetic field intensity (β). The mean
magnetic field (conserved in the simulations due to the adopted
boundary conditions) is aligned in the z-direction. White noise initial
perturbations with respect to the laminar flow are introduced as
initial conditions on all variables. With β = 100, Pm = 1 and Re =
3200 one typically generates flow snapshots as shown in Fig. 5 after

Figure 5. wy plot (radial velocity) for β = 100, Re = 3200.
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Figure 6. β = 100, Re = 3200 run.
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Figure 7. β = 30, Re = 3200 run.

relaxation of transients; this flow is quite characteristic of a fully
developed 3D turbulent field.3

3.4 MRI behaviour near the instability threshold

The MRI is a weak magnetic field instability, which should be
quenched for β � 1 in astrophysical discs. Since the MRI is as-
sumed to be the source of momentum transport in discs, and as at
least some discs are expected to be close to equipartition if they are to
support magnetically driven ejection (Ferreira 1997), one may won-
der if this instability is efficient enough in the vicinity of the strong
magnetic field stability threshold. We investigate this question in an
unstratified context here (the absence of stratification significantly
raises the β stability threshold).

We present two simulations. In the first one, β = 100 and Re =
3200 (run 1); this run reproduces typical results from the literature.
The second simulation is performed close the β threshold, that is,
for β = 30 and Re = 3200. The time development of some impor-
tant quantities is depicted in Figs 6 and 7 for these two runs. One
immediately notices a marked difference between these two simu-
lations. On run 1, we find a classical MRI behaviour, as studied by
Hawley et al. (1995), characterized by α ∼ 10−1 and random fluc-
tuations of all statistical quantities. However, run 2 exhibits strong

3 Movies of some of the simulations presented in this paper may be found
on the web at http://www-laog.obs.ujf-grenoble.fr/public/glesur/index.htm.

exponential growth (‘bursts’) for about 100 shear times (∼10 or-
bits), and a sudden drop of fluctuation amplitudes. This behaviour
is explained as follows: for such low β only the largest wavelength
mode is unstable (and not smaller scales); the mode amplitude in-
creases for many shear times, as this mode is an exact non-linear
solution to the incompressible equations of motions (Goodman &
Xu 1994). We therefore observe the growth of the channel flow as
seen by Hawley & Balbus (1992). However, as this channel solution
reaches sufficiently large amplitude, secondary instabilities such as
the Kelvin–Helmoltz instability quickly set in and destroy these or-
dered motions, and a new cycle starts (see Goodman & Xu 1994 for
a detailed description of these secondary instabilities).

Note that this kind of behaviour and related explanation does also
apply to the low Reynolds threshold, since there the smallest scales
are viscously damped and only the largest ones remain unstable. We
did observe this behaviour close to the low Reynolds threshold, as
did Fleming et al. (2000) but in an indirect way (see figs 2 and 4 of
their paper), and one can conclude that these bursts are characteristic
of a marginally unstable MRI. Such bursts may be astrophysically
relevant. Indeed, one may wonder about the MRI behaviour close
to the dead zone (Gammie 1996), where presumably the magnetic
Reynolds number is small, and the instability quenched. If these
bursts exist in real discs, they may quickly destroy this dead zone
under the effects of the strong turbulent motions observed in our
simulations.

Let us have a closer look on these bursts with the help of corre-
lation lengths defined as

Li =
∫

dyi

∫
f (xi ) f (xi − yi )dxi∫

f 2(xi ) dxi

, (26)

where i = 1, 2, 3 are the directions of correlation and f refers either
to the velocity or to the magnetic field. Note that with this defi-
nition, the correlation length vanishes in the z-direction for a pure
sinusoidal signal, and equals 1 in the y-direction for a channel flow,
as a consequence of the shearing sheet boundary conditions. There-
fore, these correlation lengths provide us with a convenient tool to
trace the presence of the channel flow solution in our simulations.
We show in Figs 8 and 9 the evolution of the correlation length in the
y- and z-directions for the wx field (a similar behaviour is ob-
tained with the other field components). The behaviour of corre-
lation lengths closely follows what can be seen by monitoring the
energy in the deviations from the laminar flow (Fig. 7), and in-
dicates the presence of two main regimes in this simulation. The
first regime corresponds to an exponential growth (‘burst’) of the
channel flow, for which Ly is found to be equal to the box size and

0 100 200 300 400 500
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Figure 8. Correlation length of wx in the y-direction as a function of time,
β = 30.
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Figure 9. Correlation length of wx in the z-direction as a function of time,
β = 30.

Lz = 0 (a careful examination shows that Lz is exponentially decay-
ing down to 10−10), indicating the presence of a purely sinusoidal
mode in the z-direction in the burst stage. The second regime is a
more classical state for 3D turbulent motion, with Ly � 0.5 and Lz �
0.4. Note that Ly grows on very short time-scales, leading eventually
to a new burst stage.

These correlation lengths disclose numerical artefacts in the first
regime. In a real disc, one would expect a loss of correlation in the
radial direction on a scale of the order of a few scaleheights: indeed,
the typical frequency involved in these phenomena is of the order of
the Keplerian frequency and a signal cannot propagate faster than
the sound speed, leading to a maximum correlation length of a few
scaleheights.

Similarly, the vanishingly small vertical correlation length for the
channel flow solution is also an artefact of the adopted boundary con-
ditions. A more realistic result would follow if one were to take into
account the vertical stratification and set the boundary conditions
far enough from the disc mid-plane. More generally, our results are
probably not directly applicable to a real disc, but they shed some
light on what the generic behaviour of the MRI would look like near
various stability thresholds, even though different aspect ratio and
boundary conditions should be investigated before firm conclusions
can be drawn.

Finally, the behaviour exemplified in our simulations suggests
that assuming α constant would poorly represent the transport be-
haviour close enough to the marginal stability limit. Time-dependent
transport models are needed in such a context. Real discs may not
operate close to the strong-field limit unless some (unknown) back-
reaction loop is at work, or unless (more realistically) the magnetic
field varies in a systematic way with radius throughout the disc; con-
sequently, the bursting behaviour observed here may imply a similar
ejection variability in the relevant regions of jet-driving discs. Note
however that our ‘mean’ equivalent α is rather large (α � 5), leading
us to question the role of the ignored fluid compressibility in these
cases; it is quite possible that couplings to compressible modes may
effectively limit the magnitude of the bursts.

3.5 Magnetic Prandtl dependence of transport coefficients

All previously published simulations were performed without nu-
merical control of the dissipation scales and dissipation processes.
However, as pointed out earlier, such a control is required to
ascertain convergence. In this section, the role of the Reynolds and
Prandtl numbers defined in Section 3 is examined. In particular, the
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Figure 10. Prandtl effect for β = 100.

Prandtl number allows us to change the ratio of the viscous and
resistive dissipation scales. Unfortunately, deviations from Pm = 1
are quite demanding numerically, since one wants to resolve both
the velocity and magnetic dissipation scales. We present in Fig. 10
the result of such simulations: we plot the mean transport coeffi-
cient (α) as a function of the Prandtl number, for various Reynolds
numbers (the Reynolds number quantifies the viscous dissipation
scale). Statistical averages are computed over 500 shear times, and
start after the first 100 shear times to avoid pollution by relaxation
of the initial transient dynamics. From these plots, one finds a sig-
nificant correlation between the Prandtl number and the transport
coefficient, leading to

α ∝ Pmδ for

{
0.12 < Pm < 8

200 < Re < 6400
, (27)

with δ in the range 0.25–0.5. Note that this result shows that the
transport coefficient depends on Re and Rm via Pm, at least in the
Pm range considered in this paper. This may be seen in Fig. 10 as
a small vertical dispersion (variation of both Re and Rm at constant
Pm) compared to the effect of a single Pm change. Although this
section is the briefest of the paper, this result constitutes the most
important finding of this investigation (and the most computationally
intensive one!).

Note that the numerical results obtained at very high Reynolds
number and high Prandtl number are only marginally resolved,
mainly because of a very short magnetic dissipation scale. This
remark may explain that the two points at Pm = 8 lie somewhat
below the mean of the other results. Our preliminary tests at higher
resolution seem to show that a higher transport obtains at higher
resolution at Pm = 8 and Re = 6400, which confirms a limit due
to resolution in these high Pm runs. This behaviour is easily under-
stood, since the finite numerical resolution enforces a numerical dis-
sipation scale (roughly equal to the grid scale), which is obviously
the same for the magnetic and velocity fields. Therefore, at high
Pm, the effective magnetic dissipation scale is forced to be larger
than the expected one, leading to an altered spectral distribution and
a smaller ‘numerical Prandtl’.

One may wonder if this Prandtl dependence may be correlated to
the linear growth rates discussed before. To this effect, we plot the
linear growth rate of the largest mode for the different simulations
used for this study in Fig. 11. Similar results follow when replacing
the growth rate of the largest mode by the maximum growth rate.
Although the idea of a transport efficiency controlled by the linear
growth rate is widely spread in the astrophysical community, this
plot shows us that, at least for this example, the linear growth rate
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Figure 11. Linear growth rate of the largest mode for various (Re, Pm) at
β = 100.

does not explain the transport behaviour observed in Fig. 10. More-
over, it appears that, as one may suspect from equation (13), the
growth rate is not controlled only by Pm, but also by some complex
combination of Re and Rm. Umurhan, Menou & Regev (2007) tried
to get this kind of α–Pm correlation analytically, using a weakly
non-linear analysis of the channel flow. This study leads to a stronger
α–Pm correlation with δ = 1 in the limit Pm � 1, which appears to
be quite different from our full 3D numerical results. Note however
that their analysis belongs to very different boundary conditions
(rigid instead of shearing sheet) and the results are therefore not of
direct relevance to our numerical investigation; nevertheless both
studies point out the role of the Prandtl number. In any case, one
needs to find some full non-linear theory to explain the transport
dependence on Pm.

The observed correlation indicates the existence of a back reac-
tion of the small magnetic field scales on the large ones (at least for
the range of Reynolds and Prandtl numbers explored here). Note
that this effect is expected to saturate at some point, since in the
limit Pm → 0 with Re → ∞ and Rm kept constant, equation (27)
predicts a vanishing transport in spite of the existence of the linear
instability. This issue is further discussed in Section 4, the Reynolds
number limitation of our investigation being the most serious here.
In any case, the exact implications of these findings remain to be un-
derstood, but may potentially be quite important since the Prandtl
number varies by many orders of magnitude in astrophysical ob-
jects. For example, Brandenburg & Subramanian (2005) suggest
that values as small as Pm ∼ 10−8 might be found in YSOs, while
Pm ∼ 104 would be more typical of AGN discs. These estimates are
highly uncertain; even a substantially narrower range is of course
out of reach of present-day computers.

Finally, this kind of back reaction points out the potential role of
small-scale physics (dissipation scales) on the properties of turbu-
lence at the largest available scales (disc height scale). This argues
for a careful treatment of the role of dissipation and reconnection
processes on the turbulence transport characterization.

4 D I S C U S S I O N

In this paper, we have investigated the role of local dimensionless
numbers on the efficiency of the dimensionless turbulent transport.
To this effect, we have first generalized previously published lin-
ear stability limits, to account for the presence of both viscous and
resistive dissipation. Namely, we have confirmed in all cases that
the large-field marginal stability limit is characterized by a constant

plasma β parameter, of the order of 30 in the shearing sheet unstrat-
ified context (but more likely of the order of unity in real, stratified
discs). When marginal stability follows from dissipation and not
magnetic tension stabilization, we have found that the marginal sta-
bility limit is captured by two asymptotic regimes: a large Reynolds
(Re), small magnetic Reynolds (Rm) one, with a marginal stability
limit Rm ∼ β1/2, and a small Reynolds, large magnetic Reynolds
number one, where ReRm ∼ 102β1/2. A phenomenological expla-
nation has been provided for this behaviour.

In the previous section, we have investigated the behaviour of the
MRI near the low-β instability threshold; in our simulations, β =
30, a value representative of the large-field threshold in our simu-
lation box. In vertically stratified discs, this threshold obtains for
much smaller values, typically β ∼ 1 (Gammie & Balbus 1994).
We found, somewhat unexpectedly, that turbulent transport is sig-
nificantly enhanced through burst events, even surprisingly close
to the marginal stability threshold. As pointed out earlier, this be-
haviour is physical and not numerical. The use of periodic boundary
conditions (vertical) or semiperiodic (radial) boundary conditions
may enhance the role of the channel flow solution which is respon-
sible for this behaviour, and a real disc channel flow may break up
sooner than observed in our local simulations, leading to smaller
burst magnitudes. Moreover, α > 1 leads to supersonic motions and
compressible numerical simulations are needed to properly quantify
the phenomenon, which may exhibit new secondary compressible
instabilities in such a context. All these issues lead to the conclusion
that low-β MRI would produce weaker bursts and therefore smaller
transport coefficients than observed in our simulation. However,
there is no physical reason why the turbulence bursts would be sup-
pressed, and we believe that these bursts may be a strong signature
of regions of stratified discs where MRI-driven turbulence is driven
close to the marginal stability threshold.

The most important new result reported in this paper is a cor-
relation between the transport efficiency, and the magnetic Prandtl
number, leading to a higher transport coefficient for larger Prandtl
numbers. As in the case of the bursting behaviour discussed above,
the boundary conditions used in these simulations play some role
in the result. However, the possible biases are less obvious and tests
with plane radial walls need to be performed to get a grasp on bound-
ary condition effects. Moreover, one needs to check the correlation
at higher resolutions, and if possible higher Prandtl numbers, us-
ing different kinds of codes to get a better characterization and a
physical description of the phenomena involved in this observation.

More specifically, a puzzling fact points towards a potential bias
due to the shearing sheet boundary conditions. In non-magnetized
shear flows, transport in the subcritical regime, far enough from the
marginal stability limit scales like 1/Rg where Rg is the subcritical
transition Reynolds number (Lesur & Longaretti 2005). Closer to the
marginal stability limit, and in the supercritical regime (e.g. when
the Rayleigh stability criterion is not satisfied), transport is enhanced
with respect to this scaling, but one always has α < 1/Rc where Rc
is the critical Reynolds number of linear instability. However, for
MRI-driven turbulence, one has α > or �1/Rc, as can be checked
from our results. Close to the marginal stability limit, this enhanced
efficiency is related to the existence of the channel flow solution, as
discussed above. As each linear mode is a non-linear solution to the
incompressible problem, one may ask whether this enhanced trans-
port, which is observed also far from the marginal stability limit,
is not an artefact of the shearing sheet boundary condition, which
allows such non-linear coherent modes to develop. This behaviour
is not necessarily unphysical or irrelevant to actual disc systems, but
this point needs to be checked in the future.

C© 2007 The Authors. Journal compilation C© 2007 RAS, MNRAS 378, 1471–1480

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/378/4/1471/1049095 by guest on 14 D
ecem

ber 2020



1480 G. Lesur and P.-Y. Longaretti

Finally, let us come back to the magnetic Prandtl number depen-
dence of α. As pointed out earlier, the dependence of the transport
efficiency on the magnetic Prandtl number indicates a back reaction
of small scales on large ones. We make here a few comments on
this feature. In particular, we shall argue that this behaviour must
saturate at low and large enough Pm. The magnetic Prandtl number
is related to the ratio of the viscous lν and resistive lη dissipation
scales, the exact relation depending on the shape of the turbulent
energy spectrum. Generally speaking, the Prandtl number varies
monotonically with the ratio lν /lη, and one expects Pm � 1 (re-
spectively Pm � 1) when lν/lη � 1 (respectively lν /lη � 1). The
spectrum of the largest scales tends to be flatter than usual turbulent
spectra due to the role of the linear instability, down to the scale
where the magnetic tension prevents the instability from occurring
(most probably, this ‘instability sector’ of the spectrum only rep-
resents a small part of the overall turbulent spectra of actual discs,
because of their enormous Reynolds numbers). Leaving aside these
largest scales, for Pm � 1, the spectrum is expected to be Kol-
mogorovian and anisotropic down to the resistive dissipation scale
(Goldreich & Sridhar 1995), while below this scale and down to the
viscous scale, the velocity spectrum is the usual Kolmogorov ve-
locity spectrum and the magnetic spectrum drops much faster. On
the other hand, for Pm � 1, the spectrum should be Kolmogorovian
down to the viscous dissipation scale (Goldreich & Sridhar 1995),
while the magnetic spectrum should scale like k−1 below the viscous
dissipation scale and down to the resistive scale (Cho, Lazarian &
Vishniac 2003). It is therefore tempting to see in a difference of
accumulation of magnetic energy at small scales the cause of the
back reaction of these scales to the largest ones, which would create
the observed magnetic Prandtl number dependence of the turbulent
transport efficiency. Nevertheless, in both small and large Prandtl
number settings, turbulent motions in the inertial range are random
in phase, so that one expects that to lowest order, coupling of the
turbulent spectrum with the largest MRI unstable scales vanishes.
To next order, the steepness of the Kolmogorov spectrum indicates
that the strength of the coupling decreases with increasing Reynolds
number in the vicinity of the viscous dissipation scale, suggesting
that at large enough Reynolds numbers, the Prandtl dependence
should saturate (a potential caveat to this argument being the pos-
sible role played by a small-scale field generation through dynamo
action). Such a saturation was not observed in our simulations, al-
though a weak dependence of our results on the magnitude of the
Reynolds number may be detected in Fig. 10; however, such an
effect might also arise from resolution requirements, which makes
our lower Reynolds number results confined to the larger Prandtl
number range. Unfortunately, our results can hardly be improved
upon with the present generation of computers, leaving the question
of the Reynolds number saturation of the Prandtl number depen-
dence open, as well as the overall difference in transport efficiency
between the small and large Prandtl number cases. Resolving this
issue is crucial to ascertain the role of the MRI in disc transport.
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