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Regularization of inverse problems with adaptive discrepancy terms;
application to multispectral data

Sandrine Anthoine

I3S, Université de Nice Sophia-Antipolis, CNRS;
2000 route des Lucioles, 06903 Sophia-Antipolis Cedex, France

ABSTRACT

In this paper, a general framework for the inversion of a linear operator in the case where one seeks several components
from several observations is presented. The estimation is done by minimizing a functional balancing discrepancy terms by
regularization terms. The regularization terms are adapted norms that enforce the desired properties of each component.

The main focus of this paper is the definition of the discrepancy terms. Classically, these are quadratic. We present
novel discrepancy terms adapt to the observations. They rely on adaptive projections that emphasize important information
in the observations. Iterative algorithms to minimize the functionals with adaptive discrepancy terms are derived and their
convergence and stability is studied.

The methods obtained are compared for the problem of reconstruction of astrophysical maps from multifrequency
observations of the Cosmic Microwave Background. We show the added flexibility provided by the adaptive discrepancy
terms.

Keywords: inverse problems, iterative algorithm, adaptive discrepancy terms, wavelets, multispectral astrophysical data.

1. INTRODUCTION

In a general inverse problem, the goal is to estimate an object F' from an observation G where G=T(F') (for example
looking for the original from a blurred picture). Here we assume that 7', the linear operator modeling the observation
process, is known. Even so, the problem is often ill-posed and therefore needs to be “regularized”. This amounts to finding
an estimate F' which has the two following properties:

1. F should generate observations close to the data (T(f) ~G).

2. F should have properties we expect from a priori knowledge. (In the example of the blurred picture, we expect Fto
have sharp features.)

A number of classical methods for solving inverse problems try to balance the fitness to the data (T(ﬁ) ~ (), measured by
a discrepancy term Jy;s., with the regularity of the solution (i.e. the properties of '), measured a regularization term J,..4,
by minimizing a cost functional of the type:

J(F) = Jaise(T(F),G) + aJyeg(F) (1)

The main focus of this paper is the definition of the discrepancy term. Generally, this term is chosen to be the L?
norm of the residual G — T'(F) i.e. Jyise(T(F),G) = ||G — T(F)||3. = [ |G(z) — T(F(x))|*d or a similar quadratic
norm. Such a term treats uniformly all the elements in G (for example all the pixels in an image). However, it is clear that
some part of GG carry more information than others and should therefore be treated differently. For example, in a blurred
picture, one is usually more interested in recovering well the face of a person than the uniform part of the sky. A simple
quadratic norm is not able to identify such important features and thus may be improved. J.-L. Starck and co-authors
in! present an iterative algorithm that focuses on these important features in blurred astrophysical images by introducing
projections on the “multiresolution support”. These are projections on a subspace defined by the wavelet transform of the
observations. They are adaptive and allow to consider only important features of the data and discard the noise in the case
of deconvolution of astrophysical data presented in' . Following this idea, we propose the use of general projections to
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define adaptive discrepancy measures. The idea is that the image space of the projection defines important features in the
observation - these should be well predicted by the estimate of ' - while the kernel of the projection defines information that
is less important or even not relevant (for example noise in the observation). Using the mathematical framework introduced
in? , we study the mathematical properties of the resulting algorithms. We show that convergence is guaranteed and that
stability holds in a certain sense. However we point out that the use of projections may result in a loss of information
that prevents to recover some parts of the data. We show that this can be remedied by introducing the notion of “relaxed

projection”, which consists in only down-weighting the importance of the non-feature space instead of cancelling it.

After the present introduction, this paper is organized as follows. In the second section we introduce the notations as
well as the variational framework we use, i.e. the class of functionals we seek to minimize as well as an iterative algorithm
to solve the minimization. The third section concerns the generalization of discrepancy terms via the use of projections
and its mathematical study. The potential loss of information induced by the projections is remedied in section four by
the introduction of relaxed projections. Finally, section five is devoted to the application of the resulting algorithms to the
estimation of astrophysical maps from multifrequency observations.

2. A CLASS OF VARIATIONAL FUNCTIONAL TO REGULARIZE INVERSE PROBLEMS
2.1 Notations
2.1.1 Inverse problem with several objects and observations

The most general problem we will consider is the case where we seek M objects or components f1, .., fas from L observa-
tions g1, ..., gr,. In the case of the estimation of astrophysical maps from multifrequency observations, each object f; is the
map of an astrophysical phenomena (ex: the map of galaxy clusters) and each g; is an observation of the sky at wavelength
IZB

We make the following assumptions:

e Each object belongs to a Hilbert space H,: Vm = 1..M, f,, € H¢,.

e Each observation belongs to a Hilbert space Hy: VI = 1..L, g; € H}.

e We know the linear bounded operators Ty, ; : HE — Hy

such that the model for the observations is linear with additive noise:

M
Vi=1.L, gi=">Y Tmifm+m 0]

m=1
where n; are noise terms.

To estimate the objects f1, .., fas from gy, ..., gz, we will minimize functionals composed of a sum of discrepancy
terms (one per observation) and regularization terms (one per component) such as:

L M ) M
(1 s fa0) = 201X Tt = 90|+ D2 bl il 3)
=1 m=1 tom=1
where the v, and p; are strictly positive scalars and the “norms” ||.|| x,,, are of the form:
I 0x, = > w1 {fo50) P )
XeA

where for all m, ™ ={pT"} e is a generating family of H,, wy* > 0 and 1 < p,, < 2.

The discrepancy terms (first sum in Eq.(3)) are classical quadratic terms. The particular form of the ||.||x,, is chosen
so that one can adapt the regularization terms (second sum in Eq.(3)) to the properties of each object. Indeed, for each m,
one chooses the decomposition system ™ ={p%" }xca on which to measure the smoothness of the mth object, as well as
the type of I/, measure and weights needed. This gives a large panel of available smoothness measures that can fit various
kind of data. For example, the Cosmic Microwave Background signal, which is the relic radiation of our Universe, is well
modeled by a Gaussian process with known spectral power P. The Gaussianity leads to a quadratic measure, while the
power spectrum can be enforced in Fourier space. Therefore, an adapted measure is y_, P(k)™!| (f, exp(—27jk)) |?. As
for galaxy clusters, these being rare, small and intense objects, the wavelet transform of such a map is sparse (only a few
coefficients of large amplitude). Therefore, an adapted term is the /1 norm of its wavelet coefficients: 3, , | (f,¥;x) |-



2.1.2 Simplifying notations: case of one object and observation

One can simplify greatly the notations by “vectorizing” the previous problem as follows:
find one object F' = (f1, fa, ..., far)T from one observation G = (g1, g2, ..., 91)", knowing T = {T',,; } .1, the linear
operator such that:
G=TF+N 5)
The functional in Eq.(3) is then:
2
J(F) =||TF = G5, +IF1l; (©)

where the norm in Hilbert space H° is the weighted Euclidean norm: ||G||§1O = Zlel ]| Gy H’QH" and || F|| is the mixed
1

M M m m
norm [|F| =320y vmll fmll x, = 2= vm 2onen WX {5 0X0) [P
Written this way, Eq.(6) is very close to Eq.(3) with M=L=1, which reads:.

I =|ITf = gl U = ITF =gl +7 > wal (fr0) P (7
AEA

It is true that the weighted norm induced on H° makes it a standard Hilbert space, hence the discrepancy terms do match
perfectly. But the regularization terms do not match: for M=1, we get in Eq. (7) a simple [, sum (with a single exponent
p), which is not true for M>1.

However, the minimization of Eq.(6) can be done by slightly modifying the iterative algorithm that we use for Eq.(7)
and moreover, the proofs of convergence and stability carry to this more complicated case (see® for details). Since in this
paper we are concerned with modifying the discrepancy term, we will only present the theory with a simple regularization
term as in Eq.(7) to alleviate the notations, keeping in mind the mixed regularization terms for the application.

Note that we will use the following notations:
e the sequence of weight is: w ={w) }xea.

. . . 2
o the functional in Eq.(7) is J w.p(f) = | Tf — gHHU 9D nen wal (f, o) [P
o the scalar product is: f\ = (f, x).
e we call || - [|w p—norm the quantity: >\, wx| (-, ©x) [P.

2.2 A class of functionals and the study of their minimization

In this section, we summarize the findings in? , which concern the minimization of Eq.(7), i.e. of the functional J ., v p,.

2.2.1 Iterative algorithm
The authors propose the following iterative algorithm to obtain a minimizer:

ALGORITHM 2.1.

{ fO  arbitrary
o= S’yw,p(fni1 —I—T*(g _Tfnil))v n>1

At each iteration, one computes the Landweber iterate f"~% + T*(g — Tf"~!) and modifies it with the S, w,p function.
The S.w,p treats independently each coefficient of the argument % on the decomposition system ¢={px }rca:

Sw.p(h ZSW p(ha)ex ®)
with the functions S, , from R to itself given by

. -1

Sua@) < (z+ ZF sign(@) [271)  for1<p<2, ©

where (.)~* denotes the inverse so that VY, Sy, ,(x + %2 sign(z) [z[P~!) = 2.

In particular, for p = 1, S, is the soft-thresholding operator: S, 1(x ) si,
whereas for p = 2, one simply gets: w.2(

f)% n(x )(le —w/2)*



2.2.2 Convergence and stability
The two following theorems summarize the findings presented in? . The first theorem states that the iterative algorithm 2.1
converges strongly in the norm associated in the Hilbert space ' for any initial guess f°.

THEOREM 2.2 (CONVERGENCE). Let T be a bounded linear operator from H* to H°, with ||T|| < 1. Take p € [1,2], and
let S, , be the shrinkage operator defined by (8), where the sequence w = {w }xca is such that there exists a constant
¢ > 0 such that VA € A : wy > c. Then the sequence of iterates

=S (" T (g-Tf" "), n=12,...,
with fO arbitrarily chosen in H', converges strongly to a minimizer of the functional J., v p.

If the minimizer f* of J w.p is unique, (which is guaranteed e.g. by p > 1 or ker(T') = {0}), then every sequence of
iterates f™ converges strongly to f*, regardless of the choice of f°.

The second theorem is concerned with the stability of the method. It gives sufficient conditions to ensure that the
estimate recovered from a perturbed observation, g = T'fy + e, will approximate the object fy as the amplitude of the
perturbation ||e||+. goes to 0.

THEOREM 2.3 (STABILITY). Assume that T is a bounded operator from H* to H® with | T|| < 1, thaty > 0,1 <p < 2
and that the entries in the sequence w ={wy} xea are bounded below by ¢ > 0.

Assume that either p > 1 or ker(T') = {0}. For any g € 'H° and any v > 0, define f} , ., to be the minimizer of

J. w.p with observation g. If v = ~y(€) satisfies
2

limy(e) =0 and lii%% =0, (10)
then we have, for any f, € H?,
lim sup ||f':(e),w,p;g - fT”Hl =0, (11)

0 Llg=TFollno<e
where f1 is the unique element of minimum || - || ,~norm in the set Sy, = {f; Tf = Tf,}.
Note that in particular when 7 is invertible, fT = f which means that Algorithm 2.1 provides a stable inversion.

So far, we have a convergent and regularizing iterative algorithm that converges to a minimizer of the functional J ., v p,.
Such a minimizer is an estimate of the object f that compromises between generating an observation close to the data g
in a quadratic sense and having the smallest || - ||w,,—norm. Note the the design of the || - ||w,p,—norm is such that it will
preserve or enhance desirable properties of f. The quadratic discrepancy term in J v , is devoid of such considerations
and therefore does not enhance more important features that should be matched in the observations. In the rest of this
paper, we will present adaptive discrepancy terms that aim at fixing this point.

3. ADAPTIVE DISCREPANCY TERMS (I): USING PROJECTIONS
3.1 An Algorithm using Adaptive Projections
3.1.1 Original idea

In' , the authors are concerned with the deconvolution of an astrophysical image. The observations of interest were blurred
and noisy pictures of galaxies. For these, denoising by wavelet-shrinkage was already known to improve the quality of
noisy observations. The wavelet shrinkage procedure on ¢ is nothing more than applying to g an adaptive projection:
the projection on the “multiresolution support” of g, i.e. on the subspace defined by the largest wavelet coefficients of g.
The fact that wavelet shrinkage improves the observation shows that the “multiresolution support” of g naturally defines a
subspace that describes the important features of g.

The authors of! proposed to use this multiresolution support not only on g itself but also in the context of deblurring
by using it to evaluate how well an estimate f fits the data g. They proposed an iterative algorithm very close to Algorithm
2.1, for p = wy = 1 except that the residual (g — T'f" 1) is projected on the multiresolution support of g: (g — T f"~ 1)
becomes M, (g — T'f"~*) where M, is the projection.

We propose to extend this idea to any kind of adaptive projections and study the mathematical properties of the resulting
algorithm.



3.1.2 Iterative algorithm with adaptive projection

We first define the notion of adaptive projection: an adaptive projection defined by the data g is the orthogonal projection
on a subspace defined by the fact that the coefficients of g on an orthonormal basis are greater than predefined thresholds.
Mathematically:

DEFINITION 3.1. Given an orthonormal basis {5x} xenof H°, an element g in H° and a sequence of nonnegative thresh-
olds T={T\} e, the adaptive projection Mg ; is the map from HC into itself defined by:

VheH®, Mg (h)= > ‘b
A st |ga|>Ta
(where, as usual, hy denotes the scalar product (h, 3))
We propose the following algorithm:

ALGORITHM 3.2.

{ f° arbitrary
fn = Sww,p(fn_l +T1* Mg,r(g - Tfn_l))a n>1

Note that if 7" is a convolution, {3} xcais a wavelet basis, p = 1 and YA € A, wy = 1, this is what was proposed in' .
From what we saw before, it is straightforward to infer that Algorithm 3.2 should converge to a minimizer of

Twpir(F) = Mg (TF = )20 + Ml (12)

which is a functional with an adaptive discrepancy term.

3.2 Mathematical Properties
3.2.1 A convergent iterative algorithm
The strong convergence of Algorithm 3.2 to a minimizer of Eq. (12) is guaranteed by Theorem 2.2 (under the same
conditions as in Theorem 2.2): apply this theroem to ¢’ = M, , g and 7" = M, ; T to get the solution (this works because
M, - is a self-adjoint projection).
3.2.2 Diagonal case: a new kind of thresholding
To gain insight on this algorithm, we first study the case of a diagonal operator 7". We assume that

T(h) = txhapa

AEA

where the t) are scalars. As a reminder, for Algorithm 2.1, the minimizer is

argmin (J,wp) = S'YW/tz,p(T_lg) = Z Swwx/ti,p(gk/t)\)sak
AEA/Er#£0

When p = 1, this reduces to the soft-thresholded version of 7! g on the basis = {@y } xea With the thresholds yw) /#3.

When the adaptive discrepancy term is introduced, we get:

2
Jywpr(f) = [[Mer(Tf = 9) |30 + YN fllwp
= Y @ =gl wlhil
A st |ga|>Ta AEA
= > (|tAfA*9/\\2+’YwA|fA|p) +y Y, wlAP (13)
A st [ga|>Ta X st |ga|<Ta

The equations for each f) are now decoupled so that the minimizer f* is defined by:

f;\(:S,Yw/\/tz’p(g)\/t,\) lf‘g)\‘ > 7\ and t,\#o
A X : (14)
Y=0 if|ga] <mn or ty=0



Introducing the hard-thresholding operator with threshold m:

oz if|z>m
H:(x) = { 0 otherwise, (13)

one can rewrite the preceding equation:

X= vax/tivP(H‘l’A/tx (g/\)) iftx #0 (16)
f5=0 ifty =0.

Thus we obtain the previous shrinkage operator S, /2.p composed with a hard-thresholding operator H., /¢ that we call
“adaptive thresholding operator”. The hard-thresholding operation is known to be a way to enhance the solution after
application of the pseudo inverse. On the other hand the shrinkage operator S, J12.p regularizes the same solution with
respect to a smoothness defined by the || - ||w, ,—norm. We find here that the introduction of the discrepancy term with

adaptive projections is simply an intermediate solution between both of these regularizations.

When p = 1 and ¢, = 1, we obtain a compromise between hard and soft-thresholding if 7, > ~w,. To illustrate this,
we graph in Fig.1 the hard-thresholding function with threshold 7 (left), the soft-thresholding function with threshold ~y
(right) and the function obtained in Eq.(16) (middle) in the case 7 > ~ (here w = 1). We give a further illstration of the
diagonal case in Fig. 3, section 5.

oj"
/
T I8 T T S
Ty =y =y ~
ol
o [ pTTmmmTes o 0 i
~T+y —T+y ~T+y
-1 -1 -1
-T -yoVY T -T -YyoVY 1 -T -yoVY 1

Figure 1. Left: hard-thresholding operator H; middle: adaptive thresholding operator; right: soft-thresholding operator S, 1.

3.2.3 Stability is an issue

The study on diagonal operators suggests that introducing adaptive projections gives flexibility by defining a new shrinkage
operator. In this section, we see that this flexibility comes to a price: the resulting algorithm is not stable in the sense of
Theorem 2.3. There is stability in the sense that if the parameter (7, w,..) are chosen properly as the noise level decreases
- i.e. when the observation g gets closer to the true observation 7' f, - then the solutions converge to a well-defined limit.
However this limit is not necessarily f,, even if T is invertible.

In a nutshell, what happens is that stability requires that the thresholds 7= {7} ca are large enough compared to
llg — Tf,||- This implies that the subspace defined by the indexes A such that {Tf,}» = 0 will necessarily be in the kernel
of the adaptive projections Mg - as soon as g is close enough to T’f,,. Therefore the information in this subspace will lost.
The result is then that as the observation becomes ideal (i.e. close to T’f,) the solution of Algorithm 3.2 will approach the
element of minimal || - [w ,—norm in the set Mr s of elements of H’ that have the same image under 7" as f, except
maybe on the coordinates A such that (Tf,), = 0.

Note that even is 7" is one-to-one, this set is not necessarily reduced to f:
EXAMPLE 1. If T is the identity, fi = (1,0) € R? then My, = {(1,z), x € R} on the canonical basis.

In this case however the minimizer of the || - ||w ,—norm is f; itself whatever the choices of the parameters v, 7, w =
{wx}rens-.. are. Algorithm 3.2 will therefore provide the desired result. This is not the case in the following example,
where T is also an invertible operator in R?:

EXAMPLE 2. Consider T : R?> — R2, the bounded and linear operator defined by:

T(ﬁ) — }1(252"'{;) and fa=<z>f0rsomea7é().



f2

o T has a bounded inverse: T~ : < S > = % f1—2f

(f18, ) anarri=1<

3a

o T'fy= ( H ) and My, ={f : (Tf)1 = (Tfa)1} ={f:2f1 + fo = 3a}.

3a
The element in My, with minimal I* normis: fi = ( (2) ) and not f, itself. Thus the minimizers of Eq. (12) do not

converge to f, as the observations converge to 7' f,. In other words, information on the second coordinate in image plane
has been lost that prevents the algorithm to invert 7" even with arbitrary accurate data.

We now formalize this result. We first define M ; and the set HiTM, , of elements for which Mr ¢, has a unique
minimizer of the || - ||w ,—norm.

DEFINITION 3.3 (M, s, ). Given two Hilbert spaces H* and H°, an operator T : H' — HC, an orthonormal basis
{Br}renof H® and an element f, of H'. The set Mz, is the subset of elements of H' that verify:

f€Mry, = My, o(Tf) = T, = [{Tfo}r # 0= {Tf}r = {Tf:}A]

DEFINITION 3.4 (H} , ). Given a Hilbert space H', Hiy ,  is the subset of elements of H' that verify: fo is in Hi ,
if and only if the set ./\/lT 1. ={f : Myy, oTf = Tfo} has a unique element of minimum |.||vw ,-norm.

When p > 1, then HTyva = H°, regardless of T'. This is not true if p = 1, even if ker 7" = {0}. It turns out that
Algorithm 3.2 is regularizing for elements f in H7, ,, , and that the minimizer obtained in the limit || Tf, — g||#- goes to
zero is exactly the minimizer of the ||.||w ,-norm in My r . This is the object of the following theorem:

THEOREM 3.5. Assume that T is a bounded operator from H' to H° with ||T|| < 1, that v > 0, p € [1,2] and that the
entries in the sequence w ={wy } xca are bounded below uniformly by a strictly positive number c.

For any g € H° and any v > 0 and any nonnegative sequence T={Tx}en, define f ., . to be a minimizer of
Jy wp.r(f) with observation g. If v = y(€) and T = 7(€) satisfy:

2
1. lim () =0 and 213%%:0

2. VA eA, lin%r,\(e):() and 36 >0, st: [e<I=>VAeEA, Ta(e) > €]

then we have, for any f, € HiT w.p*

lim | sup [If] Fllri | =
e—0 lg=TFoll+o <€ y(€),w,p,T(€); g ’

where fl is the unique element of minimum || ||, p—norm in the set Mr ¢,.

The detailed proof of this theorem is given in® , p.18-24 and is not reproduced here. It is based on two ingredients:

e The two lemmas provided in Appendix. A. show that condition 2 in Theorem 3.5 is needed to obtain the weak
convergence of the adaptive projection operators Mg - when ||g — Tf,|| — 0.

e Using this weak convergence, one can then adapt the proof of Theorem 2.3 provided in® .

4. ADAPTIVE DISCREPANCY TERMS (II): RELAXED PROJECTIONS

In the previous section, we showed that introducing adaptive projections in the discrepancy term allows to take into account
features that are more important in the data but results in a loss of information that may be harmful to the estimation of
the object sought. The reason is that the projections used cancel some information. To fix this instability problem still
keeping the spirit of the previous method, one can imagine to only dampen the non-feature space defined by the adaptive
projections instead of cancelling it. As we see in the next section, the resulting “relaxed projections” still emphasize the
same features but without losing any information; therefore the stability as defined in Theorem 2.3 is restored.



4.1 Relaxed Adaptive Projections

The “relaxed projection” Mg -, with dampening parameter y and corresponding to the orthogonal adaptive projection
Mg - is

Mg, = Mg - +(ld — M, ) (17)
or more formally:

DEFINITION 4.1. Given an orthonormal basis if H°, B= {0Bx}xca, an element g in H°, a sequence of nonnegative
thresholds T={Tx} e and a scalar j1 > 0, Mg ; ,, is the map from H° into itself defined by:

VheH®, Mgru(h)= > bitp Y. b

A st |ga|>Ta A st |ga|<7a

This operator is introduced in the discrepancy term so that we now seek to minimize the functional

3o wprn(f) = [Meria(Tf = 9500 + 1 I (18)

via the following iterative algorithm:

ALGORITHM 4.2.
fO  arbitrary
mo= va7p(fn_1 + T Mg77,u2(9 - Tfn_1>)v n>1

Note that in this case, one needs to square the relaxed projection operator in the iterative algorithm. This is because
unlike Mg -, Mg -, is not a self-adjoint projection. This equation can be easily checked by replacing T' by M -, T
and g by Mg -, g in the original functional J. y , of Eq.(7) and in Algorithm 2.1. In practice, we use the fact that
Mg - ,L = M, - ,2; so the operator is still easy to compute.

The previous change of variable used in Theorem 2.2 also proves the strong convergence of Algorithm 4.2 to a
minimizer of Eq. (18) (under the same conditions as in Theorem 2.2).

4.2 Stability is recovered

The introduction of the dampening factor ensures that all the information in the data will be taken into account and we
recover the stability in the usual sense: if the data become ideal (¢ — Tf,) and the parameters 7, 7= {7} xea and p are
chosen accordingly, then the solution converges to f, when f, is the unique antecedent of Tf,,.

The conditions on the parameters are given in the following theorem:

THEOREM 4.3. Assume that T is a bounded operator from H' to H° with | T|| < 1 and that the entries in the sequence
w ={wy } xea are bounded below uniformly by a strictly positive number c.

Forany g € H® and any v > 0, 0 < p < 1 and nonnegative sequence 7= {7 }xca, define I3 wprps g 10 be a
minimizer of J w p -, u(f) with observation g. If v = y(€), T = 7(€) and p = p(e) satisfy:

2

1. lim () =0 and 2@%%:0

2. VA €A, lin'[l) x(€) =0 and YA€ A, FIN) >0, st: [e<d(A) = 7ale) > €]

3. liH(l) p(€) = o, with 0 < p, <1

then for any f, such that there is a unique minimizer of the || ||w p—norm in the set Sf, = {f : Tf = Tf,}:

lim sup || 3 — [l =0,
=0 lg—TFfol| 70 <€ (€),w,p,7(€),u(e)

where f} is the unique element of minimum || ||vw ,~norm in the set Sy,.



The proof of this theorem is detailed in® , p.28-31 and is similar to that of Theorem 3.5. The weak convergence of the
adaptive operators is ensured by conditions 2 and 3 of Theorem 4.3 and the corresponding lemma is provided in Appendix
B.

It is clear that in practice, by choosing p small, the properties of g enhanced by both Algorithm 3.2 and 4.2 are similar.
The second algorithm is however more stable as it is guaranteed to make a correct guess when the data is sufficiently close
to the image of an object f.

5. APPLICATION
5.1 Multispectral Data

In this section we apply the algorithms described previously to the problem of reconstructing maps of astrophysical phe-
nomena from multispectral observations. We consider simulated multispectral observations of the Cosmic Microwave
Background (CMB) radiation with the observation conditions relative to the Atacama Cosmology Telescope (ACT). In this
case, we observe the same portion of sky at different wavelengths ;. The observations are blurred mixtures of the physical
phenomena we seek f1,..,fas that can be modeled by:

M
Vi=1.L, gw)=g=b+*Y amifm+mn. (19)

m=1

The blurring b; changes with the wavelength v; and is Gaussian. The mixture coefficients a,, ; are called frequency
dependencies and give the contribution of phenomena m to observation [. The noise terms n; have a known variance o,
that also depend on the wavelength v;. Note that here, the operator T, ; from Eq.(2) is a mixture followed by a convolution
T () = by * Zle @m,1(-)m. For ACT, the observation wavelength are low: v =145, 217 or 265GHz. (Details about
the noise and blur level can be found in® , p.88.)

Here, we seek to reconstruct two components:

e the CMB (= fi): this is an electromagnetic radiation that fills the whole of the Universe (see Figure 2, left panel).
Its existence and properties are considered one of the major confirmations of the Big Bang theory.

o the galaxy clusters, noted SZ (= f5): the clusters can be seen through their Sunyaev-Zeldovich effect (SZ effect in
short) which is due to high energy electrons in the galaxy clusters that interact with Cosmic Microwave Background
photons.

In fact, we focus on the detection and estimation of the galaxy clusters in observations such as can be done with ACT.

A complete model of the observations would have to include other astrophysical phenomena such as infrared point
sources or our Galaxy dust. We will not consider them here, since their contribution at low wavelengths, such as the ones
considered here, are negligible.

Figure 2 illustrates the simulated data we use. The two left panels show the astrophysical map we seek to reconstruct
from the observations shown on the two right panels. (The units of the maps is the micro-Kelvin).

General parameters of the functional algorithms

In this multispectral case, the reconstruction methods proposed earlier have one regularization term for each component
and one regularization term per observation (see Eq.(3)).

As can be seen from the observations, the contribution of the galaxy clusters (SZ) is negligible compared to this of
the CMB. We rely on the fact that these maps have very different spatial properties to disentangle them. These properties
are reflected by the regularization terms. The CMB component is regularized by a weighted /5-norm in Fourier space,
the weights being proportional to its spectral power. The SZ component is regularized by an l/;-norm on its wavelets
coefficients. The wavelet transform used for regularization is the dual tree complex wavelet transform.*>

We compare the results obtained with the classical discrepancy terms of Eq.(3) to these obtained with various adaptive
projections, relaxed (Eq.(18)) and not (Eq.(12)). In any case, the adaptive/relaxed projection is done on an orthonormal
wavelet transform (Symmlet, 2 vanishing moments) and the threshold parameter 7 are set to the noise standard deviation.

The general balancing parameters p; are set to 1. The +,,, are learned from a database of simulations.
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Figure 2. Multispectral data (units: . K); left to right: CMB map, galaxy clusters map, observation at 145GHz, observation at 217GHz

5.2 Denoising galaxy cluster maps

To illustrate the effect of introducing adaptive projections, we took a one-dimensional slice of the galaxy cluster map in
Fig. 2 and added noise to it (top panels of Fig. 3) with a standard deviation of .

We show in the four bottom panels of this figure the results of the denoising using

e hard-thresholding (Fig. 3, middle left panel) with threshold 7 = o;

o soft-thresholding (Fig. 3, bottom right panel) with threshold v = o; This is obtained with the initial iterative algo-
rithm (Algo. 2.1).

o the adaptive thresholding (Fig. 3, middle right and bottom left panels) seen in subsection 3.2.2. This is obtained with
the adaptive algorithm (Algo. 3.2) Note that there is no stability issue in this example.

One can see that increasing the introduction of the soft-thresholding on top of the hard-thresholding smoothes the solution.
The pure soft-thresholding however suffers from that fact that it dampens peaks compared to the pure hard-thresholding.
In the case of galaxy clusters, these peak of intensity correspond to the central part of the cluster and indicate its age.
Therefore, the dampening obtained by soft-thresholding is detrimental. On the other hand, the lack of smoothness of the
hard-thresholded solution will induces false positive in the detection of clusters. The introduction of the adaptive thresh-
olding via the use of projections in the discrepancy term allows to tune both effects. It gives an interesting compromise
keeping a bit of the advantages of the pure hard or soft-thresholded solutions (see Fig. 3, middle right and bottom left
panels).

5.3 Reconstruction of CMB and galaxy clusters maps from multispectral observations

The simultaneous reconstuction of both the CMB and galaxy cluster maps from the multispectral observations as seen in
subsection 5.1 has been performed with the different iterative algorithms proposed in section 2, 3 and 4. All parameters
were described in 5.1 except for the relaxed projection dampening parameter . (see Eq.(17)) which is fixed here to 4 = 0.1
when using Algorithm 4.2.

Fig. 4 displays the results obtained for

o the initial algorithm (Algo. 2.1) with classical l5 discrepancy terms. The results are labelled “p = 1.

o the relaxed projection algorithm (Algo. 4.2) with stable adaptive discrepancy terms. The results are labelled “y =
0.1”.

10



Original
400 . . .

400

v 200 - v 200
3 3
0 0
Hard thresh=2 o Hard thresh=2 ¢ + Soft thresh= o
400 T T T T T T T T T T 400 T T T T T T T T
v 200 - v 200 -
3 3
0 0
Hard thresh=2 o + Soft thresh=2 Y2g Soft thresh =2 ¢
400 T T T T T T T T 400 T T T T T
v 200 - v 200 -
3 =3

Figure 3. Denoising galaxy clusters map. Top left: 1D profile of a cluster map. Top right: noisy 1D profile of a cluster map (noise
variance o). Middle left; noisy data hard-thresholded (7 = 20). Middle right: noisy data soft/hard-thresholded (7 = 20, v = o).
Bottom left: noisy data soft/hard-thresholded (7 = 20, v = v/20). Bottom right: noisy data soft-thresholded (y = 20).

The observed maps and the CMB and galaxy clusters maps that we seek to recover are in shwon on the left panels of Fig.
2. The reconstructed CMB maps are in the two left panels of Fig. 4. The reconstructed galaxy maps are in the two right
panels of Fig. 4.

The following analysis is illustrated by the results shown in 4 but is valid in a more general study with 24 similar
simulations.
5.3.1 Analysis of CMB reconstruction

All the reconstructed CMB maps are accurate to the microKelvin precision. The Root Mean Square Error of the different
reconstructions to the original (true) CMB map is not affected by the introduction of the adaptive discrepancy term.

The precision obtained for this component is highly satisfactory and allows to proceed to further treatment for astro-
physical purposes.
5.3.2 Analysis of the galaxy clusters reconstruction

All the reconstructed galaxy cluster maps have a low accuracy (worst case 100 microKelvin). The Root Mean Square
Error of the different reconstructions to the original (true) clusters map is not affected by the introduction of the adaptive
discrepancy term. Hence as far as global measures are concerned, all the presented algorithms perform in the same manner

11



CMB - p=1 CMB - p=0.1 SZ - p=1 SZ - p=0.1
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Figure 4. Reconstructed maps; without projections: first and third images (u = 1); with adaptive projections: second and fourth images
(¢ = 0.1); far/middle left: CMB; far/middle right: galaxy clusters

for galaxy clusters. These poor results are expected by the fact that the contribution of the galaxy clusters to the observation
is well below the CMB contribution and the noise level.

However, as explained in,? global measures are not satisfactory to evaluate the quality of a reconstructed cluster map.
Indeed, the goal is to locate the presence of clusters and quantify some of their statisical characteristics like size, intensity
or age... Detailed study of the reliability of these quantities has be done for Algorithm 2.1° and show that it actually gives
good results in this prospective. Here, we do not reproduce the all study for Algorithm 3.2 and 4.2 but simply compare
them to Algorithm 2.1.

As can be inferred from Fig. 4, the results are very similar. The ontroduction of adaptive discrepancy terms yield a
slight improvement in the estimation of the central intensity of a cluster (see the three clusters in the upper part of the circle
in Fig. 4). This improvement is not statistically significant however it illustrates how adaptive discrepancy terms provide a
novel way of tuning the algorithm to the data.

APPENDIX A. ELEMENTS OF THE PROOF OF THE STABILITY OF (I)

To prove Theorem 3.5, we need to examine the behavior of the projections M.y - () as € goes to zero. This is done in the
next two lemmas. The first lemma (Lemma A.1) gives necessary and sufficient conditions on the sequence 7={7)} ca to
that these projections converge in a weak sense as e goes to zero. We will be interested in the case where the weak limit
operator is Mry, o. The second lemma (Lemma A.1) refines these conditions, so that in addition, the sequence M (c) ()
converges strongly to Mry, o on the set: T' (M, ).

LEMMA A.1. For f € H, let {g(e, f)}e>0 be an arbitrary family of elements in H that satisfy ||g(e, f) — Tf |3 < €
Ve > 0.

1. Vh € H° Mgy gy re)h converges weakly as € goes to 0 if and only if Y\ : 3 6()\) such that either (a) or (b)

holds, with
(a) Ve € (0,6(N)), |lg(e, N)]a| >,
(b) Ve € (0,6(N)), |lg(e. fIA| < 7

2. Mgy(c f),7(c) converges weakly, independently of the choice of f and of the family g(e, f), as € goes to 0 if and only
if Y\ :both(a)and (b) hold, with

(a) 30(N) such that Ve € (0,06())), Tale) > ¢
(b) li_r% Ta(e) =0
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In that case, the weak-limit operator is necessarily Mry o.

3. When conditions 2.(a) and 2.(b) above hold, if h(e) converges weakly to h, then M 5y - h(€) converges weakly
to Mty 0 h as € goes to 0.

Proof. [Proof of Lemma A.1] Let us examine the behavior of Mg ry r() coordinate by coordinate. Since
[Mg(s,fm(e)h] , equals either i, or 0, depending on whether or not |[g(e, f)]A’ > Tx(e), it follows that M. ) -(¢)(h)
will converge weakly as e goes to 0 if and only if for all coordinates A, one of the following holds:

Either there exists some d(\) > 0 such that |[g(e, f)]x| > 7a(e) for € < (). In this case, [Mg(c p),7(c)h], = ha for
e < I(A).

Or there exists some 6(\) > 0 such that | [g(e, f)]x| < Ta(e) fore < §(A). In this case, [Myc ).~ (c)h] , = 0fore < d(N).

This proves the first assertion.

Let us now consider how uniform this behavior is in the choice of the family g(e, f). Since |[g(e, f) — Tf]z| <
llg(e, f) — Tf|lne < e, the set of values that can be assumed by |g(e, f)x| is exactly [ Tf — e, Tf + e] (take g =
Tf + rBx, v € [—¢,€] to reach all the values in this set). Therefore, for a fixed f, the weak convergence of the op-
erators M. ) -(c), regardless of which sequence g(e, f) is chosen, is equivalent to putting constraints on the sequence
{7(€), }ren that depend of the coordinates (7f). These constraints depends on whether (7)f) # 0 or (T)f), = 0:

o If Tf\ # Othen {|g(e, f)al} = [ ITfr|—¢€,|Tfr|+e€ ]. Therefore, one needs either: [e < 6(X) = 7a(€) > |Tfx|+€]
or [e < 8(X) = 7a(€) < |Tfx| — €]. In the first case, By will always be in the kernel of My (. 1) -(c) once € < ().
In the second case 3y will always in the range of M. r) ;(c) once € < J(\).

e If Tf\ = 0 then {|g(e, f)x|} = [0, €]. Therefore one needs [¢ < §(A) = 7x(€) > €. In this case, 5 will always be
in the kernel of M., f) r(c) once € < 0(N).

Note that we do not know beforehand the value of T'f. To be useful, we must derive requirements on the parameters 7 (¢)
that do not depend on f. The minimum requirements on 7(¢) ensuring the operators Mg, ) -(c) converge weakly as e
goes to 0 are:

e VA, lim._,o 7y (€) = O: this ensures that if Tfy # 0, we will have 75 (¢) < |Tfx| — € for sufficiently small e.

e VA, 35(A) such that € < §(\) = 7a(€) < e: this ensures that if Tfy = 0, we will have 7, (¢) < |Tfx| + € = € for

sufficiently small e.

If these conditions are satisfied, the M., 7 r(c) converge weakly as € goes to 0 and one can determine the weak limit:

o for A s.t. Tf\ # 0: lim._,o 7x(€) = 0 hence there exists (), f) such that e < §(A, f) implies 7 (e) < |Tfr| —e. It
follows that: |g(e, f)a] > 7a(€) so that My 1) 7(¢)(Bx) = B for any g(e, f) and any e < 0(A, f)

o for Asit. Tfy = 0: € < () implies 75(¢) > e. It follows that if ¢ < J(A), then |g(e, f)a| > 7a(€) so that
My £),7()(Br) = 0 for any g(e, f) and any € < §(A) .

This proves that the weak limit of M ¢ - () for any fixed f is Mry o and finishes the proof of the second part of Lemma
A.l.

Finally, assuming h(e) converges weakly to h, we have VA:

‘ [My(e.).r(eh(€) =My h ] A‘ (20)
= ‘ [My(c.p),r(0) (h(€) = B) + (My(c.p),r(e) — May.0)h ]A‘ 1)
|[My(e.ppra (Ble) = 1) 1, + [ [Myeppriah = Mayoh ]| (22)

The second term vanishes as € goes to 0 because My, r),r(c) converges weakly to Mry o when the conditions 2.(a) and
2.(b) hold. Moreover, we have seen in the proof of the second part of the lemma that for any A:
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e cither there exists a §(\) such that My #) -(¢)(8x) = 0 forany € < §(A) .

In that case, |[My, 1),r(e)(h(€) — h) ]A‘ =0, fore < J(N).

e or there exists a 6(\) such that Mq(6 #),r(e)(Bx) = B forany e < 0(N) .
[My(e,p)rie) (hle) = ]A
[My(e,f),7(e)(R(€) = h) A’ —0

In that case,

‘ [h(e) = h ], ‘, for ¢ < §(\); and the weak convergence of h(e) to h

allows to conclude that

This proves that Mg, f)yT(e)h(e) converges weakly to Mty o h and finishes the proof of Lemma A.1. O
We shall now see how to ensure strong convergence of the M., f) -(¢)(h) when h is in M.

LEMMA A.2. If there exists a value of ¢ independent of A such that Ve < 6 and VA, 7x(€) > ¢ then the two following
properties hold:

1. For any choice of f and of the family g(e, f):

Ve < 8, My(e,f)r(e) = Mrr.oMy(e,p)r(e) = My(e.pyroMrzo = > (5) Bx
X st Tfr2£0

and [gx|>7x

2. In particular, for any choice of f € H},wm and of the family g(e, f), (i.e. whenever My has a unique minimizer f1
of the ||.||w p-norm):
Ve <0, My(e,p),r(0)(Tf1) = My(e.p).o0)(TF).

Proof. [Proof of Lemma A.2:] The first part of Lemma A.2 results from properties of orthogonal projections. If P; and
P; are two orthogonal projections, then:

PP = PP
ker(Pg)Cker(Pl) & PPy, =P

Hence, we already proved M. r),rc) M1r0 = Mrro My(e, 1)) and
My(e.5) 0 Mrg0 = Myte.prio) & [(TF)r = 0= g, sl < (€] -

When f and e are fixed, the right hand side holds for any g(e, f) if and only if [(T)f)x = 0 = € < 7x(e)] which proves the
first part of Lemma A.2.

For fin Mk, ., fTis well defined and verifies MryoTfT = Tf. Applying My(c - (e to this equality and using the
previous result finishes the proof of Lemma A.2. [0

APPENDIX B. ELEMENTS OF THE PROOF OF THE STABILITY OF (II)

LEMMA B.1. Suppose that T = 7(€) and u = u(e) verify conditions 2 and 3 of Theorem 4.3. Then the two following
properties hold:

1. Forany hin H°, Mg(e,f),r(e),#(e)h converges weakly to M2Tf_’07#0 h as e goes to 0.

2. If h(e€) converges weakly to h as € goes to 0, then M? s )6, H(E)h(e) converges weakly to Mg“f,O,uo h as € goes to
0.

Proof. [ Proof of Lemma B.1:] In the proof of Lemma A.1, we have seen that under conditions imposed on 7(¢)
(conditions 3 and 4 of Theorem 4.3), the following happens:

o for As.t. Tfy # 0: lim._,o 7a(€) = 0 hence there exists d(\, f) such that e < 6(A, f) implies 7 (€) < |Tfy| —e. It
follows that: |g(e, f)a] > a(e).
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e for As.t. Tfy = 0: € < §(\) implies 7 (€) > e. It follows that if € < d(\), then |g(e, f)a] > Ta(e).

So that in the first case: Mg(@f))T(e)’u(e) (Bx) = B for any g(e, f) and any € < (A, f); and in the second case:
Mg2(€7f),7(6)7#(6) (Bx) = p(€)?By for any g(e, f) and any € < &(\). Since p(e) converges to some j, by assumption
(condition 5 of Theorem 4.3), it follows that M;(e,f),T(e),y,(e)h converges to M%f()’o’#oh as (€) goes to 0. This proves the
first part of Lemma B.1.

To prove the second part of Lemma B.1, we use again the splitting trick we used in A.1.(3):

2 2

‘ [Me.f),r(e (e P(€) = My, T ])\’ (23)
2 2 2

|2 ) iyt (BO) = B) + (M2 gy (0 i) = Mg )0 ] 24)
2 2 2

‘ [Mg(e.p)r(@yne (h(€) = 1) ]A’ + ‘ (M, ), nte) = Mg, ]A‘ (25)

And the same argument as we used in Lemma A.1.(3) allows to conclude. O
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