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Abstract
We consider systems of ODEs that describe the dynamics of particles. Each particle satisfies a Newton
law (including a damping term and an acceleration term) where the force is created by the interactions
with other particles and with a periodic potential. The presence of a damping term allows the system to
be monotone. Our study takes into account the fact that the particles can be different.
After a proper hyperbolic rescaling, we show that solutions of these systems of ODEs converge to
solutions of some macroscopic homogenized Hamilton-Jacobi equations.
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1 Introduction

The goal of this paper is to obtain homogenization results for the dynamics of accelerated Frenkel-Kontorova
type systems with n types of particles. The Frenkel-Kontorova model is a simple physical model used in
various fields: mechanics, biology, chemistry etc. The reader is referred to [4] for a general presentation of
models and mathematical problems. In this introduction, we start with the simplest accelerated Frenkel-
Kontorova model where there is only one type of particle (see Eq. (1.2)). We then explain how to deal with
n types of particles (see Eq. (1.6)). We finally present the general case, namely systems of ODEs of the
following form (for a fixed m € N)

d*U;  dU;
+
dr? dr
where U;(7) denotes the position of the particle i € Z at the time 7. Here, mg is the mass of the particle
and F; is the force acting on the particle 7, which will be made precise later.

Remark the presence of the damping term dd[f on the left hand side of the equation. If the mass mg
is assumed to be small enough, then this system is monotone. We will make such an assumption and the
monotonicity of the system is crucial in our analysis.

We recall that the case of fully overdamped dynamics, i.e. for mg = 0, has already been treated in [10]
(for only one type of particles).

(1.1) mo = Fi(1,Ui—m, -, Uiym)

Several results are related to our analysis. For instance in [5], homogenization results are obtained for
monotone systems of Hamilton-Jacobi equations. Notice that they obtain a system at the limit while we will
obtain a single equation. Techniques from dynamical systems are also used to study systems of ODEs; see
for instance [8, 18] and references therein.
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1.1 The classical overdamped Frenkel-Kontorova model

The classical Frenkel-Kontorova model describes a chain of classical particles evolving in a one dimensional
space, coupled with their neighbours and subjected to a periodic potential. If 7 denotes time and U;(7)
denotes the position of the particle i € Z, one of the simplest FK models is given by the following dynamics

d*U; ~ dU; .
(12) moﬁ + ? =Ui+1 _2Ui+Ui—1 —l—sm(27rUi)+L

where m( denotes the mass of the particle, L is a constant driving force which can make the whole “train
of particles” move and the term sin (27U;) describes the force created by a periodic potential whose period
is assumed to be 1. Notice that in the previous equation, we set to one physical constants in front of the
elastic and the exterior forces (friction and periodic potential). The goal of our work is to describe what
is the macroscopic behaviour of the solution U of (1.2) as the number of particles per length unit goes to
infinity. As mentioned above, the particular case where mgy = 0 is referred to as the fully overdamped one
and has been studied in [10].

We would like next to give the flavour of our main results. In order to do so, let us assume that at initial
time, particles satisfy

U;(0) = e tug(ie)
dUu;
dr 0 =0

for some € > 0 and some Lipschitz continuous function ug(z) which satisfies the following assumption

Initial gradient bounded from above and below
(13) 0< 1/K0 < (Uo)x <Ky on R
for some fixed Ky > 0.

Such an assumption can be interpreted by saying that at initial time, the number of particles per length unit
lies in (K 'e™!, Koe™h).

It is then natural to ask what is the macroscopic behaviour of the solution U of (1.2) as € goes to zero,
i.e. as the number of particles per length unit goes to infinity. To this end, we define the following function
which describes the rescaled positions of the particles

(1.4) U (t,x) = e, (e 1)

where | -] denotes the floor integer part. One of our main results states that the limiting dynamics as £ goes
to 0 of (1.2) is determined by a first order Hamilton-Jacobi equation of the form

x

uf = F(u?) for (t,x) € (0,40) xR,
(1.5) { u®(0,x) = ug(x) for zeR

where F is a continuous function to be determined. More precisely, we have the following homogenization
result

Theorem 1.1 (Homogenization of the accelerated FK model). There exists a critical value m§ such
that for all mg €]0,m§] and all L € R, there exists a continuous function F : R — R such that, under
assumption (1.3), the function U converges locally uniformly towards the unique viscosity solution u® of

(1.5).

Remark 1.2. The critical mass m§ is made precise in Assumption (A3) below.



1.2 Example of systems with n types of particles

We now present the case of systems with n types of particles. Let us start with the typical problem we have
in mind. Let n € N\ {0} be some integer and let us consider a sequence of real numbers (6;);cz such that

9i+n:9i>0 forall i1€Z.

It is then natural to consider the generalized FK model with n different types of particles that stay ordered
on the real line. Then, instead of satisfying (1.2), we can assume that U; satisfies for 7 € (0, +o0) and i € Z
d*U;  dU;

m bl
O q2r dr

(1.6) = 0i+1(Ui+1 — Uz) — 91(Ul — Ui—l) + sin (27TU1') + L
Such a model is sketched on figure 1. As we shall see it, we can prove the same kind of homogenization
results as Theorem 1.1.
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Figure 1: The FK model with n = 2 type of particles (and of springs) and an interaction up to the m =1
neighbours

As we mentioned it before, it is crucial in our analysis to deal with monotone systems of ODEs. Inspired
of the work of Baesens and MacKay [2] and of Hu, Qin and Zheng [12], we introduce for all i € Z the
following function

dU;
dr (7).

Using this new function, the system of ODEs (1.6) can be rewritten in the following form: for 7 € (0, +00)
and i € Z,

EZ(T) == UZ(T) + 2m0

T = 7 (5 = U)

@ = 20; 1 (Uigr — Ui) — 20;(Us — Ui—1) + 28in(270;) + 2L + 5= (U; — E) .

We point out that, in compare with [2, 12], our proof of the monotonicity of the system is simpler.

It is convenient to introduce the following notation

Remark 1.3. It would be also possible to consider more generally: E;(7) = U;(7) + é‘gf (1) with 2 > my.

In order to simplify here the presentation, we choose a = 1/(2myg). Moreover, for the classical Frenkel-
Kontorova model (1.2), the choice aw = 1/(2my) is optimal in the sense that the critical value m§ for which
the system is monotone is the best we can get.



1.3 General systems with n types of particles

More generally, we would like to study the generalized Frenkel-Kontorova model (1.1) with n types of
particles. In order to do so, let us consider a general sequence of functions v = (v;(y));ez satistying

Vitn(y) =vi(y +1).

For m € N, we set
[Wim(y) = Wjmm(¥); - -, vjpm (y)) -

We are going to study a function

(u, &) = ((u(1,9))jez, (&(T,9))jez)

satisfying the following system of equations: for all (,y) € (0,+00) x R and all j € Z,

{ (uj)r = ao(&5 — uy)
(&)r = 2F5(7, [u(r,)]j,m) + ao(u; — §&;),
(1.7)
{ Ujtn(T,y) = uj(r,y + 1)
ngrn(Tvy) = gj(Tvy + 1) .

This system is referred to as the generalized Frenkel-Kontorova (FK for short) model. Tt is satisfied in
the viscosity sense (see Definition 2.1). Moreover, we will consider viscosity solutions which are possibly
discontinuous.

Let us now make precise the assumptions on the functions F; : R x R*"*! — R mapping (7,V) to
Fj(7,V). It is convenient to write V € R*™ ! as (V_,,,..., Vy,).

(Al) (Regularity)
F}; is continuous,
F} is Lipschitz continuous in V' uniformly in 7 and j.

(A2) (Monotonicity in V;, ¢ # 0)

F;(1,V_p, ..., Vi) is non-decreasing in V;  for i # 0.

(A3) (Monotonicity in Vj)

0
ao—i-Qa—V;ZO forall j € Z.

Keeping in mind the notation we chose above (ag = (2mg) 1), this assumption can be interpreted as follows:
the mass has to be small in comparison with the variations of the non-linearity, which means that the system
is sufficiently overdamped. This assumption guarantees that 2F;(7, V) 4+ aoVp is non-decreasing in Vj for all
jEZL.

(A4) (Periodicity)
Fi(r,2Vem + 1,0, Vi + 1) = Fj (1, Vo, o, Vi)
Fi(tr+1,V)=F;(r,V).

(A5) (Periodicity of the type of particles)

Fiin=F; forall jeZ.



When n = 1, we explained in [10] that the system of ODEs can be embedded into a single partial differential
equation (more precisely, in a single ordinary differential equation with a real parameter z). Here, taking
into account the “n-periodicity” of the indices j, it can be embedded into n coupled systems of equations.

The next assumption allows us to guarantee that the ordering property of the particles, i.e. u; < ujy1,
is preserved for all time.

(A6) (Ordering) For all (V_,,,..., Vi, Vini1) € R*+2 such that V;; > V; for all |i| < m, we have

2Fj+1(7’, V,erl,. ..,Vm+1> +Oéo‘/1 Z 2Fj(7’, V,m,. ,Vm> +Oéo‘/0 .

Remark 1.4. If, for all j € {1,...,n—1}, we have F;; = F} then assumption (A6) is a direct consequence
of assumptions (A2) and (A3). Notice also that for n > 1, Condition (A6’) of Subsection 2.1 does not allow
us to take a; = ﬁ with different m;’s. In particular, all the particles in our analysis have the same mass
mo.

Example 1. We see that Assumptions (A1)-(Ab5) are in particular satisfied for the FK system (1.6) with n
types of particles (Op+; =0;), m =1 and Fj(1,V_1,Vo, V1) = 0,41(V1 = Vo) — 0,;(Vo — V_1) +sin (27Vp) + L
for ag > 2(6; + 0j41) +4m. To get (A6) we have to assume furthemore that ag > 46, + 4m.

We next rescale the generalized FK model: we consider for £ > 0

s;@,x>=e§j(f,f).

The function (u®, &) = ((uj(t,x))jez, (Ej-(t,x))jez) satisfies the following problem: for all j € Z, t > 0,
zeR

&5 —us
(u5)e = g™ Eu]

(1.8) (&5)e = 2F; (5’ [—UE(et")Lm) + a0t

{ usy, (tx) = uS(t,x +¢)
§+n(taz> :fj(t,$+€)

We impose the following initial conditions

us(0, ) = up (z + %)
) { Bom e,

Finally, we assume that ug and & satisfy

(A0) (Gradient bound from below) There exist Ky > 0 and My > 0 such that

0<1/K0§(U0)I§K0 on R,
0<1/Ko<(§)e <Ko on R,
l[uo — & lloo < Moe

Then we have the following homogenization result



Theorem 1.5 (Homogenization of systems with n types of particles). Assume that (Fj); satisfies
(A1)-(A6), and assume that the initial data ug,&f satisfy (AO). Consider the solution ((u5)jez, (£5)jez) of
(1.8)-(1.9). Then, there exists a continuous function F : R — R such that, for all integer j € Z, the functions
u§ and & converge uniformly on compact sets of (0,+00) x R to the unique viscosity solution u° of (1.5).

Remark 1.6. The reader can be surprised by the fact that we obtain, at the limit, only one equation
to describe the evolution of the system. In fact, this essentially comes from Assumption (A6) and the
definition of 5. Indeed, it could be shown that assumption (A6) implies that the functions u® and £° are
non-decreasing with respect to j: w5,y > u5 and &5, ; > £5. Then, the system can be essentially sketched by
only two equations (one for the evolution of u and one for £). But by the “microscopic definition” of &5, we
have &5 = u$ + O(e); hence only one equation is sufficient to describe the macroscopic evolution of all the
system.

Remark 1.7. The case my = 0 corresponds to ag = +oo. In this case, v = £° in (1.8) and Theorem 1.5
still holds true.

We will explain in the next subsection how the non-linearity F, known as the effective Hamiltonian, is
determined. We will see that this has to do with the existence of solutions of (1.8), (1.9) of a specific form.
They are constructed thanks to functions referred to as hull functions.

1.4 Hull functions

In this subsection, we introduce the notion of hull function for System (1.7). More precisely, we look for
special functions ((h; (7, 2)) ez, (9;(7, 2))jez such that (u;(7,y),&;(7,y)) = (h;(7,py + A7), g; (T, py + A7) is
a solution of (1.7) on Q = (—o0, +00) x R = R2. Here is a precise definition.

Definition 1.8 (Hull function for systems of n types of particles).
Given (Fj); satisfying (Al)-(A6), p € (0,+00) and a number A € R, we say that a family of functions
((hj);,(g;);) is a hull function for (1.7) if it satisfies for all (1,z) € R?, j € Z

(hj)r + A(hj). = aolg; — hy) (9i)r + Agj)= = 2F5(7, [I(7,)]j,m (%)) + a0 (h;j — g5)
hj(t+1,2) = hj(r, 2) gi(t+1,2)=gi(r,2)
(1.10) hj(r,z+ 1) =hj(r,z) +1 gi(t,z+1)=g,(1,2) +1
' hj-‘rn(T’ Z) = hj(T’ z +p) gj+n(7-a Z) = gj(Ta z +p)
hjt1(7,2) 2> hy(T,2) gj+1(7,2) > g5 (7, 2)
(hj)z(1,2) 20 (9j)2(,2) = 0
AC s.t. |hj(r,2) — 2| < C AC s.t. |gj(r,2) — 2| < C.

In the case where the functions (F;); do not depend on 7, we also require that the hull function ((h;);, (95);)
is independent on T and we denote it by ((h;(2));,(g;(2));)-

Remark 1.9. The last line of (1.10) implies in particular that eh;(7, Z) — z and g;(7,2) — z as € — 0.

Given p > 0, the following theorem explains how the effective Hamiltonian F(p) is determined by an
existence/non-existence result of hull functions as A € R varies.

Theorem 1.10 (Effective Hamiltonian and hull function). Given (F}); satisfying (Al)-(A6) and p €
(0, +00), there exists a unique real number X for which there exists a hull function ((h;);,(g;);) (depending
on p) satisfying (1.10). Moreover the real number X = F(p), seen as a function of p, is continuous in
(0, +00).

1.5 Qualitative properties of the effective Hamiltonian

We have moreover the following result



Theorem 1.11 (Qualitative properties of F). Let (F}); satisfying (A1)-(A6). For any constant L € R,
let F(L,p) denote the effective Hamiltonian given in Theorem 1.10 for p € (0,+00), associated with (F});
replaced by (L + F}); .

Then (L,p) — F(L,p) is continuous and we have the following properties
(i) (Bound) we have

(ii) (Monotonicity in L)

F(L,p) is non-decreasing in L.

1.6 Organization of the article

In Section 2, we give some useful results concerning viscosity solutions for systems. In Section 3, we prove
the convergence result assuming the existence of hull functions. The construction of hull functions is given
in Sections 4 and 5. Finally, Section 6 is devoted to the proof of the qualitative properties of the effective
Hamiltonian.

1.7 Notation
Givenr,R >0, t € R and = € R, Q, r(t,z) denotes the following neighbourhood of (¢, z)

Qrrt,z)=(t—rt+7r)x(x—R,z+ R).

For V = (V4,...,Vy) € RV, |V]s denotes max; [V;|. Given a family of functions (v;(-))jez and two
integers j,m € Z, [v];m denotes the function (vj_m(-),...,Vjtm()).

2 Viscosity solutions

This section is devoted to the definition of viscosity solutions for systems of equations such as (1.7), (1.8)
and (1.10). In order to construct hull functions when proving Theorem 1.10, we will also need to consider
a perturbation of (1.7) with linear plus bounded initial data. For all these reasons, we define a viscosity
solution for a generic equation whose Hamiltonian (G;); satisfies proper assumptions.

Before making precise assumptions, definitions and crucial results we will need later (such as stability,
comparison principle, existence), we refer the reader to the user’s guide of Crandall, Ishii, Lions [7] and the
book of Barles [3] for an introduction to viscosity solutions and [6, 21, 16, 17] and references therein for
results concerning viscosity solutions for systems of weakly coupled partial differential equations.

2.1 Main assumptions and definitions

As we mentioned it before, we consider systems with general non-linearities (G;),. Precisely, for 0 < T <
+o00, we consider the following Cauchy problem: for j € Z, 7 > 0 and y € R,

{ (uj)r = (&5 — uy)
(&) = Gj(7, [T, )]jm: & infyrer (§(T,y") —py') +py — &(7,9), (§5)y)

{ Ujn(T,y) = uj(1,y + 1)
§j+n(7_7y) :gj(77y+1)

(2.1)

submitted to the initial conditions

u;(0,y) = uo(y + %) = o, (y)
22) { §(0,y) =&y + L) :=&,;(y).



Example 2. The most important example we have in mind is the following one
Gi(T, Ve, Vi, rya,q) = 2F5(1, V) + (Vo — 1) + 6(ap + a)g™
for some constants 6 > 0, ag,a,q € R and where F; appears in (1.7),(1.8), (1.10).

In view of (2.1), it is clear that in the case where G; effectively depends on the variable a, solutions must
be such that the infimum of &;(7,y) — p-y is finite for all time 7. Hence, when G; does depend on a, we will
only consider solutions ¢; satisfying for some Cy(T") > 0: for all 7 € [0,T) and all y,y’ € R

(2.3) & (my+y') —&(ry) —py'| < Co.

When T' = +00, we may assume that (2.3) holds true for all time T > 0 for a family of constants Cy > 0.
Since we have to solve a Cauchy problem, we have to assume that the initial datum satisfies the assumption

(A0’) (Initial condition)
(uo, o) satisfies (A0) (with e = 1); it also satisfies (2.3) if G; depends on a for some j.

As far as the (G;);’s are concerned, we make the following assumptions.
(A1’) (Regularity)

(i) G, is continuous.

(ii) For all R > 0, there exists Lo = Lo(R) > 0 such that for all 7,V,W,r, s,a,q1,q2,j, with a €
[ R, R], we have

|G (T, V,r,a,q1) — G (1, W, 8,a,q2)| < Lo|V — Wls + Lolr — s| + Lolgn — g2 -
(iii) There exists Ly > 0 such that for all V,a,b,7,7,q,
|G;(7, V.7, a,q) = G(7,V,r,b,q)] < Lila — bl|q| -

(A2) (Monotonicity in V;, i # 0)

G (1, V_p, ... Vi, 7, a, q) is non-decreasing in V; for ¢ # 0.
(A3") (Monotonicity in a and V})

G;(1,V_p, ..., Vi, 7, a, q) is non-decreasing in a and in Vj.
(A4’) (Periodicity) For all (1,V,r,a,q) € R x R?"*! x Rx R x Rand j € {1,...,n}

Gi(r, Ve + 1, ., Vi +1L,r+1,a,9) = Gi(1, Vo, oo, Viny 1,6, q)
Gi(tr+1,V,r,a,q) = Gj(7,V,r.a,q).

(A5’) (Periodicity of the type of particles)

GjJrn = Gj for all j S/

A6’) (Ordering) For all (V_,., ..., Vi, Vine1) € R?™2 such that Vi, Vip1 > V;, we have
+ +

Gj+1(7_7 V7m+1; R Vm+1;raa7Q) Z Gj(T; V,m, teey vaTva’aq) .



Finally, we recall the definition of the upper and lower semi-continuous envelopes, u* and u,, of a locally
bounded function wu.

u*(1,y) = limsup u(t,x) and wu.(r,y)= liminf wu(t z).
()= (7,y) (t,x)=(7.y)

We can now define viscosity solutions for (2.1).

Definition 2.1 (Viscosity solutions). Let T' > 0 and up : R — R and & : R — R be such that (A0’) is
satisfied. For all j, consider locally bounded functions uj : Rt x R — R and §; : Rt x R — R. We denote
by Q= (0,T] x R.

— The function ((uj)j,(&;);) is a sub-solution (resp. a super-solution) of (2.1) on Q2 if (2.3) holds true
for & in the case where G; depends on a, and

VJ,TL,V(T,Z/), uj+n(7—a y) :uj(77y+1)7 §j+n(77y) :gj(Tay+ 1)

and for all j € {1,...,n}, u; and &; are upper semi-continuous (resp. lower semi-continuous), and for
all (1,y) € Q and any test function ¢ € C*(Q) such that u; — ¢ attains a local mazimum (resp. a local
minimum) at the point (1,y), then we have

(2.4) ¢r(7,y) < ao(&(T,y) —ui(r,y)) (resp. >)

and for all (1,y) € Q and any test function ¢ € C*(Q) such that &; — ¢ attains a local mazimum (resp.
a local minimum) at the point (T,y), then we have

(2.5) Or (1) < G, [ul™, )jam (), € (), IE (& (7y") = py') +py = & (7 u), &y (7, 9))
(resp. >).

The function ((u;);,(&;);) is a sub-solution (resp. super-solution) of (2.1),(2.2) if ((uJ)J, (&);) is a
sub-solution (resp. super-solution) on Q0 and if it satisfies moreover for ally € R, j € {1,...,n}

uj(0,y) < uoly + %) (resp. >)

0.9 <Gl + 1) (esp. 2).
A function ((uj);,(§;);) is a viscosity solution of (2.1) (resp. of (2.1),(2.2)) if ((u});,(&7);) is a
sub-solution and (((uj)+)j, ((§;)«);) is a super-solution of (2.1) (resp. of (2.1),(2.2)).

Sub- and super-solutions satisfy the following comparison principle which is a key property of the equation.

Proposition 2.2 (Comparison principle).
Assume (AQ’) and that (Gy); satisfy (A1)-(A5%). Let (u;,&;) (resp. (v,¢;)) be a sub-solution (resp. a
super-solution) of (2.1), (2.2) such that (2.3) holds true for & and (; in the case where G; depends on a.

We also assume that there exists a constant K > 0 such that for all j € {1,...,n} and (t,z) € [0,T] x R,
we have

(2.6) uj(t,z) Swoj(z) + K(1+1), &(tz) < &oi(z) + K(1+1)
(resp. —v;(t,z) < —ug j(z) + K(1+1t), —¢i(t,z) < =&, (x)+K(1+1)).
If
u;(0,2) <v;(0,z) and &;(0,z) < (;(0,2) foralljeZ, x€R,
then

uj(t,z) <wvj(t,z) and &(t,z) < ((t,z) forall jeZ, (t,x) € [0,T] xR.



Remark 2.3. Even if it was not specified in [10], the Lipschitz continuity in ¢ of G, is necessary to obtain
a general comparison principle.

Proof of Proposition 2.2. In view of assumption (A1°)(i) and using the change of unknown functions u;(t, z) =
e Mu;(t,r) and & (t,x) = e E;(t, ), we classically assume, without loss of generality, that for all r > s

(2.7) Gi(r,V,r,a,q) — G(1,V,s,a,q) < —L'(r — s)

for L' > Lo > 0.
We next define

M= sup max max (u;(t,2) —v;(t,z),&(t ) — ¢(t, 7)) .
(t,2)€(0,T)xRIE{L,...,n}

The proof proceeds in several steps.
Step 1: The test function
We argue by contradiction by assuming that M > 0. Classically, we duplicate the space variable by consid-
ering for €, o and n “small” positive parameters, the functions

. z —y|? 2 n
t oyt 2) — vyt y) — AT Y -
¢(7x7y5j> ’LL](,ZL'> vj(ay) € 25 O[| | T*t
2
: Al —yl 2 1
¢(tazay7]):gj(taz>7§](tay)7€ i % *O{|SC| 7T_t

where A is a positive constant which will be chosen later. We also consider
U(t,z,y,j) = max(e(t, z,y,j), o(t, ,y,])) -
Using Inequalities (2.6) and Assumption (A0’), we get
u;(t,x) = vj(t,y) < uoi(x) —uo;(y) +2K(1+T) < Kolo —y| +2K(1+T)

and
&(t,x) — ¢(ty) < Koo —y| +2K(1+T).

We then deduce that
lim @(t,z,y,j) = lim ¢(t,$,y,j) = —00,
|z],]y|—o0 ||, ]y|—o0
Using also the fact that ¢ and ¢ are u.s.c, we deduce that ¥ reaches its maximum at some point (£, Z, 9, 7).
Let us assume that W(£,Z,7,7) = (£, 7,7, j) (the other case being similar and even simpler). Using the
fact that M > 0, we first remark that for a and n small enough, we have

_ _ M
U(t,z,7,j) =t Mz oy > £ >0.

In particular,

Step 2: Viscosity inequalities for ¢ > 0
By duplicating the time variable and passing to the limit [7, 3], we classically get that there are real numbers
a,b,p € R such that

po My gearl® =P 5o AT Y

“r (T —1)? 2 5
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Subtracting the two above inequalities, we get

512
b 4T IE <1l V) (3). 6 5.2), (& () — pyf) + 0 — &(E.5). 5+ 20)

(2.8) = G(t, [o(t,)]7,m (), G (£, 9), inf (G5 (£, ') — py') + py — G(£, ), D) =: AG; .

Step 3: Estimate on u(t,z) — vk (1, 7)
If k € {1,...,n}, by the inequality o(f,z, 3, k) < ¢(t,Z,7,7), we directly get that

If k € {1,...,n}, let us define [}, € Z such that k — lyn = ke {1,...,n}. By periodicity, we then have

wn(t,2) = n(E,9) =iy, (F7) = 0,0 ()
=up(t, 7 + 1) — v (6,5 + li)
<& 3) - G 9) — oz — |7 + W[?)

where we have used the inequality (%, T + e, U+ Uk ) < ¢(t,7,7,7) to get the third line. Hence, for all
k € Z (and in particular for k € {j —m,...,j +m}), we finally deduce that

(2.9) up(t,7) — (£, 7) < & 7) - GEG) + o[z - |7+ L]

Step 4: Estimate of AG; in (2.8)
Using successively (2.9) and (A17)(ii), we obtain

AG; = Gj<t, [v(t, ) +&(E7) = G(Eg) +allzf — [z +LP|]; , 7).§E ),

inf(&(8,y') — py') + pT — &(t,T), p+2aw)

=G5 (t, [v(t,)l5.m(9), G (E,9), inf (G (E, ') — py') + pi — G(E.5), D)
t.

max ‘|:T:|2 — |f+lk|2‘
ke{j—m,....j+m}

[t )),m(9), & (@), inf (& (L, y) — py') + pZT — & (L, 2), p + 20%)
j Ev [U(Ea )]E,m(g)vgj( Y )71nf(<j(t7y) by ) +py CJ(E ) ﬁ) .

IN
~
o
o
=
@
\
S
g
+
~
o
Q
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Now using successively (2.7) and (A17)(iii), we get

(2.10) AG; < Lo(§(#2) — G(E,9) + Loa  max_||z]* — [z + L[| - L'(&§(F,7) - (£ 9))
ke{j—m,....j+m}

(5 [0 )gm (0), G (E9), inf (&5 (£ y) = py') + p2 = (8, 2), p + 207)

(& [o(E )]5,m (), G (&), inf(GG(E y) — py') + 95 — G(,9), D)

IN
t~
o}
5
"

m}(2|lkgz| +12)

(W (5) = ) + 97— §(0.0) = (G ') — ) -+ G020)) "1
+G5 (8 [, )]5,m (), G (&, 9), inf (&5 (Fy) — py') + py — &(E, @), + 20T)
G5 (B [0l (), G (. 5), b (5 B ) — ') + 3 — G (E9),7)
Using the fact that o]@| — 0 as a — 0, we deduce that
La ml?x(2|lk§c| +13)

+ G5 (L [t )5m (), G (£,9), inf (& (E y') — py') + 07 — &(%,7), 5+ 207)
- Gj (f, [U(Ea )]j,m (g)a Cj(_a g)a lnf(gj (f, y/) - py,) +py — 55 (f’ g)ap)
=04(1)
where we have used (2.3) to get a uniform bound R > 0 for inf(&;(t,y") — py') + py — & (1, ).

Step 5: Passing to the limit
Using the fact that ¢(¢,y',y,7) < ¢(t,Z,7, ), we deduce that

&Gt y) - &(t,2) < Gy) = GET) +aly' .
Combining this with the previous step, we get

Iz — gl

Ui AT
2.11 — + A
( ) T2 +de 2e

< I <mf<cj<t, y) —py — GEg) +aly?)

R
Cint(GEy) - py — G y))) 151+ p(E — 9)IF] + 0a (1)

IN

+
L <mf(<j<t, Y'Y — py' + aly1?) — inf(G (o) py'>> 7

e 12
€At|5C Y|
5

+p +0a(1>'

Choosing A = 2p, we finally get
% < 0a(1) + (nf(G(E, ") — py' +aly'[) — nf(GEy) —py)) pl.
Using the fact that for p = O(1) when o« — 0 (in fact the O(1) depends on e which is fixed) and using
classical arguments about inf-convolution, we get that
(inf(GG (T, y") —py' + oly'[*) — inf(¢(E y") — py")) 1P| = 0 (1)
and so

U
T2 < Oa(l)
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which is a contradiction for o small enough.

Step 6: Case t =0
We assume that there exists a sequence €, — 0 such that £ = 0. In this case, we have

o< My < &(z . il 2 < g(z 7) < ||D T—7
<5 S Mean < o(z) — &o(y) — o alz|* < &(@) = & (Y) < [|Déll~|z — 7|
Using the fact that |z — | — 0 as €, — 0 yields a contradiction. O

Let us now give a comparison principle on bounded sets. To this end, for a given point (79, yo) € (0,7) xR
and for all r, R > 0, let us set

Qr.r = (10— 1,70 +7) X (Yo — R, y0 + R).
We then have the following result which proof is similar to the one of Proposition 2.2

Proposition 2.4 (Comparison principle on bounded sets).

Assume (A1’)-(A5’) and that G;(7,V,r,a,q) does not depend on the variable a for each j. Assume that
((uj)j, (&5);) is a sub-solution (resp. ((vj);,(C);) a super-solution) of (2.1) on the open set Qr r C (0,T)xR.
Assume also that for all j € {1,...,n}

uj <vj o and & <G ooon (@ g \@rR)-
Then u; <wvj and & < (5 on Qr.r for j € {1,...,n}.

We now turn to the existence issue. Classically, we need to construct barriers for (2.1). In view of
(A1")(ii) and (A4"), for Ky given in (A0), the following quantity

(2.12) G = sup 1G,(7,0,0,0,q)]
TER, |q|<Ko, je{1,...,n}

is finite. Let us also denote Ly := L1 Kp. Hence, for all 7,a,b,r € R, V € R*"*t!1 ¢ € [-K,, Kq] and
je{l,...,n},

(213) |Gj (Ta Va r,a, Q) - Gj(Tv ‘/7 T, ba q)| S L2|a - b|
Then we have the following lemma

Lemma 2.5 (Existence of barriers). Assume (A0’)-(A5’). There exists a constant Ky > 0 such that

()5 (€ (r9))3) = (ol + ) + Kar), (ol + L) + Kar)y)

and . )
(e (7,9))5, (& (7)) = ((woly + 2) = Kam)y, (Soly + 2) = Kam),)

are respectively super and sub-solution of (2.1), (2.2) for all T > 0. Moreover, we can choose
(214) K1 = max (LQCO + LO (2 + I(Oﬂ + Mo) + @, aoMo)
n

where Cy, (Ko, Mo) and G are respectively given in (2.3), (A0’) and (2.12).

13



Proof. We prove that ((u;r (1,9));, (f;r (1,9y));) is a super-solution of (2.1), (2.2). In view of (A0) with e =1,
we have for all j € {1,...,n}

a0l (9) — uf (7)) = aouo(y + L) — 6oy + L)) < a0y < K,

and

G (T’ [u+ (7, )sm (¥), E;_ (1,9)s yl/rg];g (E;_ (7, yl) - py/) +py — §]+ (1,9)s (gj)y(Ta y))

=G; (T, [w* () = L (m ) | im (), €5 (7. ) = [ (7 9),

e (6 + D) o) + - Galo+ D+ 1)

y'€R
<LoCo+ Lo+ Lo+ Gy 7, [u(1,") —ul (1,9)];.m(W), &5 (1, 9) — uwl (7, 9),0, (€0),( Jrl)
>L200 0 0 7 ) ) j 7yj,my7] Y j > Y)Y, Q0)y\Y n
m .
<LyCo+ Lo + Lo +LOKOE + LoMo + G (T,O, -++50,0,0, ($0)y (y + %))
m _
§L200+2L0+L0K0E + LoMy+ G

where we have used the periodicity assumption (A4’) for the second line, assumptions (A0’) and (A1’)(ii)
for the third line, the fact that |ug(y + %) —ug(y + £)| < Ko7 for |k[ < m and assumption (A0’) for the
forth line and |(§g+)y| < Ky for the last line.

When G,(71,V,r,a,q) is independent on a, we can simply choose Ly = 0. This ends the proof of the
Lemma. O

By applying Perron’s method together with the comparison principle, we immediately get from the
existence of barriers the following result

Theorem 2.6 (Existence and uniqueness for (2.1)). Assume (A0’)-(A5’). Then there exists a unique
solution ((uj)j,(&5);) of (2.1), (2.2). Moreover the functions u;,§; are continuous for all j.

We now claim that particles are ordered.

Proposition 2.7 (Ordering of the particles). Assume (A0’) and that the (G;);’s satisfy (A1’)-(A6’).
Let (uj,&;) be a solution of (2.1)-(2.2) such that (2.3) holds true for &; if G; depends on a. Assume also
that the u;’s are Lipschitz continuous in space and let L, denote a common Lipschitz constant. Then u; and
&; are non-decreasing with respect to j.

Proof of Proposition 2.7. The idea of the proof is to define (v, ;) = (uj+1,&+1). In particular, we have

(Uj (Oa y)’ Cj (Oa y)) > (uj (Oa y)a €j (Oa y))

Moreover, ((vj)j,(¢;);) is a solution of

(vj)r = ao(¢; — vy),
(G)r = Gjpa (7, [o(7, )jm, Gy infyrer (G(T,¥") — py') +py — G(7,9), (G)y),

Gan(Ty) = Gy +1)

{
{ Vjgn(T,y) = v;(T,y + 1),
{
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Now the goal is to obtain u; < wv; and §; < ¢;. The arguments are essentially the same as those used in the
proof of the comparison principle. The main difference is that (2.8) is replaced with

,@),inf(§ (8 y') —py') +pT — &(E,T),p + 2a7)
=Gt v (7 )] m(9): GG (&, 9), nf (G (¢, y') — py') + py — G5(2,9), D)

T),inf(&5(t,y") — py') + pT — (1, %), P + 207)

<G5 [ult, )lgm(9), &, 7)1
9),G(69), inf(G (') = py') +py = G ), ) + LoLulZ — 7

- G3+1({7 [’U(E, )]j,m
= ZGJ

where we have used the Lipschitz continuity of v and Assumption (A1’).
To obtain the desired contradiction, we have to estimate the right hand side of this inequality. First,
using Step 3 of the proof of the comparison principle (with the same notation), we can define

§:=&(t,2) = GEY) + Lulz —gl+a  max_ (2[lz|+1F) >0
ke{j—m,....j+m}

such that for k € {j —m,...,j +m}, we get from (2.9) the following estimate
(2.15) ug(t,y) — vi(t,g) < 0.
Using Monotonicity Assumptions (A2’)-(A3’) together with (A1), we get
AG; < G [t 9) + (- = 7)0]5.m, & (E,7), inf(§(F,y") — py') + pT — &(F, 7), b+ 20)

+Lo(2m +1)0 + LoL,|Z — 7] -

Now we are going to use assumption (A6’). Remark first that we have for all &k € {—m, m — 1}
V(6T F (m+k+1)0 =uj 0 (89) + (m+E+1)8
and for k € {—m,...,m}, (2.15) yields
U1 (5 9) + (M +k+1)0 = ujy (8, 9) + (m + k)d .
Thus (A6’) implies that

(2.16) G5t [u(t, )]7,m(9); éj (t, ) inf(&;(ﬂ ) —py') +pz - &t f),ﬁ N 20@)

9)+ (4 1dl5m, & (¢ ), inf(§5(E,y") — py') + p2 — §(E, T), D + 202)
7G3+1(t77[ (tay) ( +1) ]j,mﬂ(j( 5y)71nf(<3({7y/) 7py/)+pg7€3(fa g)aﬁ)

+ Lo(2m + 1)(& (8, %) — G(t, 7)) +2(m + 1) LoLy|Z — 7| + Lo(2m + 1) et max_ }(2|l,@|+l§).
Jj—m,..., 7

Now, to obtain the desired contradiction, it suffices to follow the computation from (2.10); in particular,
choose L' > (2m + 1)L in (2.7). Then we obtain

n _
T2 <o0a(1)+2(m+1)LoLy,|T — 7|

which is absurd for @ and e small enough (since |Z — | — 0 as ¢ — 0) O
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3 Convergence

This section is devoted to the proof of the main homogenization result (Theorem 1.5). The proof relies
on the existence of hull functions (Theorem 1.10) and qualitative properties of the effective Hamiltonian
(Theorem 1.11). As a matter of fact, we will use the existence of Lipschitz continuous sub- and super-hull
functions (see Proposition 5.2). All these results are proved in the next sections.

We start with some preliminary results. Through a change of variables, the following result is a straight-
forward corollary of Lemma 2.5 and the comparison principle.

Lemma 3.1 (Barriers uniform in ¢). Assume (A0)-(A5). Then there is a constant C' > 0, such that for
all € > 0, the solution ((u5);, (§5)) of (1.8), (1.9) satisfies for allt >0 and v € R

[u5(t,2) —wola+ )| < Ot and [g5(t,2) - &(a + )| < C.

We also have the following preliminary lemma.

Lemma 3.2 (c-bounds on the gradient). Assume (A0)-(A5). Then the solution ((u®);, (§5);) of (1.8),
(1.9) satisfies for allt >0, x €R, 2> 0 and j € Z

(3.1) 5 {%J <SSt +2) —ui(t,x) <e [ZTKO-‘
and %
5 {%J <Etrtz)—E&(tr)<e [%—‘ .

Remark 3.3. In particular we obtain that functions u5(t,z) and &5 (¢, ) are non-decreasing in z.

Proof of Lemma 3.2. We prove the bound from below (the proof is similar for the bound from above). We
first remark that (A0O) implies that the initial condition satisfies for all j € Z

(32 w00+ 2) = wole+ 2+ 20) > wple + L) 4 2/Ko > u5(0,2) + ke with k:{%J

and
§(0,24+2) > &5(0,2) + ke .

From (A4), we know that for € = 1, the equation is invariant by addition of integers to solutions. After
rescaling it, Equation (1.8) is invariant by addition of constants of the form ke, k € Z. For this reason the
solution of (1.8) associated with initial data ((u5(0,z) + ke);, (§5(0,2) + ke);) is ((u§ + ke)j, (&5 + ke);).
Similarly the equation is invariant by space translations. Therefore the solution with initial data ((u5(0,z +
2))j, (€50, + 2);) is ((u5(t, = + 2));, (§5(t, @ + 2));). Finally, from (3.2) and the comparison principle
(Proposition 2.2), we get

ui(t,r +2) > u5(t,x) + ke and &G(t, o +2) > & (t,x) + ke
which proves the bound from below. This ends the proof of the lemma. |

We now turn to the proof of Theorem 1.5.

Proof of Theorem 1.5. We only have to prove the result for all j € {1,...,n}. Indeed, using the fact that
ufy, (t,x) =ui(t,x +¢) and 5, (t, ) = & (¢, © + ¢), we will get the complete result.
For all j € {1,...,n}, we introduce the following half-relaxed limits

u; = limsup*us, &, = limsup®&s
j VAN J
e—0 e—=0
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u, = = lim mf U E = lim 1nf E
=J >
e—0 J e—=0 «

These functions are well defined thanks to Lemma 3.1. We then define

U= max max(ﬂj,zj), v = min min(gj,éj).

J€{l,...,n} J€{1,...,n}

We get from Lemmas 3.1 and 3.2 that both functions w = v, v satisfy for all ¢t > 0, z,2’ € R, x < 2’ (recall
that &§ — ug as € — 0)

lw(t, z) — uo(x)|
(3.3) Ki'te — |

Ct,

<
< ’LU(t,SC) *’LU(t,:C/) < K0|:C71'/|'

We are going to prove that 7 is a sub-solution of (1.5). Similarly, we can prove that v is a super-solution of
the same equation. Therefore, from the comparison principle for (1.5), we get that u® < v <7 < u’. And
then 7 = v = u”, which shows the expected convergence of the full sequence u$ and &5 towards u for all

j
je{l,...,n}

We now prove in several steps that T is a sub-solution of (1.5). We classically argue by contradiction: we
assume that there exists (£,7) € (0,+00) x R and a test function ¢ € C! such that

v(t,T) = ¢(1,T)

U< ¢ on Qo (t,T), with >0
(3.4) T< 62 on Qo 7)\ Quo(L.7),  with >0

(1, %) = F(¢.(1,7)) +60,  with 6>0

Let p denote ¢, (¢,7). From (3.3), we get

Combining Theorems 1.10 and 1.11, we get the existence of a hull function ((h;);, (g:):) associated with p
such that

— 0 —
)\:F(p)+§:F(L,p) with L >0.

Indeed, we know from these results that the effective Hamiltonian is non-decreasing in L, continuous and
goes to +o0 as L — Fo0.
We now apply the perturbed test function method introduced by Evans [9] in terms here of hull functions

instead of correctors. Precisely, let us consider the following twisted perturbed test functions fori € {1,...,n}
t oot x t ot x
Qﬁf(t,lﬂ) :Ehi (—,M) , wf(t,w) = €g; (_,M) .
€ € € €

Here the test functions are twisted in the same way as in [14]. We then define the family of perturbed test
functions (¢5)icz, ((¥5)iez) by using the following relation

¢§+kn(t’x) = Qﬁf(t,l‘ + Ek)’ wirkn(t,l') = wf(t,l' + Ek)'

In order to get a contradiction, we first assume that the functions h; and g; are C' and continuous in z
uniformly in 7 € R, ¢ € {1,...,n}. In view of the third line of (1.10), we see that this implies that h;
and g¢; are uniformly continuous in z (uniformly in 7 € R, i € {1,...,n}). For simplicity, and since we will
construct approximate hull functions with such a (Lipschitz) regularity, we even assume that h; and g; are
globally Lipschitz continuous in z (uniformly in 7 € R, i € {1,...,n}). We will next see how to treat the
general case.

Case 1: h; and g; are C' and globally Lipschitz continuous in z
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Step 1.1: ((¢5):, (¢5);) is a super-solution of (1.8) in a neighbourhood of (¢,7)
When h; and g; are C*, it is sufficient to check directly the super-solution property of (¢5,1¢) for (t,x) €
Qr»(t,T). We begin by the equation satisfied by ¢5. We have, with 7 = t/e and z = ¢(¢, z) /e,

(@9)e(t, ) =(hi)7 (7, 2) + be(t, ) (hi) = (7, 2)
=(¢e(t, ) = X)(hi)=(7, 2) + a0 (9i(7, 2) = hi(T, 2))

= (¢t(tax) - (bt(faf) + g) (hi)z(T’z) + %(%&(t@) - ¢zs(tax))
2Wi(t2) - 65 (t,2))

0
3.6
(36) >
where we have used the equation satisfied by h; to get the second line and the non-negativity of h,, the fact
that § > 0 and the fact that ¢ is C1, to get the last line on @, ,.(f,T) for r > 0 small enough.

We now turn to the equation satisfied by ;. With the same notation, we have

BT W)~ 2F, ( Bl <x>> - D)
¢E(ta )

€

~(@u(t2) = X) (g0)=(r,2) + 2T + 2 (F (7 () (2)) = ( Bl <x>>>

A () - | 222 @

g

=(90)+(7, 2) + 6u(t, ) (9= (7, ) — 2F, ([ | <x>>—ao<m<r,z>—gz-<r,z>>

>(¢e(t, ) — ) (95)2(7,2) + 2L — 2Lp

o0

where we have used that Equation (1.10) is satisfied by (g;); to get the third line and (A1) to get the fourth
one; here, Ly denotes the largest Lipschitz constants of the F;’s (for i € {1,...,n}) with respect to V.

Let us next estimate, for ¢ € {1,...,n}, j € {—m,...,m} and € > 0,
s L (tx
Ldihwﬂﬂ@*—ﬁ%—l

If i+ 5 €{1,...,n}, then, by definition of ¢;;, we have
t ot ‘it
Zij = hitj (g,¢(’$))— 40 7) =0.

€ €
Ifi+j¢&{1,...,n}, let us define [ such that 1 <i+ j —In < n. We then have

¢f+j_ln(t, x + el)
€

t o(t,x) t otz +el)
=hiyj_in (E’ . + lp) —hitjin (Ea —_—

g
t ¢t x) t ot x)

=Nitj—in <g, — + lp> —hirjn <g, — +Ip+ Or(1)>

Zij =hitj—in(1,2 +1p) —

where 0,(1) only depends on the modulus of continuity of ¢, on @, ,(t,T) (for £ small enough such that
el < r with [ uniformly bounded and then (¢, + l) € Q,2-(t,7)). Hence, if h; are Lipschitz continuous
with respect to z uniformly in 7 and ¢, we conclude that we can choose € small enough so that

>0.

(3.8) L—Lp

’ 3

(7, i (2) — [M]m (x)

’ oo
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Combining (3.7) and (3.8), we obtain

()u(t, ) — 2F; ( o) <z>> 2067 ) 2 (@u(t,7) ~ A) (90):(7:2)

> (§+outn) — ) (0-(r2

0
~(5+0m) Gutr2)20.
We used the non-negativity of (g;)., the fact that § > 0 and again the fact that ¢ is C*, to get the result
on @, (t,7) for r > 0 small enough. Therefore, when the h; and g; are C! and Lipschitz continuous on z
uniformly in 7 and 4, ((¢5)s, (¢);) is a viscosity super-solution of (1.8) on Q,..-(¢, 7).

Step 1.2: getting the contradiction
By construction (see Remark 1.9), we have ¢7 — ¢ and ¢ — ¢ ase — O foralli € {1,...,n}, and therefore
from the fact that u; <0 < ¢ —2non Q,,,.(1,T) \ Qrr(t,T) (see (3.4)), we get for € small enough

r,2r

uzs < (bf -0 < d)zs - EkE on @r,?r(zv f) \ QT,T(zaf)

with the integer
ke = U?/EJ .

In the same way, we have
& <Y —n<yf —che on Qo (tT)\ Qrr(t 7).
Therefore, for me < r, we can apply the comparison principle on bounded sets to get
(3.9) u; < ¢ — ke, & <7 —eke on Qry(1,T).
Passing to the limit as € goes to zero, we get
UG<¢—n §<d—n on QT

which implies that

v S ¢ —n on Qr,r(%a f)
This gives a contradiction with T(¢,T) = ¢(¢,T) in (3.4). Therefore T is a sub-solution of (1.5) on (0, +00) xR
and we get that u; and § converges locally uniformly to u® for j € {1,...,n}. This ends the proof of the
theorem.

Case 2: general case for h

In the general case, we can not check by a direct computation that ((¢5):, (¢5);) is a super-solution on
Qr.r(t,T). The difficulty is due to the fact that the h; and the g; may not be Lipschitz continuous in the
variable z.

This kind of difficulties were overcome in [14] by using Lipschitz super-hull functions, i.e. functions
satisfying (1.10), except that the function is only a super-solution of the equation appearing in the first line.
Indeed, it is clear from the previous computations that it is enough to conclude. In [14], such regular super-
hull functions (as a matter of fact, regular super-correctors) were built as exact solutions of an approximate
Hamilton-Jacobi equation. Moreover this Lipschitz continuous hull function is a super-solution for the exact
Hamiltonian with a slightly bigger A.

Here we conclude using a similar result, namely Proposition 5.2. Notice that in Proposition 5.2 h; and
g: are only Lipschitz continuous and not C*. This is not a restriction, because the result of Step 1.1 can be
checked in the viscosity sense using test function (see [9] for further details). Comparing with [14], notice
that we do not have to introduce an additional dimension because here p > 0 (see (3.5)). This ends the
proof of the theorem. O
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4 FErgodicity and construction of hull functions

In this section, we first study the ergodicity of the equation (2.1) by studying the associated Cauchy problem
(Subsection 4.1). We then construct hull functions (Subsection 4.2).

4.1 Ergodicity
In this subsection, we study the Cauchy problem associated with (2.1) with
(4.1) Gj(r,V,r,a,q) = G?(T, V,r,a,q) = 2F;(1,V) + aog(Vo — r) + 6(ag + a)g™

with 6 > 0, agp € R and with initial data y — py. We prove that there exists a real number A (called the
“slope in time” or “rotation number”) such that the solution (u;,§;) stays at a finite distance of the linear
function AT + py. We also estimate this distance and give qualitative properties of the solution.

We begin by a regularity result concerning the solution of (2.1).

Proposition 4.1 (Bound on the gradient). Assume (A1)-(A5) and p > 0. Let 6 > 0, ag € R and
(uj,&5); be the solution of (2.1), (2.2) with G; = G? defined by (4.1) and uo(y) = py. Assume that (2.3)
holds true for &;. Then (uj,&;); satisfies

2LF 2LF

(4.2) 0 < (uj)y Spt+—5 and 0 < (&)y =Pt

where Ly denotes the largest Lipschitz constant of the F;’s fori=1,...,n.

Proof. We first show that u; and &; are non-decreasing with respect to y. Since the equation (2.1) is invariant
by translations in y and using the fact that for all b > 0, we have

wl(y+b+2) > uoly + 7).
n n
We deduce from the comparison principle that
uj(T,y +b) > ui(ry) and  &(my+0) > &(,y)
which shows that u; and {; are non-decreasing in y.
We now explain how to get the Lipschitz estimate. We would like to prove that M < 0 where

M= sup max{uj(T,x)—uj(T,y)—L|ac—y|— _n —a|x|2,
7€(0,T),z,yeR,j€{1,...,n} T—-71

() - () - Do = o] - 7 — ol }

as soon as L > p+ QLTF > 0 for any 7, > 0. We argue by contradiction by assuming that M > 0 for such

an L. We next exhibit a contradiction. The supremum defining M is attained since ¢; satisfies (2.3) and u;
can be explicitly computed.

Case 1. Assume that the supremum is attained for the function u; at 7 € [0,7),j€{1,...,n}, z,y €R.
Since we have by assumption M > 0, this implies that 7 > 0, x # y. Hence we can obtain the two following
viscosity inequalities (by doubling the time variable and passing to the limit)

< O‘O(gj(Tv :C) 7uj(7_7 .CC))

> ao(&(T,y) — u;(r,y))

ﬁ. Subtracting these inequalities, we obtain

a
b
with a — b =

@%%FSmM&h@—&ﬁwH—hﬂm@—wh@DSU

We thus get n < 0 which is a contradiction in Case 1.
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Case 2. Assume next that the supremum is attained for the function &;. By using the same notation and
by arguing similarly, we obtain the following inequality

n
-7 < 2F(Tujem (T, @), i (T, @) — 2F5(T, wjmm (T,9), - -+, W (T, 9))

+ao({u;(1,2) —ui(m,y)} — {&(r,2) = &(m,9)})
+0{p(x —y) — (&(,2) = &(7,y))}Lsign™ (x — y) + 2ad(ao + Co)|z|

where sign™ is the Heaviside function and where we have used (2.3). We now use
— the fact that the supremum is attained for the function ¢;

— the fact that &(r,z) > £;(7,y) implies that & > y (remember that we already proved that &; is
non-decreasing with respect to y)

— Assumption (Al); in the following, Ly still denotes de largest Lipschitz constants of the Fj’s with
respect to V;

— the fact that ad(ag + Co)|x| = 04(1)
in order to get from the previous inequality the following one

% < 2Lp  sup  fujpi(7,7) — w7, y)| + OpLlx — y| — Lo(§; (T, ) — &i(7,y)) + 0a(l) .
( - 7_) le{-m,....m}

Using the same computation as the one of the proof of Proposition 2.2 Step 3, we get

» sup }|Uj+l(7,$) —uj+1(7,y)] = { sup }(%‘H(Taw) —ujyi(1,9)) < &i(12) = &5(1y) + Call + |z)
e{—m,....m e{—m,....m

where C' is a constant. Since Ca(1 + |z|) = 0,(1) and M > 0, we finally deduce that
ﬁ < 2Lp(&(m, ) — &(7,y) 4+ 0p(&5 (T, 2) — &(7,y)) — Lo(&;(7, 2) — &(7,y)) + 0a(1)

For o small enough, it is now sufficient to use once again that &; (7, z) > &;(7,y) and the fact that L > p+ QLTF
in order to get the desired contradiction in Case 2. The proof is now complete. O

We now claim that particles are ordered.

Proposition 4.2 (Ordering of the particles). Assume (A0’), (A1)-(A6) and let 6 > 0, ap € R and
(u J,éa) be the solution of (2.1), (2.2) with G; = G? defined by (4.1). Assume that (2.3) holds true for &;

if 6 > 0. Then uj and 5}5 are non-decreasing with respect to j.

Proof. It § > 0, the results is a straightforward consequence of Propositions 2.7 and 4.1. If § = 0, the result
is obtained by stability of viscosity solution (i.e. ug — ug and 5}5 — §JQ as d — 0). |

Proposition 4.3 (Ergodicity). Let 0 < § < 1 and ap € R. Assume (A0)-(A6) and let (u;,§;); be a
solution of (2.1), (2.2) with G; defined in (4.1) and with initial data uo(y) = &o(y) = py with some p > 0.
Then there exists A € R such that for all (1,y) € [0,4+0) xR, j € {1,...,n}

(4.3) luj(T,y) —py — A7 < C3 and  |§(1,y) —py — A1| < C3
and
(4.4) Al < Cy
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where

6C!
Cs = 134+ —+7p+2K,
Qo
(4.5) Cy = max <a0MO, Lp(2+p(m+mn))+sup|F(7,0,...,0)| + (p/2+ Lr)(ap + C’o))
(where ag is chosen equal to zero for § = 0). Moreover we have for all 7> 0, y,y' € R, j € {1,...,n}
ui(1,y +1/p) = uj(m,y) + 1 §(ry+1/p)=¢&(my) +1
(46) (uj)y(Ta y) >0 (fj)y(Tvy) >0
luj(T.y+y') —ui(ry) —py'| <1 & (my+y) —&(my) —py| <1
uj1(7,y) > ui(7,y) §i+1(my) 2 &(T,y) -

In order to prove Proposition 4.3, we will need the following classical lemma from ergodic theory (see for
instance [19]).

Lemma 4.4. Consider A : R™ — R a continuous function which is sub-additive, that is to say: for all
t,s >0,
A(t+5) <A(t) + A(s) .
Then @ has a limit | as t — +o00 and
A(t
[ = inf Q .

We now turn to the proof of Proposition 4.3.

Proof of Proposition 4.3. We perform the proof in three steps. We first recall that the fact that u; and ¢;
are non-decreasing in y and j follows from Propositions 4.1 and 4.2.

Step 1: control of the space oscillations. We are going to prove the following estimate.
Lemma 4.5. For allT >0, all y,y’ € R and all j € {1,...,n},
(4.7) luj(T,y +9') —wi(ry) —py'[ <1 and  [§(r,y+y) —&(ry) —py'[ < 1.

Proof. We have
u;(0,y+1/p) =& 0,y +1/p) =&(0,y) + 1 =u;(0,y) + 1.
Therefore from the comparison principle and from the integer periodicity of the Hamiltonian (see (A3)), we
get that
uj(t,y+1/p) =uj(r,y) +1 and &(r,y+1/p)=¢i(r,y)+1.
Since u;(7,y) is non-decreasing in y, we deduce that for all b € [0, 1/p]

0 < wuj(r,b) —u,(r,0) <1
Let now y € R, that we write py = k 4+ a with k € Z and a € [0,1). Then we have
ui(1,y) — u;(1,0) =k + u;(1,a/p) — u;(7,0)
which implies, for some b € [0,1/p),
uj(m,y) —u;(1,0) — py = —a + u;(7,b) — u;(7,0)
and then for all 7 > 0 and all y € R,
|uj (7, y) — u;(7,0) —py| < 1.

In the same way, we get
& (T y) = &(7,0) —py| < 1.
Finally, we obtain (4.7) by using the invariance by translations in y of the problem. O
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Step 2: estimate on |u,;(7,y) — &;(,y)]|.
Lemma 4.6. For allj € {1,...,n} and 0 <6 <1,

C
(4.8) = &l < =
o

where Cy is given by (4.5).

Proof. We recall that ((u;), (§;)) is solution of

(uj)r = ao(&§5 — uj)
(4.9) {(@%SQ%VﬂMﬂJhm)Hmwj§)+&%+CEK®MV

where we have used (2.3). Using Proposition 4.1, we deduce that (for 6 < 1)
(4.10) d(ao + Co)((&)y)™ < (a0 + Co)(p +2LF).

We now want to bound F} (7, [u(7,-)]jm). We have

(7, [u(T, ) jm (y) =F5 (7, [u(T, ) — [ui(7,9)]],m(v))
<Lp + Fj(7, [u(7,") — ui(1,9)]j,m(y))

(4.11) <Lp+Lp sup (ujtx(7,y) —u;(1,y)) +sup F(7,0,...0)
ke{0,....m} T

where we have used the periodicity assumption (A4) for the first line, the Lipschitz regularity of F' for the
second and third ones, and the fact that u; is non-decreasing with respect to [ for the third line. Moreover
forallie {1,...,n}, k€ {0,...m} , we have that

0 < uigk(m,y) — ui(7,y) :ui+k_[ﬂn(7-,y + [k/’-‘ n) — u;(7,y)

<ury+ | [ )= wtr)
ao[E]
(4.12) <1+ p(m+n)

where we have used the periodicity of u; for the first line, the monotonicity in ¢ of u; for the second one and
the control of the oscillation (4.7) for the third one. We then deduce that

Fy (7, [uj(7,)]jm(y)) < Lr(2+p(m+n)) + sup F(r,0,...0).

Combining this inequality with (4.9) and (4.10), we deduce that

{ (uj)r = ao(§5 — uy)
(&)r <2Cs + ao(u; — &)

We now define for all j € Z v; = & — u;. Classical arguments from viscosity solution theory show that
(’Uj)T S 2(04 — Oé()’Uj).

We then deduce that

C
Uj S —4
Qo
Using the same arguments with super-solution for £;, we get the desired result. O
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Step 3: control of the time oscillations.
We now explain how to control the time oscillations. The proof is inspired of [14]. Let us introduce the
following continuous functions defined for 7" > 0

)\i (T) — - sup sup Uy (T + ’ (;2 % (Ta 0)
je{1,....n} 720

and
Ei(t+T,0)—&;(7,0
)\i(T): sup  sup it 72 1(1.0)
je{1,...,n} 720
- je{l,...n} 7>0 T
and

AL(T) = sup(\L(T), A(T)) and  A_(T) = inf(\“ (1), \°.(T)).
In particular, these functions satisfy —oco < A_(T') < A\ (T") < +o0.
)

The goal is to prove that Ay (T) and A_(T) have a common limit as T — oo. We would like to apply
Lemma 4.4.
In view of the definition of A} and )\3_, we see that T+ TAY(T) and T T>‘i (T') are sub-additive.

Analogously, T — —TA“(T) and T — —T)\g_(T) are also sub-additive. Hence, if we can prove that these

quantities A% (T), )\i(T) are finite, we will know that they converge. We will then have to prove that the
limits of Ay and A_ are the same.
Step 3.1: first control on the time oscillations

We first prove that Ay are finite.

Lemma 4.7. For all T > 0,

(4.13) Ky — % <A(T) <A (T) < Ky + %

where Cy = €4 + 34 2p and K, is defined in (2.14).

@0

Proof. Consider j € {1,...,n}. Using the control of the space oscillations (4.7), we get that
uj(r,y) =2 A+py—1 and (r,y) =2 A+py—1

where
A= inf }inf(uj(T,O),éj(T,O)) .

Recalling (see Lemma 2.5) that |A —p| + p(y + %) — 1 — Kjt is a sub-solution and using the comparison
principle on the time interval [7,7 + ¢), we deduce that

(4.14) uj(T—l—t,y)ZLA—pJ—i—py—i—%—l—Klt and «Ej(T—l—t,y)ZLA—pJ—i—py—i—%—l—Klt.
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YVe now want to estiznate A from below. Let us assume that the infimum in A is reached for the index
je{l,...,n}. Then j > j—mnsince j € {1,...,n}. We then deduce that

p+|A—-pl>A-1

>u;(T,0) — G _ 1

%)
C
>uj_pn(7,0) — 04_3 -1
>uj(r,—1) — g—z -1

C
Zuj(T,O)—a—j—Q—p

where we have used (4.8) for the second line, the fact that (u;); is non-decreasing in j for the third line, the
periodicity of u; for the fourth line and (4.7) for the last one. In the same way, we get that

Cy
p+[A-p|=&(T,0)— ——=2—p.
g
Injecting this in (4.14), we get that
(4.15) ui(T +t,y) > u,(1,0) — Cy + py — Kqt
and
§(r+t,y) > &(7,0) = C1 +py — Kit.
In the same way, we also get
(4.16) (T +t,y) <u;(r,0)+ Cr + py + Kit
and
&(m+ty) <&(1,0) + Cr+py + Kit.
Taking y = 0, we finally get (4.13). O

Step 3.2: Refined control on the time oscillations
We now estimate A — A_ in order to prove that they have the same limit.
Lemma 4.8. For all T > 0,

Cs

A (T) = A (1)) < 2

where Cy = 6 + % +3p+2C) +2K;.
Proof. By definition of A+ (T), for all € > 0, there exists 7= > 0 and v* € {uy,...un,, &1, ... &} such that

+/ -+ TO*Z‘: :I:O

Consider j € {1,...,n}. We choose 3 € [0,1) such that 7% — 7~ — 8 =k € Z and we set
AY = u;(17,0) —uj(r~ + 6,0), A§ =&(r7,0) =& (7~ +8,0)
and

A= sup sup(A}‘,Aﬁ).
je{l,...,n}
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Using (4.7), we get that
ui(r,y) Sui(r” +B,y) +2+[A] and &(rT,y) < &(rT 4+ B,y) +2+ [A].
Using the comparison principle, we then deduce that
(417) w;j(tt +T,y) <wuj(t— +B8+T,y) +2+[A] and &7 +T,y) <& +B+T,y)+2+[A]

We now want to estimate [A] from above. Let us assume that the maximum in A is reached for the index
j. We then have for all j € {1,...,n}

2C.
[A] <uz(rF,0) —uj (7~ + B,0) + a—o‘* +1

2C,
§uj+n(7+,0) —Uj—n (77 +5,0) + a—4 +1
0
2C,
Suj(r7,1) —uy(r7 + B, -1) + a—4 +1
0

2C
<uy(17,0) = ui (17 + 5,0) + ~= + 3+ 2p
0

where we have used (4.8) for the first line, the fact that (u;); is non-decreasing in j for the second line, the
periodicity of u; for the third line and (4.7) for the last one. In the same way, we also get

2C
I_A-| < gj(TJraO) _Ej(7-7 +6;0) + 04—4 +3+2p.
0
Injecting this in (4.17), we get
+ — 204 u
ui (Tt + Toy) Suj(r7 + B+ Toy) +5+ —— + 2 + A
0

and
2C
§j(T++T,y)§§j(T*+ﬂ+T,y)+5+a—4+2p+A§.
0

Taking y = 0 and using (4.15) (with 7 =7~ and ¢t = ) and (4.16) (with 7 =7~ + T and ¢t = j3), we get
2C
wi(tt +T,0) —u;(71,0) <uj(r™ +T,0) —u;(r—,0) + 5+ L op 420 + 2K,
Qg
In the same way, we get
+ + - - 20y
fj(T +T,O)—€j(7' ,0)§€j(7‘ —l—T,O)—fj(T ,0)+5+a—+2p+201+2K1.
0
Using also (4.8), (4.7) and the fact that (u;); and (&;), are non-decreasing in j, we finally get

v (T +T,0) — vt (77,0) <o (77 +T,0) — v (77,0) + Cs.

The comparison of u; and &; makes appear the additional constant 2Cy /v, and the comparison between u;
and uy, (and similarly between &; and ) creates an additional constant 1 + p. Indeed, we have

i (7,0) — ug(7,0) = wjpn(7,1) — ug(7,0) < Ujqn(7,0) —up(7,0) +1+p < 1+p.

This explains the value of the new constant Cs.
This implies that
TAL(T)<TA(T)+2+Cs.

Since this is true for all € > 0, the proof of the lemma is complete. O
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Step 3.3: Conclusion
We now can conclude that limp_, o0 Ay (T) are equal. If A denotes the common limit, we also have, by
Lemma 4.4, that for every T' > 0,

A (T) S A< A (T).

Moreover, by Lemma 4.8, we have

A (T) < A(T) + %

and so

A(T) <A< A(T) + =

We finally deduce (using a similar argument for Ay ) that

Ae(T) =N < 2,

Combining this estimate and (4.7), we get with 7' =7
|uj(7,y) = u;(0,0) —py — A7[ < C2 + 1

and
& (T, y) —&(0,0) —py = A7| < Co + 1.
This finally implies (4.3) with C5 = Cy + 1. O

4.2 Construction of hull functions for general Hamiltonians

In this subsection, we construct hull functions for a general Hamiltonian G;. As we shall see, this is a
straightforward consequence of the construction of time-space periodic solutions of (4.18); see Proposition 4.9
and Corollary 4.10 below. We will then prove that the time slope obtained in Proposition 4.3 is unique and
that the map p +— A is continuous; see Proposition 4.11 below.

Given p > 0, we consider the equation in R x R

{ (uj)r = (&5 — uy)
(&) = Gj(7, [T, )]jm: & infyrer (§ (7, ¥") —py') +py — &(7,9), (§5)y)
(4.18)
{ uj-i-n(Ta y) = Uj(T,y + 1)
§j+n(7_7y) = gj(Tvy + 1) )

where G = G? is given in (4.1) for 6 > 0. Then we have the following result

Proposition 4.9. (Existence of time-space periodic solutions of (4.18))
Let 0 <6 <1, a0 € R and p > 0. Assume (A1)-(A6). Then there exist functions ((u5°);, (£5°);) solving
(4.18) on R x R and a real number X\ € R satisfying for all T,y € R, j € {1,...,n}

(4.19) [ui*(T,y) —py — A1| < 2[C3]

1€5°(T,y) —py — At| < 2[Cs].

Moreover ((u3°);, (£5°);) satisfies for j € {1,...,n}

u(r,y +1/p) =uF(r,y) +1 §°(ry +1/p) = &°(1,y) + 1
(4.20) ui (T + Ly) = u(1,y + A/p) & (r+1,y) = &°(ry+ A/p)
' (u3®)y(T,y) =0 (&)y(r.y) =2 0
Uj+1(T, y) > ’LL]'(T, y) . §j+1(7—5 y) > fj(T,y) .

Eventually, when the Hamiltonians G; are independent on 7, we can choose u3® and &5 independent on 7.
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By considering for all 7,z € R

{ hy(1,2) = u®(r,(z — A7) /p) if j € {1,...,n}

(4.21) hjin(T,2) = hj(1,2 +p) otherwise

and for all 7,z € R,

(4.22) { g;(r,2) = €°(1,(z = A7) /p) ifje{l,....n}

9j+n (1,2) = g; (1,24 p) otherwise
we immediately get the following corollary

Corollary 4.10. (Existence of hull functions)
Assume (A1)-(A6). There exists a hull function ((hj)j,(gj);) in the sense of Definition 1.8 satisfying

|hyj(7,2) — 2| < 2[Cs]

and
lgj (7, 2) — 2| < 2[C3]

We now turn to the proof of Proposition 4.9.

Proof of Proposition 4.9. The proof is performed in three steps. In the first one, we construct sub- and
super-solutions of (4.18) in R x R with good translation invariance properties (see the first two lines of
(4.20)). We next apply Perron’s method in order to get a (possibly discontinuous) solution satisfying the
same properties. Finally, in Step 3, we prove that if the functions G; do not depend on 7, then we can
construct a solution in such a way that it does not depend on 7 either.

Step 1: global sub- and super-solution
By Proposition 4.3, we know that the solution (uj,&;) of (2.1), (2.2) with initial data uo(y) = py = &o(v)
satisfies on [0, +00) X R

(uj)y >0, (gj)y >0,

(4.23) luj(,y) — py — M| < Cs, 1€ (T, y) —py — A7| < Cs,
luj(T,y +y') —ui(r,y) —py'| <1, 1&i(roy +y') =& (my) —py'| <1,
uj+1(Ta y) > uj(Ta y)a €j+1(7-a y) > €j (Ta y) .

We first construct a sub-solution and a super-solution of (4.18) for 7 € R (and not only 7 > 0) that also
satisfy the first two lines of (4.20), i.e. satisfy for all k,1 € Z,

k l
(4.24) U(r + k,y) :U(T,y+)\1—j) and U(T,erE) =U(ry) +1.

To do so, we consider for j € {1,...,n} two sequences of functions (indexed by m € N, m — o0)

and consider

u; = limsup™u!” = limsup™¢l”
J i Sy J
m——+o00o m——+o0
w; = liminf «!*, £ = liminf &".
J m——+00, J =J m—+00, J

We first remark that thanks to (4.3), all these semi-limits are finite. We also remark that for all k,1 € Z,

Wi (T +k,y —kXp+1/p) = LE(T + kyy — kX p+1/p) — 1)
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is a sub-solution of (4.18). A similar remark can be done for the super-solutions (gj,éj)j.
Now a way to construct sub-solution (resp. a super-solution) of (2.1) satisfying (4.24) is to consider

(4.25) { (1, y) = (supy ez (Wi(1r + k,y — kX p+1/p) — l))* ,
| & (ry) = (suppien (E(r+ky —kXp+1/p) = 1)),
and
u$®(r,y) = (infriez (u; (7 + k,y —kX/p+1/p) —1)),,
(4.26)

£7°(ry) = (infk,lez (Ej(T +k,y—k\p+1/p)— l))*

Notice that w5, u3°, E;O and é;’o satisfy moreover (4.23) on R x R. Therefore we have in particular

> 1 2[C5] and Efgg;”u[cgy

Step 2: existence by Perron’s method B
Applying Perron’s method we see that the lowest-x super-solution ((u3°);, (§5°);) lying above ((u5°);, (fjo) i)
is a (possibly discontinuous) solution of (4.18) on R x R and satisfies

TE < u <uF +2[C] and <0 <7 +2[Ch).

We next prove that u® satisfies (4.20). For j € {1,...,n}, let us consider

(4.27) a;°(1,y) = <ki,?efz (u;’O(T +ky—kNp+1/p)— l))

*

&) = (nt, (&5 + by = N/ +1/3) ~ 1))

By construction the family ((@5°);, (é}’o)j) is a super-solution of (4.18) and is again above the sub-solution
((@5°);5 (Ejoo)j) Therefore from the definition of ((u$°);, (£5°);), we deduce that

~00 __ , 00 FOO __ 00
u;° =u;® and & =

which implies that u$° and £5° satisfy (4.24), i.e the first two equalities of (4.20).
Similarly, we can consider, for j € {1,...,n}

{00 — inf o b
u] (Tay) (beiﬁ+aﬂ1% (Tay'+ ))*

£ (ry) = <be[iOI,1-if-oo) &°(r,y + b)) )

which is again super-solution above the sub-solution ((@}°);, (EJOO) j)- Therefore

4 =u and £° =¢°

which implies that u3° and £7° are non-decreasing in y, d.e. the third line of (4.20) is satisfied.

Let us now prove that u3° and {° are non-decreasing in j. We consider, for j € {1,...,n}

) = (f wtatr)) = (i wsenn)

0<k<n
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&°(ryy) = (mf€ ren (T y)) = (Oégingg-i-k(T y)) :

The fact that this is a super-solution uses assumption (A6). Indeed, let us assume that the infimum for u;
is reached for the index k, and that the infimum for &; is reached for the index k¢. Then, formally, on one
hand we have

(a;?o)T(Ta y) :ao(gﬁku (Ta y) - u?j—ku (Ta y))
>0 (&55k (Ty) — Uﬁk (7,9))

>ao(E°(,y) — 5°(T,y))

where we have used the fact that 57, (7,y) > E5S ke (7,9). On the other hand, we have

(65°) (7, y) =G e (7, [0 (5 N jpe (1), E55 1 (1,), mf( Sk (1Y) = py') + Yy — 50 (T29), (§55 0 )w)
>Gjre (7, [0%(7, )] jake (v), 657 (T, y), mf(& (r,y") —py') +py — §°(1,9), (7))
ZGjJrkg*l(Tv [ﬁOO(Ta ')]jJrkg*l(y)agj (7_7 y) 1nf(§ (T Y ) /) +py — 53?0(77 y)a (gfo)y)

>

>G(r, [0%(7,)];(y), §° (7, ), mf(§ (my") —py') +py = (1, 9), (7))

where we have used the fact that UFS etk = UGSkt and §]+k£ (r,y') > §°°(T y') joint to the monotonicity
assumption of G in the variable V; and a for the first inequality and assumtion (A6) joint to the fact that
43° is non-decreasing in j (by construction) for the other inequalities.

We then conclude that (1 ,E;O) is again super-solution above the sub-solution ((u3°);, (§ );). Therefore

(e ~ 00 0o __ Foo
ui® =u;° and & =E;

which implies that u$° and §;’° are non-decreasing in j, i.e. the forth line of (4.20) is satisfied.
Finally, the function ((u3® — [C3]);, (§5° — [Cs]);) still satisfies (4.20) and also satisfies (4.19).

Step 3: Further properties when the G; are independent on 7

When the G; do not depend on 7, we can apply Steps 1 and 2 with k& € Z in (4.25), (4.26) and (4.27) replaced
with £ € R. This implies that the hull function ((h;);, (g;);) does not depend on 7. This ends the proof of
the proposition. O

Proposition 4.11 (Definition and continuity of the effective Hamiltonian).
Consider p > 0 and assume (A1)-(A6). Then

— there exists a unique real number X € R such that there exists a solution ((u$°);,(£5°);) of (4.18) on
R x R such that there exists C' > 0 such that for all T,

(4.28) |hj(r,2) — 2| < C and |g;(1,2) — 2| <C,

where the hj and the g; are defined in (4.21) and (4.22); moreover, we can choose C = 2[Cs| with Cs
given in (4. 5)

—if X is seen as a function G of p (A = G(p)), then this function G : (0, +00) — R is continuous.
Before to prove this proposition, let us give the proof of Theorem 1.10.

Proof of Theorem 1.10. Just apply Proposition 4.11 with G = F. O
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Proof of Proposition 4.11. The proof follows classical arguments. However, we give it for the reader’s con-
venience. The proof is divided in two steps.
Step 1: Uniqueness of A\
Given some p € (0,+00), assume that there exist A, A2 € R with their corresponding hull functions
((h})s,(97)5), ((R3),(g3);). Then define for i = 1,2, j € {1,...,n}

ul (T, y) = hi(r, T +py) and  &(7,y) = gj(T, \iT + py)

which are both solutions of equation (2.1) on [0, +00) x R. By Corollary 4.10, we know that h; and g; satisfy
(4.28). Then we have with C = 2[C5]

u}(O, y) < u?(O,y) +2C and Ejl- 0,y) < §J2-(O,y) +2C
which implies (from the comparison principle) for all (7,y) x [0, +00) x R
uj(r,y) <ui(r,y) +2C and &j(r,y) <& (r,y) +2C.

Using the fact that h%(7 +1,2) = h(7,2) and gi(1 + 1,2) = gi(7, z), we deduce that for 7 = k € N and
y = 0 we have
hj(0, A1k) < h3(0, A2k) +2C  and  gj(0,Ak) < g7(0, \2k) +2C

which implies by (4.28)
Mk < Ak +4C.

Because this is true for any £ € N, we deduce that

A< A
The reverse inequality is obtained exchanging ((h7);, (97);) and ((h3);, (g7);). We finally deduce that A\, =
A2, which proves the uniqueness of the real \, that we call G(p).

Step 2: Continuity of the map p — G(p) .
Let us consider a sequence (py)m such that p, — p > 0. Let Ay, = G(pn) and ((h]");, (g]");) be the
corresponding hull functions. From Corollary 4.10, we can choose these hull functions such that for j €

{1,...,n}
|h;”(7',z)—z|§2[03], and |g§”(7‘,z)—z|§2[03]

and we have

where we recall that Cj is defined in (4.5). Remark that both C3 and C4 depends on p,,, but can be bounded
for p,, in a neighbourhood of p. We deduce in particular that there exists a constant Cs > 0 such that

| (7, 2) — 2| < C5,  |g'(1,2) —2| < C5 and  [Ap] < Cs.

Let us consider a limit Ao of (A, )m, and let us define

Ej =limsup"h}", and g; = limsup“g;".
m——+oo m——+o0

This family of functions ((h;);, (g;);) is such that the family

(@ (1,9));5 (€5(1,9))5) = (h5(T, AT + 1Y) (G5(7; Ao + pY)) ;)

is a sub-solution of (4.18) on R x R. On the other hand, if ((h;);, (g;);) denotes the hull function associated
with p and A = G(p), then

((us(1,9))5, (&i(T,9))5) = ((hi (7, AT +pY)) s, (95 (7, AT + pYy)) ;)
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is a solution of (4.18) on R x R. Finally, as in Step 1, we conclude that

Ao <A
Similarly, considering
e m e m
by = Jminl-hyt and g, = Iming-9
we can show that
Ao = A

Therefore Ao, = A and this proves that G(p,,) — G(p); the continuity of the map p ++ G(p) follows and this
ends the proof of the proposition. O

5 Construction of Lipschitz continuous approximate hull functions

When proving the Convergence Theorem 1.5, we explained that, on the one hand, it is necessary to deal
with hull functions (h, g) = ((h;(7, 2));, (9;(7,2));) that are uniformly continuous in z (uniformly in 7 and
j) in order to apply Evans’ perturbed test function method; on the other hand, given some p > 0, we also
know some Hamiltonians Fj, with corresponding effective Hamiltonian F(p), such that every corresponding
hull function h; is necessarily discontinuous in z for ag = +o00 (see [1, 10]). Recall that a hull function (h, g)
solves in particular

(5.1) { (hj)r + A(h): = ao(g; — hy)
(95)r + A(gj)= = 2F5(7, [P(7, )]j,m) + c0(hj — g5)
with A = F(p) and
hjin(T,2) = hj(T, 2+ D), Gjtn(T,2) = g;i(T,2 +p).
We overcome this difficulty as in [10] (see also [11, 14, 15]).

—5
We build approximate Hamiltonians G° with corresponding effective Hamiltonians \° = G (p), and
corresponding hull functions (k°, ¢°), such that

(hS, g?) is Lipschitz continuous with respect to z uniformly in 7 and j

G (p)— F(p) as 6—0
(h%, g%) is a sub-/super-solution of (5.1).

We will show that it is enough to choose for 6 > 0
(5.2) G?(T, V,ra,q) = 2F;(1,V) + ao(Vo — ) + 6(ag + a)g™
with ag € R (in fact, we will consider ag = +£1).

We have the following variant of Corollary 4.10.

Proposition 5.1 (Existence of Lipschitz continuous approximate hull functions).
Assume (A1)-(A3). Given p >0,0< 6 <1 and ag € R, then there exists a family of Lipschitz continuous
functions ((h;);,(g;);) satisfying for j € {1,...,n}

hj(r,z+ 1) =hj(r,z) +1 gi(t,z+1)=g,(1,2)+1

hj(T+1aZ):hj(Tvz) gj(T-‘rl,Z):gj(T,Z)
(5.3)

0< (hy). <1+ 2 0<(g7): <1425
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and there exists A € R such that

(hj)r + Alhs). = ao(g; — hy)
(95)r + A(gj)= = 2F;(7,[M(7,)]jm) + o (h; — g;)
(5.4) +0p {ao +inforer (hj(1,2") = 2') + 2 = hj(1,2))} (h))-
{ hj+n(7_’z) = hj(T’Z+p)
gj.:,_n(T,Z) = gj(T,Z—l—p)

and for all T,2,2’ € R

(5.5) |hj(T,2') = 2"+ 2= hj(r,2)| <1 and |gj(1,2) =2 +2z—g;(r,2)] <1.
Moreover there exists a constant Cy > 0 defined in (4.5) such that

(5.6) (Al < Cy

and for all (1,z) € R x R,

(5.7) |h(7,2) — 2| < C(C4, p, a0, 8laolp) ,

lg(7,2) — 2| < C(Cy4, p, g, d|ag|p) -

Moreover, when the F; do not depend on T, we can choose the hull function ((hj);,(g;);) such that it does
not depend on T either.

Proof of Proposition 5.1. The construction follows the one made in Proposition 4.3 and Proposition 4.9.
However, Proposition 4.9 has to be adapted. Indeed, since we want to construct a Lipschitz continuous
function with a precise Lipschitz estimate, we do not want to use Perron’s method. This is the reason why
here we can use a space-time Lipschitz estimate of ((u;), (§;)) to get enough compacity to pass to the limit.

The space Lipschitz estimate comes from Proposition 4.1. The time Lipschitz estimate of the u;’s follows
from Lemma 4.6 and the equation satisfied by u;. The time Lipschitz estimate of the &;’s is obtained in
the same way, using the fact that we can bound the right hand side of the equation satisfied by &;. Indeed,
one can use the space oscillation estimate of u to bound F'(¢, [u(t, -)];m(x)) (as we did in (4.11)-(4.12)) and
Lemma 4.6 and Proposition 4.1 to bound remaining terms. O

We finally have

Proposition 5.2 (Sub- and super- Lipschitz continuous hull functions). We consider 0 < § <1 and
the Lipschitz continuous hull function obtained in Proposition 5.1 for ag = +1, that we call ((h?’i)j, (g?’i)j),
Aé,i

and the corresponding value of the effective Hamiltonian. Then we have

5, 410, . 5, s,
(hj +)'r +/\6+(hj +>z = 040(ngr *hj +)
(975 )r +XF (7). = 2F5(n WO )jm) + a0 ()T = g7)

and
AN SN as 80

and

5,— —(1,0,— o 5,— 5,—

(hj )TJF/\J (hj ): = Oéo(gj *hj )

5,— = 8,— — 3, — 8, —

(g7 )r +A77(g; 7). = 2F(r, [0 (7, )]jm) + ao(h] ™ —g57)
and

A>MN7 =X as 50
where A\ = F(p).

Proof of Proposition 5.2. Inequalities £A\%* > £\ follow from the comparison principle. Remark that
bounds (5.6) and (5.7) on A>* and h%F are uniform as § goes to zero. Hence the convergence A+ — X
holds true as § — 0. Indeed, it suffices to adapt Step 2 of the proof of Proposition 4.11. O
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6 Qualitative properties of the effective Hamiltonian

Proof of Theorem 1.11. We recall that we have hull functions ((h;),, (¢;);) solutions of

{ (hj)r + M)z = aolgj — hy)
(9i)r + A(gj)z = 2L+ 2F (7, [A(7, )] jm(2)) + ao(h; — g;)

with A = F(L, p).

The continuity of the map (L, p) — F(L,p) is easily proved as in step 2 of the proof of Proposition 4.11.
(i) Bound

This is a straightforward adaptation of the proof of (4.13).

(ii) Monotonicity in L

The monotonicity of the map L + F(L, p) follows from the comparison principle on

((uj(r,y) = hi(T. AT+ py));, (&(T,y) = g5 (T, AT + py));

where ((h;);,(g;);) is the hull function and A = F(L, p).

A An alternative proof of Proposition 4.1

In this section, we give an alternative proof of Proposition 4.1. We adapt here the method we used in [10]
and we provide complementary details.

A.1 Explanation of the estimate of Proposition 4.1

In this section, we formally explain how we derive the estimate obtained in Proposition 4.1.
We can adapt the corresponding proof from [10]. For all 7 > 0, we consider the following Cauchy problem

{ (uj)r = (&5 — uy )
)r = Gor [u(T, )jim, & (), infyrer (§5(70") — py') + Py — &(1,9), (§5)y) +1(E5)yy

Ujtn (T, y) =u,(T,y+1)
(A1) { éjin(ﬂy) =§i(ry+1)

{uj((),y) =p(y+1)
§0,y) =p(y+2)

where G? is given by
G?(T, V,r,a,q) =2F;(1,V) + ag(Vo —r) + d(ao + a)g

(remark that this is not exactly the function given by (5.2)). It is convenient to introduce the modified
Hamiltonian

Fi(t, Ve, oo Vi) = 2F5(1, Vs - Vi) 4+ a Vo

so that B
G?(T, Ve oo s Vi, ra, @) = Fj (1, Vo, ..., Vi) — aor + 6(ao + a)q .

Hence, the Lipschitz constant of Fj(T, V) with respect to V' is K; = 2Lp + .

Case A: 7 >0 and F; € C! For n > 0, it is possible to show that there exists a unique solution ((u;);, (£;);)
of (A.1) in (C?FTo1Ta)2n for any o € (0,1). We will give the main idea of this existence result in the next
subsection.

Step 1: bound from below on the gradient
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Then, if we define ¢; = (¢;), and v; = (u;),, we can derive the previous equation in order to get the following
one

(vi)r
(Cj)r - U(Cj)yy

(G — vy)
(F) ( [ (7, )m () - [0(7,)]jm (y) — @0C; — (¢ =PI
+6 (a0 + infyrer (§(7, ') = py') +py — §(1,9)) (G)y

’Uj+n(7-ay): Uj(T’y+1)
Gan(my) = G(ry+1)

v;(0,y) = ¢(0,y) =p.

Let us now define

m,(7) :je{llnf m};rel%vg(T ;y) and mAT):je{llnf m}égf G(T,y).

Then we have in the viscosity sense:

(mv) Z - ( C mv)
(mc) > Lrmin(0,m,) — aom, — (5(m< —p)mC
m,(0) =m(0) =p>0

where we have used the monotonicity assumptions (A2) and (A3) to get the term Lp min(0,m,) with
Lr = 2Lp + . The fact that (0,0) is a sub-solution of this monotone system of ODEs implies that, for

je{]""'?n}’
vi>m, >0 and (;>m.>0.

In particular, we see that (u,£) is a solution of (A.1) with G? given by (5.2).

Step 2: bound from above on the gradient
Similarly we define

me(r) = sup sup((r,y) and ()= sup supv;(7,y).
je{l,....,n} yeR je{l,....n} yeR

Then we have in the viscosity sense

(My)r < o (mC —My)
(m¢)r < 2Lp)My + (M, —M¢) — 6(m¢ — p)me
m,(0) =m ( )=p>0
where we have used Step 1 to ensure that v; > m, > 0 for j € {1,...,n}. The constant function (p +

(2LF)5~1) (for both components) is a super-solution of the previous monotone system of ODEs. Hence, the
proof is complete in Case A.

Case B: 1 =0 and F general
We can use an approximation argument as in [10]. This ends the proof of the proposition.

A.2 Proof of the existence of a regular solution of (A.1)

We just give the main idea.
It can be useful to remark that u;4; can be rewritten as follows: for all [ € {—m,...,m},

(A.3) wini(1,y) =p- (y+ (G +1)/n)e™ " +aqg / e0C=Te (s, y)ds .
0
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We set v;(1,y) = &;(7,y) — py. Then (v,); is a solution of

[0(7,-) + ljm () + 6 (1 +infy (o(7,y")) = v(7,9)) (vy +p)

(Uj)t —U(Uj)yy Fj(t ( )
y+1)+p

(A.4) Vjtn(T,y) = UJ(
v;(0,y) = p(£)

where F;[1, [£(T, )]j.m (y)] = 2F; (7, [w(T, )]j.m (y)) + cou;(1,y) — & (7, y) with u given by (A.3) as a function
of the time integral of £&. Since we attempt to get &;(7,y + %) = {;(1,y) + 1, we will look for functions v;
which are periodic of period %. The basic idea is to use a fixed point argument. First, we “regularize” the
right hand side of (A.4) by considering for some given K > 0

Frej(r0) = TY(Fy(r,[o(r, ) + plim(®))) + 6 (1 Tk (nf(0(r,)) y») (T2 (v, + 7))

where T}, € C§° are truncature functions. In particular, Fg ;(7,-) € W' uniformly in 7 € [0, +00) and so
for all ¢ > 1, there exists a solution w = (w;); = A(v) € W14([0,T] x [0, %)) of
(wj)e = n(w;)yy = Fr i (v)
Now, we want to show that the operator A is a contraction. Let vy,ve € W214(]0,T] x [0, %)) Standard
parabolic estimates show that
[Aj(v1) = Aj(v2) w14 0,11 x [0, 1))
<SC|Fr,(7:01) = Fre i (T 02)| Lo, 1)x[0,2)

<C (|U2 - v1|Lq([O,T]><[O,%)) + |inf(v2) — v2 — (inf(v1) — v1)|Lq([O,T]><[O,%)) + |(v2 — vl)y|Lq([0,T]><[O,%)))

<CT|vy — Ul|Wz,1;q([0,T]><[07%))

for some 5 > 0 (see [20, 13]).

Sobolev embedding and parabolic regularity theory in Holder’s spaces implies the existence for 7" small
enough of a solution w; € O+

While we have smooth solutions below the truncature, we can apply the arguments of Subsection A.1 and
get estimates on the gradient of the solution which ensures that the solution is indeed below the truncature.
Finally, a posteriori, the truncature can be completely removed because of our estimate on the gradient of
the solution.
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