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What happens after a default: the conditional density approach *

Nicole El Karoui’ Monique Jeanblanct Ying Jiao®

May 5, 2009

Abstract

We present a general model for default time, making precise the role of the intensity
process, and showing that this process allows for a knowledge of the conditional distribution
of the default only “before the default”. This lack of information is crucial while working in
a multi-default setting. In a single default case, the knowledge of the intensity process does
not allow to compute the price of defaultable claims, except in the case where immersion
property is satisfied. We propose in this paper the density approach for default time. The
density process will give a full characterization of the links between the default time and the
reference filtration, in particular “after the default time”. We also investigate the description
of martingales in the full filtration in terms of martingales in the reference filtration, and the
impact of Girsanov transformation on the density and intensity processes, and also on the

immersion property.

1 Introduction

Modelling default time for a single credit event has been largely studied in the literature, the
main approaches being the structural, the reduced-form and the intensity ones. In this context,
most works are concentrated (for pricing purpose) on the computation of conditional expectation
of payoffs, given that the default has not occurred, in the case where immersion property is

satisfied. In this paper, we are also interested in what happens after a default occurs: we find it
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important to investigate the impact of a default event on the rest of the market and what goes

on afterwards.

Furthermore, in a multi-default setting, it will be important to compute the prices of a
portfolio derivative on the disjoint sets before the first default, after the first and before the
second and so on. Our work will allow us to use a recurrence procedure to provide these

computations, which will be presented in a companion paper [5].

We start with the knowledge of the conditional distribution of the default time 7, with
respect to a reference filtration F = (F;);>0 and we assume that this conditional distribution
admits a density (see the first section below for a precise definition). We firstly reformulate
the classical computation result of conditional expectations with respect to the observation o-
algebra G; := F; V o(7 At) before the default time 7, i.e., on the set {¢ < 7}. The main purpose
is then to deduce what happens after the default occurs, i.e., on the set {r < t}. We shall
emphasize that the density approach is suitable in this after-default study and explain why the
intensity approach is inadequate for this case. We present computation results of G = (G¢)>0
conditional expectations on the set {T < ¢} by using the conditional density of 7 and point out
that the whole term structure of the density is needed. By establishing an explicit link between
(part of) density and intensity, which correspond respectively to the additive and multiplicative
decomposition related to the survival process (Azéma supermartingale of 7), we make clear that
the intensity can be deduced from the density, but that the reverse does not hold, except when

certain strong assumption, as the H-hypothesis, holds.

Note that, even if the “density” point of view is inspired by the enlargement of filtration
theory, we shall not use classical results on the progressive enlargement of filtration. In fact, we
take the opposite point of view: we are interested in G-martingales and their characterization in
terms of F-(local) martingales. Moreover, these characterization results allow us to give a proof

of a decomposition of F-(local) martingales in terms of G-semimartingales.

We study how the parameters of the default (i.e., the survival process, the intensity, the
density) are modified by a change of probability in a general setting (we do not assume that we
are working in a Brownian filtration, except for some examples), and we characterize changes of
probability that do not affect the intensity process. We pay attention to the specific case where

the dynamics of underlying default-free processes are changed only after the default.

The paper is organized as follows. We first introduce in Section 2 the different types of
information we are dealing with and the key hypothesis of density. In Section 3, we establish
results on computation of conditional expectations, on the “before default” and “after default”

sets. The H-hypothesis is then discussed. The dynamic properties of the density process are



presented in Section 4 where we make precise the links between this density process and the
intensity process. In the last section, we present the characterization of G-martingales in terms
of F-local martingales. We give a Girsanov type property and discuss the stability of immersion

property and invariance of intensity.

2 The Different Sources of Information

In this section, we specify the link between the two filtrations F and G, and make some hypothe-
ses on the default time. Our aim is to measure the consequence of a default event in terms of
pricing various contingent claims.

We start as usual with a filtered probability space (2, .4, F,P). Before the default time 7, i.e., on
the set {t < 7}, the o-algebra F; represents the information accessible to the investors at time
t. When the default occurs, the investors will add this new information (i.e., the knowledge of
7) to the o-algebra F;.

More precisely, a strictly positive and finite random variable 7 (the default time) is given on the
probability space (€2, A,P). This space is supposed to be endowed with a filtration F = (F})¢>0
which satisfies the usual conditions, that is, the filtration F is right-continuous and Fy contains
all P-null sets of A.

One of our goals is to show how the information contained in the reference filtration F can be
used to obtain information on the distribution of 7. We assume that, for any ¢, the conditional
distribution of 7 with respect to F; is smooth, i.e., that the F;-conditional distribution of 7
admits a density with respect to some positive o-finite measure  on R™. As an immediate
consequence, the unconditional distribution of 7 is absolutely continuous w.r.t. 7. Another
consequence is that 7 can not be an F-stopping time.

In other terms, we introduce the following hypothesis', that we call density hypothesis. This
hypothesis will be in force in the paper.

Hypothesis 2.1 (Density hypothesis.) We assume that 1 is a non-negative non-atomic
measure on RT such that, for any time ¢ > 0, there exists an F; ® B(R™)-measurable function

(w,0) — ay(w, ) which satisfies

P(r € df|F;) =: au(0)n(dl), P —a.s. (1)

1This hypothesis has been discussed by Jacod [9] in the initial enlargement of filtration framework. The same
assumption also appears in the dynamic Bayesian framework [7]. We do not assume that 7 is finite, allowing for

the specific case of the Lebesgue measure.



The family oy(.) is called the conditional density of T with respect to n given F; (in short the
density of 7 if no ambiguity). Then, the distribution of 7 is given by P(7 > ) fe ap(u)n(du).
Note that, from the definition and the hypothesis that 7 is finite, for any ¢, fo (0 (d@) =
1 (a s) By definition of the conditional expectation, for any (bounded) Borel function f,

ONF] =[5 f )n(du)(a.s.). The conditional distribution of 7 is also characterized

by the survival probablhty function

Si(0) :=P(r > 0|F) = /600 o (u)n(du) (2)

The family of random variables

Sy = Si(t) = P(r > t|F) /twaxu)n(du)

plays a key role in what follows. Observe that one has
{T >t} C{S >0} = A (3)

(where the inclusion is up to a negligible set) since P(A§ N {r > ¢}) = 0. Note also that
Si(0) = E(Sy|Fy) for any 6 > t.
More generally, if an F; ® B(R")-measurable function (w,6) — Yi(w,6) is given, the F;-
conditional expectation of the r.v. Y(7) := Y (w,7(w)), assumed to be integrable, is given
by -

BY(OIA] = [ Vilwaun(du). @

Notation: In what follows, we shall simply say that Y;(#) is an F; ® B(R")-random variable
and even that Y;(7) is an F; ® o(7)-random variable as a short cut for Y;(0) is an F; @ B(R™)-

measurable function.

Corollary 2.2 The default time T avoids F-stopping times, i.e., P(1 = §) = 0 for every F-
stopping time &.

PROOF: Let & be an F-stopping time bounded by a constant 7. Then, the random variable
He(t) = lyg—yy is Fr @ B(RT)-measurable, and, n being non-atomic

E[He ()| 7] = E[E[H(7)|Fr] |F] = / He(u)ar (w)n(du)| 7] = 0.
Hence, E[H¢(7)] =P({ = 7) = 0. O

Remark 2.3 By using density, we adopt an additive point of view to represent the conditional

probability of 7: the conditional survival function S;(6) = P(r > 6|F;) is written on the



form S;(0) = [,° a¢(u)n(du). In the default framework, the “intensity” point of view is often
preferred, and one uses the multiplicative representation S(f) = exp(— foe At(u)n(du)). The
family of F;-measurable random variables A\¢(u) = —3, In S(u) is called the “forward hazard

rate”. We shall discuss and compare these two points of view further on.

3 Computation of conditional expectations in a default setting

The specific information related to the default time is the knowledge of this time when it occurs.
It is defined in mathematical terms as follows: let D = (D;);>0 be the smallest right-continuous
filtration such that 7 is a D-stopping time; in other words, D; is given by D; = D?+ where
D) = o(r At). This filtration D represents the default information, that will be “added”
to the reference filtration; the filtration G := F V D is the smallest filtration containing F
and making 7 a stopping time. Moreover, any Gi-measurable r.v. HZ may be represented as
HE = H{ {54y + Hy(7)1{;<y where Hf is an Fi-measurable random variable and Hy(t) is

Fi ® o(7)-measurable. In particular,
HP 1oy = Hi 17y as., (5)

where the random variable H} is the Fj-conditional expectation of HY given the event {7 > t},
ie.,
E[HZ sy Fi]l  EBIH o0 F)

HF — —
t P(r > t|F;) Sy

a.s. on Ag; HiF =0 on the complementary set.

(6)

3.1 Conditional expectations

The definition of G allows us to compute conditional expectations with respect to G; in terms of
conditional expectations with respect to F;. This will be done in two steps, depending whether
or not the default has occurred: as we explained above, before the default, the only information
contained in G is F;, after the default, the information contained in G; is, roughly speaking,
FiVo(r).

The G;-conditional expectation of an integrable o(7)-measurable r.v. (of the form f(7)) is
given by

af (f) == E[f(NIG] = ap? () Lirsgy + F(7) 1ir<yy

where aP? is the value of the Gs-conditional distribution before the default, given by

Elf(M) syl A
= e A

a.s.on A;;  aPd(f):=0 on the complementary set.




Recall the notation S; = P(7 > t|F;). On the set A;, the “before the default” conditional

distribution ap? admits a density aP?(u) with respect to 7, given by

aPd(u) = Sitl[t’oo) (w)ay(u)n(du) a.s..

The same calculation as in (4) can be performed in this new framework and extended to the

computation of G;-conditional expectations for a bounded Fr ® o(7)-r.v..
Theorem 3.1 Let Yr(7) be a bounded Fr ® o(7)-random variable. Then, fort <T

ElYr(N|G] = Y Ngery + YT, ) pey dP—ass.

where
E[ [V du)|F;
o = BV ]y,
t
a E YT(H)QT(Q) f
Y't d(T’ 0) — [ ‘ t] 1{05t(9)>0} d]P) — a.s.. (7)

a(0)

PROOF: The computation on the set {t < 7} (the pre-default case) is obtained following (5), (6)
and using (4). For the after-default case, we note that, by definition of G, any G;-measurable r.v.
can be written on the set {7 <t} as Hy(7)l{ <. Assuming that H(7) is positive or bounded,

and using the density a;(6), we obtain
BIH( < Ve(r) = [ a0 BH O o<y YViO)or®)] = [~ B0 <o BT (O)ar (O)17:]
_ /0 TR [H0) 110 Y (1. 0)04(0)] = E[H(1)1 1< Y0 (T 7)].

which implies immediately (7). O

3.2 Immersion property or H-hypothesis

In the form of the density ay(0) = P(7 € db|F;)/n(dh), the parameter 6 plays the role of the

default time. It is hence natural to consider the particular case where
ar(0) = ap(0), VO<t, (8)

i.e., the case when the information contained in the reference filtration after the default time

does not give new information on the conditional distribution of the default. In that case

Sy =P(r>t|lF)=1- /0 ar(u)n(du) =1 — /0 oy (u)n(du)

6



and, in particular S is decreasing 2. Furthermore,
t
S =1 / ar(un(du) = P(r > t|Fy) = Sp(t) a.s.
0

for any T' > t and it follows that P(7 > ¢|F;) = P(7 > t|Fo). This last equality is known to be
equivalent to the immersion property ([3]), also known as the H-hypothesis, stated as: for any

fixed t and any bounded G;-measurable r.v. Y;®,
EVE|Foo] = E[VE|F] as. ©)

Conversely, if immersion property holds, then (8) holds. In that case, the conditional survival
functions Sy(#) are constant in time on [f, 00), i.e., S¢(0) = Sp(0) for t > 6. Then the previous
result (7) takes a simpler form: Y24(T,0) = E[Y7(0)|F;], a.s. for § <t < T, on the set {ay(h) >
0}.

Under immersion property, the knowledge of S implies that of the conditional distribution of
7 for all positive ¢ and €: indeed, one has S;(0) = E[Sy|F;] (note that, for § < ¢, this equality
reduces to Si(0) = Sp(6) = Sp).

Remarks 3.2

1) The decreasing property of S (equivalent to the fact that 7 is a pseudo-stopping time (see
[13])) does not imply the H-hypothesis, but only that F-bounded martingales stopped at 7 are
G-martingales (see also [6]). We shall revisit this property in Remarks 4.2 and 4.9 and Corollary
5.4.

2) The most important example where immersion holds is the widely studied Cox-process model
introduced by Lando [12].

4 Dynamic point of view and density process

Our aim is here to give a dynamic study of the previous results. We shall call (Sy,¢ > 0) the
survival process, which is an F-supermartingale. We have obtained equalities for fixed t, we
would like to study the conditional expectations as processes. One of the goals is to recover the
value of the intensity of the random time, and the decompositions of S. Another one is to study

the link between G and F martingales: this is of main interest for pricing.

In this section, we present the dynamic version of the previous results in terms of F or G
martingales or supermartingales. To be more precise, we need some “universal” regularity on
the paths of the density process. We shall treat some technical problems in Subsection 4.1 which

can be skipped for the first reading.

Zand continuous, this last property will be useful later.



4.1 Regular Version of Martingales

One of the major difficulties is to prove the existence of a universal cadlag martingale version
of this family of densities. Fortunately, results of Jacod [9] or Stricker and Yor [15] help us to

solve this technical problem.

Jacod (][9], Lemme 1.8) establishes the existence of a universal cadlag version of the density
process in the following sense: there exists a non negative function oy (w, ) cadlag in t, optional
w.r.t. the filtration F on Q = Q x R, generated by F; ® B(R™), such that

e for any 6, a (f) is an F-martingale; moreover, denoting ¢? = inf{t : a;_(6) = 0}, then
a.(0) > 0,and a_(0) > 0 on [0,¢?), and o (f) = 0 on [¢?, c0).

e For any bounded family (Y;(w,#),t > 0) measurable w.r.t. P(F) ® B(R"), (where P(F)
is the F—predictable o- ﬁeld) the F-predictable projection of the process Yi(w,7) is the
process Y = [y )n(do).

In particular, for any t, ]P’(CT <t)=E[fy° o (0)1gcoyym(d)] = 0. So, (7 is infinite a.s.

We are also concerned with the cadlag version of the martingale (S;(u),t > 0) for any u € R™.

By the previous result, we have a universal version of their predictable projections,
Si-(u) =5 w) = [ (O)n(as).

It remains to define Si(u) = qlﬁlm | Sy (P) (1) to obtain a universal cadlag version of the martin-
qeQT, qlt

gales S (u).

Remark that to show directly that [ ay(6)n(df) is a cadlag process, we need stronger assump-

tion on the process () which allows us to apply the Lebesgue theorem w.r.t. n(df).

We say that the process (Yi(w,0),t > 0) is F-optional if it is O(F) ® B(R™)-measurable,
where O(F) is the optional o-field of F. In particular, the process (Y;(w,t),t > 0) is optional.

4.2 Density and intensity processes

We are now interested in the relationship between the density and the intensity process of 7.
As we shall see, this is closely related to the (additive and multiplicative) decompositions of the

supermartingale S.



4.2.1 [F-decompositions of the survival process S

In this section, we characterize the martingale and the predictable increasing part of the additive

and multiplicative Doob-Meyer decomposition of the supermartingale S in terms of the density.

Proposition 4.1
1) The Doob-Meyer decomposition of the survival process S is given by S; = 1+ M} —
fo a(u)n(du) where M™ is the cadlag square-integrable F-martingale defined by

M = —/0 (vt (u) — a(w))n(du) = E[/Ooo ay(u)n(du)|Fe] — 1, a.s.

2) Let ¢* := inf{t : S;_ = 0} and define \] := O‘Stt—(f) for any t < ¢¥ and N[ = )\ItFACF for any
t > C¥. The multiplicative decomposition of S is given by

S, = LFe=Jo Min(ds) (10)
where LF is the F-local martingale solution of dLj = els )‘Ign(ds)de, L =
PRrOOF: 1) First notice that ( fg ay(u)n(du),t > 0) is an F-adapted continuous increasing process

(the measure 1 does not have any atom). By the martingale property of (a4 (0),t > 0), for any
fixed t,

S, = P(r > |7) = /:O o () (dus) = E[/too o (w)n(du)|F], as

Therefore, the non-negative process Sy + fg ay(u)n(du) = E[[5° ay(u)n(du)|F] is a square-

integrable martingale since

E[(/O o (w)n(du))”| = 2E / / as(s)n(ds) oy, (u )n(du)} :2E[/OOO Sy, (w)n(du)

We shall choose its cadlag version if needed. Using the fact that fooo ai(u)n(du) = 1, we obtain

t

v, B [ " a(w(du)|F) = 1 - | (ut®) = cu@n(as), a.s

and the result follows.

2) Setting L = Stefot AE"(dS), integration by parts formula and 1) yield to
ALF = elo Xinds) g, 4 oJo Xon(ds) \F g gy = elo Nenlds) gp ¥

which implies the result. U



Remarks 4.2

1) Note that, from (3), P(¢¥ > 7) = 1.

2) The survival process S is a decreasing process if and only if the martingale M is constant
(M¥ = 0) or equivalently if and only if the martingale L is constant (LF = 1). In that case,
by Proposition 4.1, S is the continuous decreasing process Sy = e~ Jo Ain(ds) Moreover, for any
pair (¢,60), t < 6, the conditional distribution is given by S;(0) = E[e™ Iy )‘[E”(ds)|.7:t].

3) The condition M¥ = 0 can be written as fot(at(u) — ay(u))n(du) = 0 and is satisfied if, for
t > u, ap(u) — ay(u) = 0 (immersion property), but the converse is obviously not true (Remark
3.2).

4.2.2 Relationship with the G-intensity

The intensity approach has been largely studied in the credit literature. We study now in more
details the relationship between the density and the intensity, and notably between the F-density

process of 7 and its intensity process with respect to G. We first recall some definitions.

Definition 4.3 Let 7 be a G-stopping time. The G-compensator of 7 is the G-predictable
increasing process A® such that the process (NF = Lir<ty — AP t > 0) is a G-martingale. If
AP is absolutely continuous with respect to the measure 7, the G-adapted process A\® such that
AS = fg A81(ds) is called the (G, n)-intensity process or the G-intensity if there is no ambiguity.
The G-compensator is stopped at 7, i.e., A® = Af’m. Hence, A¥ = 0 when t > 7.

The following results give the G-intensity of 7 in terms of F-density, and conversely the F-density

a¢(0) in terms of the G-intensity, but only for 6 > t¢.

Proposition 4.4
1) The random time T admits a (G, n)-intensity given by

o (t
A;G = 1{T>t}A£F = 1{T>t} ‘tsgt ), n(dt) a.s.. (11)

The processes (N := Lir<s) —fot AEn(ds),t > 0), and (LY := 1{T>t}ef0t Adn(ds) ¢ > 0) are G-local
martingales.

2) For any t < C¥ and 0 > t, we have: a;(0) = E[\§|F].

Then, the F-optional projections of the local martingales N® and L€ are the F-local martingales
—MF¥ and LF.

10



PrOOF: 1) The G-local martingale property of NC is equivalent to the G-local martingale

)\nds

property of LY = 1{T>t}ef0t Adn(ds) — Lirs }efo , since

ALE = ~LE dL i) + Lrmgpeld S0 NEp(at) = ~ L8 AN

Since the process fg A'n(ds) is continuous, we can proceed by localization introducing the G-
stopping times 7, = Tl <7,y + 00lr~7,} where T;, = inf{t : fg An(ds) > n}. Then, the
martingale property of the stopped process L;G;\Tn = Lf”n follows from the F-martingale property
of L 1n = Lf’", since for any s < t,

tAT™

n tAT™ W E[l FS AT ef n(du)’fs]
IE[L?’ |Gs] = E[1{7>t/\Tn}ef NEn(d )|gs] = 1irosnrm) {T>tAT"} -
o EfSyme gy [E
= {7'>8} SS {7->8/\Tn} S

where the last equality follows from the F-martingale property of L.
Then, the form of the intensities follows from the definition.
2) By the martingale property of density, for any 6 > t, a;(0) = E[ag(0)|F:]. Using the definition

of S, and the value of A\® given in 1), we obtain

lir~ay

au(0) = E[ap(0) -2 | 7] =EDGIAL Vi< (F, as

Hence, the value of the density can be partially deduced from the intensity.

The F-projection of the local martingale LY = 1{T>t}ef0t An(ds) ig the local martingale
Syedo Aen(ds) = L by definition of the survival process S. Similarly, since at(ﬁ) = IE[/\GLE]
the F-projection of the martingale Nf¥ = 1¢, <y — fo Aen(ds) is 1 — S, — fo as(s = —M}.

U

Remarks 4.5

1) Since the intensity process is continuous, 7 is a totally inaccessible G-stopping time.

2) The density hypothesis, and the fact that 7 is non-atomic allow us to choose ay(s)/Ss as an
intensity, instead of as(s)/Ss— as it is usually done (see [6] in the case where the numerator
as(s) represents the derivative of the compensator of §).

3) Proposition 4.1 shows that density and intensity approaches correspond respectively to the

additive and the multiplicative decomposition point of view of the survival process S.

We now use the density-intensity relationship to characterize the pure jump G-martingales

having only one jump at 7.

11



Corollary 4.6
1) For any locally bounded G-optional process H G the process

HG G T ag(s) g Y G G
Ny 7= Hy 1{7’St} _/ S H, U(ds) = / HSdNg, t>0 (12)
0 S 0

is a G-local martingale.

2) Conwversely, any pure jump G-martingale M® which has only one locally bounded jump at T
can be written on the form (12), with H® = M® — M .

3) Any nonnegative pure jump G-martingale U® such that U(()G’ = 1, with only one jump at time

T has the following representation
tAT
U = (urlgr<sy + Liary)e™ Jo" T (ws=1)X{n(ds)
where u is a positive F-optional process associated with the relative jump such that u, = Uf’/Uf’_.

PROOF: 1) The G-martingale property of N© implies that N'C defined in (12) is a G-martingale
for any bounded predictable process H®. From a reinforcement of (5), if H® is a G-predictable
process (typically HE)’ l]topo}), there exists an F-predictable process HT such that Hf’ = Hf , @.S..
Then the process H® may be replaced by its representative H' in the previous relations.

Let YSG be a bounded G,-random variable, expressed in terms of F-random variables as YSG =
Vil + YE(T) 1< where V' € F; and Y[ (0) € F, @ B([0,s]), (typically Yy () = Y x
9(0)1j9,5)). Then, the G-martingale property still holds for the process N HG where H® is the
G-optional process HE = YSGI[S,OO). The optional o-field being generated by such processes, the
assertion holds for any G-optional process.

2) For the converse, observe that the locally bounded jump Hf’ of the martingale M© at time
7 is the value at time 7 of some locally bounded F-optional process HY. Then the difference
MGC — NH.C ig a finite variation local martingale without jump, that is a constant process.

3) It is easy to calculate the differential of the finite variation process U® as
AU = =UF (wy = DAPn(dt) + U ((w = D)(ANF + Nfn(dt)) = U (uy — 1)ANF.

Then U® is the exponential martingale of the purely jump martingale (u; — 1)dNZ. O

4.3 An example of HJM type

We now give some examples, where we point out similarities with Heath-Jarrow-Morton models.
Here, our aim is not to present a general framework, therefore, we reduce our attention to the case

where the reference filtration IF is generated by a multidimensional standard Brownian motion W.

12



The following two propositions, which model the dynamics of the conditional probability S(6),
correspond respectively to the additive and multiplicative points of view. From the predictable
representation theorem in the Brownian filtration, applied to the family of bounded martingales
(S¢(0),t > 0), 6 > 0, there exists a family of F-predictable processes (Z;(0),t > 0) such that

dSt(H) = Zt(H)th, a.s. (13)

Proposition 4.7 Let dSi(0) = Z;(0)dW; be the martingale representation of (S¢(0),t > 0)
and assume that the processes (Zy(0);t > 0) are differentiable in the following sense: there

exists a famz’ly of processes (z(0),t > 0), bounded by an integrable process, such that Zy(0) =
fo z¢(u)n(du). Then,

1) The density martingales have the following dynamics doy(6) = —z,(0)dWy.
2) The survival process S evolves as dS; = —ay(t)n(dt) + Zi(t)dWs.

3) With more regularity assumptions, if (Ogou(0))o—=¢ is simply denoted by Jgou(t), then the

process ay(t) is driven by :
dOét(t) = Ggat(t)n(dt) — Zt(t)th

PROOF: Observe that Z(0) = 0 since S(0) = 1, hence the existence of z is related with some

smoothness conditions. Then

t 0 t
51(6) = So(6) + /0 Zu(0)dW, = So(0) + /0 n(dv) /0 2 (0)AW,

and 1) follows. Furthermore, by using Proposition 4.1 and integration by parts,

VE = [ (et~ automntan) = [t [z, = ["aw( [ ztumtan)

which implies 2).
3) Let us use the short notation introduced above. We follow the same way as for the decom-

position of S, by studying the process

ault) - /O (B0es)(5)0(d6) = s (0) + /0 (Bpo) (s)r1(ds) — /0 (Bpaxs)(s)(ds)

Using martingale representation of ay(6) and integration by parts, (assuming that smoothness

hypothesis allows these operations) the integral in the RHS is a stochastic integral,

/Ot ((090@)( ) — (Fpcs) (s )) (ds) = /t (ds)ag(/t £(0)dW,)

/ ds/ Opzy(s)dW,, = — /dW/ (ds)Opzy(s) = /dW( w(u) — 2,(0))

13



The stochastic integral fg dWy2,(0) is the stochastic part of the martingale a4(0), and so the
property 3) holds true. O

We now consider (S¢(#),t > 0) in the classical HIM models (see [14]) where its dynamics
is given in multiplicative form. By definition, the forward hazard rate A\;(0) of 7 is given by
At (0) = —0gIn S;(0) and the density can then be calculated as ay () = A\¢(0)S:(0). As noted in
Remark 2.3, () plays the same role as the spot forward rate in the interest rate models.
Classically, HIM framework is studied for time smaller than maturity, i.e. t < 1. Here we
consider all positive pairs (¢,0).

Proposition 4.8 For any t,0 > 0, let ¥4(0) = gzgzg with the notation of Proposition 4.7. We

assume that 14(0) defined by V. (0) = foe U (u)n(du) is bounded by some integrable process. Then
1) 5,(6) = So(8) exp ( JEw@)dw, — 3 f! |\Ifs(9)|2ds> ;

2) The forward hazard rate A(0) has the dynamics: M(0) = Xo(0) — fg¢s(9)dWs +
Jo s(0)W(0)*ds;

3) Sp = exp (— fot Mn(ds) + fg Wy(s)dW, — 3 fg ’\I’S(S)lzds>;

PROOF: By choice of notation, the process S;(6) is the solution of the equation

dS,(6)
Si(0)

= Uy (0)dW;,  Vt.0>0. (14)

Hence 1), from which we deduce immediately 2) by differentiation w.r.t. .
3) This representation is the multiplicative version of the additive decomposition of S. There is

not technical difficulties because S is continuous. O

Remarks 4.9 If U (s) = 0, then S; = exp(— fg An(ds)), which is decreasing. For the (H)-
hypothesis to hold, it needs ¥4(6) = 0 for any s > 6.

As a conditional survival probability, S;(6) is decreasing on ¢, which is equivalent to that \.(6)
is positive. When 6 > ¢, this property is implied by the weaker condition A\;(t) > 0. That is
similar as for the zero coupon bond prices. But when 0 < t, additional assumption is necessary.

We do not characterize this condition.

Remark 4.10 The above results are not restricted to the Brownian filtration and can be easily
extended to more general filtrations under similar representation dSy(0) = Z;(0)dM; where M
is a martingale which can include jumps. In this case, Proposition 4.7 can be generalized in a
similar form; for Proposition 4.8, more attention should be payed to Doléans-Dade exponential

martingales with jumps.
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Example: We now give a particular example which provides a large class of forward rate
processes. The non-negativity of A is satisfied, by 2) of Proposition 4.8, if

e for any 6, the process 1(0)¥(6) is non negative, or if ¢)() is non negative;

e for any 6, the local martingale (;(0) = A\o(6)— fg 1s(0)dWy is a Doléans-Dade exponential

of some martingale, i.e., is solution of
¢
Ce(0) = Ao(0) +/ Cs(0)bs(0)dW
0

that is, if — fg Ys(0)dWs = f(f bs(0)(s(0)dW;. Here the initial condition is a positive constant
Ao(0). Hence, we set

() = ~b0)6(6) = ~nO) O e [ 0.~ 5 [ 0)as)

where )\ is a positive intensity function and b(f) is a non-positive F-adapted process. Then, the

family ,
01(8) = Ay (6) exp (- /0 A (v) dv) ,

where

M@=%@—A¢mmm+é¢mmwm8

satisfies the required assumptions.

5 Characterization of G-martingales in terms of F-martingales

In the theory of pricing and hedging, martingale properties play a very important role. In
this section, we study the martingale characterization when taking into account information of
the default occurrence. The classical question in the enlargement of filtration theory is to give
decomposition of F-martingales in terms of G-semimartingales. For the credit problems, we are
concerned with the problem in a converse sense, that is, with the links between G-martingales
and F-(local) martingales. In the literature, G-martingales which are stopped at 7 have been
investigated, particularly in the credit context. For our analysis of after-default events, we are
furthermore interested in the martingales which start at the default time 7 and in martingales
having one jump at 7, as the ones introduced in Corollary 4.6. We shall give characterization
results for these types of G-martingales in the following, by using a coherent formulation in the

density framework.
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5.1 G-martingale characterization

Any G-martingale may be split into two martingales, the first one stopped at time 7 and the

second one starting at time 7, that is
Y6 — Ytbd,G n Ytad,@,

where Ytbd’G =Y% and Ytad’G = (Y,F — YTG)l{TSt}. We now study the two types of martingales
respectively.
The density hypothesis allows us to provide easily a characterization? of G-martingales stopped

at time 7.

Proposition 5.1 A G-adapted cadlig process YC is a closed G-martingale stopped at time T
if and only if there exist an F-adapted cadlag process Y defined on [0,¢") and an F-optional
process Z such that Y& = Yilizsey + Zrlz<y a.s. and that

t
(Uy :=Y1.S¢ +/ Zsas(s)n(ds), t > 0) is an F-martingale on [0,¢"). (15)
0

Equivalently, using the multiplicative decomposition of S as Sy = Lie™ Jo Xen(ds) o, [0,¢F), the

above condition (15) is equivalent to

t
(LT [Y; —I—/ (Zs — Y)NIn(ds)], t > 0) is an F-local martingale on [0, ¢F). (16)
0

ProoOF: The conditional expectation of YtG given F; is the F-martingale defined on [0, (") as
YF = E[Y;8|FR] = V3S, + fot Zsoy(s)n(ds) by using the Fi-density of 7. Notice that Y," differs
from U; by (fg Zs(ag(s) — as(s))n(ds),t > 0), which is an F-local martingale (this can be easily
checked using that Z is locally bounded and (ay(s),t > 0) is F-martingale). So U is also an
F-local martingale. Moreover, since E[|Y,®|] < oo, for any F-stopping time ©J, the quantity

Yylir~gy is integrable, hence Yy.Sy is also integrable, and

C]F
E| /0 | ZuJaa(s)(ds)] = E[[YS]] < oo,

which establishes that U is a martingale.

Conversely, if U is an F-local martingale, it is easy to verify by Theorem 3.1 that E[Y,¢ —Y,®|G,] =
0, a.s..

The second formulation is based on the multiplicative representation S; = LItFe_AItF where A} =

fg A'n(ds) is a continuous increasing process. Since MY, S, = Y;Li and ay(t) = A} S;, we have

d(V;Lf) = M d(Y:8y) + e ViSi A n(dt) = e dUy + (Y — Zi) A, Ln(dt).

3The following proposition was established in [2, Lemma 4.1.3] in a hazard process setting.
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The local martingale property of the process U is then equivalent to that of (Y;L] — fg (Ys —
ZHNELEn(ds),t > 0), and then to the condition (16). O

Remark 5.2 A G-martingale stopped at time 7 and equal to 1 on [0,7) is constant on [0, 7].
Indeed, integration by parts formula proves that (L} fg (1—Z)Ain(ds),t > 0) is a local martin-
gale if and only if the continuous bounded variation process ( fg LE(1 — Z)MEn(ds),t > 0) is a
local-martingale, that is if LY (1 — Z,)AY = 0, which implies that Z, = 1 on [0, ¥).

The before-default G-martingale YP4C can always be separated into two parts: a martingale

which is stopped at 7 and is continuous at 7; and a martingale which has a jump at 7.

Lemma 5.3 Let YP4C pe o G-martingale stopped at T of the form Y;bd’G =Yl +Zrl<n-
Then there exist two G-martingales Y P4 and Y 3P4 such that YPIC = yoPd Ly dbd ywhich satisfy
the following conditions:

1) (Y;d’bd = (Z: =Y )l 7<) — Ot/\T(ZS —Y)Ain(ds),t > 0) is a G-martingale with a single jump
at T;

2) (VP4 = Yypp,t > 0) is continuous at 7, where Yy = Y; + fg(ZS —Y)An(ds).
PRrOOF: From Corollary 4.6, Y %P4 is a martingale. The result follows. O

Corollary 5.4 With the above notation, a martingale Y which is stopped and continuous at T
is characterized by: (LYY;, t > 0) is an F-local martingale. Furthermore, if LY is a martingale,
then this condition is equivalent to that 'Y is an F-local martingale w.r.t. the probability measure
PL = LgIP’. In particular, under the immersion assumption, the G-martingales stopped at time

7 and continuous at T are F-martingales stopped at T.

Remark 5.5 Under immersion, LffF = 1. So a process Y© stopped at 7 and continuous at time

7 is a G-martingale if and only if Y is an F-local martingale.

We now concentrate on the G-martingales starting at 7, which, as we can see below, are

easier to characterize. The following proposition is a direct consequence of Theorem 3.1.

Proposition 5.6 Any cadlag integrable process YC is a G-martingale starting at T with Yy = 0
if and only if there exists an O(F) @ B(R™)-optional process (Yi(.),t > 0) such that Yi(t) = 0
and ;¥ = Yy(T)1{;<py and that, for any 0 > 0, (Yi(0)ou(6),t > 6 > 0) are F-martingales on
[0,¢%), where ¢? is defined as in Section 4.1.

Combining the previous results, we give the characterization of general G-martingale.
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Theorem 5.7 A cadlag process Y is a G-martingale if and only if there exist an F-adapted
cadlag process Y and an O(F) @ B(RT)-optional process Yy(.) such that Y& = Yilyogy +
Yi(7)1{r<sy and

1) the process (YiS: + fOtYs(s)as(s)n(ds), t > 0) or equivalently (Li[Y; + fot(Ys(S) -
Yo)AEn(ds)], t > 0) is an F-local martingale;

2) for any 0 >0, (Y;(0)ay(0),t > 0) is an F-martingale on [0, ¢?).

ProOOF: Notice that iﬁad’G = (Yi(7) = Y2(7))1z<43- Then the theorem follows directly by
applying Propositions 5.1 and 5.6 on YP4E and Y24C respectively. ]

Remark 5.8 We observe again the fact that to characterize what goes on before the default,
it suffices to know the survival process S or the intensity A\. However, for the after-default

studies, we need the whole conditional distribution of 7, i.e., a;(6) where 6 < ¢.

5.2 Decomposition of F-(local) martingale

An important result in the enlargement of filtration theory is the decomposition of F-(local)
martingales as G-semimartingales. Using the above results, we provide an alternative proof for
a result established in [10], simplified by using the fact that any F-martingale is continuous at
time 7. Our method is interesting, since it gives the intuition of the decomposition without

using any result on enlargement of filtrations.

Proposition 5.9 Any F-martingale Y is a G-semimartingale can be written as Y = MtY’G +
AE/’G where MY is a G-martingale and (AX’G = Alray + Ai(T)1{7<4y,t > 0) is an optional
process with finite variation. Here

_[ravts) (YT a(9)s
At_/o 5 dAt(H)_/e NN (17)

PROOF: On the one hand, assuming that YT is a G-semimartingale, it can be decomposed as
the sum of a G-(local)martingale and a G-optional process AY>® with finite variation which can
be written as A1~y + Ai(7)1{;<;) where A and A(f) are still unknown. Note that, since YF
has no jump at 7 (indeed, 7 avoids F-stopping times - see Corollary 2.2), we can choose M Y.G
such that MY'® and hence AY'® have no jump at 7. Applying the martingale characterization

result obtained in Theorem 5.7 to the G-local martingale

YE - APC = (VF — A)1an + (VF — A7) 1<y
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leads to the fact that the two processes
(VF = A)LE,t > 0) and (au(B)(Y — 4,(6)),t > ) (18)
are F-(local) martingales. Since
A((VF = ANEE) = (VF = A )dLf + LEd(YF — A0) + d(Y, LF); + A(YF — A)ALE

and
—LY dA, — AAALY = —LEdA;,

based on the intuition given by the Girsanov theorem, natural candidate for the finite variation
processes A is dA; = d[YF,L¥];/L} where | , ] denotes the co-variation process. Similarly,
dAi(0) = d[Y", a(0)];/a: (). Then, using the fact that Y, L¥ () are F-local martingales, we
obtain that A = (1/L¥) » [Y¥, L¥] where x denotes the integration of 1/LF w.r.t. [Y¥, LF], and
A0) = (1/a(8)) x [YF, a(0)] similarly. Then, since S is the product of the martingale L and
an continuous increasing process e, we have d[YF, LF],/LF = d[Y¥ §],/S, and obtain the first
equality in (17).

On the other hand, define the optional process AY°C by using (17). It is not difficult to verify
by Theorem 5.7 that Y¥ — AY'C is a G-local martingale. It follows that YT is indeed a G-

semimartingale. O

Remark 5.10 Note that our decomposition differs from the usual one, since our process A is
optional (and not predictable) and that we are using the co-variation process, instead of the

predictable co-variation process. As a consequence our decomposition is not unique.

5.3 Girsanov theorem

Change of probability measure is a key tool in derivative pricing as in martingale theory. In
credit risk framework, we are also able to calculate parameters of the conditional distribution
of the default time w.r.t. a new probability measure. The links between change of probability
measure and the initial enlargement have been established, in particular, in [9] and [1]. In

statistics, it is motivated by the Bayesian approach [7].

We present a Girsanov type result, where the Radon-Nikodym density is given in an additive
form instead of in a multiplicative one as in the classical literature. This makes the density of

7 having simple form under the new probability measure.

Theorem 5.11 (Girsanov’s theorem) Let QF = @lir>ey + @(7) 1<y be a cadlag positive
G-martingale with QE)G’ =qo = 1. Let Q be the probability measure defined on G; by dQ = Q% dP
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for any t € Ry and QF be the restriction of Q to F, which has Radon-Nikodym density QF, given
by the projection of Q¥ on T, that is QF = ¢;.S; + fg qe(uw)ay (u)n(du).

Then (2, Q,G,F, 1) satisfies the density hypothesis with the (F,Q)-density of T given in closed
form after the default, that is for 8 <t by

a2(0) = atw)qg"), n(d6)-

and, only via a conditional expectation before the default, that is for t < 0, by

a2(0) = QL?EP[%(@)%W)VJ-

Furthermore:
1) the Q-conditional survival process is defined on [0,¢") by SQ = StQ . and is null after ¥;

2) the (F,Q)-local martingale LF2 is (LFQ LFQ— exp/ A5Q _ AMYn(ds), t € 0,¢5));
t 0

3) the (F,Q)-intensity process is )\FQ A th( ) n(dt)-a.s
t

PRrROOF: The expression of the density process after the default (a?(@), 0 < t) is an immediate
consequence of definition. Before the default, the density may be only obtained via a conditional

expectation form given by

o) = B[ 2IA] = Gr B (@000 A
o7 ElooO)an(®)/ ]
For any t € [0,¢"), the Q-conditional survival probability can be calculated by
S =Q(r > t|F) = EPD{?C;%Q%] - Sﬁ
and finally, we use )\IE’Q a(t)/S2 and L]F Q SQefo SPnds) ¢4 complete the proof. O

It is known, from [8], that under density hypothesis, there exists at least a change of prob-
ability, such that immersion property holds under this change of probability. Theorem 5.11

provides a full characterization of such changes of probability.

Corollary 5.12 We keep the notation of Theorem 5.11. The change of probability measure

generated by the two processes

=L w) = (19)
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provides a model where the immersion property holds true under Q, and where the intensity
processes does not change, i.e., remains AF.

More generally, the only changes of probability measure for which the immersion property holds
with the same intensity process are generated by a process q such that (q;L;,t > 0) is a uniformly

integrable martingale.

PROOF: : Any change of probability measure with immersion property and the same intensity
processes is characterized by the martingale property of the product Q¥ = ¢. LF. Moreover,
given ¢, the immersion property determines in a unique way the process (¢:(0);t > ) via the
boundary condition gy(f) = gp and the equalities

a310) = 00(0) 2455 = 2o0) 2055 = t0)(1/2).

The martingale QF = ¢. LF has to satisfy the compatibility condition

t
Q& = @If=aS +QF /0 v () (1) ZE ()

B Q]F (e_ f(;s )\E,Pn(ds) + /t e~ fou AE’PW(dS))\F,P (d )) (20)

where the last equality comes from the identities (10) and (11). The term in the bracket in (20)
is of finite variation and is hence equal to 1. Then the QF-compatibility condition is always

satisfied. So the only constraint on the process ¢ is the martingale property of ¢. LF. O

It is well known, from Kusuoka [11], that immersion property is not stable by a change of
probability. In the following, we shall in a first step characterize, under density hypothesis,
changes of probability which preserve this immersion property, that is, H-hypothesis is satisfied
under both P and Q. (See also [4] for a different study of changes of probabilities preserving
immersion property.) In a second step, we shall study changes of probability which preserve the

information before the default, and give the impact of a change of probability after the default.

Corollary 5.13 We keep the notation of Theorem 5.11, and assume immersion property under
P.

1) Let the Radon-Nikodiym density (QF,t > 0) be a pure jump martingale with only one jump
at time 7. Then, the (F,P)-martingale (Qf,t > 0) is the constant martingale equal to 1. Under

t
Q, the intensity process is )\f’Q = )\Ifqt—()

,n(dt)-a.s., and the immersion property still holds.
2) Conversely, the only changes of probability measure compatible with immersion property have
Radon-Nikodym densities that are the product of a pure jump positive martingale with only one

Jump at time T, and a positive F-martingale.
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PROOF: : The previous Girsanov theorem 5.11 gives immediately the intensity characterization.
From Lemma 5.3, the pure jump martingale ( F, t > 0) is a finite variation process and (Q;G =
qi,t < T) is a continuous process with bounded variation. Since immersion property holds,
S is a continuous decreasing process (see footnote 2), and QF = ¢S; + fg qu(u) oy (u)n(du) =
qeSt + fg qu(u) o, (u)n(du) is a continuous martingale with finite variation. Since Qf = 1, then
at any time, Qf = 1, a.s. By the other results established in Girsanov’s theorem 5.11, this key
point implies that the new density is constant after the default, so that the immersion property
still holds.

2) Thanks to the first part of this corollary, we can restrict our attention to the case when in
the both universe the intensity processes are the same. Then the Radon-Nikodym density is
continuous at time 7 and the two processes (g, t > 0) and (¢;(#),t > ) are F-(local) martingales.
Assume now that the immersion property holds also under the new probability measure Q. Both
martingales L™F and LFQ are constant, and Q%F = ¢q;. Moreover the Q-density process being
constant after the default (6 < t), ¢:(0)/q; = qo(8)/q9 = 1, a.s.. The processes Q%, QF and ¢

are undistinguishable. O

As shown in this paper, the knowledge of the intensity does not allow to give full information
on the law of the default, except if immersion property holds. Starting with a model under which
immersion property holds, taking ¢;(¢t) = ¢; in Theorem 5.11 will lead us to a model where the
default time admits the same intensity whereas immersion property does not hold, and then the
impact of the default changes the dynamics of the default-free assets. We present a specific case
where, under the two probability measures, the dynamics of these assets are the same before the
default but are changed after the default, a phenomenon that is observed in the actual crisis.
We impose that the new probability Q coincide with P on the o-algebra G.. In particular, if m
is an (F,PP)-martingale, the process (mar,t > 0) will be an ((Giar,t > 0),Q)-martingale (but
not necessarily an (G, Q)-martingale). From Theorems 5.7 and 5.11 and Corollary 5.13, one gets

the obvious proposition.

Proposition 5.14 Let (2, P,F,G,7) be a model satisfying the immersion property.
Let (q1(0),t > 0) be a family of positive (F,P)-martingales such that go(6) = 1 and let Q be the
probability measure with Radon-Nikodym density equal to the (G, P)-martingale

QF = Lrany + @(T) ey - (21)

Then, Q and P coincide on G, and the P and Q intensities of T are the same.
Furthermore, if SQ is the Q-survival process, the processes (St/S;@,t > 0) and the family
(a2(0)5,/S2, t > 0) are (F,P)-martingales.

22



PRrooOF: The first part is a direct consequence of the previous results. It remains to note that
QF = —f and, for t > 60, oy %) = ag(e)%g) = ag(H)%f)S;@; hence the martingale properties
follow from the ones of Q} and ¢ (9) . O

This result admits a converse. For the sake of simplicity we assume the condition S} >

0,Vt € R,. This assumption can be removed, using the terminal time ¢*F.

Proposition 5.15 Let (Q,P,F,G, 1) be a model satisfying the H-hypothesis, with the decreasing
survival process Sy = exp(— fg Mn(ds)).

Let (af(0),t > 0) be a given family, where, for all 6 > 0, a*(0) is a non-negative process and
define S} =1 — fot a; (0)n(dh). Assume that Sk, =0 and Sf > 0,Vt € Ry and that

W0, aj(0) = SjAL = ag(6)

(22)
the processes (y,t >0) and (af(@)gi,t > 0) are (F,P)-martingales.
Let ( ) s
Q 1{T>t} + ( ) Si 1{T§t}7 (23)

and Q be the probability measure with Radon-Nikodym density the (G,P)-martingale QF. Then,
Q is equal to P on G, and

ACE = \F o a2(0) = of(0),Vt>0 and SU=5* (24)
PRrROOF: We set ) 8
_ o(0) 5
"= @5

Note that ¢;(t) = 1 since af(s) = SZAf = S*ay(s)/Ss. For every 6, the processes (q;(0),t > 0)
are martingales since (o (0)S;/Sf, t > 0) are martingales. From Theorem 5.11, the F-projection
of the Radon-Nikodym density QF is

af = s+ [ S S atomtas) = 5 (1+ [ aitigatan).

t

and the survival probability is

S ot ., o t i )
o= 5_/ aj (s)n(ds)) ™ = S; (S} + / aj (s)n(ds)) ™ = 5.
Qt t 0 0
It remains to note that the condition of(s) = S )\E is equivalent to the fact that the intensity
of 7 under Q is AF. .
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6 Conclusion

Our study relies on the impact of information related to the default time on the market.

Starting from a default-free model, where some assets are traded with the knowledge of a
reference filtration I, we consider the case where the participants of the market take into account
the possibility of a default in view of trading default-sensitive asset. If we are only concerned by
what happens up to the default time, the natural assumption is to assume immersion property
with stochastic intensity process adapted to the default-free market evolution.

The final step is to anticipate that the default should have a large impact on the market, as now
after the crisis. In particular, with the non constant “after default” density, we express how the
default-free market is modified after the default. In addition, hedging strategies of default-free

contingent claims are not the same in the both universes.

In a following paper [5], we shall apply this methodology to several default times, making this
tool powerful for correlation of defaults. In another paper, we shall provide explicit examples of

density processes, and give some general construction of these processes.
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