PRACTICAL QUANTIZE-AND-FORWARD
SCHEMES FOR THE FREQUENCY RELAY
CHANNEL
Brice Djeumou, Samson Lasaulce, Andrew Klein

To cite this version:
Brice Djeumou, Samson Lasaulce, Andrew Klein. PRACTICAL QUANTIZE-AND-FORWARD
SCHEMES FOR THE FREQUENCY RELAY CHANNEL. International Conference on Acoustics,
Speech, and Signal Processing (ICASSP’08), Mar 2008, Las Vegas, United States. 5 p., 2008. <hal00361628>

HAL Id: hal-00361628
https://hal.archives-ouvertes.fr/hal-00361628
Submitted on 16 Feb 2009

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of scientific research documents, whether they are published or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

PRACTICAL QUANTIZE-AND-FORWARD SCHEMES FOR THE FREQUENCY RELAY
CHANNEL
Brice Djeumou, Samson Lasaulce

Andrew G. Klein

LSS, CNRS - SUPELEC - Paris Sud
91190 Gif-sur-Yvette, France
{djeumou,lasaulce}@lss.supelec.fr

School of ECE, Worcester Polytechnic Institute
100 Institute Rd., Worcester, MA
klein@ece.wpi.edu

ABSTRACT
We consider static and quasi-static relay channels in which the
source-destination and relay-destination signals are assumed to be
orthogonal and thus have to be recombined at the destination. We
propose cheap relaying schemes that are optimized from the knowledge of the signal-to-noise ratios (SNRs) of the source-relay and
relay-destination channels at the relay. For this purpose the scheme
under investigation is assumed to be scalar and have to minimize the
mean square error between the source signal and its reconstructed
version at the destination. We propose a quantize-and-forward (QF)
scheme, which is a generalization of techniques based on joint
source-channel coding. To further improve the receiver performance when the source-relay SNR is relatively poor we propose a
Maximum Likelihood detector (MLD) designed for the QF protocol.
Index Terms— Relay channel, quantize-and-forward, joint
source-channel coding, ML detector.
1. INTRODUCTION
The channels under investigation in this paper are static and quasistatic orthogonal relay channels for which orthogonality is defined accordingly to [1]. Since the source-destination channel is
assumed to be orthogonal to the relay-destination channel (i.e.
the forward channel) the destination receives two distinct signals.
For the channels under consideration there are at least two important technical issues: the relaying protocol and the recombination
scheme at the destination. Three main types of relaying protocols
have been considered in the literature: amplify-and-forward (AF),
decode-and-forward (DF) and estimate-and-forward (EF). From
the corresponding works, several observations can be made: (a)
from information-theoretic studies like [1][2] it appears that the best
choice of the relaying scheme depends on the source-relay channel
(i.e. the backward channel) SNR and that of the relay-destination
channel; (b) there are not many works dedicated to the design of
practical EF schemes although the EF protocol has the potential to
perform well for a wide range of relay receive SNRs (in contrast
with DF which is generally more suited to relatively high SNRs).
One of the motivations for the work presented in the paper is precisely to propose low-complexity relaying schemes (comparable to
the AF protocol complexity) that can be implemented in a digital relay transceiver (in contrast with the AF protocol) and use the knowledge of the SNRs of the forward and backward channels in order for
the relay to optimally adapt to the forward and backward channel
conditions. To achieve these goals, the main solution proposed is a
QF protocol for which forwarding is done on a symbol-by-symbol
basis and aims to minimize the mean square error (MSE) between

the source signal and its reconstructed version at the output of the
dequantizer at the destination. Some researchers have also referred
to the classic Wyner-Ziv source coding scheme in [3] as QF [4][5].
Our practical approach, which ultimately aims to minimize the raw
bit error rate (BER) at the destination for a fixed transmit spectral
efficiency and does not exploit error correcting coding, differs from
these information-theoretic works. It also differs from other practical studies on EF protocols, such as [6] and [7] where the authors
consider the non-orthogonal half-duplex relay channel and focus on
the achievable rate of the designed EF protocol. In [8], a practical
wyner-ziv cooperation for the orthogonal half-duplex relay channel
is proposed. It proceeds by forwarding a quantized version of the
decoder soft outputs at the relay to the destination where the direct
signal from the source serves as a side information for a modified
decoder. This later scheme is not analytically optimized by taking the SNRs of the backward and forward channels into account.
Rather, our work is based on the joint source-channel coding approach originally introduced in [9] for the Gaussian point-to-point
channel where the authors extended the scalar version of the original iterative Lloyd’s algorithm when the quantizer outputs (indexes)
are passed through a channel before the dequantization. In this paper we further extend the iterative algorithm of [9] in the context of
quasi-static orthogonal relay channels by taking into account both
the forward and backward channels and providing a non-restrictive
sufficient condition for convergence of the derived algorithm, similarly to [10].
This paper is organized as follows: in Sec. 2 the signal model for the
orthogonal relay channel, main assumptions, and notation are given.
In Sec. 3 the proposed QF scheme is provided and we propose a
MLD in order to account for the quantization noise introduced by
the relay. In Sec. 4 the proposed scheme is evaluated in terms of raw
BER and compared with AF, which serves as a reference strategy.
Concluding remarks are provided in Sec. 5.
2. SYSTEM MODEL
The source is assumed to be represented by a discrete-time unitpower signal x (E[|x2 |] = 1), which takes its value in the finite set
of equiprobable symbols X = {x1 , ..., xMs }. For sake of simplicity, square Ms −QAM symbols with independent real and imaginary
parts are assumed. More importantly, the samples of the source, denoted by x(n) where n is the time index, are assumed to be independent and identically distributed (i.i.d.) as in [9][10]. In the context of
digital communications this assumption is generally valid because of
interleaving, dithering or equivalent operations. In order to limit the
relay and receiver complexity we will not exploit the interactions between the quantizer and the error correcting coders, possibly present

at the source and relay. Therefore the assumption made on the source
samples and channel model (described just below) implies that there
is loss of optimality by assuming scalar quantizers, i.e. symbol-bysymbol forwarding at the relay, instead of vector quantizers [?]. At
each time instant n the source broadcasts the signal x(n), which is
received by the destination and relay nodes. The received baseband
signals can be written:


ysd (n)
xsr (n)

=
=

hsd × x(n) + wsd (n)
hsr × x(n) + wsr (n)

(1)

where wsd and wsr are zero-mean circularly symmetric complex
2
2
and σsr
respectively. The
Gaussian noises with variances σsd
source-destination and source-relay channels gains, hsd and hsr
respectively, are unit reals when considering static channels and unit
power complex circular random gaussian variables when considering quasi-static channels. In this paper, for simplicity of presentation, most of the derivations are conducted for static channels, so
hsd and hsr are constant over the whole transmission. However,
all the results provided easily extend to quasi-static channels. In
this case, these quantities are assumed to be constant over a block
duration and vary from block to block. In the simulation part both
cases will be analyzed and Rayleigh block-fading will be assumed
for modeling the channel gains in the case of quasi-static channels.
The relay forwards the cooperation signal xr (n) to the destination. We assume memoryless and zero-delay relaying. Under these
assumptions, xr (n), which satisfies the average power constraint
E[|xr |2 ] = 1, is the result of a zero-memory quantization operation
(denoted by Q) on the sample xsr (n) followed by an Mr -QAM
modulation (denoted by M). Since the relay function and channels
are memoryless, in the sequel we will at times omit the time index n
from the signals. The cooperation signal received at the destination
is written yrd (n) = hrd × xr (n) + wrd (n). Orthogonality between
the received cooperation signal yrd and direct signal ysd can be
implemented by frequency division (FD) and we assume that ysd
and yrd have the same bandwidth.
At the destination, two types of combiners can be assumed. We
will use either a conventional maximum ratio combiner (MRC) or a
more sophisticated detector, namely the MLD, which will be derived
in Sec. 3.2. The reason for introducing the latter combiner will be
clearly explained in Sec. 3.2. Fig. 1 summarizes the system model.
The notation D stands for decoder, which jointly incorporates the
demodulation and de-quantization operations.

Fig. 1. System model for the quantize-and-forward protocol
.
3. QUANTIZE-AND-FORWARD
3.1. Optimum and uniform quantize-and-forward
The most natural way to estimate and forward the signal received
by the relay is to quantize
 xsr in order to minimize the distortion
D00 = E |x̂sr − xsr |2 , map the quantizer output onto a QAM

modulation and send it to the destination. In the high cooperation regime (i.e σ12 ≫ 1) this strategy is almost optimal since
rd
it almost achieves the performance of a 1 × 2 single input multiple output (SIMO) system. On the other hand if xsr is quantized
with a reasonably high number of bits and sent through a bad cooperation channel, minimizing
optimal. This is
 D00 is no longer

why minimizing D01 = E |x̂rd − xsr |2 can be more efficient
as shown by [9][10][11][12] in the context of the point-to-point
Gaussian channel. In the context of the relay channel we know that
the source-relay channel quality also plays a role in the receiver
performance. Therefore we propose to minimize the MSE between
the reconstructed
signal
 x̂rd and the original source signal x i.e

D11 = E |x̂rd − x|2 by assuming the SNRs of the forward and
backward channels known to the relay.
Let us turn our attention to the quantizer itself. Since the signal
to be quantized is complex, the quantizer is made of two “subquantizers” for the real and imaginary parts of xsr . The quantization
consists in mapping the signal xsr into a pair of rational
numbers

R
I
belonging to V R × V I = v1R , v2R , ..., vL
× v1I , v2I , ..., vL
b

where L = 2 2 and b is the total number of quantization bits.
Note that the real and imaginary parts of the signal received by
the relay are generally independent in practice, which allows us to
design them independently. As a QAM modulation is assumed at
the source we can restrict our attention to the sub-quantizer QR for
R
the real part of
sr . The sub-quantizer maps Re(xsr ) = xsr onto
 x
R
R
R
the finite set v1 , v2 , ..., vL . The mapping is done as follows: If
 R R 

R
R
R
R
xR
xR
sr = vj where Sj = uj , uj+1 for all
sr ∈ Sj then Q
j ∈ {1, 2, ..., L} and {uj }j∈{1,...,L} are called the transition levels.

R
R
We will denote U R = uR
1 , u2 , ..., uL+1 . The same procedure is
I
applied to the signal xsr = Im(xsr ). The quantizer output is then
mapped onto the constellation. In [?] the author used the Kohonen
learning algorithm to map, in ordered way, the N -dimensional input
signal in which the representatives lie to the 2-dimensional space of
modulation symbols. This mapping is done in such a manner that
close representatives in the signal space are assigned to close symbols in the modulation space. Therefore, the most likely decision
errors which appear in the neighborhood of the symbol associated
with the input representative will result in a slight increasing of the
distortion. In our case, the problem can be viewed as the mapping
of a 2-dimensional (real and imaginary parts) input signal space
onto a 2-dimensional signal space (i.e. the modulation set). Since
the representatives set forms an ordered grid, it is straightforward
to obtain a coherent correspondence between the signal space and
the modulation space. Mapping the quantization representatives
whose coordinates are vjR , vjI onto the Mr -QAM constellation
by using this approach leads to an ordered mapping such that a decision error in the neighborhood of the transmitted symbol results in
a slight increase of the quantization error at the dequantizer output
(i.e a small number of erroneous bits). Specifically, each centroid
whose normalized and non-uniform coordinates are (i, j) ∈ Z2 in
the quantization grid is mapped onto the QAM point having the
same coordinates in the constellation. Note that, in contrast with
conventional quantization the centroids are not necessarily located
in the quantization cells they represent.
We now describe the quantizer optimization procedure. To find
the optimal pair of sub-quantizers at the relay we minimize D11 as
follows. The distortion can be written as:

i

h

D11

=

h

i

h

2
R
− 2E x̂R
+ E (xR )2
E (x̂R
rd )
rd x

|

{z

h

i

R
D11

h

i

h

R
R
to find the optimal codebook V(i)
. For the fixed codebook V(i)
use
R
equation (4) to obtain the optimal partition U(i) . If the realizability
R
R
condition uR
1 ≤ u2 ... ≤ uL is not met stop the procedure and keep
the transition levels provided by the previous iteration. Step 3: Up-

i
}

|

{z

L
X

i

+ E (x̂Ird )2 − 2E x̂Ird xI + E (xI )2 .
}

(2)
date ǫ as follows: ǫ =

I
D11

k=1

R
R
vk(i)
− vk(i−1)
L
X

R
I
As D11
and D11
can be optimized independently and identically we
R
focus, hence forth, on minimizing D11
. Given a number of quantization bits we now optimize the sub-quantizer QR by minimizing
R
D11
with respect to the transition levels {uℓ }ℓ∈{1,...,L} and the representatives {vℓ }ℓ∈{1,...,L} . For fixed transition levels the optimum
representatives are the centroids of the corresponding quantization
R
cells which are obtained by setting the partial derivatives of D11
to
zero:

R
vk(i)

. If ǫ ≥ ǫmax then go

k=1

to Step 2; Stop otherwise.
As with other iterative algorithms (e.g. the EM algorithm) one
cannot easily prove or insure, in general, the convergence to the
global optimum. When the backward channel is not present the
authors of [10] proved that the distortion obtained by applying the
generalized Lloyd’s algorithm is a non-increasing function of i and
provide a sufficient condition under which the procedure is guaranteed to converge towards a local optimum. The corresponding condi√
tion is not restrictive since it can be imposed through the realizability
R
Z
Ms
L


u
X R X R
j+1
R
constraint (uℓ must be an increasing function of ℓ) of the transition
xk pk
Pj,ℓ
φ t − xk dt
levels [10] to the iterative procedure without loss of optimality. It
uR
j=1
k=1
j
(3)
.
vℓR = √
turns out a similar result can be derived in our context if one assumes
R
Z
Ms
L


uj+1
X R
X
a zero-mean channel input (i.e. E[X R ] = 0) and the backward chanR
pk
Pj,ℓ
φ t − xk dt
nel to be an AWGN channel. This condition can be proved to be:
uR
j=1
k=1
j
R
R
R
R
R
|X̂sr
= vℓ+1
] > E[X̂rd
|X̂sr
= vℓR ].
∀ℓ ∈ {1, ..., L − 1}, E[X̂rd

 R

√
If this condition is met the MSE will be a non-increasing function of
where ∀k ∈ 1, ..., Ms , pk = Pr X = xR
k (i.e. the channel

2
R
R
R
R
R the iteration index.
input statistics), ∀(j, ℓ) ∈ {1, ..., L} , P = Pr x̂ = v x̂ = v
j,ℓ

(i.e. the forward channel statistics) and φ (t) =

sr
j
rd
ℓ

|h |
|h |2 t2
√ sr exp − sr 2
πσsr
σsr

is the Gaussian pdf of the real noise component Re(wsr ) of the signal received by the relay (i.e. the backward channel statistics). When
the representatives are fixed it is not trivial, in general, to determine
the transition levels explicitly as is the case of conventional channel
optimized quantizers such as [10] for which the backward channel
is not present. Determining the transition levels then requires the
use of an exhaustive search algorithm. However, note that there are
simple cases such as the 4-QAM at the source, which is used in the
simulations in Section 4, where both the optimum representatives
for fixed transition levels and optimum transition levels for fixed
representatives
can be found. For a 4-QAM constellation we have

xR , xI ∈ {−A, +A}2 . For fixed transition levels, the representatives are obtained by replacing xR
k by its values in (3). And, for
fixed representatives we have
2

L 
X

R
Pℓ,k

uR,∗
ℓ

R
Pℓ−1,k





3

1
A + vkR vkR 7
2
7

−
6
2
6 k=1
σsr
7.
6
ln L
=

7

2A 6
4X R
1 R
R
R5
A − vk vk
Pℓ,k − Pℓ−1,k
2

(4)

3.2. Maximum likelihood combiner for the QF protocol
As mentioned in section 2 the purpose of the combiner is to combine the source-destination signal ysd and the dequantizer output
x̂rd . If one decomposes the latter signal as X̂rd = X + Ŵrd
it is obvious that the noise component Ŵrd is correlated with the
useful signal component and is not Gaussian in general. Therefore
maximizing the output SNR of a linear combiner is not optimum
in terms of raw BER. In order to extract the best of the cooperation between the receiver and relay for all channel SNRs we propose
to use a non-linear combiner namely the ML combiner (combiner
→ detector?). Assume that the symbol transmitted by the source
is x and the Q(xsr ) = vi . The likelihood pM L = p(ysd , x̂rd |x)
can be shown to factorize
 p(ysd |x)p(x̂rd |x) where
 as: pM L =
p (ysd |x) =

1
2
πσsd

. For expanding the sec-

sd

ond term p(x̂rd |x) one has to remind that X̂rd ∈ V R × V I =
{v1 , v2 , ..., vMr } and makes use of the channel transitions probabilities Pk,ℓ between complex representatives (see section 3.1 where
R
we have defined Pk,ℓ
for the real part of complex representatives).
We have:
Z

k=1

Note that in (4) the strict positiveness of the argument of the natural
logarithm insures the existence of the optimum transition levels. We
are now in position to provide the complete iterative optimization
procedure (for a general modulation, plutot pour la 4-QAM considérée ici car pour une modulation générale l’équation (4) n’existe
pas). Let i and ǫ be the iteration index and the current value of the
estimation error criterion of the iterative algorithm. The algorithm
is said to have converged when ǫ reaches ǫmax . Step 1: Set i = 0.
R
R
Set ǫ = 1. Initialize V R and U R with the sets (say V(0)
and U(0)
)
obtained from the algorithm in [10], which corresponds to a local
optimum since the backward channel is not taken into account. Step
R
use equation (3)
2: Set i → i + 1. For the fixed partition U(i−1)

2

sd x|
exp − |ysd −h
σ2

p(x̂rd = vi |x)

=
xsr

=

p(xsr , x̂rd = vi |x) dxsr

"
Mr Z
X

xsr ∈Sj

j=1

√
=

(M )

Xr
ℓ=1

"Z

√

uR
ℓ

p(xsr |x) p(x̂rd = vi |xsr ) dxsr

(M )

Xr

m=1

uR
ℓ+1

#

Pj,i ×



φ t−x

R

Z



uI
m+1

dt
uI
m



′

φ t −x

I



where the index j corresponds to the symbol of the relay al-

#
′

dt

phabet (i.e. {1, ..., Mr }) associated with the pair of representatives
I
). Now, by denoting s = (s1 , ..., sN ) the vector of bits
(vℓR , vm
associated with the source symbol x allows us to express the loglikelihood ratio for the nth bit:

=

[dB] |

b = 6

Amplify & Forward
Clipped Amplify & Forward
Optimal QF minimizing D11

−1

10

SIMO bound
−2

10

(5)

(n)

(i)

10

RX without coop

−3

10

s∈S0
(i)

SNRrd =

BER

λ(sn )

3
2 X
p (ysd |x) p (x̂rd |x)
7
6
7
6 s∈S1(n)
7
X
log 6
7
6
p (ysd |x) p (x̂rd |x) 5
4

SNRsr = SNRsd + 10 [dB] &

(n)

where the sets S1 and S0 are defined by: S1 = {(s1 , . . . , sN ) ∈
(n)
{0, 1}N |sn = 1} et S0 = {(s1 , . . . , sN ) ∈ {0, 1}N |sn = 0} .
If λ(sn ) > 0 then ŝn = 1 and ŝn = 0 otherwise.

−4

10

2

4. SIMULATION ANALYSIS

5. CONCLUSION
We have proposed a low-complexity quantize-and-forward scheme,
which exploits the knowledge of the SNRs of the source-relay and
relay-destination channels. In static channels it generally performs
close to or better than the conventional AF protocol. Over Rayleigh
block-fading channels we have seen that the optimum QF protocol,
provided it is associated with an ML detector, it has generally similar performance to the conventional AF protocol, whatever the simulation scenario. The following comment can be made: since the
optimum QF protocol is both scalar, simple and generally performs
closely to the AF protocol, this shows that the proposed solution can
be seen as a way of implementing a channel optimized AF-type protocol in a digital relay transceiver. Now, if the relay and receiver
complexity can be relaxed the proposed approach can be improved
by vector quantization or exploiting the structure inherent to channel
coding, which can be seen as an extension of this work.
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Fig. 2. QF versus AF and clipped AF with static channel

SNRsr = SNRsd + 10 [dB]

&

SNRrd = 40 [dB]

−1

10

−2

BER

We assume a 4-QAM at the source and focus on the raw BER versus
SN Rsr = σ12 . Because of the lack of space we limited ourselves
sr
to a few scenarios but will also briefly comment simulations that
cannot be provided here. For static channels, Fig. 2 compares the
optimum QF with the conventional AF in a typical scenario where:
SN Rsr = SN Rsd + 10 dB, SN Rrd = 10 dB and the number of quantization bits is 6 (i.e. 2b bits per sub-quantizer). At the
destination, the MRC is used for all relaying schemes. The QF solution provides a significant gain over the AF protocol. On the figure,
the clipped AF protocol is a modified AF protocol where the received signal at the relay xsr is optimally clipped to minimize the
end-to-end distortion. Other simulations have shown that, depending on SN Rsr and SN Rrd this gain typically ranges from 0.5 dB
to 1.5 dB. For quasi-static rayleigh fading channel, many simulations showed that the receiver performs quite similarly no matter
which relaying protocol (AF or optimum QF) is used, provided that
the preferred combining scheme is employed (i.e. the MRC is used
for AF and MLD is used for optimum QF): exemple of Fig. 3. And
for low and medium transmit or cooperation powers the optimum
QF provides the best performance whereas the performance loss in
the high cooperation regime is always small, which means that the
SIMO bound is almost achieved by optimum QF in the latter regime.
Fig. 3 also depicts the influence of the combining scheme on the receiver performance. In both ”good” and ”bad” relay scenarios, the
MLD brings a significant performance gain, especially when b is
small.
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Fig. 3. QF versus AF and ML versus MRC with quasi-static channel
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