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P❡♥❛❧✐③❡❞ ♥♦♥♣❛r❛♠❡tr✐❝ ❞r✐❢t ❡st✐♠❛t✐♦♥

❢♦r ❛ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss

❊♠❡❧✐♥❡ ❙❝❤♠✐ss❡r∗

∗▲❛❜♦r❛t♦✐r❡ ▼❆P✺✱ ❯♥✐✈❡rs✐té P❛r✐s ❉❡s❝❛rt❡s✳

❆❜str❛❝t

❲❡ ❝♦♥s✐❞❡r ❛ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss (Xt)t≥0
✇✐t❤ ❞r✐❢t

✈❡❝t♦r b ❛♥❞ ❞✐✛✉s✐♦♥ ♠❛tr✐① Σ✳ ❚❤✐s ♣r♦❝❡ss ✐s ♦❜s❡r✈❡❞ ❛t n+1 ❞✐s❝r❡t❡

t✐♠❡s ✇✐t❤ r❡❣✉❧❛r s❛♠♣❧✐♥❣ ✐♥t❡r✈❛❧ ∆✳ ❲❡ ♣r♦✈✐❞❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s

❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐❝✐t② ♦❢ ❛♥ ✐♥✈❛r✐❛♥t ❞❡♥s✐t②✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱ ✇❡

❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❝❡ss ✐s st❛t✐♦♥❛r②✱ ❛♥❞ ❡st✐♠❛t❡ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ b ♦♥

❛ ❝♦♠♣❛❝t s❡t K ✐♥ ❛ ♥♦♥♣❛r❛♠❡tr✐❝ ✇❛②✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❝♦♥s✐❞❡r ❛

❢❛♠✐❧② ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r s✉❜s♣❛❝❡s ♦❢ L
2 (K)✱ ❛♥❞ ❝♦♠♣✉t❡ ❛ ❝♦❧✲

❧❡❝t✐♦♥ ♦❢ ❞r✐❢t ❡st✐♠❛t♦rs ♦♥ ❡✈❡r② s✉❜s♣❛❝❡ ❜② ❛ ♣❡♥❛❧✐③❡❞ ❧❡❛st sq✉❛r❡s

❛♣♣r♦❛❝❤✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥ ❛♥❞ s❡❧❡❝t t❤❡ ❜❡st ❞r✐❢t ❡st✐✲

♠❛t♦r✳ ❲❡ ♦❜t❛✐♥ ❛ ❜♦✉♥❞ ❢♦r t❤❡ r✐s❦ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r✳

❖✉r ♠❡t❤♦❞ ✜ts ❢♦r ❛♥② ❞✐♠❡♥s✐♦♥ d✱ ❜✉t✱ ❢♦r s❛❢❡ ♦❢ ❝❧❛r✐t②✱ ✇❡ ❢♦❝✉s ♦♥

t❤❡ ❝❛s❡ d = 2✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ s❡✈❡r❛❧ ❡①❛♠♣❧❡s ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞✐❢✲

❢✉s✐♦♥s s❛t✐s❢②✐♥❣ ♦✉r ❛ss✉♠♣t✐♦♥s✱ ❛♥❞ r❡❛❧✐③❡ ✈❛r✐♦✉s s✐♠✉❧❛t✐♦♥s✳ ❖✉r

r❡s✉❧ts ✐❧❧✉str❛t❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r ❡st✐♠❛t♦rs✳

❘✉♥♥✐♥❣ t✐t❧❡ ✿ ❊st✐♠❛t✐♦♥ ❢♦r ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥s

❦❡② ✇♦r❞s ✿ ❉r✐❢t✱ ▼♦❞❡❧ s❡❧❡❝t✐♦♥✱ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥s✱ ◆♦♥♣❛r❛✲

♠❡tr✐❝ ❡st✐♠❛t✐♦♥✱ ❙t❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳

✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t ✉s ❝♦♥s✐❞❡r ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss (Xt)t≥0 =
(
X1

t , X2
t , ..., Xd

t

)
t≥0

s❛t✐s❢②✐♥❣ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭❙❉❊✮✿

dXt = b(Xt)dt + Σ(Xt)dWt, X0 = η, ✭✶✮

✇❤❡r❡ b(x) = (bi (x))1≤i≤d ✐s ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r✱ Σ (x) = (σij (x))1≤i,j≤d ❛

(d, d) ♠❛tr✐①✱ η ❛ d✲❞✐♠❡♥s✐♦♥❛❧ r❛♥❞♦♠ ✈❡❝t♦r ❛♥❞ (Wt) ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♦❢

R
d ✐♥❞❡♣❡♥❞❡♥t ♦❢ η✳ ❚❤❡ ♣r♦❝❡ss (Xt) ✐s ❛ss✉♠❡❞ t♦ ❜❡ str✐❝t❧② st❛t✐♦♥❛r② ❛♥❞

✶



❡r❣♦❞✐❝✳ ❖✉r ❛✐♠ ✐s t♦ r❡❛❧✐③❡ ♥♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ b✱

❣✐✈❡♥ ❞✐s❝r❡t✐③❡❞ ♦❜s❡r✈❛t✐♦♥s✳

❙❡✈❡r❛❧ ♣❛♣❡rs ❞❡❛❧ ✇✐t❤ ♥♦♥♣❛r❛♠❡tr✐❝ ❞r✐❢t ❡st✐♠❛t✐♦♥ ❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

♣r♦❝❡ss❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❍♦✛♠❛♥♥ ✭✶✾✾✾✮ st✉❞✐❡s ♥♦♥♣❛r❛♠❡tr✐❝ ❛❞❛♣t✐✈❡ ❡s✲

t✐♠❛t♦rs ✉s✐♥❣ ♣r♦❥❡❝t✐♦♥s ♦♥ ✇❛✈❡❧❡t ❜❛s❡s✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ❡st✐♠❛t♦rs ❛r❡

❞✐✣❝✉❧t t♦ ✐♠♣❧❡♠❡♥t ♥✉♠❡r✐❝❛❧❧②✳ ❈♦♠t❡ ❡t ❛❧✳ ✭✷✵✵✼✮ ♣r♦♣♦s❡ ❞✐✛❡r❡♥t ♥♦♥✲

♣❛r❛♠❡tr✐❝ ❡st✐♠❛t♦rs✱ ❜❛s❡❞ ♦♥ ❛ ♣❡♥❛❧✐③❡❞ ❧❡❛st sq✉❛r❡s ❛♣♣r♦❛❝❤✳ ❚❤❡✐r ❡s✲

t✐♠❛t♦rs ❛r❡ ❡❛s✐❧② ❝♦♠♣✉t❛❜❧❡ ❛♥❞ ❤❛✈❡ ♦♣t✐♠❛❧✐t② ♣r♦♣❡rt✐❡s✳ ❖✉r ❛✐♠ ✐s

t♦ ❡①t❡♥❞ t❤❡s❡ r❡s✉❧ts t♦ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥s✳ ❙t❛t✐st✐❝❛❧ ✐♥❢❡r❡♥❝❡ ❢♦r

♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❡r❣♦❞✐❝ ❞✐✛✉s✐♦♥s ✐s ♥♦t ♦❢t❡♥ st✉❞✐❡❞✳ ❚❤✐s ✐s ♣❛rt❧② ❜❡❝❛✉s❡

t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ♦❢ st❛t✐♦♥❛r② ❧❛✇s ✐s ♠♦r❡ ❞✐✣❝✉❧t t❤❛♥

❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s✳ ❋r♦♠ P❛r❞♦✉① ❛♥❞ ❱❡r❡t❡♥♥✐❦♦✈ ✭✷✵✵✶✮ ❛♥❞ ❑❡♥t

✭✶✾✼✽✮✱ ✇❡ ♣r♦✈✐❞❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐❝✐t② ♦❢ ❛♥ ✐♥✈❛r✐✲

❛♥t ❞❡♥s✐t② ❢♦r t❤❡ ❙❉❊ ✭✶✮ ✭s❡❡ ❛❧s♦ ❏❛❝♦❜s❡♥ ✭✷✵✵✶✮✮✳ ❚❤❡ ♦❜s❡r✈❡❞ ♣r♦❝❡ss ✐s

❛ss✉♠❡❞ t♦ ❜❡ str✐❝t❧② st❛t✐♦♥❛r② ❛♥❞ β✲♠✐①✐♥❣✱ ❛♥❞ t❤❡ ❞✐s❝r❡t❡ ♦❜s❡r✈❛t✐♦♥s
(
X0,X∆, . . . ,X(n+1)∆

)
❤❛✈❡ ❛ s❛♠♣❧✐♥❣ ✐♥t❡r✈❛❧ ∆✳ ❖✉r ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦

✐s n t❡♥❞s t♦ ✐♥✜♥✐t②✱ ∆ = ∆n t❡♥❞s t♦ ✵ ❛♥❞ n∆ t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤❡ ❞r✐❢t

✈❡❝t♦r ✐s ❡st✐♠❛t❡❞ ♦♥ ❛ ❝♦♠♣❛❝t s❡t K ⊂ R
d✳ ❋♦r ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❞r✐❢t✱

bi(x), i = 1, . . . , d✱ ✇❡ ❞❡✜♥❡ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛t♦rs (b̂i,m)m ♦❢

bi ❜❡❧♦♥❣✐♥❣ t♦ ❛ ❢❛♠✐❧② ♦❢ ❧✐♥❡❛r s✉❜s♣❛❝❡s
(
S̄m

)
m
♦❢ L2(K)✳ ❚❤❡♥✱ ✐♥tr♦❞✉❝✐♥❣

❛ ♣❡♥❛❧t②✱ ✇❡ s❡❧❡❝t t❤❡ ❜❡st ❡st✐♠❛t♦r b̂m̂✿ t❤❡ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r r✐s❦ r❡❛❝❤❡s

t❤❡ ✉s✉❛❧ ♦♣t✐♠❛❧ ♥♦♥♣❛r❛♠❡tr✐❝ r❛t❡✳ ❚❤❡ ❝❛s❡ b(x1, . . . , xd) =
∑d

i=1 ci(xi) ✐s

st✉❞✐❡❞ s❡♣❛r❛t❡❧②✳ ❋♦r t❤✐s ❝❛s❡✱ t❤❡ ♦♣t✐♠❛❧ r❛t❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❡st✐♠❛t♦r ✐s

t❤❡ s❛♠❡ ❛s ✐♥ ❞✐♠❡♥s✐♦♥ d = 1✳

■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ s♣❡❝✐❢② t❤❡ ♠♦❞❡❧ ❛♥❞ ✐ts ❛ss✉♠♣t✐♦♥s✳ ❙❡❝t✐♦♥ ✸ ❞❡s❝r✐❜❡s

❛♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡s✳ ❙❡❝t✐♦♥ ✹ ♣r❡s❡♥ts t❤❡ ❡st✐♠❛t♦r ❛♥❞ st✉❞✐❡s ✐ts r✐s❦ ❧✐❦❡

✐♥ ❈♦♠t❡ ❡t ❛❧✳ ✭✷✵✵✼✮✳ ❙❡❝t✐♦♥ ✺ ❣✐✈❡s s♦♠❡ ✐♥❞✐❝❛t✐♦♥s ❢♦r t❤❡ ❡st✐♠❛t✐♦♥

❛❧❣♦r✐t❤♠✳ ❙❡❝t✐♦♥ ✻ ♣r♦♣♦s❡s ❡①❛♠♣❧❡s ♦❢ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s

❢♦r ✇❤✐❝❤ ❞❛t❛ ❛r❡ s✐♠✉❧❛t❡❞ ❛♥❞ ❡st✐♠❛t♦rs ❛r❡ ✐♠♣❧❡♠❡♥t❡❞✳ ◆✉♠❡r✐❝❛❧ s✐♠✲

✉❧❛t✐♦♥s r❡s✉❧ts ❛r❡ ❝♦♥✈✐♥❝✐♥❣✱ ❡✈❡♥ ✐❢ s♦♠❡ t❤❡♦r❡t✐❝❛❧ ❛ss✉♠♣t✐♦♥s ❛r❡ ♥♦t

s❛t✐s✜❡❞✳ Pr♦♦❢s ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✼✳

✷ ▼♦❞❡❧ ❛♥❞ ❛ss✉♠♣t✐♦♥s

❲❡ ❝♦♥s✐❞❡r ❛ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss (Xt) s❛t✐s❢②✐♥❣ ✭✶✮✳ ❲❡ ❞❡♥♦t❡ ❜② 〈x,y〉 =
∑d

i=1 xiyi t❤❡ ✉s✉❛❧ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ R
d✱ ❜② |x| t❤❡ ❛ss♦❝✐❛t❡❞ ♥♦r♠ ❛♥❞ ❜②

|M |mat ❛ ♠❛tr✐❝✐❛❧ ♥♦r♠✳ ❋♦r ❛ ♠❛tr✐① M, M∗ ❞❡♥♦t❡s ✐ts tr❛♥s♣♦s❡✳ ▲❡t ✉s

❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿

✷



❆ss✉♠♣t✐♦♥ ✶✳

❚❤❡ ❢✉♥❝t✐♦♥s Σ (x) ❛♥❞ b (x) ❛r❡ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③✿

∃L, ∀ (x,y) ∈
(
R

d
)2 |Σ (x) − Σ (y)|mat + |b (x) − b (y)| ≤ L |x − y| .

❆ss✉♠♣t✐♦♥ ✷✳

❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts r > 0 ❛♥❞ α ≥ 1 s✉❝❤ t❤❛t

∃M0 ∈ R
+, ∀x, |x| > M0, 〈b(x),x〉 ≤ −r |x|α .

❆ss✉♠♣t✐♦♥ ✸✳

✭✐✮ ❚❤❡ ❞✐✛✉s✐♦♥ ♠❛tr✐① A (x) = Σ (x) Σ∗ (x) = (aij (x))1≤i,j≤d ✐s ❜♦✉♥❞❡❞ ❛♥❞

♣♦s✐t✐✈❡✳ ▲❡t σ2
0 ❜❡ s✉❝❤ t❤❛t

∀x, T r(A(x)) ≤ σ2
0 .

✭✐✐✮ ❚❤❡ ♠❛tr✐① A s❛t✐s✜❡s✿

∃λ−, λ+ > 0, ∀x ∈ R
d, λ− |x|2 ≤ 〈A (x)x,x〉 ≤ λ+ |x|2 .

❆ss✉♠♣t✐♦♥ ✹✳

✭✐✮ b ∈ C 1
(
R

d, Rd
)
✱ A ∈ C 2

(
R

d, Rd ⊗ R
d
)
✳

✭✐✐✮ ❚❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ V ∈ C 2
(
R

d, R
)
s❛t✐s❢②✐♥❣✿

b =
1

2




d∑

j=1

∂

dxj
aij





1≤i≤d

− A∇V.

✭✐✐✐✮ c = exp (−2V (x)) < +∞.

❆ss✉♠♣t✐♦♥ ✶ ✐♠♣❧✐❡s ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ♣r♦❝❡ss (Xt)t≥0✱ s♦❧✉t✐♦♥

♦❢ ✭✶✮ ✭s❡❡ ❑❛r❛t③❛s ❛♥❞ ❙❤r❡✈❡✱ ❚❤❡♦r❡♠ ✷✳✺✱ ♣✳✷✽✶ ✭✶✾✽✽✮✮✳ ❯♥❞❡r ❆ss✉♠♣✲

t✐♦♥s ✷✲✸✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ❞❡♥s✐t② ✭s❡❡ P❛r❞♦✉① ❛♥❞ ❱❡r❡t❡♥♥✐❦♦✈

✭✷✵✵✶✮✱ ❱❡r❡t❡♥♥✐❦♦✈ ✭✶✾✽✼✮✮✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✹✱ ✇❡ ✐♥tr♦❞✉❝❡

π (x) = c−1 exp (−2V (x)) . ✭✷✮

Pr♦♣♦s✐t✐♦♥ ✶✳

❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✹✱ ❡q✉❛t✐♦♥ ✭✶✮ ❤❛s ❛ ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ❞❡♥s✐t②✱ ✇❤✐❝❤ ✐s

π✳

▲❡t ✉s ❛ss✉♠❡✿

❆ss✉♠♣t✐♦♥ ✺✳

η ∼ π✳

✸



❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✺✱ ❛❝❝♦r❞✐♥❣ t♦ P❛r❞♦✉① ❛♥❞ ❱❡r❡t❡♥♥✐❦♦✈ ✭✷✵✵✶✮✱

t❤❡ ♣r♦❝❡ss (Xt) ✐s str✐❝t❧② st❛t✐♦♥❛r② ❛♥❞ ❡①♣♦♥❡♥t✐❛❧❧② β✲♠✐①✐♥❣✿ t❤❡r❡ ❡①✐sts

♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C, θ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t > 0✱

βX(t) ≤ Ce−θt,

✇❤❡r❡ βX(t) ❞❡♥♦t❡s t❤❡ β✲♠✐①✐♥❣ ❝♦❡✣❝✐❡♥t ♦❢ (Xt)✳ ❘❡❝❛❧❧ t❤❛t✱ ❢♦r ❛ st❛t✐♦♥✲

❛r② ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✱

βX(s) =
1

2
‖P(X0,Xs) − PX0

⊗ PX0
‖TV

✇❤❡r❡ P(X0,Xs) ✐s t❤❡ ❥♦✐♥t ❧❛✇ ♦❢ (X0, Xs)✱ PX0
t❤❡ ❧❛✇ ♦❢ X0 ❛♥❞ ‖.‖TV t❤❡

t♦t❛❧ ✈❛r✐❛t✐♦♥ ❞✐st❛♥❝❡✳ ❋✉rt❤❡r♠♦r❡✱

∃ν > 0, E [exp (ν|η|)] < ∞.

■♥ ♣❛rt✐❝✉❧❛r✱ η ❤❛s ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ✉s❡❢✉❧

❢♦r ♣r♦♦❢s✳

Pr♦♣♦s✐t✐♦♥ ✷✳

❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✺✱

∀k ≥ 1, ∃c(k) ∈ R ✱ ∀h ✱ 0 < h ≤ 1✱ ∀t ≥ 0✿

E

(
sup

s∈[t,t+h]

|b(Xs) − b(Xt)|k
)

≤ c (k) hk/2.

❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s ♣r♦✈❡❞ ❡✳❣✳ ✐♥ ●❧♦t❡r ✭✷✵✵✵✮ ❢♦r ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉✲

s✐♦♥✳ ❚❤❡ ❡①t❡♥s✐♦♥ t♦ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✐s str❛✐❣❤t❢♦r✇❛r❞✳

✸ ❆♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡s

❖✉r ❛✐♠ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ b ♦♥ ❛ ❝♦♠♣❛❝t s❡t K ♦❢ R
d✳ ❲✐t❤♦✉t

❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝♦♥s✐❞❡r K = [0, 1]
d
✳ ❆s t❤❡ st❛t✐♦♥❛r② ❞❡♥s✐t② π (x) ✐s

♣r♦♣♦rt✐♦♥❛❧ t♦ exp (−2V (x))✱ t❤❡r❡ ❡①✐st s♦♠❡ ❝♦♥st❛♥ts π0 ❛♥❞ π1 s✉❝❤ t❤❛t✱

❢♦r ❛❧❧ x ∈ K✱

0 < π0 ≤ π (x) ≤ π1 < +∞.

❇❡❧♦✇✱ ✇❡ ❝♦♥str✉❝t ❛ ❢❛♠✐❧②
(
S̄m

)
m∈Mn

♦❢ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢ L2 (K) ✇✐t❤

Dm = dim(S̄m) ❛♥❞ ✇❤❡r❡ Mn ✐s t❤❡ ✐♥❞❡① s❡t ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥✿

Mn = Mn(r) = {m, Dm ≤ Nn} , ✭✸✮

✹



✇❤❡r❡ t❤❡ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥ Nn ✇✐❧❧ ❜❡ ❧❛t❡r ♣r❡❝✐s❡❞✳ ❋♦r ❡❛❝❤ m ∈ Mn✱ ✇❡

❝♦♠♣✉t❡ ❛♥ ❡st✐♠❛t♦r b̂m ♦❢ b✱ ❜❡❧♦♥❣✐♥❣ t♦ S̄m✳ ❚❤❡♥ ✇❡ ❝❤♦♦s❡ t❤❡ ✏❜❡st✑

♣♦ss✐❜❧❡ ❡st✐♠❛t♦r ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥ pen(m)✳ ❋♦r s✐♠♣❧✐❝✐t②✱

✇❡ ❞❡s❝r✐❜❡ t❤❡ ❝❛s❡ d = 2✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❝♦❧❧❡❝t✐♦♥ ✇♦✉❧❞ ❜❡ ❡①❛❝t❧②

t❤❡ s❛♠❡ ❢♦r ❛♥② ❞✐♠❡♥s✐♦♥ d✳ ❲❡ st❛rt ❜② ❝♦♥str✉❝t✐♥❣ s✉❜s♣❛❝❡s ♦❢ L2([0, 1])✳

❚❤❡♥ ✇❡ ❞❡❞✉❝❡ s✉❜s♣❛❝❡s ♦❢ L2([0, 1]2)✳

✸✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ ✉♥✐✈❛r✐❛t❡ s✉❜s♣❛❝❡s

❋♦r ♦✉r ❝♦♥str✉❝t✐♦♥✱ ✇❡ ✉s❡ s♣❧✐♥❡ ❢✉♥❝t✐♦♥s✳ ❲❡ r❡❝❛❧❧ ❤❡r❡ s♦♠❡ ♦❢ t❤❡✐r

♣r♦♣❡rt✐❡s✳ ❚❤❡ s♣❧✐♥❡ ❢✉♥❝t✐♦♥ ♦❢ ❞❡❣r❡❡ r ✐s ❞❡♥♦t❡❞ ❜② gr✱ ✇❤❡r❡

gr = ✶[0,1] ∗ ✶[0,1] ∗ . . . ∗ ✶[0,1] r + 1 t✐♠❡s

✐s t❤❡ (r + 1) t✐♠❡s ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ [0, 1]✳ ❚❤✐s ❢✉♥❝t✐♦♥

✐s ❛ ♣✐❡❝❡✇✐s❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ r ❛♥❞ ♦❢ s✉♣♣♦rt [0, r + 1] ❛♥❞✱ ❢♦r ❛♥②

r ≥ 1✱ ✐t ❜❡❧♦♥❣s t♦ C r−1✳ ❆❝❝♦r❞✐♥❣ t♦ st❛♥❞❛r❞ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♥✈♦❧✉t✐♦♥✱

✇❡ ♦❜t❛✐♥ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t✱ ❢♦r ❛♥② ✐♥t❡❣❡r r✱
∫ +∞

−∞
gr (x) dx = 1 ❛♥❞✱ ❢♦r ❛❧❧

x ∈ R,
∑

k∈Z
gr (x − k) = 1✳ ▲❡t ✉s ✜① r ≥ 1 ❛♥❞ ❞❡♥♦t❡✱ ❢♦r k ∈ Z✱

f0,k = gr(. − k)✶[0,1] ❛♥❞ S0 = ❱❡❝t {(f0,k) , k ∈ Z} .

❊✈❡r② ❢✉♥❝t✐♦♥ g ∈ S0 ❤❛s s✉♣♣♦rt ✐♥ [0, 1] ❛♥❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

g =

0∑

k=−r

αkf0,k.

❋✉♥❝t✐♦♥s f0,k✱ ❢♦r k /∈ {−r, . . . , 0}✱ ❛r❡ ✐❞❡♥t✐❝❛❧❧② ♥✉❧❧✳ ▲❡t ✉s ❞❡✜♥❡✱ ❢♦r

m ∈ N, k ∈ Z✱

fm,k(x) = 2m/2gr (2mx − k)✶[0,1](x)

✇❤✐❝❤ ❤❛s s✉♣♣♦rt
[

k
2m ∨ 0, k+r+1

2m ∧ 1
]
✳ ◆♦♥ ♥✉❧❧ ❢✉♥❝t✐♦♥s fm,k ❝♦rr❡s♣♦♥❞

t♦ k ∈ {−r,−r + 1, . . . , 2m − 1}✳ ❚❤❡✐r s✉♣♣♦rts ❛r❡ ♥♦t ❞✐s❥♦✐♥t ❜✉t t❤❡s❡

❢✉♥❝t✐♦♥s ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✳ ▲❡t ✉s s❡t Sm = ❱❡❝t {(fm,k) , k ∈ Z} t❤❡

✈❡❝t♦r s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② ❢✉♥❝t✐♦♥s fm,k✳ ■ts ❞✐♠❡♥s✐♦♥ ✐s dm = 2m + r✳ ❆♥②

❢✉♥❝t✐♦♥ g ∈ Sm ❤❛s ❛ s✉♣♣♦rt ✐♥❝❧✉❞❡❞ ✐♥ [0, 1] ❛♥❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

g =

2m−1∑

k=−r

αm,kfm,k.

▼♦r❡♦✈❡r✱ ❛s g2
r ≤ gr ≤ 1✱ ✇❡ ❤❛✈❡ t❤❛t

∫
R

f2
m,k(x)dx ≤

∫
R

g2
r(x)dx ≤ 1✳

✺



Pr♦♣♦s✐t✐♦♥ ✸✳

❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t φ0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② t ∈ Sm✿

‖t‖2
∞ ≤ φ2

0dm ‖t‖2
L2 .

✸✳✷ ❇✐✲✈❛r✐❛t❡ s♣❛❝❡s

◆♦✇✱ ✇❡ ❜✉✐❧❞ s✉❜s♣❛❝❡s S̄m ♦❢ L2
(
[0, 1]2

)
✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ✉s❡ t✇♦ ❞✐✛❡r✲

❡♥t ❝♦♥str✉❝t✐♦♥s✳

❚❤❡ ✜rst ♦♥❡ ✉s❡s t❡♥s♦r✐❛❧ ♣r♦❞✉❝ts✳ ■t ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ s❡❝♦♥❞ ❛♥❞

❛❧❧♦✇s ✉s t♦ ❛♣♣r♦①✐♠❛t❡ ❛♥② ❢✉♥❝t✐♦♥ ♦❢ L2
(
[0, 1]2

)
✳ ▲❡t ✉s s❡t S̄m = Sm⊗Sm✳

❆♥② ❢✉♥❝t✐♦♥ g ∈ S̄m ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

g (x, y) =
2m−1∑

k,l=−r

αm,k,lfm,k (x) fm,l (y) .

❚❤❡ ❢❛♠✐❧② F̄m = {fm,k (x) fm,l (y)} ✐s ❛ ❜❛s✐s ♦❢ S̄m ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t Dm =

dim(S̄m) = d2
m = (2m + r)

2
✳ ❋♦r d✲✈❛r✐❛t❡ s♣❛❝❡s✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡

Dm = dd
m = (2m + r)

d
.

❚❤❡ s❡❝♦♥❞ ❝♦♥str✉❝t✐♦♥ ♦♥❧② ❛❧❧♦✇s ✉s t♦ ❡st✐♠❛t❡ ❞r✐❢t ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠

b (x, y) = c (x) + e (y) .

■♥ t❤❛t ❝❛s❡✱ ♦✉r ❡st✐♠❛t♦r ✐s ♦❢ t❤❡ ❢♦r♠ b̂ (x, y) = ĉ (x) + ê (y)✳ ❆s ❛ ❝♦♥s❡✲

q✉❡♥❝❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❢❛♠✐❧②

S̄m =

{
(x, y) 7→ g (x, y) , g (x, y) =

2m−1∑

k=−r

αm,kfm,k (x) +

2m−1∑

l=−r

βm,lfm,l (y)

}
.

❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❧❛tt❡r S̄m ✐s Dm = 2 (r + 2m)✳ ■♥ t❤❡ d✲✈❛r✐❛t❡ ❝❛s❡✱ ✇❡

✇♦✉❧❞ ❤❛✈❡

Dm = d (r + 2m) .

■♥ ♦r❞❡r t♦ ✉s❡ ❣❡♥❡r✐❝ ♥♦t❛t✐♦♥s✱ ✇❡ ❝♦♥s✐❞❡r F̄m =
{

(ϕm,k)0≤k≤Dm−1

}
❛ ❜❛s✐s

♦❢ S̄m✳ ❆❝❝♦r❞✐♥❣ t♦ ▼❡②❡r ✭✶✾✾✵✮✱ s♣❧✐♥❡ ❢✉♥❝t✐♦♥s ❝♦♥st✐t✉t❡ ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥

❛♥❛❧②s✐s ♦❢ L2 (R)✱ ❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✹✱ ♣✳✺✵✱ ✇❡ ❞❡❞✉❝❡

Pr♦♣♦s✐t✐♦♥ ✹✳

▲❡t t ❜❡❧♦♥❣ t♦ t❤❡ ❇❡s♦✈ s♣❛❝❡ Bα
2,∞

(
[0, 1]d

)
❛♥❞ ❧❡t tm ❜❡ ✐ts ♦rt❤♦❣♦♥❛❧ ♣r♦✲

✻



❥❡❝t✐♦♥ ✭L2✮ ♦✈❡r S̄m✱ ✇✐t❤ r ≥ α✳ ❚❤❡♥

∃C > 0, ‖t − tm‖L2 ≤ C2−mα.

❘❡♠❛r❦ ✶✳

❲❡ ❝♦✉❧❞ ❛s ✇❡❧❧ ✉s❡ ❛♥✐s♦tr♦♣✐❝ s♣❛❝❡s S̄m1,m2
= Sm1

⊗ Sm2
❞❡♣❡♥❞✐♥❣ ♦♥

m1✱ m2✱ r1 ❛♥❞ r2✱ ❣❡♥❡r❛t❡❞ ❜② Fm1,m2
= {fm1,k (x) fm2,l (y)}✱ ✇✐t❤ Dm =

(r1 + 2m1) (r2 + 2m2)✳ ❘❡❞✉❝❡❞ s♣❛❝❡s ✇♦✉❧❞ ❜❡

S̄m1,m2
= Sm1

+Sm2
=

{
(x, y) → g(x, y) =

2m1−1∑

k=−r1

αm1,kfm1,k (x) +

2m2−1∑

l=−r2

βm2,lfm2,l (y)

}
,

✇✐t❤ ❞✐♠❡♥s✐♦♥ Dm = r1 + r2 +2m1 +2m2 ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t r❡♣❧❛❝❡s Pr♦♣♦✲

s✐t✐♦♥ ✹✿

Pr♦♣♦s✐t✐♦♥ ✺✳

▲❡t t ❜❡❧♦♥❣s t♦ t❤❡ ❇❡s♦✈ s♣❛❝❡ Bα1,α2

2,∞

(
[0, 1]d

)
✇✐t❤ ♣r♦❥❡❝t✐♦♥ tm1,m2

♦♥ S̄m1,m2
✳

❆ss✉♠❡ t❤❛t r1 ≥ α1 ❛♥❞ r2 ≥ α2✳ ❲❡ ❤❛✈❡ t❤❛t

∃C > 0, ‖t − tm1,m2
‖L2 ≤ C

(
2−m1α1 + 2−m2α2

)
.

✭s❡❡ ▲❛❝♦✉r ✭✷✵✵✼✮✱ ▲❡♠♠❛ ✾✳✮

✹ ❉r✐❢t ❡st✐♠❛t✐♦♥

✹✳✶ ◆♦t❛t✐♦♥s

❘❡♠❡♠❜❡r t❤❛t K = [0, 1]d ❛♥❞ s❡t

Yk∆ =
X(k+1)∆ − Xk∆

∆
, Zk∆ =

1

∆

∫ (k+1)∆

k∆

Σ(Xs)dWs, ✭✹✮

❛♥❞✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ t ❢r♦♠ R
d t♦ R✿

Ik∆ (t) =
1

∆

∫ (k+1)∆

k∆

(t (Xs) − t (Xk∆)) ds.

❇② ✭✶✮✱ ❢♦r i = 1, . . . , d✱

Y i
k∆ = bi(Xk∆) + Ik∆ (bi) + Zi

k∆

✇❤❡r❡ xi ✐s t❤❡ it❤ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❝t♦r x✳ ■♥ t❤✐s ❡q✉❛t✐♦♥✱ bi(Xk∆) ✐s t❤❡

♠❛✐♥ t❡r♠✱ Zi
k∆ ❛ ♥♦✐s❡ t❡r♠ ❛♥❞ Ik∆ (bi) ❛ r❡♠❛✐♥❞❡r t❡r♠✳ ❲❡ ❡st✐♠❛t❡ ❡❛❝❤

❝♦♠♣♦♥❡♥t bi ♦❢ t❤❡ ❞r✐❢t b✳ ▲❡t ✉s ❝♦♥s✐❞❡r✱ ❢♦r i = 1, . . . , d✱ t❤❡ ❝♦♥tr❛st

✼



γn,i(t) =
1

n

n∑

k=1

(
Y i

k∆ − t(Xk∆)
)2

✭✺✮

❛♥❞ ❞❡✜♥❡ t❤❡ ❡st✐♠❛t♦r b̂m,i✿

b̂m,i = arg min
t∈S̄m

γn,i(t).

❲❡ ❛❧✇❛②s ❝❛♥ ✜♥❞ ❛ ❢✉♥❝t✐♦♥ b̂m,i ✇❤✐❝❤ ♠✐♥✐♠✐③❡s γn,i✱ ❜✉t ✐t ♠❛② ❜❡ ♥♦t

✉♥✐q✉❡✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ s❡tt✐♥❣ Y =
(
Y i

∆, Y i
2∆, . . . , Y i

n∆

)
✱ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r(

b̂m,i (X∆) , . . . , b̂m,i (Xn∆)
)

= Πm (Y )✱ ✇❤❡r❡ Πm ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ♣r♦❥❡❝t✐♦♥

♦✈❡r t❤❡ s✉❜s♣❛❝❡
{
(t (X∆) , . . . , t (Xn∆)) , t ∈ S̄m

}
✱ ✐s ❛❧✇❛②s ✉♥✐q✉❡❧② ❞❡✜♥❡❞✳

❋♦r t❤✐s r❡❛s♦♥✱ ❛s ✐♥ ❈♦♠t❡ ❡t ❛❧✳ ✭✷✵✵✼✮✱ ✇❡ ❝❤♦♦s❡ t❤❡ r✐s❦ ❢✉♥❝t✐♦♥ ❡q✉❛❧ t♦

R

(
b̂m,i

)
= E

(∥∥∥b̂m,i − bi,K

∥∥∥
2

n

)
,

✇❤❡r❡ ‖t‖2
n = 1

n

∑n
k=1 t2(Xk∆) ❛♥❞ bi,K = bi✶K ✳

✹✳✷ ❘✐s❦ ♦❢ t❤❡ ♥♦♥✲❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r

❯s✐♥❣ ❡q✉❛t✐♦♥s ✭✹✮ ❛♥❞ ✭✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t

γn,i (t)−γn,i (bi) = ‖t−bi‖2
n+

2

n

n∑

k=1

(bi−t)(Xk∆)Zi
k∆+

2

n

n∑

k=1

(bi−t)(Xk∆)Ik∆ (bi) .

❙❡t

νn,i(t) =
1

n

n∑

k=1

t(Xk∆)Zi
k∆.

❚❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✭L2✮ ♦❢ bi ♦✈❡r S̄m ✐s ❞❡♥♦t❡❞ bm,i✳ ❲❡ ❤❛✈❡

γn,i(b̂m,i) ≤ γn,i(bm,i)

γn,i(b̂m,i) − γn,i(bi) ≤ γn,i(bm,i) − γn,i(bi).

❙♦ ✇❡ ❝❛♥ ✇r✐t❡

‖b̂m,i − bi‖2
n ≤ ‖bm,i − bi‖2

n + 2νn,i(b̂m,i − bm,i) +
2

n

n∑

k=1

(b̂m,i − bm,i)(Xk∆)Ik∆ (bi) .

❆s t❤❡ s✉♣♣♦rts ♦❢ b̂m,i ❛♥❞ bm,i ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ K✱

‖b̂m,i − bi,K‖2
n ≤ ‖bm,i − bi,K‖2

n + 2νn,i(b̂m,i − bm,i) +
2

n

n∑

k=1

(b̂m,i − bm,i)(Xk∆)Ik∆ (bi) .

✽



▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦✿

❆ss✉♠♣t✐♦♥ ✻✳

✭✐✮ ∆ = ∆n → 0 ❛♥❞ n∆2
n = O(1)✱

✭✐✐✮ n∆n

ln2(n) → ∞ ❛♥❞ N2
n = O

(
n∆n

ln2(n)

)
✱ ✇❤❡r❡ Nn ✐s t❤❡ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥ ✭s❡❡

❡q✉❛t✐♦♥ ✭✸✮✮✳

❚❤❡♦r❡♠ ✶✳

❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✻✱ t❤❡ r✐s❦ ❢♦r t❤❡ ❞r✐❢t ❡st✐♠❛t♦r b̂m ❜❡❧♦♥❣✐♥❣ t♦ ❛ s♣❛❝❡

S̄m s❛t✐s✜❡s✱ ❢♦r ❛❧❧ i = 1, . . . , d✿

E(‖b̂m,i − bi,K‖2
n) ≤ C

(
‖bm,i − bi,K‖2

L2 + σ2
0

Dm

n∆

)
+ C ′∆ +

C ′′

n∆
✭✻✮

✇✐t❤ C, C ′, C ′′ ❝♦♥st❛♥ts✳

✹✳✸ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ s♣❛❝❡

❋♦r ❣✐✈❡♥ ✭n✱∆✮✱ ✇❡ ✇✐s❤ t♦ s❡❧❡❝t m ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❜❡st ❝♦♠♣r♦♠✐s❡

❜❡t✇❡❡♥ t❤❡ ❜✐❛s t❡r♠ ‖bm,i − bi,K‖2
L2 ✱ ❛♥❞ t❤❡ ♠❛✐♥ ✈❛r✐❛♥❝❡ t❡r♠✱ Dm

n∆ ✳ ■♥ ❛

✜rst st❡♣✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ r❡❣✉❧❛r✐t② ✐s ❦♥♦✇♥✱ ✐✳❡✳ t❤❛t bi,K ∈ Bα
2,∞ ❛♥❞

‖bi,K‖2
Bα

2,∞
≤ 1✱ ✇✐t❤ r ≥ α✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✹✱ ✇❡ ❤❛✈❡ t❤❛t

‖bi,K − bm,i‖2
L2 ≤ C2−2mα.

▲❡t ✉s ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✳ ■❢ Dm = (2m + r)
d
✱ ✐✳❡✳ ✐❢ Dm ✐s ♦❢ ♦r❞❡r 2md

✭t❡♥s♦r✐❛❧ ♣r♦❞✉❝t✮✱ m ❤❛s t♦ s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥

m =
1

d + 2α
log2 (n∆) .

■❢ Dm = d (2m + r) ✭r❡❞✉❝❡❞ ❜❛s✐s✮✱ Dm ✐s ♦❢ ♦r❞❡r 2m ❛♥❞ ✇❡ ♠✉st ❤❛✈❡

m =
1

1 + 2α
log2 (n∆) .

❯s✐♥❣ ❡q✉❛t✐♦♥ ✭✻✮✱ ✇❡ ❣❡t ❢♦r ❛ ❜❛s✐s ♦❜t❛✐♥❡❞ ❜② t❡♥s♦r✐❛❧ ♣r♦❞✉❝t

E(‖b̂m,i − bi,K‖2
n) ≤ K (n∆)

−2α/(2α+d)
+ C ′∆ +

C ′′

n∆

♦r✱ ❢♦r ❛ r❡❞✉❝❡❞ ❜❛s✐s✱

E(‖b̂m,i − bi,K‖2
n) ≤ K (n∆)

−2α/(2α+1)
+ C ′∆ +

C ′′

n∆
.

■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ ♦✉r ❡st✐♠❛t♦r ❝♦♥✈❡r❣❡s ❛t t❤❡ s❛♠❡ r❛t❡ ❛s ❢♦r ❛ ♦♥❡✲

❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧✳

✾



❘❡♠❛r❦ ✷✳

❯s✐♥❣ ❛♥✐s♦tr♦♣✐❝ t❡♥s♦r✐s❡❞ ❜❛s❡s✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t❤❛t

E(‖b̂m,i − bi,K‖2
n) ≤ K (n∆)

−2ᾱ/(2ᾱ+d)
+ C ′∆ +

C ′′

n∆
,

✇✐t❤ ᾱ ❞❡✜♥❡❞ ❜② d
ᾱ =

∑d
i=1

1
αi
✳ ❋♦r ❛♥✐s♦tr♦♣✐❝ r❡❞✉❝❡❞ ❜❛s❡s✱ ✇❡ ✇♦✉❧❞ ✜♥❞

t❤❛t

E(‖b̂m,i − bi,K‖2
n) ≤ K (n∆)

−2α/(2α+1)
+ C ′∆ +

C ′′

n∆
,

✇❤❡r❡ α = min(αi)✿ ✐♥ t❤✐s ❝❛s❡✱ ✉s✐♥❣ ❛♥✐s♦tr♦♣✐❝ ❜❛s❡s ❞♦❡s ♥♦t ♠♦❞✐❢② t❤❡

t❤❡♦r❡t✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✳

✹✳✹ ❆❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥

❙✐♥❝❡ ✇❡ ❞♦ ♥♦t ❦♥♦✇ t❤❡ r❡❣✉❧❛r✐t② ♦❢ bi✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❝♦♥str✉❝t ❛♥ ❛❧❣♦✲

r✐t❤♠ ✇❤✐❝❤ s❡❧❡❝ts ❛✉t♦♠❛t✐❝❛❧❧② m✱ ✇✐t❤♦✉t ❛♥② ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ r❡❣✉❧❛r✲

✐t② ♦❢ bi✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥ pen(m)✱ ❞❡♣❡♥❞✐♥❣

♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ Dm✱ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s n ❛♥❞ ♦♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥

st❡♣ ∆✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡

m̂i = ❛r❣ min
m∈Mn

[
γn,i(b̂m,i) + pen(m)

]

✇✐t❤ t❤❡ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥ pen(m) s✉❝❤ t❤❛t

pen(m) ≥ κσ2
0

Dm

n∆
.

❲❡ ❞❡♥♦t❡ ❜② b̃i := b̂m̂i,i t❤❡ r❡s✉❧t✐♥❣ ❡st✐♠❛t♦r✳ ■♥ ♦✉r s✐♠✉❧❛t✐♦♥s✱ ✇❡ ✉s❡❞

pen(m) = κσ2
0

Dm

n∆ ✇✐t❤ κ = 5✳ ✭❚❤✐s ❝♦♥st❛♥t ✇❛s ❝❤♦s❡♥ ❜② ♥✉♠❡r✐❝❛❧ ❝❛❧✐❜r❛✲

t✐♦♥✱ s❡❡ ❈♦♠t❡ ❛♥❞ ❘♦③❡♥❤♦❧❝ ✭✷✵✵✷✱ ✷✵✵✹✮ ❢♦r ❛ ❝♦♠♣❧❡t❡ ❞✐s❝✉ss✐♦♥✮✳

❚❤❡♦r❡♠ ✷✳

❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✻✱ t❤❡ r✐s❦ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r s❛t✐s✜❡s✱ ❢♦r i =

1, . . . , d✱

E

(
‖b̃i − bi,K‖2

n

)
≤ C inf

m∈Mn

(
‖bi,K − bm,i‖2

L2 + pen(m)
)

+ C ′∆ +
C ′′

n∆

✇❤❡r❡ C✱ C ′✱ C ′′ ❛r❡ ❝♦♥st❛♥ts✳

❚❤❡ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r ❛✉t♦♠❛t✐❝❛❧❧② r❡❛❧✐③❡s t❤❡ ❜✐❛s✲✈❛r✐❛♥❝❡ ❝♦♠♣r♦♠✐s❡✿

✇❤❡♥❡✈❡r bi,K ❜❡❧♦♥❣s t♦ s♦♠❡ ❇❡s♦✈ ❜❛❧❧✱ ✐❢ r ≥ α✱ b̂m̂ ❛❝❤✐❡✈❡s t❤❡ ♦♣t✐♠❛❧

❝♦rr❡s♣♦♥❞✐♥❣ ♥♦♥♣❛r❛♠❡tr✐❝ r❛t❡✳

✶✵



✺ ❊①❛♠♣❧❡s ❛♥❞ s✐♠✉❧❛t✐♦♥

✺✳✶ ❆❧❣♦r✐t❤♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❡t Xk = Xk∆ ❛♥❞ Yk = Yi
k∆ ❢♦r t❤❡ it❤ ❝♦♠♣♦♥❡♥t ♦❢

✈❡❝t♦r Yk∆✳ ❆♥② ❢✉♥❝t✐♦♥ g ∈ S̄m ❝❛♥ ❜❡ ✇r✐tt❡♥ g (x) =
∑Dm−1

k=0 αm,kϕm,k (x)

❛♥❞ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ✈❡❝t♦r α = (αm,k)k=0,...,Dm−1✳ ❋♦r ❝♦♠♣✉t✐♥❣ t❤❡

❡st✐♠❛t♦r b̂m,i✱ ✇❡ ♠✐♥✐♠✐③❡ ✇✐t❤ r❡s♣❡❝t t♦ α t❤❡ ❡①♣r❡ss✐♦♥

n∑

i=1

(
Yi −

Dm−1∑

k=0

αm,kϕm,k (Xi)

)2

.

❲❡ ❤❛✈❡ t♦ s♦❧✈❡✱ ❢♦r l = 0, . . . , Dm − 1✿

n∑

j=1

Dm−1∑

k=0

αm,k [ϕm,k (Xj) ϕm,l (Xj)] =
n∑

j=1

Yj [ϕm,l (Xj)] .

▲❡t ✉s s❡t P = (ϕm,l (Xj))l=0,...,Dm−1, j=1,...,n ❛♥❞ Y = (Y1, . . . , Yn)
∗
✱ ❛♥❞ s♦❧✈❡

t❤❡ ❡q✉❛t✐♦♥ PP ∗α = PY ✳

❲❡ s✐♠✉❧❛t❡ ❛ ♣r♦❝❡ss (Xt) ❜② ❛♥ ❊✉❧❡r ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ✇✐t❤ s❛♠♣❧✐♥❣

✐♥t❡r✈❛❧ δ ❛♥❞ ❝♦♥s✐❞❡r Xk∆ ✇✐t❤ ∆ = pδ ❛♥❞ p ✐♥t❡❣❡r✱ k = 1, . . . , n✳ ❚❤❡

♥✉♠❜❡r n ♦❢ ♦❜s❡r✈❛t✐♦♥s ✈❛r✐❡s ❢r♦♠ ✶✵✵ t♦ ✺✵ ✵✵✵ ❛♥❞ ∆ ❢r♦♠ ✵✳✵✶ t♦ ✵✳✶✳

❲❤❡♥ n ≥ 10000✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ δ = ∆✱ ♦t❤❡r✇✐s❡✱ δ = 0.01 ❛♥❞ p = 5, 8, 10✳ ❚♦

❤❛✈❡ ❡♥♦✉❣❤ ♣♦✐♥ts ✐♥ ♦✉r ❡st✐♠❛t✐♦♥ ❝♦♠♣❛❝t✱ ✇❡ ❦❡❡♣ 95% ♦❢ t❤❡ ❞❛t❛ ♣♦✐♥ts✱

s✉♣♣r❡ss✐♥❣ 5% ♦❢ ❡①tr❡♠❡ ✈❛❧✉❡s✳ ❚♦ ❡st✐♠❛t❡ t❤❡ ❞r✐❢t ♦♥ ❛♥② r❡❝t❛♥❣❧❡ K✱ ✇❡

❤❛✈❡ t✇♦ s♦❧✉t✐♦♥s✿ ❡✐t❤❡r ❝❡♥t❡r ❛♥❞ r❡♥♦r♠❛❧✐③❡ t❤❡ ♣♦✐♥ts Xk ✐♥ ♦r❞❡r t♦ ❤❛✈❡

✈❛❧✉❡s ♦♥ [0, 1]2✱ ♦r ♠♦❞✐❢② t❤❡ ❢✉♥❝t✐♦♥s ϕm,k✳ ❲❡ ❤❛✈❡ ♠♦❞✐✜❡❞ t❤❡ ♣♦✐♥ts

Xk✱ ❛♥❞ ❣✐✈❡♥ ❛❢t❡r✇❛r❞s t❤❡ ❞r✐❢t ❡st✐♠❛t♦r ♦♥ t❤❡ r❡❝t❛♥❣❧❡ K✳ ❆❝t✉❛❧❧②✱ ♦✉r

❛❧❣♦r✐t❤♠ ✐s ❛❞❛♣t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ m ❛♥❞ r✳

❲❡ ❧❡t r ✈❛r② ❢r♦♠ ✶ t♦ Rmax ❛♥❞ m ❢r♦♠ ✵ t♦ max (Mn (r))✳ ❚❤❡♥✱ t♦

❝♦♠♣✉t❡ b̂m,i✱ ✇❡ s♦❧✈❡ ✐♥ α t❤❡ ❡q✉❛t✐♦♥ PP ∗α = PY ❛♥❞ ❝♦♠♣✉t❡ γn,i(m, r)

✇✐t❤ pen(m) = pen(m, r)✳ ❲❡ ♠✐♥✐♠✐③❡ γn,i(m, r) + pen(m, r) ✇✐t❤ r❡s♣❡❝t t♦

m ❛♥❞ r✱ ❛♥❞ r❡t✉r♥ t❤❡ ♦❜t❛✐♥❡❞ ❡st✐♠❛t♦r b̃i = b̂m̂i,i✳

✺✳✷ ❊①❛♠♣❧❡s

✺✳✷✳✶ ❈♦♥st❛♥t ❞✐✛✉s✐♦♥ ♠❛tr✐①

❲❡ ❝♦♥s✐❞❡r t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

dXt = −A∇V (Xt) dt + ΣdWt, X0 = η, ✭✼✮

✶✶



✇✐t❤ A = ΣΣ∗ ❛ ❝♦♥st❛♥t ♠❛tr✐①✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✶✱ ✐❢ t❤❡ ❢✉♥❝t✐♦♥

ρ (x) = exp (−2V (x)) ✐s ✐♥t❡❣r❛❜❧❡✱ t❤❡ ♣r♦❝❡ss (Xt)t≥0 s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✼✮

✐s ❛ r❡✈❡rs✐❜❧❡ ♣r♦❝❡ss✱ ✇✐t❤ st❛t✐♦♥❛r② ❞❡♥s✐t② ♣r♦♣♦rt✐♦♥❛❧ t♦ ρ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣

❡①❛♠♣❧❡s ❛r❡ ♣r♦♣♦s❡❞ ✐♥ ❋❡❛r♥❤❡❛❞ ❡t ❛❧✳ ✭✷✵✵✼✮✳

▼♦❞❡❧ ✶✿ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss

❲❡ ❝♦♥s✐❞❡r t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss ♦❢ ♣❛r❛♠❡t❡rs

b (x, y) =

(
−0.2 0.2

0.1 −0.2

)(
x

y

)
, Σ =

(
1 1

0 1

)
.

■ts ✐♥✈❛r✐❛♥t ❞❡♥s✐t② π (x) ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ exp
(
− 3

10x2 − 3
5y2 + 4

5xy
)
✱ ✐✳❡✳

π ∼ N

((
0

0

)
,
5

2

(
6 4

4 3

))
.

❲❡ s✐♠✉❧❛t❡ ❛ ♣❛t❤ ✇✐t❤ n = 10000 ♣♦✐♥ts ❛♥❞ ∆ = 0.1✳ ❋✐❣✉r❡ ✸ s❤♦✇s

t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞r✐❢t ✜rst ❝♦♠♣♦♥❡♥t b1 ✇✐t❤ ❛ r❡❞✉❝❡❞ ❜❛s✐s✳ ❋✐❣✉r❡ ✹

r❡♣r❡s❡♥ts s❡❝t✐♦♥s ❢♦r t❤❡ s❛♠❡ ♠♦❞❡❧✳

▼♦❞❡❧ ✷✿ ❉♦✉❜❧❡✲✇❡❧❧ ♣♦t❡♥t✐❛❧

▲❡t ✉s ❝♦♥s✐❞❡r

b (x, y) = 4

(
−4x + 4y

4x − y3 − 3y

)
, Σ = Id.

❚❤❡ ✐♥✈❛r✐❛♥t ❞❡♥s✐t② ✐s

π (x) ∝ exp
(
−2
(
y2 − 1

)2 − 16 (y − x)
2
)

.

❋✐❣✉r❡ ✶ s❤♦✇s ✐ts ❣r❛♣❤ ✭♥♦♥ ♥♦r♠❛❧✐③❡❞✮✳ ❚❤✐s ❙❉❊ ❞♦❡s ♥♦t s❛t✐s❢② ❛❧❧ ♦✉r

❛ss✉♠♣t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞r✐❢t ✐s ♥♦t ▲✐♣s❝❤✐t③✳ ❲❡ s✐♠✉❧❛t❡ ❛ ♣❛t❤ ✇✐t❤

n = 10000 ♣♦✐♥ts ❛♥❞ ∆ = 0.01✳ ❋✐❣✉r❡s ✺ ❛♥❞ ✻ s❤♦✇ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡

s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t b2✱ ✇❤✐❝❤ ✐s ❛ ♥♦♥ ❧✐♥❡❛r ❢✉♥❝t✐♦♥✱ ✇✐t❤ ❛ r❡❞✉❝❡❞ ❜❛s✐s✳ ❘✐s❦s

❛r❡ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ sq✉❛r❡ [−1.8, 1.8]
2
✳

▼♦❞❡❧ ✸✿ ❋✐①♠❛♥ ♣♦t❡♥t✐❛❧

▲❡t ✉s ❝♦♥s✐❞❡r

b (x, y) =

(
−x/2 − 2 cos (2x) − 6 cos (3x) + y/2

x/2 − y/2

)
, Σ = Id.

✶✷



❋✐❣✉r❡ ✶✿ ❙t❛t✐♦♥❛r② ❞❡♥s✐t② ♦❢ ♠♦❞❡❧ ✷

−2

−1

0

1

2

−2−1012
0

0.2

0.4

0.6

0.8

1

❚❤❡ ✐♥✈❛r✐❛♥t ❞❡♥s✐t② ✐s

π (x) ∝ exp

(
−1

2
(y − x)

2 − 2 sin(2x) − 4 sin(3x)

)
.

❋✐❣✉r❡ ✷ s❤♦✇s t❤❡ ❣r❛♣❤ ✭♥♦♥ ♥♦r♠❛❧✐③❡❞✮ ♦❢ t❤✐s st❛t✐♦♥❛r② ❞❡♥s✐t②✳ ❲❡

s✐♠✉❧❛t❡ ❛ ♣❛t❤ ✇✐t❤ n = 10000 ♣♦✐♥ts ❛♥❞ ∆ = 0.08✳ ❋✐❣✉r❡s ✼ ❛♥❞ ✽ r❡♣r❡s❡♥t

t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞r✐❢t ✜rst ❝♦♠♣♦♥❡♥t b1✱ ✇✐t❤ ❛ r❡❞✉❝❡❞ ❜❛s✐s✱ ♦♥ t❤❡

❝♦♠♣❛❝t s❡t [−π, π]2✳ ❘✐s❦s ❛r❡ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ s❛♠❡ r❡❝t❛♥❣❧❡✳

❋✐❣✉r❡ ✷✿ ❙t❛t✐♦♥❛r② ❞❡♥s✐t② ♦❢ ♠♦❞❡❧ ✸
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✶✸



❋✐❣✉r❡ ✸✿ ❋❧♦✇s ❝♦♠♣❛r✐s♦♥ ❢♦r ♠♦❞❡❧ ✶
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Estimated drift

❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥✿ b1(x, y) = −0.2x + 0.2y.
❧✐❣❤t ❛r❡❛✿ ❡st✐♠❛t❡❞ ❞r✐❢t ❛t ♦❜s❡r✈❡❞ ♣♦✐♥ts✳

❞❛r❦ ❛r❡❛✿ ❡st✐♠❛t❡❞ ❞r✐❢t ♦♥ t❤❡ ✇❤♦❧❡ r❡❝t❛♥❣❧❡✳

❋✐❣✉r❡ ✹✿ ❙❡❝t✐♦♥s ❢♦r ♠♦❞❡❧ ✶
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❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥✿ b1

❴✿ tr✉❡ ❞r✐❢t
✳ ✿ ❡st✐♠❛t❡❞ ❞r✐❢t

✶✹



❋✐❣✉r❡ ✺✿ ❋❧♦✇s ❝♦♠♣❛r✐s♦♥ ❢♦r ♠♦❞❡❧ ✷
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Estimated drift

❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥✿ b2(x, y) = 16x − 4y3 − 12y.
❧✐❣❤t ❛r❡❛✿ ❡st✐♠❛t❡❞ ❞r✐❢t ❛t ♦❜s❡r✈❡❞ ♣♦✐♥ts✳

❞❛r❦ ❛r❡❛✿ ❡st✐♠❛t❡❞ ❞r✐❢t ♦♥ t❤❡ ✇❤♦❧❡ r❡❝t❛♥❣❧❡✳

❋✐❣✉r❡ ✻✿ ❙❡❝t✐♦♥s ❢♦r ♠♦❞❡❧ ✷
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❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥✿ b2

❴✿ tr✉❡ ❞r✐❢t
✳ ✿ ❡st✐♠❛t❡❞ ❞r✐❢t

✶✺



❋✐❣✉r❡ ✼✿ ❋❧♦✇s ❝♦♠♣❛r✐s♦♥ ❢♦r ♠♦❞❡❧ ✸
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Estimated drift

❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥✿ b1(x, y) = −x/2 − 2 cos(2x) − 6 cos(3x) + y/2.
❧✐❣❤t ❛r❡❛✿ ❡st✐♠❛t❡❞ ❞r✐❢t ❛t ♦❜s❡r✈❡❞ ♣♦✐♥ts✳

❞❛r❦ ❛r❡❛✿ ❡st✐♠❛t❡❞ ❞r✐❢t ♦♥ t❤❡ ✇❤♦❧❡ r❡❝t❛♥❣❧❡✳

❋✐❣✉r❡ ✽✿ ❙❡❝t✐♦♥s ❢♦r ♠♦❞❡❧ ✸
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❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥✿ b1

❴✿ tr✉❡ ❞r✐❢t
✳ ✿ ❡st✐♠❛t❡❞ ❞r✐❢t

✶✻



✺✳✷✳✷ ◆♦♥ ❝♦♥st❛♥t ❞✐✛✉s✐♦♥ ♠❛tr✐①

▼♦❞❡❧ ✹✿ ❋✉♥❝t✐♦♥ ♦❢ ❛♥ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss

❲❡ ❝♦♥s✐❞❡r t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss

dZt = −BZtdt + ΣdWt, Z0 = η,

✇✐t❤ B = (bij) ✱ Σ = (σij) ❛♥❞ t❤❡ ✈❡❝t♦r ❢✉♥❝t✐♦♥ f (z1, z2) = (exp(z1), exp(z2))
∗
✳

■❢ ✇❡ s❡t Xt = f (Zt)✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ■t♦ ❢♦r♠✉❧❛✱ (Xt)t≥0 s❛t✐s✜❡s t❤❡ ❙❉❊✿





dX1

t = −X1
t

(
b11 ln

(
X1

t

)
+ b12 ln

(
X2

t

)
− σ2

11
+σ2

12

2

)
+ X1

t

(
σ11dW 1

t + σ12dW 2
t

)

dX2
t = −X2

t

(
b21 ln

(
X1

t

)
+ b22 ln

(
X2

t

)
− σ2

21
+σ2

22

2

)
+ X2

t

(
σ21dW 1

t + σ22dW 2
t

)

❚❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ✐s ♥♦t t❤❡ s✉♠ ♦❢ t✇♦ ❢✉♥❝t✐♦♥s ♦❢ ♦♥❡ ✈❛r✐❛❜❧❡✳ ❙❡t B =(
9 −1

0 7

)
❛♥❞ Σ =

(
3 1

0 2

)
✳ ❚❤❡ st❛t✐♦♥❛r② ❞❡♥s✐t② ❛ss♦❝✐❛t❡❞ ✇✐t❤ Zt ✐s

π = N (0, A) ✇❤❡r❡ A = 1
7

(
4 1

1 2

)
✱ s♦ t❤❡ ✐♥✈❛r✐❛♥t ❞❡♥s✐t② ♦❢ Xt ✐s

π̃ (x) ∝ x− ln(x)+ln(y)−1y−2 ln(y)−1.

❋✐❣✉r❡s ✾ ❛♥❞ ✶✵ s❤♦✇ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞r✐❢t ✜rst ❝♦♠♣♦♥❡♥t b1 ❢♦r ❛

t❡♥s♦r✐s❡❞ s♣❧✐♥❡ ❜❛s✐s✱ ❢♦r n = 10000 ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ∆ = 0.1✳ ❘✐s❦s ❛r❡

❝♦♠♣✉t❡❞ ♦♥ t❤❡ r❡❝t❛♥❣❧❡ [0, 3.5] × [0.2, 2.2]✳

▼♦❞❡❧ ✺✿ ▼✉❧t✐✈❛r✐❛t❡ ❙t✉❞❡♥t ✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❝♦♠❡s ❢r♦♠ ❏❛❝♦❜s❡♥ ❛♥❞ ❙♦r❡♥s❡♥ ✭✷✵✵✶✮ ❛♥❞ ❏❛✲

❝♦❜s❡♥ ✭✷✵✵✹✮✳ ❲❡ ❝♦♥s✐❞❡r ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss s✉❝❤ t❤❛t

dXt = −BB∗Xtdt + B
√

v (Xt)dWt, X0 = η,

✇❤❡r❡ B ✐s ❛ ❝♦♥st❛♥t✱ s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐①✱ ❛♥❞ v (x) =

2 (ν + d − 2)
−1 (

ν + ‖x‖2
)
. ❚❤❡ ❛ss♦❝✐❛t❡❞ ✐♥✈❛r✐❛♥t ❞❡♥s✐t② ✐s ❛ ♠✉❧t✐✈❛r✐❛t❡

❙t✉❞❡♥t ❧❛✇ ✇✐t❤ ♣❛r❛♠❡t❡r ν✱ ❛♥❞ ❞❡♥s✐t②

πν (x) ∝
(
ν + ‖x‖2

)−(ν+d)/2

.

❚❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❙t✉❞❡♥t ❧❛✇ ✇✐t❤ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ν ✐s t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ X√
Y/ν

✱ ✇❤❡r❡ X ❤❛s ❧❛✇ N (0, Id)✱ Y ❤❛s ❧❛✇ χ2(ν) ❛♥❞ X ❛♥❞ Y

❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤✐s ♠♦❞❡❧ s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥ b = −A∇V ✇✐t❤ ❞✐✛✉s✐♦♥

✶✼



♠❛tr✐① A(x) = BB∗v(x) ❛♥❞ V (x) = ν+d
4 ln

(
ν + ‖x‖2

)
✳ ❲❡ ❝❤♦♦s❡

ν = 10✱ BB∗ =

(
1 .9

.9 1

)

❛♥❞ ❡st✐♠❛t❡ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t b1 (x, y) = −x − 0.9y✳ ❋✐❣✉r❡s ✶✶ ❛♥❞ ✶✷

❝♦rr❡s♣♦♥❞ t♦ ❡st✐♠❛t✐♦♥ ✇✐t❤ r❡❞✉❝❡❞ s♣❧✐♥❡ ❢✉♥❝t✐♦♥s✱ ✇✐t❤ n = 10000 ♦❜✲

s❡r✈❛t✐♦♥s ❛♥❞ s❛♠♣❧❡ ♣❛t❤ ∆ = 0.1✳ ❘✐s❦s ❛r❡ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ r❡❝t❛♥❣❧❡

[−1.6, 2.4] × [−2.4, 1.6]✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ A(x) ✐s ♥♦t ❜♦✉♥❞❡❞✳ ❲❡ s❡t σ2
0 = 8

❢♦r t❤❡ ♣❡♥❛❧t②✱ ✇❤✐❝❤ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ♠❛①✐♠❛❧ ✈❛❧✉❡ ♦❢ Tr(A(x)) ♦✈❡r t❤❡

❡st✐♠❛t✐♦♥ ❞♦♠❛✐♥✳

✺✳✷✳✸ ▼♦❞❡❧ ✻✿ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠

❈♦♥s✐❞❡r t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙❉❊✿

dXt = Ytdt

dYt = −∇V (Xt)dt − cYtdt + σdWt.

❚❤❡ ♣r♦❝❡ss ♣❛r❛♠❡t❡rs ❛r❡

b (x, y) =

(
y

−∇V (x) − cy

)
❛♥❞ Σ =

(
0 0

0 σ

)
.

❚❤❡② ❞♦ ♥♦t s❛t✐s❢② ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✹✱ ❜✉t✱ ❛❝❝♦r❞✐♥❣ t♦ ❲✉ ✭✷✵✵✶✮✱ ✐❢ t❤❡

❢✉♥❝t✐♦♥ exp(−2V ) ✐s ✐♥t❡❣r❛❜❧❡✱ t❤❡ ♠♦❞❡❧ ❤❛s ❛ ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ❞❡♥s✐t②✱ ✇❤✐❝❤

✐s

π (x, y) ∝ exp

(
− 2c

σ2

(
y2

2
+ V (x)

))
.

❋✐❣✉r❡ ✶✸ s❤♦✇s t❤❡ ♥♦♥ ♥♦r♠❛❧✐③❡❞ ❣r❛♣❤ ♦❢ t❤✐s ❢✉♥❝t✐♦♥✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧

❣❡♥❡r❛t♦r ❛❞❥♦✐♥t L∗ ❝❛♥ ❜❡ ✇r✐tt❡♥✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ g ∈ C 2✱

L∗g = cg − y∂xg + (∇V (x) + cy) ∂yg +
σ2

2
∂yyg.

❲❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛♥ L∗π = 0✳ ▲❡t ✉s ❝❤♦♦s❡ c = 1✱ σ = 1 ❛♥❞ V (x) = x2 +

sin(3x)✳ ❋✐❣✉r❡s ✶✹ ❛♥❞ ✶✺ s❤♦✇ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞r✐❢t s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t✱

b2✱ ♦✈❡r t❤❡ ❝♦♠♣❛❝t s❡t [−π, π]2 ❢♦r n = 10000 ♣♦✐♥ts ❛♥❞ ∆ = 0.1✳ ❘✐s❦s ❛r❡

❝♦♠♣✉t❡❞ ♦♥ t❤❡ s❛♠❡ s❡t✳

✶✽



❋✐❣✉r❡ ✾✿ ❋❧♦✇s ❝♦♠♣❛r✐s♦♥ ❢♦r ▼♦❞❡❧ ✹
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Estimated drift

❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥✿ b1(x, y) = −9x ln(x) + ln(y) + 5x✳
❚❤❡ ❞r✐❢t ✐s ❡st✐♠❛t❡❞ ❛t s✐♠✉❧❛t❡❞ ♣♦✐♥ts✳

❋✐❣✉r❡ ✶✵✿ ❙❡❝t✐♦♥s ❢♦r ▼♦❞❡❧ ✹
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❊st✐♠❛t❡❞ ❞r✐❢t✿ b1

❴✿ tr✉❡ ❞r✐❢t
✳ ✿ ❡st✐♠❛t❡❞ ❞r✐❢t

✶✾



❋✐❣✉r❡ ✶✶✿ ❋❧♦✇s ❝♦♠♣❛r✐s♦♥ ❢♦r ▼♦❞❡❧ ✺
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Estimated drift

❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥✿ b1(x, y) = −x − 0.9y.
❧✐❣❤t ❛r❡❛✿ ❡st✐♠❛t❡❞ ❞r✐❢t ❛t s✐♠✉❧❛t❡❞ ♣♦✐♥ts✳

❞❛r❦ ❛r❡❛✿ ❡st✐♠❛t❡❞ ❞r✐❢t ♦♥ t❤❡ ✇❤♦❧❡ r❡❝t❛♥❣❧❡✳

❋✐❣✉r❡ ✶✷✿ ❙❡❝t✐♦♥s ❢♦r ▼♦❞❡❧ ✺

−5 0 5
−4

−3

−2

−1

0

1

2

3

4

5
x=-0.2

−5 0 5
−5

−4

−3

−2

−1

0

1

2

3

4

5
y=-0.2

❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥✿ b1

❴✿ tr✉❡ ❞r✐❢t
✳ ✿ ❡st✐♠❛t❡❞ ❞r✐❢t

✷✵



❋✐❣✉r❡ ✶✸✿ ❙t❛t✐♦♥❛r② ❞❡♥s✐t② ♦❢ ▼♦❞❡❧ ✻

−2
−1

0
1

2

−2

−1

0

1

2
0

1

2

3

4

5

✺✳✸ ❘❡s✉❧ts ❛♥❞ ❝♦♠♠❡♥ts

❚❤❡ ✈❛❧✉❡s s❡❧❡❝t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠ ❛r❡ ❞❡♥♦t❡❞ m̂ ❛♥❞ r̂✳ ❲❡ ❝♦♠♣✉t❡ t❤❡

❡rr♦r ♠❡❛s✉r❡❞ ❜② t❤❡ ❡♠♣✐r✐❝❛❧ ♥♦r♠✿

error = ‖b̃i − bi,K‖2
n.

■♥ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛❞❛♣t✐✈❡✱ ✇❡ ❛❧s♦ ❝♦♠♣✉t❡

emin = min
m

{
‖b̂m,i − bi,K‖2

n

}
.

■♥ t❛❜❧❡s ❜❡❧♦✇✱ ✇❡ ❝❤♦♦s❡ ❛ ✜①❡❞ ❝♦♠♣❛❝t K = K1 × K2 ♣r❡❝✐s❡❞ ❢♦r ❡❛❝❤

❡①❛♠♣❧❡✱ ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ ♦❢ m̂ ❛♥❞ r̂✳ ❲❡ ❛❧s♦ ❝♦♠♣✉t❡ ”ris =♠❡❛♥

♦❢ error✑ ♦✈❡r ✺✵ ❡st✐♠❛t✐♦♥s✱ ❛♥❞ ❛♥ ♦r❛❝❧❡ ”or =♠❡❛♥ ♦❢ error/emin” ♦✈❡r

✺✵ ❡st✐♠❛t✐♦♥s✳ ❲❡ ✉s❡❞ s♣❧✐♥❡ ❢✉♥❝t✐♦♥s ✭r❡❞✉❝❡❞ s♣✱ t❡♥s♦r✐s❡❞ s♣✮✱ ❛♥❞ t❤❡

♣✐❡❝❡✇✐s❡ ♣♦❧②♥♦♠✐❛❧ ❜❛s❡s ✭t❡♥s♦r✐s❡❞ ♣♦❧②✮ ❞❡s❝r✐❜❡❞ ✐♥ ❈♦♠t❡ ❡t ❛❧✳ ✭✷✵✵✼✮

✭❢♦r t❤❡ ❧❛tt❡r ❜❛s❡s✱ ✇❡ ✉s❡ κ = 10✮✳

❲❤❡♥ t❤❡ ❞r✐❢t ✐s ❧✐♥❡❛r ✭▼♦❞❡❧s ✶ ❛♥❞ ✺✮✱ ♦✉r r✐s❦s ❛r❡ ♥❡❛r❧② ♣r♦♣♦rt✐♦♥❛❧

t♦ t❤❡ ♣r♦❞✉❝t n∆✳ ▼♦r❡♦✈❡r✱ ❡st✐♠❛t❡❞ ❢✉♥❝t✐♦♥s ❛r❡ ❛❧✇❛②s ❧✐♥❡❛r✳ ❆♣♣r♦①✲

✐♠❛t✐♥❣ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ✭s❡❡ ▼♦❞❡❧ ✷✮ ✐s ❛ ❧✐tt❧❡ ♠♦r❡ ❞✐✣❝✉❧t ❛♥❞ t❤❡

❡st✐♠❛t♦r ❞❡❣r❡❡ r̂ ✐s ✐♥ ❣❡♥❡r❛❧ s♠❛❧❧❡r t❤❛♥ t❤❡ tr✉❡ ❞r✐❢t ♦♥❡✳ ▼♦r❡♦✈❡r✱ t❤❡

s♠❛❧❧❡r n∆✱ t❤❡ s♠❛❧❧❡r r̂✳ ❲❤❡♥ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ ✐s ❧❛r❣❡ ✭▼♦❞❡❧

✷✮✱ t❤❡ ♥♦✐s❡ t❡r♠ ✐♥ ∆ ❜❡❝♦♠❡s ✐♠♣♦rt❛♥t✳ ■♥ ▼♦❞❡❧ ✹✱ t❤❡ ❞r✐❢t ✐s ❛ ❧♦❣❛✲

r✐t❤♠✐❝ ❢✉♥❝t✐♦♥✱ ❛♥❞✱ ❛s ✇❡ ✉s❡ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s✱ ✐ts ❡st✐♠❛t✐♦♥ ✐s ♥♦t ✈❡r②

❣♦♦❞✳ ❚❤❡ ❞r✐❢t ✐s ♥♦t ❛ s✉♠ ♦❢ t✇♦ ❢✉♥❝t✐♦♥s ♦❢ ♦♥❡ ✈❛r✐❛❜❧❡s✱ ♥❡✈❡rt❤❡❧❡ss✱ r✐s❦s

❝♦♠♣✉t❡❞ ❜② r❡❞✉❝❡❞ ❜❛s❡s ❛♥❞ t❡♥s♦r✐s❡❞ ❜❛s❡s ❛r❡ ♦❢ s❛♠❡ ♦r❞❡r✳ ❊st✐♠❛t✐♦♥

✷✶



❋✐❣✉r❡ ✶✹✿ ❋❧♦✇s ❝♦♠♣❛r✐s♦♥ ❢♦r ▼♦❞❡❧ ✻
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True drift
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−15

−10

−5

0

Estimated drift

❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥✿ b2(x, y) = −2x − 3 cos(x) − y.
❧✐❣❤t ❛r❡❛✿ ❡st✐♠❛t❡❞ ❞r✐❢t ❛t s✐♠✉❧❛t❡❞ ♣♦✐♥ts✳

❞❛r❦ ❛r❡❛✿ ❡st✐♠❛t❡❞ ❞r✐❢t ♦♥ t❤❡ ✇❤♦❧❡ r❡❝t❛♥❣❧❡✳

❋✐❣✉r❡ ✶✺✿ ❙❡❝t✐♦♥s ❢♦r ▼♦❞❡❧ ✻

−3 −2 −1 0 1 2 3
−6

−5

−4
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−2

−1

0
x=0

−3 −2 −1 0 1 2 3
−12

−10

−8

−6

−4

−2

0

2

4

6
y=0

❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥✿ b1

❴✿ tr✉❡ ❞r✐❢t
✳ ✿ ❡st✐♠❛t❡❞ ❞r✐❢t

✷✷



♦❢ tr✐❣♦♥♦♠❡tr✐❝ ❢✉♥❝t✐♦♥s ✭▼♦❞❡❧s ✸ ❛♥❞ ✻✮ ✐s ♥♦t ❡❛s②✳ ▼♦r❡♦✈❡r✱ ✉♥❡①♣❡❝t✲

❡❞❧②✱ r✐s❦s ❞❡❝r❡❛s❡ ✇❤❡♥ ∆ ❣❡t s♠❛❧❧❡r✳ ■♥ ❢❛❝t✱ t❤❡ s♠❛❧❧❡r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥

♣❛t❤✱ t❤❡ s♠❛❧❧❡r t❤❡ ❝♦♠♣❛❝t K✱ ❛♥❞ t❤❡ ❧❡ss ♦❜s❡r✈❡❞ ♦s❝✐❧❧❛t✐♦♥s ♦❢ t❤❡ ❞r✐❢t

❢✉♥❝t✐♦♥✳ ❚❤❡ ❜❡tt❡r ❡st✐♠❛t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ r❡❞✉❝❡❞ s♣❧✐♥❡ ❢✉♥❝t✐♦♥s✳

■♥ ❣❡♥❡r❛❧✱ ✇❡ ❝❛♥ ♥♦t ❝♦♠♣❛r❡ ♦r❛❝❧❡ ✈❛❧✉❡s ❢♦r ♦✉r ❢♦✉r ❞✐✛❡r❡♥t ❡st✐♠❛t♦rs✱

❜❡❝❛✉s❡ t❤❡s❡ ❡st✐♠❛t♦rs ❛r❡ ♥♦t ❝❤♦s❡♥ ♦✈❡r t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥s s♣❛❝❡s✳ ❲❡ ❝❛♥

♦❜s❡r✈❡ t❤❛t t❤❡ ♦r❛❝❧❡ ❢♦r t❡♥s♦r✐s❡❞ ❜❛s❡s ❛r❡ ♣r❡tt② ❣♦♦❞✱ ❜❡tt❡r t❤❛♥ ❢♦r

t❤❡ r❡❞✉❝❡❞ s♣❧✐♥❡ ❢✉♥❝t✐♦♥s✳ ◆❡✈❡rt❤❡❧❡ss✱ r✐s❦s ❛r❡ ✐♥ ❣❡♥❡r❛❧ s♠❛❧❧❡r ❢♦r t❤❡

r❡❞✉❝❡❞ s♣❧✐♥❡ ❢✉♥❝t✐♦♥s✳

✻ Pr♦♦❢s

✻✳✶ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶

❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t π ✐s ❛♥ ✐♥✈❛r✐❛♥t ❞❡♥s✐t②✳ ■♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r L

❛ss♦❝✐❛t❡❞ ✇✐t❤ ❙❉❊ ✭✶✮ ❝❛♥ ❜❡ ✇r✐tt❡♥✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ f ∈ C 2
c (Rd, R) := C 2

c ✱

Lf =

d∑

i=1

bi∂if +
1

2

d∑

i,j=1

aij∂ijf,

✇❤❡r❡ ∂i ❛♥❞ ∂ij ❞❡♥♦t❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦♣❡r❛t♦rs✳ ●❡♥❡r❛❧ ❢♦r♠ ♦❢ ❛❞❥♦✐♥t

L∗ ♦❢ L ✇✐t❤ r❡s♣❡❝t t♦ L2(Rd) := L2 ✐s✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ g ∈ C 2✿

L∗g = −
d∑

i=1

∂i(big) +
1

2

d∑

i,j=1

∂ij(aijg).

▲❡♠♠❛ ✶✳

■❢ h ∈ C 2 ✐s ❛ st❛t✐♦♥❛r② ❞❡♥s✐t②✱ t❤❡♥ L∗h = 0.

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡ ♣r♦❝❡ss (Xt)t≥0 ✐s st❛t✐♦♥❛r②✱ ✇✐t❤ ♠❛r❣✐♥❛❧ ❞❡♥s✐t② h✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ■t♦ ❢♦r♠✉❧❛✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ f ∈ C 2
c ✿

f (Xt) = f (X0) +

∫ t

0

Lf (Xs) ds +
d∑

i=1

∫ t

0

∂if (Xs)
d∑

j=1

σij (Xs) dW j
s .

❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥✱ ❢♦r ❛♥② f ∈ C 2
c ✱ ✇❡ ♦❜t❛✐♥

E (f (Xt)) = E (f (X0)) +

∫ t

0

E (Lf (Xs)) ds

✷✸



❚❛❜❧❡ ✶✿ ❘✐s❦s ❢♦r ♠♦❞❡❧s ✇✐t❤ ❝♦♥st❛♥t ✈❛r✐❛♥❝❡

❘✐s❦s ❢♦r ▼♦❞❡❧ ✶✿ b1(x, y) = −2x + y

n ∆ r❡❞✉❝❡❞ s♣ t❡♥s♦r✐s❡❞ s♣ t❡♥s♦r✐s❡❞ ♣♦❧②
r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂

104 ✵✳✶ ✵✳✵✵✵✾ ✶✳✵✺ ✵ ✶ ✵✳✵✵✶ ✶✳✵✵ ✵ ✶ ✵✳✵✵✶ ✶✳✵✵ ✵ ✶
104 ✵✳✵✶ ✵✳✵✶ ✶✳✵✼ ✵ ✶ ✵✳✵✶ ✶✳✵✵ ✵ ✶ ✵✳✵✶ ✶✳✵✵ ✵ ✶
103 ✵✳✶ ✵✳✵✶ ✶✳✵✵ ✵ ✶ ✵✳✵✶ ✶✳✵✵ ✵ ✶ ✵✳✵✶ ✶✳✵✵ ✵ ✶
103 ✵✳✵✶ ✵✳✶ ✶✳✼ ✵ ✶ ✵✳✶ ✶✳✵✵ ✵ ✶ ✵✳✶ ✶✳✶✶ ✵ ✶
102 ✵✳✶ ✵✳✵✼ ✶✳✵✵ ✵ ✶ ✵✳✵✾ ✶✳✵✵ ✵ ✶ ✵✳✵✾ ✶✳✵✷ ✵ ✶

❘✐s❦s ❢♦r ▼♦❞❡❧ ✷✿ b2(x, y) = 16x − 4y3 − 12y

n ∆ r❡❞✉❝❡❞ s♣ t❡♥s♦r✐s❡❞ s♣ t❡♥s♦r✐s❡❞ ♣♦❧②
r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂

104 ✵✳✶ ✵✳✵✵✾ ✶✳✵✻ ✵ ✶ ✵✳✵✶ ✶✳✵✵ ✵ ✶ ✵✳✵✶ ✶✳✹ ✵ ✶
104 ✵✳✵✶ ✵✳✶ ✶✳✵✸ ✵ ✶ ✵✳✶ ✶✳✵✹ ✵ ✶ ✵✳✶ ✷✳✷ ✵ ✶
103 ✵✳✶ ✵✳✶ ✶✳✶✼ ✵ ✶ ✵✳✷ ✶✳✶✼ ✵ ✶ ✵✳✷ ✸ ✵ ✶
103 ✵✳✵✶ ✶✳✼ ✶✳✵✼ ✵ ✶ ✶✳✾ ✶✳✵✵ ✵ ✶ ✶✳✾ ✹✻ ✵ ✶
102 ✵✳✶ ✶✳✺ ✶✳✵✵ ✵ ✶ ✶✳✽ ✶✳✵✵ ✵ ✶ ✶✳✽ ✹✼ ✵ ✶

❘✐s❦s ❢♦r ▼♦❞❡❧ ✸✿ b2(x, y) = 16x − 4y3 − 12y

n ∆ r❡❞✉❝❡❞ s♣ t❡♥s♦r✐s❡❞ s♣ t❡♥s♦r✐s❡❞ ♣♦❧②
r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂
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❘✐s❦s ❢♦r ▼♦❞❡❧ ✹✿ b1(x, y) = x/2 − 2 cos (2x) − 6 cos (3x) + y/2

n ∆ r❡❞✉❝❡❞ s♣ t❡♥s♦r✐s❡❞ s♣ t❡♥s♦r✐s❡❞ ♣♦❧②
r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂
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❚❛❜❧❡ ✻✿ ❘✐s❦s ❢♦r ♠♦❞❡❧s ✇✐t❤ ♥♦♥ ❝♦♥st❛♥t ✈❛r✐❛♥❝❡

❘✐s❦s ❢♦r ▼♦❞❡❧ ✺✿ b1(x, y) = −9x ln(x) + x ln(y) + 5x

n ∆ r❡❞✉❝❡❞ s♣ t❡♥s♦r✐s❡❞ s♣ t❡♥s♦r✐s❡❞ ♣♦❧②
r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂
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❘✐s❦s ❢♦r ▼♦❞❡❧ ✻✿ b1 (x, y) = −x − 0.9y

n ∆ r❡❞✉❝❡❞ s♣ t❡♥s♦r✐s❡❞ s♣ t❡♥s♦r✐s❡❞ ♣♦❧②
r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂
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❚❛❜❧❡ ✾✿ ❘✐s❦s ❢♦r ▼♦❞❡❧ ✼✿ b1 (x, y) = −2x − 3 cos(3x) − y

n ∆ r❡❞✉❝❡❞ s♣ t❡♥s♦r✐s❡❞ s♣ t❡♥s♦r✐s❡❞ ♣♦❧②
r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂ r✐s ♦r m̂ r̂
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❛♥❞✱ t❤❛♥❦s t♦ st❛t✐♦♥❛r✐t②✱

∫ t

0

E (Lf (Xs)) ds = 0 = t

∫
Lf(x)h(x)dx = 〈Lf, h〉L2 .

❆s 〈Lf, h〉L2 = 〈f, L∗h〉L2 ✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①♣❡❝t❡❞ r❡s✉❧t✳

▲❡t ✉s ❡①♣❧✐❝✐t t❤❡ ♣❛rt✐❝✉❧❛r ❢♦r♠ ♦❢ L∗ ❛♥❞ t❤❡ s♦❧✉t✐♦♥s ♦❢ ❡q✉❛t✐♦♥ L∗h =

0 ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✹✳

▲❡♠♠❛ ✷✳

❙❡t b̃i = bi − 1
2

∑d
j=1 ∂jaij✳ ❚❤❡♥

L∗g = −
d∑

i=1

∂i

(
b̃ig
)

+
1

2

d∑

i=1

∂i




d∑

j=1

aij∂jg



 = −div (l(g)) ,

✇❤❡r❡ l(g) = gb̃− 1
2A∇g✳ ▼♦r❡♦✈❡r✱ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✹✱ b̃ = −A∇V ❛♥❞ t❤❡

❢✉♥❝t✐♦♥

h (x) ∝ exp (−2V (x))

✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ L∗h = 0✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ f ∈ C 2
c ✿

Lf =
1

2

d∑

i,j=1

∂i (aij∂jf) +

d∑

i=1

b̃i∂if =
1

2
❞✐✈(A∇f) +

〈
b̃,∇f

〉
. ✭✽✮

❇② ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ g ∈ C 2✿

〈g, Lf〉L2 = −
d∑

i=1

∫

Rd

f∂i

(
b̃ig
)
− 1

2

d∑

i,j=1

∫

Rd

aij∂jf∂ig

= −
d∑

i=1

∫

Rd

f∂i

(
b̃ig
)

+
1

2

d∑

i,j=1

∫

Rd

f∂j (aij∂ig) = 〈f, L∗g〉L2 .

❆s A ✐s s②♠♠❡tr✐❝✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♣r❡❞✐❝t❡❞ ❢♦r♠✉❧❛✳

▲❡t ✉s s♦❧✈❡ l (h) = 0 ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✹✳ ❆s b̃ = −A∇V ❛♥❞ A ✐s

✐♥✈❡rt✐❜❧❡✱ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡ 2h∇V = ∇h✳ ❲❡ ✜♥❞

h (x) ∝ exp (−2V (x)) .

▲❡♠♠❛ ✸✳

L ✐s s❡❧❢❛❞❥♦✐♥t ✇✐t❤ r❡s♣❡❝t t♦ L2
π := L2(Rd, π(x)dx)✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲ ✹✱

π ✐s t❤❡ ♦♥❧② ✐♥✈❛r✐❛♥t ❞❡♥s✐t② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❙❉❊ ✭✶✮ ✭s❡❡ ✭✷✮✮✳

✷✻



Pr♦♦❢✳ ❚❤❡ ❛❞❥♦✐♥t ♦❢ L ✇✐t❤ r❡s♣❡❝t t♦ L2
π ✐s ❞❡♥♦t❡❞ L∗π✳ ❲❡ ❤❛✈❡✿

L∗π (g) =
1

π
L∗ (πg) .

■t ✐s ❦♥♦✇♥ t❤❛t ∇π/2π = −∇V = A−1b̃✳ ❋♦r ❛♥② ❢✉♥❝t✐♦♥ g ∈ C 2
c ✱

L∗πg = − 1

π
❞✐✈

(
πgb̃ − 1

2
A∇ (πg)

)
.

❖♥ ♦♥❡ ❤❛♥❞✱

1

π
❞✐✈
(
πgb̃

)
= ❞✐✈

(
gb̃
)

+

〈∇π

π
, gb̃

〉
= g❞✐✈

(
b̃
)

+
〈
∇g, b̃

〉
+ 2g

〈
A−1b̃, b̃

〉
.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

1

2π
❞✐✈ (A∇ (πg)) =

1

2π
❞✐✈ (πA∇g + gA∇π)

=
1

2
❞✐✈ (A∇g) +

1

2

〈∇π

π
, A∇g

〉

+ g
1

2π
❞✐✈ (A∇π) +

1

2

〈
∇g, A

∇π

π

〉
.

❆s A ✐s s②♠♠❡tr✐❝✱

〈∇π

2π
, A∇g

〉
=
〈
A−1b̃, A∇g

〉
=
〈
b̃,∇g

〉
,

❛♥❞ t❤❡ ❧❛st t❡r♠ ✐s ✇r✐tt❡♥

〈
∇g, A

∇π

2π

〉
=
〈
b̃,∇g

〉
.

❋✉rt❤❡r♠♦r❡✿

1

2π
❞✐✈ (A∇π) =

1

2π
❞✐✈
(
2πb̃

)
= ❞✐✈

(
b̃
)

+

〈∇π

π
, b̃

〉
= ❞✐✈

(
b̃
)

+2
〈
A−1b̃, b̃

〉
.

❈♦❧❧❡❝t✐♥❣ t❡r♠s✱ ✇❡ ♦❜t❛✐♥✿

1

2π
❞✐✈ (A∇ (πg)) =

1

2
❞✐✈ (A∇g) + 2

〈
b̃,∇g

〉
+ g❞✐✈

(
b̃
)

+ 2g
〈
A−1b̃, b̃

〉
,

❛♥❞✱ ✉s✐♥❣ ✭✽✮✱

L∗πg =
〈
b̃,∇g

〉
+

1

2
❞✐✈ (A∇g) = Lg.

✷✼



❑❡♥t ✭✶✾✼✽✮ ❞❡♠♦♥str❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

▲❡♠♠❛ ✹✳

❋♦r ❛ ❢✉♥❝t✐♦♥ h > 0 ♦❢ R
d ✱ L∗h = L ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ tr❛♥st✐♦♥ ❞❡♥s✐t② ♦❢

(Xt)✱ p(t,x,y)✱ ✐s h✲s②♠♠❡tr✐❝✱ ✐✳❡✳

∀t,x,y,
p(t,x,y)

h(y)
=

p(t,y,x)

h(x)
.

■❢ h ✐s ✐♥t❡❣r❛❜❧❡✱ t❤❡ s②♠♠❡tr② r❡❧❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t h ✭♥♦r♠❛❧✐③❡❞✮ ✐s ❛ st❛✲

t✐♦♥❛r② ❞❡♥s✐t②✳

❆s L ✐s s❡❧❢❛❞❥♦✐♥t ✇✐t❤ r❡s♣❡❝t t♦ π(x)dx✱ π ✐s t❤❡ ♦♥❧② st❛t✐♦♥❛r② ❞❡♥s✐t②✳

✻✳✷ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸

❆♥② ❢✉♥❝t✐♦♥ t ∈ Sm ❝❛♥ ❜❡ ✇r✐tt❡♥ t(x) =
∑2m−1

k=−r αm,kfm,k(x)✳ ❈♦♥s❡q✉❡♥t❧②✱

✇❡ ❤❛✈❡

‖t‖2
L2

= 2m

∫ 1

0

(
2m−1∑

k=−r

αm,kgr (2mx − k)

)2

dx =

∫ 2m

0

u2(y)dy,

✇❤❡r❡

u(y) =

2m−1∑

k=−r

αm,kgr (y − k)✶[0,2m](y).

▲❡t ✉s ♥♦t✐❝❡ t❤❛t

‖t‖2
∞ = 2m‖u‖2

∞ ❛♥❞ ‖t‖2
L2 = ‖u‖2

L2 . ✭✾✮

❆s dm = r + 2m✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t c0

s✉❝❤ t❤❛t ‖u‖∞ ≤ c0‖u‖L2 ✳ ❚❤❡ ♠❛①✐♠✉♠ ♦❢ u ✐s ❛tt❛✐♥❡❞ ❛t ❛ ♣♦✐♥t x ∈ I =

[j0, j0 + 1]. ❲❡ ❤❛✈❡ t❤❛t

‖u‖∞ = ‖u✶I‖∞ ❛♥❞ ‖u‖L2 ≥ ‖u✶I‖L2 .

❆ss✉♠❡ I = [0, 1]✳ ❲❡ ❝❛♥ ✇r✐t❡

u(x)✶[0,1](x) =
0∑

k=−r

αm,kgr (x − k)✶[0,1](x).

❚❤❡♥ u✶[0,1] ∈ S0✱ ❛ ✈❡❝t♦r s✉❜s♣❛❝❡ ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥ d0 = r + 1✳ ■♥ t❤✐s

s✉❜s♣❛❝❡✱ ❛❧❧ ♥♦r♠s ❛r❡ ❡q✉✐✈❛❧❡♥t✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❛t

∃c0 > 0,
∥∥u✶[0,1]

∥∥
∞

≤ c0

∥∥u✶[0,1]

∥∥
L2

,

✷✽



✇❤✐❝❤✱ ✇✐t❤ ✭✾✮✱ ❡♥❞s t❤❡ ♣r♦♦❢✳

✻✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶

❆❧❧ t❤❡s❡ ♣r♦♦❢s ❛r❡ ❛❞❛♣t❡❞ ♦❢ ❈♦♠t❡ ❡t ❛❧ ✭✷✵✵✼✮✳ ■♥tr♦❞✉❝❡ t❤❡ ♥♦r♠

‖t‖2
π =

∫
t2(x)π(x)dx

❛♥❞ t❤❡ s❡t

Ωn =




ω, ∀ (m, m′) ∈ M
2
n , ∀t ∈

⋃

m,m′

(S̄m + S̄m′) r {0} ,

∣∣∣∣
‖t‖2

n

‖t‖2
π

− 1

∣∣∣∣ ≤
1

2






✐♥ ✇❤✐❝❤ ♥♦r♠s ‖.‖n ❛♥❞ ‖.‖π ❛r❡ ❡q✉✐✈❛❧❡♥t✿ ✐♥ Ωn✱ ✇❡ ❤❛✈❡

‖t‖2
π ≤ 2‖t‖2

n ≤ 3‖t‖2
π. ✭✶✵✮

Pr♦♣♦s✐t✐♦♥ ✻✳

E(‖b̂m,i − bi,K‖2
n✶Ωn

) ≤ 7π1E
(
‖bm,i − bi,K‖2

L2

)
+ 32σ2

0

Dm

n∆
+ 32c∆.

Pr♦♦❢✳ ❲❡ ❤❛✈❡✿

‖b̂m,i − bi,K‖2
n ≤ ‖bm,i − bi,K‖2

n + 2νn,i(̂bm,i − bm,i)

+
2

n

n∑

k=1

(
b̂m,i − bm,i

)
(Xk∆) Ik∆ (bi) .

❖♥ ♦♥❡ ❤❛♥❞✱

2νn,i(̂bm,i − bm,i) ≤ 2‖b̂m,i − bm,i‖π sup
t∈S̄m,‖t‖π=1

|νn,i(t)|

≤ 1

8
‖b̂m,i − bm,i‖2

π + 8 sup
t∈S̄m,‖t‖π=1

|νn,i(t)|2.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t②✱

2

n

n∑

k=1

(
b̂m,i − bm,i

)
(Xk∆) Ik∆ (bi) ≤ 2‖b̂m,i − bm,i‖n

√√√√ 1

n

n∑

k=1

Ik∆ (bi)
2

≤ 1

8
‖b̂m,i − bm,i‖2

n +
8

n

n∑

k=1

Ik∆ (bi)
2
.

■♥tr♦❞✉❝✐♥❣ ✭✶✵✮✱ ✇❡ ❤❛✈❡ t❤❛t ‖b̂m,i − bm,i‖2
π ≤ 2‖b̂m,i − bm,i‖2

n ❛♥❞ ‖b̂m,i −

✷✾



bm,i‖2
n ≤ 2‖b̂m,i − bi,K‖2

n + 2‖bi,K − bm,i‖2
n✳ ❈♦❧❧❡❝t✐♥❣ t❡r♠s✱ ✇❡ ♦❜t❛✐♥ t❤❛t

1

4
‖b̂m,i − bi,K‖2

n ≤ 7

4
‖bi,K − bm,i‖2

n + 8 sup
t∈S̄m,‖t‖π=1

|νn,i(t)|2 +
8

n

n∑

k=1

Ik∆ (bi)
2
.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡

‖b̂m,i−bi,K‖2
n✶Ωn

≤ 7‖bm,i−bi,K‖2
n+32 sup

t∈S̄m,‖t‖π=1

|νn,i(t)|2+
32

n

n∑

k=1

(Ik∆ (bi))
2
.

❚❤❛♥❦s t♦ ❆ss✉♠♣t✐♦♥ ✷✱ t❤❡ ❧❛st t❡r♠ ✐s ❡❛s✐❧② ❜♦✉♥❞❡❞✿

E
[
I2
k∆ (bi)

]
≤ 1

∆

∫ (k+1)∆

k∆

E[(bi(Xs) − bi(Xk∆))2]ds

≤ c∆.

■t r❡♠❛✐♥s t♦ ❜♦✉♥❞

E

(
sup

t∈S̄m,‖t‖π=1

ν2
n,i(t)

)
.

❱❡❝t♦r s✉❜s♣❛❝❡ S̄m ❤❛s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✇✐t❤ r❡s♣❡❝t t♦ L2
π✳ ❲❡ ❞❡♥♦t❡ ✐t

❜② {ϕλ, λ ∈ Λm}✱ ✇✐t❤ ❝❛r❞(Λm) = Dm✳ ❊✈❡r② ❢✉♥❝t✐♦♥ t ∈ S̄m ❝❛♥ ❜❡ ✇r✐tt❡♥

❛s t =
∑

λ∈Λn
aλϕλ✱ ❛♥❞ ✐ts ♥♦r♠ ✐s ♦❜t❛✐♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛ ‖t‖2

π =
∑

λ∈Λm
a2

λ✳

❙♦✱

E

(
sup

t∈S̄m,‖t‖π=1

ν2
n,i(t)

)
≤
∑

λ∈Λm

E
[
ν2

n,i (ϕλ)
]
.

❆s t❤❡ ♣r♦❝❡ss ✐s st❛t✐♦♥❛r②✱

E
[
ϕ2

λ (Xk∆)
]

=

∫
ϕ2

λ(x)π(x)dx = 1,

❛♥❞ ✇❡ ♦❜t❛✐♥

E
[
ν2

n,i (ϕλ)
]

=
1

n2∆2

n∑

k=1

E

[
ϕ2

λ (Xk∆)

∫ (k+1)∆

k∆

aii(Xs)ds

]

≤ σ2
0

n∆
,

✇❤❡r❡ σ2
0 ✐s ❞❡✜♥❡❞ ✐♥ ❆ss✉♠♣t✐♦♥ ✸✳

Pr♦♣♦s✐t✐♦♥ ✼✳

E(‖b̂m,i − bi,K‖2
n✶Ωc

n
) ≤ c

n∆
.

✸✵



Pr♦♦❢✳ ■t ✐s ❞❡♠♦♥str❛t❡❞ ✐♥ ❈♦♠t❡ ❡t ❛❧✳ ✭✷✵✵✼✮✱ ▲❡♠♠❛ ✶ ♣✳✺✸✸ ✭s❡❡ ❆♣✲

♣❡♥❞✐①✮✱ t❤❛t

P(Ωc
n) ≤ c

n2
. ✭✶✶✮

▲❡t ✉s s❡t εk∆ = Ik∆ (bi)+Zi
k∆✱ ε = (ε∆, . . . , εn∆)

∗
❛♥❞ ΠmY = Πm(Y i

∆, . . . , Y i
n∆)∗ =(

b̂m,i(X∆), . . . , b̂m,i(Xn∆)
)∗

✳ ❲❡ ♦❜t❛✐♥

‖bi,K − b̂m,i‖2
n = ‖bi,K − Πmbi‖2

n + ‖Πmbi − ΠmY i‖2
n

= ‖bi,K − Πmbi‖2
n + ‖Πmε‖2

n

≤ ‖bi,K‖2
n + ‖ε‖2

n.

❯s✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t②✱ str✐❝t st❛t✐♦♥❛r✐t② ❛♥❞ ✭✶✶✮✱ ✇❡ ❤❛✈❡

E(‖b2
i,K‖n✶Ωc

n
) ≤

(
E(b4

i,K(X0))P(Ωc
n)
)1/2 ≤ c

n
.

❇❡s✐❞❡s✱

E
(
‖ε‖2

n✶Ωc
n

)
≤
(
E
[
ε4
∆

]
P(Ωc

n)
)1/2

.

▲❡t ✉s ❝♦♠♣✉t❡ E
[
ε4
∆

]
✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❇✉r❦❤♦❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✇❡ ❦♥♦✇ t❤❛t✿

E(ε4
∆) ≤ C E

[
(Ik∆(bi))

4
]

+
C

∆4
E




(∫ ∆

0

aii(Xs)ds

)2




≤ CE

[
sup

0≤s≤∆

{
(bi(Xs) − bi(Xk∆))4

}]
ds +

C

∆2
E
[
a2

ii (X0)
]
.

❇② st❛t✐♦♥❛r✐t②✱

E(ε4
∆) ≤ Cc∆2 +

C

∆2
E
[
a2

ii (X0)
]
≤ C ′

∆2
.

❈♦❧❧❡❝t✐♥❣ t❡r♠s✱ ✇❡ ❤❛✈❡

E(‖b̂m,i − bi,K‖2
n✶Ωc

n
) ≤ c

n∆
.

❆s t❤❡ ♣r♦❝❡ss ✐s st❛t✐♦♥❛r②✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ t ✇✐t❤ s✉♣♣♦rt ✐♥ K✱

E
(
‖t‖2

n

)
= ‖t‖2

π ≤ π1‖t‖2
L2 .

Pr♦♣♦s✐t✐♦♥s ✻ ❛♥❞ ✼ ❛❧❧♦✇ ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳

✸✶



✻✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

❲❡ ❤❛✈❡

‖b̃i − bi,K‖2
n = ‖b̃i − bi,K‖2

n✶Ωn
+ ‖b̃i − bi,K‖2

n✶Ωc
n
.

❲❡ ♦❜t❛✐♥✱ t❤❛♥❦s t♦ ❛ ♣r♦♦❢ s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ t❤❛t

E

(
‖b̃i − bi,K‖2

n✶Ωc
n

)
≤ c

n∆
.

❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t♦r b̃i✱ ❢♦r ❛♥② ✐♥t❡❣❡r m✱ ✇❡ ❤❛✈❡

γn,i

(
b̃i

)
− γn,i (bi) + pen(m̂i) ≤ γn,i (bm,i) − γn,i (bi) + pen(m).

❆s ♣r❡✈✐♦✉s❧②✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r ❛♥② m ∈ Mn✱

‖b̃i − bi,K‖2
n ≤ ‖bm,i − bi,K‖2

n + 2νn,i

(
b̃i − bm,i

)

+
2

n

n∑

k=1

(
b̃i − bm,i

)
(Xk∆) Ik∆ (bi) + pen(m) − pen(m̂i).

❲❡ ❡❛s✐❧② ♦❜t❛✐♥✱ ❢♦r ❛♥② m ∈ Mn✱ t❤❛t

‖b̃i − bi,K‖2
n✶Ωn

≤ 7‖bm,i − bi,K‖2
n + 4 (pen(m) − pen(m̂i))✶Ωn

+ 32 sup
‖t‖π=1,t∈S̄m+S̄m̂i

|νn,i(t)|2✶Ωn
+

32

n

n∑

k=1

Ik∆ (bi)
2
.

❲❡ ❦♥♦✇ t❤❛t

E
(
I2
k∆ (bi,K)

)
≤ c∆

E
(
‖bm,i − bi,K‖2

n

)
≤ π1‖bm,i − bi,K‖2

L2 .

▲❡t ✉s s❡t

Gm(m′) = sup
t∈S̄m+S̄m′ ,‖t‖

π
=1

|νn,i(t)|

❛♥❞ ✐♥tr♦❞✉❝❡ ❛ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥ p(m, m′) s✉❝❤ t❤❛t

p(m, m′) =
κ1σ

2
0(Dm + Dm′)

n∆
.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❛ r❡s✉❧t ♦❢ ❇❛r❛✉❞ ❡t ❛❧ ✭✷✵✵✶❜✮ ❛♥❞ ❛♥

✐♥❡q✉❛❧✐t② ♦❢ ❇❡r♥st❡✐♥ t②♣❡✳ ❲❡ ❣✐✈❡ ❛ s❦❡t❝❤ ♦❢ ♣r♦♦❢ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

Pr♦♣♦s✐t✐♦♥ ✽✳

✸✷



❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ♥✉♠❡r✐❝❛❧ ❝♦♥st❛♥t κ1 s✉❝❤ t❤❛t

E
[(

G2
m(m′) − p(m, m′)

)
✶Ωn

]
+
≤ cσ2

0

e−Dm′

n∆
.

❆♣♣❧②✐♥❣ t❤✐s ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ❝❤♦♦s❡ t❤❡ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥

pen(m) ≥ κσ2
0Dm

n∆

✇✐t❤ κ = 8κ1✳ ❲❡ ❤❛✈❡

E := E

[(
8 sup

t∈S̄m+S̄m̂i
,‖t‖π=1

ν2
n,i(t) + (pen(m) − pen(m̂i))

)
✶Ωn

]

≤ E
[
8
(
G2

m(m̂i) − p(m, m̂i)
)
✶Ωn

+ (pen(m) − pen(m̂i) + 8p(m, m̂i))✶Ωn

]
.

❆s

[(
G2

m(m̂i) − p(m, m̂i)
)
✶Ωn

]
+
≤

∑

m′∈Mn

[(
G2

m(m′) − p(m, m′
)
✶Ωn

]
,

✇❡ ❝❛♥ ✇r✐t❡

E ≤ 8
∑

m′∈Mn

E
[(

G2
m(m′) − p(m, m′

)
✶Ωn

]
+ 2pen(m).

❆♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✽ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t
∑

m e−Dm < +∞✱ ✇❡ ♦❜t❛✐♥

E ≤ 8
∑

m′∈Mn

cσ2
0

e−Dm′

n∆
+ 2pen(m) ≤ c′σ2

0

n∆
+ 2pen(m).

❚❤❡♥✱ ❝♦❧❧❡❝t✐♥❣ t❡r♠s✱ ✇❡ ❤❛✈❡

E

(
‖b̃i − bi,K‖2

n

)
≤ inf

m∈Mn

(
7π1‖bm,i − bi,K‖2

L2 + 8pen(m)
)

+
C

n∆
+ C ′∆

❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ✐s ❝♦♠♣❧❡t❡✳

❆❝❦♥♦✇❧❡❞❣♠❡♥t✿ t❤❡ ❛✉t❤♦r ✇✐s❤❡s t♦ t❤❛♥❦ ❋✳ ❈♦♠t❡ ❛♥❞ ❱✳●❡♥♦♥✲❈❛t❛❧♦t

❢♦r ❤❡❧♣❢✉❧ ❞✐s❝✉ss✐♦♥s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❇❛r❛✉❞✱ ❨✳✱ ❈♦♠t❡✱ ❋✳✱ ❱✐❡♥♥❡t✱ ●✳ ✭✷✵✵✶❛✮ ❆❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥ ✐♥ ❛✉t♦r❡✲

❣r❡ss✐♦♥ ♦r ❜❡t❛✲♠✐①✐♥❣ r❡❣r❡ss✐♦♥ ✈✐❛ ♠♦❞❡❧ s❡❧❡❝t✐♦♥✳ ❆♥♥✳ ❙t❛t✐st✳ ✷✾✱ ♥♦✳

✸✱ ✽✸✾✲✽✼✺✳

✸✸



❬✷❪ ❇❛r❛✉❞✱ ❨✳✱ ❈♦♠t❡✱ ❋✳✱ ❱✐❡♥♥❡t✱ ●✳ ✭✷✵✵✶❜✮ ▼♦❞❡❧ s❡❧❡❝t✐♦♥ ❢♦r ✭❛✉t♦✲

✮r❡❣r❡ss✐♦♥ ✇✐t❤ ❞❡♣❡♥❞❡♥t ❞❛t❛✳ ❊❙❆■▼ Pr♦❜❛❜✳ ❙t❛t✐st✳ ✺✱ ✸✸✲✹✾

❬✸❪ ❈♦♠t❡✱ ❋✳✱ ●❡♥♦♥✲❈❛t❛❧♦t✱ ❱✳✱ ❘♦③❡♥❤♦❧❝✱ ❨✳ ✭✷✵✵✼✮ P❡♥❛❧✐③❡❞ ♥♦♥♣❛r❛✲

♠❡tr✐❝ ♠❡❛♥ sq✉❛r❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳

❇❡r♥♦✉❧❧✐ ✶✸✱ ♥♦✳ ✷✱ ✺✶✹✲✺✹✸✳

❬✹❪ ❈♦♠t❡✱ ❋✳✱ ❘♦③❡♥❤♦❧❝✱ ❨✳ ✭✷✵✵✷✮ ❆❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥ ♦❢ ♠❡❛♥ ❛♥❞ ✈♦❧❛t✐❧✐t②

❢✉♥❝t✐♦♥s ✐♥ ✭❛✉t♦✲✮r❡❣r❡ss✐✈❡ ♠♦❞❡❧s✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss✳ ❆♣♣❧✳ ✾✼✱ ♥♦✳ ✶✱

✶✶✶✲✶✹✺✳

❬✺❪ ❈♦♠t❡✱ ❋✳✱ ❘♦③❡♥❤♦❧❝✱ ❨✳ ✭✷✵✵✹✮ ❆ ♥❡✇ ❛❧❣♦r✐t❤♠ ❢♦r ✜①❡❞ ❞❡s✐❣♥ r❡❣r❡ss✐♦♥

❛♥❞ ❞❡♥♦✐s✐♥❣✳ ❆♥♥✳ ■♥st✳ ❙t❛t✐st✳ ▼❛t❤✳ ✺✻ ✹✹✾✲✹✼✸✳

❬✻❪ ❋❡❛r♥❤❡❛❞✱ P✳✱ P❛♣❛s♣✐❧✐♦♣♦✉❧♦s✱ ●✳✱ ❖✳❘♦❜❡rts✱ ●✳✱ ❙t✉❛rt✱ ❆✳ ✭✷✵✵✼✮ ❋✐❧✲

t❡r✐♥❣ s②st❡♠s ♦❢ ❝♦✉♣❧❡❞ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♣❛rt✐❛❧❧② ♦❜s❡r✈❡❞

❛t ❤✐❣❤ ❢r❡q✉❡♥❝②✳ ❛✈❛✐❧❛❜❧❡ ♦♥

❤tt♣✿✴✴✇✇✇✷✳✇❛r✇✐❝❦✳❛❝✳✉❦✴❢❛❝✴s❝✐✴st❛t✐st✐❝s✴❝r✐s♠✴r❡s❡❛r❝❤✴

✇♦r❦✐♥❣❴♣❛♣❡rs✴✷✵✵✼✴♣❛♣❡r✵✼✲✶✶✴✵✼✲✶✶✇✳♣❞❢

❬✼❪ ●❧♦t❡r✱ ❆✳ ✭✷✵✵✵✮ ❉✐s❝r❡t❡ s❛♠♣❧✐♥❣ ♦❢ ❛♥ ✐♥t❡❣r❛t❡❞ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❛♥❞

♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❊❙❆■▼ Pr♦❜❛❜✳ ❙t❛t✐st✳

✹✱ ✷✵✺✲✷✷✼

❬✽❪ ❍♦✛♠❛♥♥✱ ▼✳ ✭✶✾✾✾✮ ❆❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥ ✐♥ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ❙t♦❝❤❛st✐❝

Pr♦❝❡ss✳ ❆♣♣❧✳ ✼✾✱ ♥♦✳ ✶✱ ✶✸✺✲✶✻✸

❬✾❪ ❏❛❝♦❜s❡♥✱ ▼ ✭✷✵✵✶✮ ❊①❛♠♣❧❡s ♦❢ ♠✉❧t✐✈❛r✐❛t❡ ❞✐✛✉s✐♦♥s✿ ❚✐♠❡✲r❡✈❡rs✐❜✐❧✐t②✱

❛ ❈♦①✲■♥❣❡rs♦❧❧✲❘♦ss t②♣❡ ♣r♦❝❡ss✳ Pr❡♣r✐♥t ✷✵✵✶✲✻✱ ❉❡♣❛rt♠❡♥t ♦❢ ❙t❛t✐s✲

t✐❝s ❛♥❞ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ❯♥✐✈❡rs✐t② ♦❢ ❈♦♣❡♥❤❛❣❡♥✳

❬✶✵❪ ❏❛❝♦❜s❡♥✱ ▼✳✱ ❙♦r❡♥s❡♥✱ ▼✳ ✭✷✵✵✹✮ ▼✉❧t✐✈❛r✐❛t❡ ❞✐✛✉s✐♦♥s ✇✐t❤ ❧✐♥❡❛r ❞r✐❢t

❛♥❞ ❣✐✈❡♥ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥✳ Pr✐✈❛t❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✳

❬✶✶❪ ❑❛r❛t③❛s✱ ■✳✱ ❙❤r❡✈❡✱ ❙✳ ✭✶✾✽✽✮ ❊✳ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ st♦❝❤❛st✐❝ ❝❛❧❝✉❧✉s✳

●r❛❞✉❛t❡ ❚❡①ts ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✶✶✸✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✳

❬✶✷❪ ❑❡♥t✱ ❏✳ ✭✶✾✼✽✮ ❚✐♠❡✲r❡✈❡rs✐❜❧❡ ❞✐✛✉s✐♦♥s✳ ❆❞✈✳ ✐♥ ❆♣♣❧✳ Pr♦❜❛❜✳ ✶✵✱ ♥♦✳ ✹✱

✽✶✾✲✽✸✺✳

❬✶✸❪ ▲❛❝♦✉r✱ ❈✳ ✭✷✵✵✼✮ ❆❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❞❡♥s✐t② ♦❢ ❛ ▼❛r❦♦✈

❝❤❛✐♥✳ ❆♥♥✳ ■♥st✳ ❍✳ P♦✐♥❝❛ré Pr♦❜❛❜✳ ❙t❛t✐st✳ ✹✸✱ ♥♦✳ ✺✱ ✺✼✶✲✺✾✼

❬✶✹❪ ▼❡②❡r✱ ❨✳ ✭✶✾✾✵✮ ❖♥❞❡❧❡tt❡s ❡t ♦♣ér❛t❡✉rs✳ ■ ✳ ❖♥❞❡❧❡tt❡s✳ ❆❝t✉❛❧✐tés ▼❛t❤✲

é♠❛t✐q✉❡s✳ ❍❡r♠❛♥♥✱ P❛r✐s✳

✸✹



❬✶✺❪ P❛r❞♦✉①✱ ❊✳✱ ❱❡r❡t❡♥♥✐❦♦✈✱❆✳❨✉✳ ✭✷✵✵✶✮ ❖♥ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ❛♥❞ ❞✐❢✲

❢✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❆♥♥✳ Pr♦❜❛❜✳ ✷✾✱ ♥♦✳ ✸✱ ✶✵✻✶✲✶✵✽✺✳

❬✶✻❪ ❱❡r❡t❡♥♥✐❦♦✈✱ ❆✳❨✉✳✭✶✾✽✼✮ ❇♦✉♥❞s ❢♦r t❤❡ ♠✐①✐♥❣ r❛t❡s ✐♥ t❤❡ t❤❡♦r② ♦❢

st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❚❤❡♦r② Pr♦❜❛❜✳ ❆♣♣❧✳ ✸✷ ✷✼✸✲✷✽✶✳

❬✶✼❪ ❲✉✱ ▲✳ ✭✷✵✵✶✮ ▲❛r❣❡ ❛♥❞ ♠♦❞❡r❛t❡ ❞❡✈✐❛t✐♦♥s ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡

❢♦r st♦❝❤❛st✐❝ ❞❛♠♣✐♥❣ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss✳ ❆♣♣❧✳ ✾✶✱

♥♦✳ ✷✱ ✷✵✺✲✷✸✽✳

▲❛❜♦r❛t♦✐r❡ ▼❆P✺ ✭❈◆❘❙ ❯▼❘ ✽✶✹✺✮✱ ❯❋❘ ❞❡ ▼❛t❤é♠❛t✐q✉❡s ❡t ■♥❢♦r♠❛t✐q✉❡✱ ❯♥✐✲

✈❡rs✐té P❛r✐s ❉❡s❝❛rt❡s✱ ✹✺ r✉❡ ❞❡s ❙❛✐♥ts Pèr❡s✱ ✼✺✷✼✵ P❛r✐s ❈❡❞❡① ✵✻✱ ❋r❛♥❝❡✳

❊✲♠❛✐❧ ✿ ❡♠❡❧✐♥❡✳s❝❤♠✐ss❡r❅♠✐✳♣❛r✐s❞❡s❝❛rt❡s✳❢r

❆ ❆❞❞✐t✐♦♥❛❧ ♣r♦♦❢s

❆✳✶ ❙❦❡t❝❤ ♦❢ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳

❲❡ ❢♦❧❧♦✇ t❤❡ st❡♣s ♦❢ ❈♦♠t❡ ❡t ❛❧✳ ❛♥❞ ❛❞❛♣t t❤❡s❡ t♦ ❞✐♠❡♥s✐♦♥ d✳ ❋✐rst ✇❡

♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❤✐❝❤ ✐s ❛ ❇❡r♥st❡✐♥✲t②♣❡ ✐♥❡q✉❛❧✐t②✿

▲❡♠♠❛ ✺✳

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ t ✇✐t❤ s✉♣♣♦rt ✐♥ K✱

∀ε > 0,∀ζ > 0,

P

(
n∑

k=1

∣∣t(Xk∆)Zi
k∆

∣∣ ≥ nε, ‖t‖2
n ≤ ζ2

)
≤ 2 exp

(
− n∆ε2

2σ2
0ζ2

)
.

❍❡♥❝❡✱ ❢♦r ❛❧❧ x > 0✱

Pn

(
|νn,i (t)| ≥ ζ

√
2σ2

0x

∆
, ‖t‖2

n ≤ ζ2

)
≤ 2 exp (−nx) .

✇❤❡r❡ Pn (.) := P (. ∩ Ωn)✳

Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♠❛rt✐♥❣❛❧❡ (Ms) s✉❝❤ t❤❛t
(
❡①♣

(
λMs − λ2

2 〈M〉s
))

✐s

❛❧s♦ ❛ ♠❛rt✐♥❣❛❧❡✳ ❲❡ ❤❛✈❡ t❤❛t

E
(
exp

(
λMs − λ2 〈M〉s /2

))
= 1.

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❚❝❤❡❜✐t❝❤❡✈ ✐♥❡q✉❛❧✐t②✱ ❢♦r ❛❧❧ λ > 0✱

P [(Ms ≥ c) , (〈M〉s ≤ c′)] = P

[
exp

(
λMs − λ2 〈M〉s /2

)
≥ exp

(
λc − λ2c′

2

)]

≤ exp
(
−λc + λ2c′

2

)
E

(
exp

(
λMs − λ2

2 〈M〉s
))

≤ exp
(
−λc + λ2c

′

2

)
.
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❍❡♥❝❡✱ ♠✐♥✐♠✐③✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ λ✱ ✇❡ ♦❜t❛✐♥

P (Ms ≥ c, 〈M〉s ≤ c′) ≤ inf
λ>0

exp

(
−λc +

λ2c′

2

)
= exp

(
− c2

2c′

)
.

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣r♦❝❡ss

(Hu)j =

(
n∑

k=1

✶]k∆,(k+1)∆](u)t(Xk∆)σij(Xu)

)

j

✇❤✐❝❤ s❛t✐s✜❡s✱ ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ r❡❛❧ u✱ t❤❡ ✐♥❡q✉❛❧✐t② Hu.Hu ≤ σ2
0‖t‖∞ ✭✐♥ ♦r❞❡r

t♦ ❛✈♦✐❞ ❝♦♥❢✉s✐♦♥ ✇✐t❤ t❤❡ ♠❛rt✐♥❣❛❧❡ ❜r❛❝❦❡t✱ t❤❡ ❡✉❝❧✐❞❡❛♥ s❝❛❧❛r ♣r♦❞✉❝t

✐s ❞❡♥♦t❡❞ ❜② ✏✳✑ ✐♥ t❤✐s ♣r♦♦❢✮✳ ▲❡t ✉s s❡t Ms =
∫ s

0
Hu.dWu✳ ❚❤✐s ♣r♦❝❡ss

s❛t✐s✜❡s✿

M(n+1)∆ =

d∑

j=1

n∑

k=1

t(Xk∆)

∫ (k+1)∆

k∆

σij(Xs)dW j
s = ∆

n∑

k=1

t(Xk∆)Zi
k∆.

〈M〉(n+1)∆ =
n∑

k=1

t2(Xk∆)

∫ (k+1)∆

k∆

aii(Xs)ds ≤ σ2
0n∆‖t‖2

n.

▼♦r❡♦✈❡r

〈M〉s =

∫ s

0

Hu.Hudu ≤ nσ2
0∆‖t‖∞.

❚❤❡♥ Ms ❛♥❞ ❡①♣
(
λMs − λ2

2 〈M〉s
)
❛r❡ ♠❛rt✐♥❣❛❧❡s✳ ❲❡ ♦❜t❛✐♥

F := P
[(∑n

k=1 t(Xk∆)Zi
k∆ ≥ nε

)
,
(
‖t‖2

n ≤ ζ2
)]

≤ P

[(
M(n+1)∆ ≥ ∆nε

)
,
(
〈M〉(n+1)∆ ≤ σ2

0n∆ζ2
)]

≤ exp

(
− nε2∆

2σ2
0ζ2

)
.

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✱ ✇❡ ✉s❡ t❤❛t

E
[(

G2
m(m′) − p(m, m′)

)
✶Ωn

]
+

=

∫ ∞

0

P

[(
G2

m(m′) − p(m, m′)
)
+
✶Ωn

≥ x
]
dx.

❇② s✉❜st✐t✉t✐♥❣ x = κ1σ
2
0

1
n∆τ ✱ ❛♥❞ r❡♣❧❛❝✐♥❣ p(m, m′) ❜② ✐ts ❡①♣r❡ss✐♦♥ p(m, m′) =

κ1σ
2
0(Dm + Dm′)

n∆
✱ ✇❡ ❤❛✈❡

E
[(

G2
m(m′) − p(m, m′)

)
✶Ωn

]
+
≤ κ1

σ2
0

n∆

∫ ∞

0

Pn

[
G2

m(m′) ≥ κ1
σ2

0

n∆
(τ + D)

]
dτ.

▲❡♠♠❛ ✺ ❛♥❞ t❤❡ L2 ❝❤❛✐♥✐♥❣ t❡❝❤♥✐q✉❡ ♦❢ ❇❛r❛✉❞ ❡t ❛❧✳ ✭✷✵✵✶❜✮ ❛❧❧♦✇ t♦

♦❜t❛✐♥ t❤❡ ❛♥♥♦✉♥❝❡❞ r❡s✉❧t✳

✸✻



❆✳✷ Pr♦♦❢ ♦❢ ✐♥❡q✉❛❧✐t② ✭✶✶✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ♣r♦✈❡❞ ✐♥ ❇❛r❛✉❞ ❡t ❛❧✳ ✭✷✵✵✶❛✮✳

▲❡♠♠❛ ✻✳

▲❡t ✉s s❡t n = pnqn ❛♥❞ ❝♦♥s✐❞❡r S̄n t❤❡ ❧❛r❣❡st ✈❡❝t♦r s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡

❢❛♠✐❧✐❡s ♦❢ ❢✉♥❝t✐♦♥s Fm✱ ❢♦r m ∈ Mn ✭s❡❡ ❙❡❝t✐♦♥ ✸✮✳ ❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ S̄n ✐s

❡q✉❛❧ t♦ Nn✳ ❋♦r ❛❧❧ ♣♦s✐t✐✈❡ ∆✱ ✇❡ ❤❛✈❡

P(Ωc
n) ≤ 2nβX(qn∆) + 2n2 exp

(
−A0π

2
0

n

qnLn(φ)

)
,

✇❤❡r❡ Ln (φ) s❛t✐s✜❡s

Ln (φ) ≤ φ2
0N

2
n.

❈♦♠t❡ ❡t ❛❧✳ ✭✷✵✵✼✮ ✉s❡ t❤✐s ❧❡♠♠❛ t♦ ❡♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✭✶✶✮✳

✸✼


