AN EMPIRICAL CENTRAL LIMIT THEOREM IN L! FOR
STATIONARY SEQUENCES.
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ABSTRACT. In this paper, we derive asymptotic results for the L'-Wasserstein
distance between the distribution function and the corresponding empirical dis-
tribution function of a stationary sequence. Next, we give some applications
to dynamical systems and causal linear processes. To prove our main result,
we give a Central Limit Theorem for ergodic stationary sequences of random
variables with values in L'. The conditions obtained are expressed in terms of
projective-type conditions. The main tools are martingale approximations.
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1. INTRODUCTION

The Kantorovich or L!-Wasserstein distance between two probability measures
P, and P, on R with finite mean, is defined by

di(Py, P) = inf { / |z — y|dv(z,y) : v € P(R?) with marginals P, P>},

where P(R?) is the space of probability measures on R?.
Let A; be the space of 1-Lipschitz functions. It is well known that d; can also

be written as follows:
[ sari— [ ar)|

Pl,Pg /|F2 ‘dt—SU.p
feA
where Fj (respectively F5) is the distribution function of P; (respectively of P).
Let (X;)iez be a stationary sequence of real-valued random variables. In this
paper, we are concerned with the Central Limit Theorem (CLT) for the L!-
Wasserstein distance, defined by

[ 150 = Extolar, )

where Fx is the common distribution function of the variables X;, and F;, is the
corresponding empirical distribution function (see Section 3).

In the literature, several previous works on the Kantorovich or L!-Wasserstein
distance, have already been done, for a sequence of i.i.d random variables X =
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(Xi)iez ( see for instance del Barrio, Giné and Matran [J]). Recall that if X has
the distribution function Fx, then the condition

/OO VFx(t)(1 = Fx(t))dt < oo,

is equivalent to

Aot (X) = /Ow VP(XT> 1) dt < .

In their Theorem 2.1, del Barrio, Giné and Matran [B] prove that if (X;)iez
is i.i.d, then the processes \/n(F, — Fx) converge in law in L' to the process
{B(F(t)),t € R}, where B is a Brownian bridge, if and only if Ay;(X) < co. Our
main result extends Theorem 2.1 in del Barrio, Giné and Matran [B] to the case
of stationary sequences, satisfying some appropriate dependence conditions.

Before giving the idea of the proof, let us introduce L*(u) = L(T, u), where
is a o-finite measure, the Banach space of u-integrable real functions on T, with
the norm ||.[|,., defined by |lz[l1, = [ |2(t)| u(dt). Let L°(u) be its dual space.

First, we give the Central Limit Theorem (CLT) for ergodic stationary sequences
of martingale differences in L'(u) (see Section 4.1). Then, by martingale approxi-
mation (see for instance Volny [[9]), we derive a Central Limit Theorem for some
ergodic stationary sequences of L!(u)-valued random variables satisfying some
projective criteria. This result allows us to get sufficient conditions to derive the
asymptotic behavior of ([[.])).

The paper is organized as follows. In Section 2, we state our main result. In
Section 3, we derive the empirical Central Limit Theorem for statistics of the type
(I1) for a large class of dependent sequences. In particular, the results apply
to unbounded functions of expanding maps of the interval, and to causal linear
processes.

2. CENTRAL LIMIT THEOREM FOR STATIONARY SEQUENCES IN L!(u)

From now, we assume that the ergodic stationary sequence (X;);cz of centered
random variables with values in L (u), is given by X; = XooT?, where T : Q — Q
is a bijective bimeasurable transformation preserving the probability P on (2, .A4).
Let S, = Z;Zl X, be the partial sums. For a subfield F satisfying Fo C T~(Fy),
let F; = T7(Fo).

Notation 2.1. For any integer p > 1 and for any real random variable Y, we
denote ||.||,, the LP-norm defined by ||Y]|, = E(]Y[?)'/?, and ||.||o denotes the
L°-norm, that is the smallest u such that P(|Y| > u) = 0.

Here is our main result:

Theorem 2.2. Assume that, for any real t, E(Xo(t)|F-) = 0, E(Xo(t)|Fx) =
X(](t) and

/T | Xo(t)]]2 u(dt) < oo. (2.1)
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Let Py(X (t)) = E(X(¢)|Fo) — E(X(t)|F-1) and assume that

S [ I atin < 2:2)
keZ
Then
n~1/? ZXO oT" — G in law in L' (p), (2.3)

=1

where G is a L'(u)-valued centered Gaussian random variable with covariance
operator: for any f € L™ (u),

Oc(f, ) =E((f(Y_P(x))*) = Cov(f(Xo), f(X).  (24)

keZ kEZ

As a consequence, we have

Corollary 2.3. Assume that (2-1) holds. Moreover, suppose that

/ IECXA(8) | Fo)lla u(dt) < (2.5)

and that
> % | IXo0 =BG 0 | Rt < oo 2.6

Then, the conclusion of Theorem [2.3 holds.

3. APPLICATIONS TO THE EMPIRICAL DISTRIBUTION FUNCTION

Let Y = (Y;)iez be a sequence of real-valued random variables. We denote
their common distribution function by Fy and by F,, the corresponding empirical
distribution function of Y:

VteR, F, Zlyq

Let A be the Lebesgue measure on R. If E(|Y;|) < oo, the random variable
Xi(.) ={t— 1y« — Fy(t),t € R} may be viewed as a centered random variable
with values in L'()).

Notation 3.1. Let Fy, 7, be the conditional function of Y} given Fy, and let
Fy, )7, be the conditional function of Y}, given F_;.

With these notations, the following equalities are valid: for every k in Z,

Lincatea = [ 1un - Foe Ot 61

and /THE(Xk(t)lfo)llzdt = /T||Fyk|ﬁ(t)—Fy(t)ll2dt- (3.2)
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3.1. Dependent sequences.

As we shall see in this section, applying Corollary .3, we can derive sufficient
conditions for the convergence in L'(\) of the process y/n(F, — Fy), as soon as
the sequence Y satisfies some weak dependence conditions. Set Fy = o(Y;,7 < 0).
We first recall the following dependence coefficients as defined in Dedecker and
Prieur [J]: for any integer k > 0,

o(k) = SUHEIIP(Yk <t [ Fo) = P(Ye < 1)l
te

and
a(k) =sup||P(Yy <t | Fo) —P(Yy <t

teR
When the sequence Y is &—dependent, the following result holds:

Proposition 3.2. Assume that

Z\/@<ooand /00 P(JY| > t)dt < oo, (3.3)

then {t — /n(F,(t) — Fy(t)),t € R} converges in L*()\), to a centered Gaussian
random variable, with covariance function: for any f, g € L®(\),

Baf) = [ FG)aC(s 1) deds (3.4)
with
Cls,t) = Fy(t A s) = Fy(t)Fy (s) + 23 (B(Yo < 1, Yk < 5) — Fy (1) Fy (s)).
k>1

Remark 3.3. Proposition B.J is also true with the ¢-mixing coefficient of Ibragimov
[[Y]. Notice that this result contains the i.i.d case, developed in del Barrio, Giné
and Matran [g].

Before giving sufficient conditions when the sequence Y is a-dependent, we first
recall the following definition:

Definition 3.4. For any nonnegative and integrable random variable Y, define
the quantile function @y of |Y|, that is the cadlag inverse of the tail function
z— P(|Y| > ).

Proposition 3.5. Assume that

1 a(k) Qy(u)
> ﬁ/o T du < o0, (3.5)

k>1
then the conclusion of Proposition [3.3 holds.

Remark 3.6. Notice that Proposition B.J is also true with strong a-mixing coeffi-
cients of Rosenblatt [[[§]. Notice also that (B.j) is equivalent to

> % /OOO Valk) A VP(Y] > t)dt < co. (3.6)

k>1
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3.1.1. Application to expanding maps. Let T' be a map from [0, 1] to [0, 1] preserv-
ing a probability 1 on [0,1]. Recall that the Perron-Frobenius operator K from
L!(p) to LY(p) is defined via the equality: for any h € L(u) and f € L>®(u),

/0 (KR (2) f () u(dr) = / h(z)(f o T) (@)l dz).

Here we are interested by giving sufficient conditions for the convergence in L'())
of the empirical distribution function associated to Fy where the random variables
(Y;)iez are defined as follows: for a given monotonic function f, let

Ye=foT". (3.7)

In fact since on the probability ([0,1], ), the random variable (7,772, ...,T") is
distributed as (Z,,, Z,_1, ..., Z1), where (Z;);>o is a stationary Markov chain with
invariant measure g and transition Kernel K (see Lemma X 7.3 in Hennion and
Hervé [[I]), the convergence in L'(\) of the empirical distribution function associ-
ated to Fy is reduced to the one of the empirical distribution function associated
to Ff(Z)

In this section we consider two cases: first the case of a class of BV-contracting
maps and secondly the case of a class of intermittent maps.

a) The case of BV-contracting maps. Let BV be the class of bounded variation
functions from [0, 1] to R. For any h € BV, denote by ||dh|| the variation norm of
the measure dh. A Markov kernel K is said to be BV-contracting if there exist
C >0 and p € [0, 1] such that

[dE™ (h)| < Cp™||dh]]. (3.8)

A map T is then said to be BV-contracting if its Perron-Frobenius operator K
is BV-contracting (see for instance Dedecker and Prieur [{], for more details and
examples of maps which are BV-contracting).

In this case, the following result holds:

Corollary 3.7. If T' is BV-contracting and f is a monotonic function from |0, 1]

to R satisfying fooo VA f] > t)dt < oo, then the conclusion of Proposition [3.4
holds for the sequence (Yy)kez where Yy is defined by ([3.7).

Remark 3.8. In the particular case when f is positive and non increasing on |0, 1],
with f(z) < Dax™® for some a > 0 and D a constant, we get that

[e.e] oo 1
/0 \/)\(|f|>t)dt§Cg/1 Wdt’
where C5 is a constant. Consequently, Corollary B.7 holds as soon as a < % holds.

b) Application to intermittent maps. For ~ in |0, 1], we consider the intermittent
map 7, from [0, 1] to [0, 1], studied for instance by Liverani, Saussol and Vaienti
[[4], which is a modification of the Pomeau-Manneville map [[I{]:

T - r(14+2727) ifxe0,1/2]
YT 2w—1 ifxe(l/21).
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We denote by v, the unique 7’ -probability measure on [0, 1] and by K, the Perron-
Frobenius operator of 7T, with respect to v,. For these maps, we obtain the
following result:

Corollary 3.9. For~ in |0, 1], if T, is an intermittent map and f is a monotonic
function from ]0,1] to R, satisfying

f/ = (|f|>t)dt<oo (3.9)

k>1
then the conclusion of Proposition [3.] holds for the sequence (Yi)rez where Yy is

defined by (B-7).

Remark 3.10. In the particular case when f is positive and non increasing on
10,1[, with f(z) < D2™* for some a > 0 and g, the density of v, such that
Gv, () < Voo™ where V (7) is a constant, we can prove that (B.9) holds as soon
as a < 2 —~ does (see Section [[.§). In his comment after Theorem 3, Gouézel [[{]
proved that if f(z) = 27, then n™/2 Y} (foTi — v, (f)) converges to a normal
law if a < 1/2—+, and that there is a convergence to a stable law (with a different
normalization) if @ > 1/2 — ~. This example shows that our condition is close to
optimality.

3.2. Causal linear processes.
We focus here on the stationary sequence

Y= ey, (3.10)
J=0
where (g;)icz is a sequence of real-valued i.i.d random variables in L? and 3, |a;] <
+00.

Corollary 3.11. Assume that, ey has a density bounded by K and that |ag| # 0.
Moreover, assume that

Z/ Q'YO' ) i < oo (3.11)

k>0

Then the conclusion of Proposition [7.3 holds for the sequence (Yy)rez where Yy, is
defined by (B1Q).
Remark 3.12. Since ), |a;| < oo, (@) is true provided that

Z/ Q'EO' )t < o0 (3.12)

kEZ

As a consequence, we get the following result

Corollary 3.13. Assume either Item 1 or 2 below:

1. for some r > 2, the i.i.d random variables (€;);cz are in L™ and ¢ has a
density bounded by K. In addition |ag| # 0 and

Zkl/(r—1)|ak|(r—2)/(r—1) < 0. (3.13)

k>0
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2. for somer > 2,
V>0, Plel>z) < (E)T where ¢ is a positive constant,
x
and €y has a density bounded by K. In addition |ag| # 0 and

> ag| " < oo (3.14)

k>0

Then the conclusion of Proposition [5.3 holds for the sequence (Yy)rez where Y}, is

defined by (B.1Q).

4. PROOFS

4.1. Central Limit Theorem for L!(;)-valued martingale differences.

We extend to L'(u)-valued martingale differences, a result of Jain [[3], which
is, for a sequence of i.i.d centered L!()-valued random variables X = (X;);cz, the
Central Limit Theorem holds if and only if [ (E(X:(£)?))"? u(dt) < cc.

Theorem 4.1. Let (M,;);cz be a sequence of stationary ergodic martingale differ-
ences with values in L' (i) such that M; = My o T¢. Assume that

/ 1Mo (8) 13 u(dt) < oo. (1.1)
T
Then

n~1? ZMO oT" — G in law, (4.2)

i=1
where G is a L'(u)-valued centered Gaussian random variable with covariance

function: for any f in L>(u), ®c(f, f) = E(f2(My)).

Proof of Theorem [[.]. Before giving the proof, we recall some notations and
definitions used in the proof.

Notation 4.2. Using the notations of Jain [[[J], we consider for any real separable
Banach space B and its dual B,

W M3 = {v probability measures on B: /|f|2du < 00, /fdu =0,V feB}

Definition 4.3. If v € W M¢, its covariance kernel @, is given by: for any f,g €
B,
v.(1.9)= [ty

Definition 4.4. ;1 € WM is pregaussian if there is a Gaussian measure v, such
that ®, = ®,,.



8 SOPHIE DEDE

By the classical Linderberg’s theorem for stationary ergodic martingale dif-
ferences in Billingsley [F], n~'/2f(S,) converges in law to the centered gaussian
random variable Z in R, with variance E(f%(Mp)), for each f € L>(u). Now, we
have to prove that the distribution of n=1/2S,, is relatively compact. As L!(u) is of
cotype 2, we use the same approach as in the proof of Theorem 6.4 in de Acosta,
Araujo and Giné [I)].

By stationarity, it follows that

B([A(Z)]) = 3 S Ewon = B

By Theorem 11 in Jain [[[3], if (£]) holds, then M, is pregaussian, so there exists
a L!(u)-valued centered Gaussian random variable G ( or a Gaussian measure
on L!(u)), with covariance operator ®¢, such that, for any f in L (u),

E([f(G)]?) = @a(f, f) = E([f (Mo)]?).

By Theorem 5.6 in de Acosta, Araujo and Giné [l]], every centered Gaussian
measure on L!(u), is strongly Gaussian which means that there exist a Hilbert
space H, a continuous linear map M : H — L'(u) and a tight centered Gauss-
ian measure v on H such that ¥ = v o M~!. Therefore, we can apply Theo-
rem 6.2 [I], with & = {¢ a probability measure on L' () such that ®¢(f, f) <
Q. (f, f),for all f € L*(u)}, so R is relatively compact. We have proved that the
distribution of n=1/29,, is relatively compact. O

4.2. Proof of Theorem R.2.
We construct the martingale

anzn:MooTi,

i=1

where My = >, ., Po(Xy). Notice that (M o T%);ez is a sequence of a stationary
ergodic martingale differences. By triangle inequality,

/T 1Mol p(dt) = /T IS R0, )

keZ

IN

S [ IR () < o

keZ
Applying Theorem 1], we infer that
1

%Mn f— G in law in L'(p),

where G is a L!(u)-valued centered Gaussian random variable such that ®¢(f, f) =

E([f(Mo)]?), for any f € L>(p).
To conclude the proof, it suffices to prove that

nhinoo/T H S\"/(ﬁt) - % 2:; Mp(t) o TiHQM(dt) —0. (4.3)




AN EMPIRICAL CENTRAL LIMIT THEOREM IN L' 9

The proof is inspired by the proof of Theorem 1 in Dedecker, Merlevede and Volny
[§]. By triangle inequality,

/HM——ZMO ot

>|f>+E< Su(t) | F) | ESult) | Fo)

u(dt)

NG Vn Vn
~ EL%‘ Fo) _ % ZMO@ o u(at)
LTSV
+/THE(S,1(t)n\ F) _E(Snfj)ﬁ| Fo) _%gMo(t)oT,-qu(dt)

/H 'fo [, ). (4.4)

2

It suffices to prove that each term of the right-hand side in Inequality (£.4) tends
to 0, as n tends to infinity. Let us first control the second term. Since

B(5,() | ) — BS.(1) | Fo) = 33 PXil

=1 k=1

it follows that, by stationarity and orthogonality,

/ H NG S0 17 _%iMO(t)OTiHZM(dt)

:A\“E<sn<t>|fn>¢—ﬁ< A1) Fo) ZMo orf

u(dt)

:/T\—ZHZPOX,H — Mo(t)|[3 u(dlt)

=1 j=1-—3

/J > Z Po(X;(8)) = Mo(t)][, r(dt)

[/J > ROt /J SIS ACGO)u

i=1  j<—i i=1  j>n—i+1
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Splitting the sum on 4 of the first term in the right-hand side of Inequality (f.5),
we get that

hy-

SIS A

=1  j<—i

)|l 1(d)

S22 Al

:A\iN

i=1  j<—i

)+~ ZHZ% 0)|[; wtdr)

i=N+1 j<—i

i=1  j<—i

Fubini entails that

LSS Ao

/!

s [ |4 35 1S neso i

i=N+1 j<—i

[\AEIE ne

=1 j<—i

Moreover, since

f33

2 1122 A,

N+1 j<—1i

we infer by (B.4) that

Whence

hm lim sup

N—oco pnoo

o

D) < [ 1T RGO
< o= PILICTINES
< —NZ/HPO Dl ldt) — 0.
2 1 2
@luan < [ \/Em—zv)(_z IR (0)12)° el
< [ IR par)
< ¥ / o (6)) ().

/J > | X R IBaan =o.

i=N+1 j<—i

ZHZPO H2 (dt) 7:00

=1 j<—1i
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In the same way, splitting the sum on ¢ of the second term in the right-hand side
of Inequality (), we derive that

/T\—ZH > RG] at)

i=1 j>n—i+1

n

-/ \%"f:vu > RCGOEE S | R

i=1  j>n—itl i=n—N+1 j>n—i+l

g/T\%"f:VH > A O)atn + /TJi > X Ao

i=1  j>n—itl i=n—N+1 j>n—i+l

Since
1n—N
[a Xl X Amliua < [0S IRem)) s
T\ "3 j>n—itl j>N+1
< 3 [ IRl
j>N+1
and

n

/TJ:L S Y RGO < /f IS P 0], ()

i=n—N+1 j>n—i+l i=n— N+1 ]>TL i+1

= S IR0l sta)

IA

we deduce by (£.2), that

Jim, J S Y ACGH)at =

=1 j>n—i+1

Consequently, we derive that

LG ) -=(7

To prove that the last term of Inequality (f.4)) tends to 0 as n tends to infinity,
we first write that

)——ZMO OTH u(dt) — 0.

n—oo

i) < g [ IR0 | 7o), )
s D SR ECIES W)

k=N+1
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By orthogonality,

Iy

k=N+1

n n

O1R, = > D EE

k=N+1I1=N+1

n n o

= D D EQ_ Pou(Xu(®)

k=N+11=N+1  m=0

t) | Fo)E(

Xi(t) | Fo))

P_pn(Xi(t)))-

Using Cauchy-Schwarz inequality and stationarity, it follows that

n-+m n+m

%H ST OEX() | R, < —Z > 2

k=N-+1 m=0 k=N+m+1I=N+1+m
o 2
< (X IRGEIR)
k=N+1
Consequently
s AN e

k=N+1

and by (B-), it follows that

k=N+1

lim limsup —

N—=oo pnoeo

k=N+1

On the other hand, by stationarity,

H ZE(Xk(t>

‘]:0>H2 -

Hence by (R.9), we get that

tm [ | > E(X() | 7)) =0

Therefore, (f-g) and ([£7]) imply that

H p(dt) =0

n—oo

|P0 Xk

=13 =0 | Al utn =0

Dll2l[Po(Xi(£))]]2

/ | Po(X(8)) ]2 o)

(dt) (4.6)

(4.7)
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To prove that the first term of Inequality ([.4]) tends to 0 as n tends to infinity,
we write that

J

Sult) - (Salt)
NSV

%)

) < f/))zxk Xu(t) | £

= | 3 Xut) | 7|

N+1

(dt)

(dt).

By orthogonality,

»ﬁv e

=3 E([X(t) - E(Xk(t) | F)][Xi() — B(Xu(t) | F)l)
=3 S IEG (0 X0(1)) — BB (1) | FE(E) | F)]
S SE(Y PulX)PaX)

Consequently by using Cauchy-Schwarz inequality and stationarity,

—HZXk OTES) > _Z_ _Z_ 1P (0) 2l P (X)) o

< Z 1Po (Xt

Hence we get

\F/HZXk M0

and by (R.9), it follows that

—(N+1)

<3 / | Po(Xa(0)) 2 (),

(dt)=0.  (4.8)

N—oo n—oo

hm lim sup \/_/ HZXk k(1) | Fn)] JH
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Also by stationarity,

| > wo-ExoR, = | X XA

k=n—N+1 k=n—N+1m=n+1

< Y O IPaX)])

k=n—N+1 m€eZ

N IP(X())]2 -

€L

IN

Hence

[ > -5 £)

Therefore, (f-§) and ([I9) imply that

i [ 12 - ),

To end the proof, it remains to prove (E-4)). With this aim, we use Corollary 1 in
Dedecker, Merlevede and Volny [§]. Hence it suffices to prove that, for any f in

Leo (),

) < 237 [ NGl

(4.9)

p(dt) =0

> P (fF(X)l2 < oo, (4.10)
keZ

As f is a linear form on L!(u) then f belongs to L*°(u). It follows that
IRGED = IR < 00 [ 1RGO ),
< ) [ RGOl utd)

where C(f) is a constant depending on f. Consequently, ([.10) holds as soon as

(2) holds. O

4.3. Proof of Corollary R.3.

We prove Corollary with the same arguments as in the end of the proof of
Corollary 2 in Peligrad and Utev [[F].

By stationarity and orthogonality, for all £ in Z, we have

IE(X | Fo)l3 = | 3 P . —ZHP—J (Xo)I1
j=—00
and

Xk~ B | A = [ S A, = IR 0B = 3 IR0
j=1 i=1

j=k+1
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Now, applying Lemma A.2 in Peligrad and Utev [[5], to a; := || P-;/(Xo)|2, it
follows

S = > 1/2
SIPLXo)ls < 83072 (3 1P )
=1 n=1 i=n

< 3% n PG | Fo)le, (4.11)

n=1

and then to a; := || Pi(Xo)||2,

STIRX) < 330 (S IRCOIR)
i=1 n=1 i=n

< 3§:n—1/2||x_(n_1> —E(X_(n-1)|F0)2
n=1

< 33+ )X — B
n=0

< 31X~ ECIF) |+ 33 n X~ B,

n=1

< B XL B, | Fl Ol (412)

n=1

Therefore, by (1) and (f.12), we deduce that

DIPX = D IPw(Xo) o+ D IPe(Xo)ll2 + [1Po(Xo)l2

keZ k=1 k=1

o) ~ 00 1/2
33 02 (3 IP(x0)l)
n=1 i=n

o0 a 1/2
+33 0 (Y IRIE) T+ IR0
n=1 i=n

IN

< 3[) 0 VIEX [ Folla+ Y 07X — E(Xon | Fo)ll] + 8] Xolla-

n=1 n=1

Consequently, (B.]) and (£.) implies (£.9). O

4.4. Proof of Proposition 3.2.
We apply Corollary B.3 to the variables X;(.) = {t — ly,<; — Fy(t),t € R}.

v Fyamo () — By (1)
 bEym(t) = Ey(
2O = R ® RO

Obviously,
VieR, [[E(Xk(t) | Follla < IXu(®)lls < V()1 - Fy(t)). (4.13)
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By Proposition 2.1 in Dedecker [[] and by (f:I3), for any k in Z, we derive

I = B0l = B(rR 2 B (1)~ F0)

= Cov(Z(t), Xx(t))

< 2 Z(t)||2|Xk(6) ]2/ &(k)
< 2V/F (01 = By (0)\/ (k).

Consequently, we deduce that (2.3) holds as soon as (B.3) holds. O

4.5. Proof of Proposition B.5].
We apply Corollary B.3 to the random variables X;(.) = {t — ly,<; — Fy(t),t €

HB%.Hélder’s inequality for any k£ > 0, we get

IE(Xk [ Follz = [E(Ly,<e | Fo) = P(Y < )2
< VIEQy< | Fo) — P < Dlliy/IE(Ly< | Fo) — B(¥i < )]
< Va(k). (4.14)

Using (T3) and (T2,
/ IECG() | Fo)l2dt < / VAl A/ Er O — Fr () dt

[ vamavi-Rmas [ " a0 A E D dt
/OOO Jak) A BV > 1) dt.

IN

IN

Notice that

1
Vak)AVP(Y|>1t) = /01u< LN AR

a(k)
= / Lu2<p(y|>t) du
0

Va(k)
= / 1Qy(u2)2t du.
0

By Fubini and by a change of variable, we derive
400 00 1
0 Vak) AVP(Y >t dt = /O (/0 1. P(|Y|>t)1u§mdu> dt

a(k) 00
= / ( / 1QY (u2)>t dt) du
0 0 -

B a(k) B 1 a(k) Qy(u)
= /0 Qy(u2)dU—§/0 Tu du.
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We deduce that (B-5) implies (2.5). The CLT holds, by applying Corollary B.3. O

4.6. Proof of Corollary B.7.

Recall that to prove the convergence for the empirical distribution function of
Y where (Yy)rez is defined by (B-7), it suffices to show the convergence in L'(\) of
the empirical distribution function of f(Z) where (Z;);cz is the stationary Markov
chain with transition Kernel K. Hence we shall prove that f(Z) satisfies the
conditions of Proposition B.2

Using the fact that f is a monotonic function, Dedecker and Prieur [§] proved
that . )

O(Fo, f(Zk)) < (Fo, Zy).
In addition, they proved that if (B-§) holds then
O(Fo. Z) < Cup,
with C] a positive constant (see [d]). This entails that (B.3) holds. O
4.7. Proof of Corollary B.9.

For the same reasons given in the proof of Corollary B.1, we shall prove that

f(Z) satisfies the conditions of Proposition B.J. Hence we apply Proposition B.5

to the variables X;(.) = {t — 1y,<; — Fy(t),t € R}. Using the fact that f is a
monotonic function, Dedecker and Prieur [ proved that

a(Fo,Yr) = a(Fo, f(Zr)) < a(Fo, Zk).

Recently, Dedecker, Gouézel and Merlevede [p] proved in Proposition 1.12, that
there exists a constant C, such that, for any positive integer £,

C
a(Fo, Zy) < — (4.15)
(n+1)7

As T, is an intermittent map, and f is a monotonic function, it follows by (£.17)

that
VAR Ao \f|>tdt</ v (If] > 1) dt
/ k+1)= V7
Consequently, (B.6) holds as soon as (B.9) holds. O

4.8. Proof of Remark B.10.
Since the density g, of v, is such that g, (z) < V(v)z™7, we infer that

DTV(y), 1
V’Y(f>t>§ 1_/7 t @ )

where D and V' (v) are positive constants. By Fubini and (f.16), we then get that

+oo 1~ 00 1
/0 5 Ao (If] > tdt = /O (/0 1. w(|f‘>t)1ugk,1%du>dt
< Krapts) ),

(4.16)

where K (7, a) is a constant.
Consequently, (B-9) holds as soon as a < 1 — 7 does. O
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4.9. Proof of Proposition B.11].
We apply Theorem P to the random variables X (t) = {t — 1y, < — Fy(t)}.
Let M; = o(eg, k <i). By aresult in Lemma 6 in Dedecker and Merlevede [,

1Fyeme () = Frigmoy (Oll2 < K [ ao |7 ar | fler — o]l (4.17)
Moreover, we have
[Eviro (8) = By Dl < [1Fyvimo () = Fy (D)2 + [ By, () = Fy (0]
< 2V F(t)(1 - Fy(t)).
We deduce that (2.3) holds as soon as
Z/ (K [ao |7 ax | ller — eoll2) A (2V/P(|Ya| > 1)) dt < oo,

keZ

and it may be reduced to

|ag|?
Z/ |ak|/\\/Wdt<oo(:)Z/ Q|Yk\

keZ kEZ

Now, from Theorem .3, we infer that /n(F,, — Fy) converges in law to a L()\)-
valued centered Gaussian random variable G, with covariance operator ®, defined

by (B-4). O

4.10. Proof of Remark B.132.
By using Lemma 2.1 in Rio [I7], page 35, we have that

[ < (e [ e

7>0

Consequently since >, |a;| < oo, (B-I]) is true provided that

|ag|?
Z/ Q'EO' < o0. (4.18)

kEZ

4.11. Proof of Corollary B.13.

4.11.1. Proof of Item 1 of Corollary [3.13.

To apply Corollary B.11], it suffices to prove (B.13).
Firstly, recall that, if U is an uniform random variable on [0, 1], Q‘2€0|(U ) and

leg|? have the same law.
We proceed as in Rio [[[7] p 15. By Holder’s inequality on [0, 1], it follows that

Z/'“ +l Qi/ﬁ) _ / O (i Zm?@ﬁ})

k>0
1/r | F r/(r—1) (r—=1)/r
< ([ Qo) ([ (et gy
0 Vu
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Using the same notations as in Dedecker and Doukhan [Jf], let

= L{uzjarpy and f(z) = 2"/,

k>0

We infer that

FE = D G+ = FU) ugia ey

<.
Il
o

WE

((G+ D)0 — 70D 2y

<.
Il
o

Set C, = 1V (:£5). Since (j +1)7/=1) — j7/=1) < €, /=D (BI3) holds as soon

as

/ S ey 1{u<\«m2} du < oo,
2(r 2(r—1)

7>0

which is true provided that

1 (r— r=2
Z]l/( Y]a;|=1 < oo.

Jj=20
O
4.11.2. Proof of Item 2 of Corollary [F.13.
We apply Corollary B.11, so it suffices to prove (B.12).
Notice that, the quantile function @), here, is dominated by cu™/". Thus, we
derive
lag |2 Q |ag|?
jeol () c
ZwleolA ) < -
/0 Ju du < /0 /21T du
2r 1-2/r
c a .
- or— 2| d
Consequently, (B.12) holds as soon as (B.14)) does. O
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