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Abstract

We study the semilinear wave equation in canonical form with nonLips-
chitz nonlinearity by using the recent theories of generalized functions. We
investigate solutions to the Goursat problem. We turn this non-Lipschitz
Goursat problem with irregular data into a biparameter family of prob-
lems. The first parameter replaces the problem by a family of Lipschitz
problems and the second one regularizes the data. Finally the family of
problems is solved in an appropriate biparametric (C, &, P) algebra.

MSC: 35D05; 35L70; 46F30.
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1 Introduction

The distribution theory has some limitations when nonlinear problems are con-
sidered. The theories of algebras of generalized functions [1], [11], which form at
least presheaves of differential algebras, seem to be an efficient tool to overcome
these limitations. They have already been used to solve many nonlinear and
irregular problems. For example, in the case of singular data and Lipschitz non-
linearity, a method consists in replacing the given problem with a one-parameter
family of smooth problems and has been successfully used in [5], [15], [16], [18]
among other references. With similar techniques, various type of nonlinearities
are considered in [17], [19].

The main purpose of this paper is to establish the existence of a global so-
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example F(-,-,u)) = |ul’, p integer, p > 2), in the case of irregular data given
along the characteristic curve C: (Ox), and along a monotonic curve v of equa-
tion z = g (y). We want to investigate solutions to this nonlinear problem with
distributions or other generalized functions as data. This justifies to search for
solutions in algebras containing the space of distributions which are invariant
under nonlinear functions, in addition. To do this, we use some regularization
processes and cutoff techniques described in the framework of (C, £, P)-algebras
of Marti, [12], [13], [14], [15], [16] which are an improvement and generalization
of the algebras of J.-F. Colombeau [1], [11]. These algebras are designed to admit
multiparametric families of smooth functions as representatives of generalized
functions.

The mentioned irregular problem remains in general unsolvable in classical
functional spaces. To overcome this difficulty, we replace Problem (Pjorm) by a
family of Lipschitz problems [10]. The general process is the following. A first
parameter, €, permits to regularize the non-lipschitz case, a second parameter,
p, makes the regularization of the data in singular case. By means of these
regularizations, we define an associated generalized problem (Py.,) and we study
his solvability.

The first situation is the case where F' has a non Lipschitz non linear-
ity and the data are regular. We replace F' with a family of Lipschitz func-
tions (F:) given by suitable cutoff techniques which gives rise to a family

0%u
(Fe) & 5 By

cal successive approximation technique permits to obtain, for each €, a global
solution u. to this nonlinear wave equation in canonical form [8], [9]. Using the
precise estimates given in section 2, we build a (C, &, P)-algebra, stable under
the family (F:), in which the class of (u.) is the expected solution of the gener-
alized problem (Pye,). Thus, we obtain a global generalized solution, when the
classical smooth solutions often break down in finite time [20]. With regard to
the regularization, we show that this solution depends solely on the class of the
cutoff function as a generalized function, not on the particular representative.
Moreover, if the initial problem (Pjopr,) admits a smooth solution u satisfying
appropriate growth estimates on some open subset €2 of R?, then this solution
and the generalized one are equal in a meaning given in Theorem 28.

The second situation is the case of irregular data We replace the problem by
a family (P(e) p)) of regularized problems. As before, the parameter ¢ is used to
render the problem Lipschitz, and p makes it regular. We build a biparametric
algebra in which the generalized problem (P, ) is solved. To prove the existence
of solution, a biparametric representative is constructed from the existence of
smooth solutions for each regularized Lipschitz problem. We also prove that
the solution to the regularized problem, on some open subset €2, is equal to the
non-regularized one in a meaning given in Theorem 31.

In the examples we take advantage of our results to give a new approach
of the blow-up problem. Using the Hadamard’s finite-part and the previous
results, we build a generalized solution to some regularized problem which is
equal to the classical blow-up solution.

= F.(-,-,u) of regularized Lipschitz problems. Then, the classi-



2 Algebras of generalized functions

2.1 The presheaves of (C, &, P)-algebras
2.1.1 Definitions

We refer the reader to [12], [13], [14], [15] for more details.
Take

e A a set of indices;

e A asolid subring of the ring K*, (K = R or C), that is A has the following
stability property: whenever ([sx|)x < (ra)x (i.e. for any A, |sx] < 7))
for any pair ((sx)a, (ra)x) € KA x |A|, it follows that (sy)x € A, with
[ Al = {(IraDx = (ra)a € A}

e [, an solid ideal of A with the same property;

e & a sheaf of K-topological algebras on a topological space X, such that
for any open set Q in X, the algebra £(2) is endowed with a family
P(Q) = (pi)icr(a) of seminorms satisfying

Vi€ I(Q), 3(j, k, C) € IQ)xI(Q)xRY, Vf,g € E(Q) : pi(fg) < Cp;(f)pr(9)-
Assume that

e For any two open subsets Q1, Q5 of X such that Q; C Qo, we have I(£21) C
I(€2) and if p? is the restriction operator £(3) — £(€2y), then, for each
pi € P(21), the seminorm p; = p; o p? extends p; to P(Qs);

e For any family F = (Q4)nen of open subsets of X if Q = UpecpQp, then,
for each p; € P(Q), i € I(Q2), there exists a finite subfamily Q, ..., Q)
of F and corresponding seminorms p; € P(Q1), ..., Pni) € P(2n(s)), such
that, for each u € £(Q),

pi (u) <p1 (e, ) + -+ P (Yq, , )-
Set

Xaep)(Q) = {(ua)x € [E@Q)" : Vi € 1(Q), (pi(un)), € |Al}
Nitaem) () = {(ua)x € [E@)" : Vi € 1(Q), (pi(un)), € 11al},

One can prove that X4 ¢ p) is a sheaf of subalgebras of the sheaf EN and
N(14,6,p) is a sheaf of ideals of X4 ¢ p) [13]. Moreover, the constant sheaf
Xax, ) /Nuax,)) is exactly the sheaf C = A/ 4.



Definition 1 We call presheaf of (C,E,P)-algebra the factor presheaf of alge-
bras over the ring C = A/l

A= Xaer)/Nuaer)

We denote by [uy] the class in A(Q) defined by the representative (ux)xen €
Xae ) (Q).

2.1.2 Overgenerated rings

See [7]. Let B, = {(rn2), € (R}) :n=1,...,p} and B be the subset of (R} )"
obtained as rational functions with coefficients in R, of elements in B, as
variables. Define

A={(an), €K |3(br), € B,3No € A,VA < Xo : ar| < by} .

Definition 2 In the above situation, we say that A is overgenerated by B, (and
it is easy to see that A is a solid subring of K ). If I 4 is some solid ideal of A,
we also say that C = A/I4 is overgenerated by B,,.

Example 3 For ezample, as a “canonical” ideal of A, we can take
Iy ={(ax), € K" |V (br), € B,3Xo € A, VA < Aot [ar]| < by} .

Remark 4 We can see that with this definition B is stable by inverse.

2.1.3 Relationship with distribution theory

Let © an open subset of R™. The space of distributions D’(€2) can be embedded
into A(L). If (¢x)yg(o,) is a family of mollifiers ¢y (z) = £ (%), z € R,
J¢(x)de =1 and if T € D’ (R"), the convolution product family (T *¢y),
is a family of smooth functions slowly increasing in % So we shall choose the
subring A overgenerated by some B, of (Ri)(o’” containing the family (), [3],
[18].

2.1.4 The association process

We assume that A is left-filtering for a given partial order relation <. We
denote by 2 an open subset of X, E a given sheaf of topological K-vector spaces
containing £ as a subsheaf, a a given map from A to K such that (a (A))x = (ax)x
is an element of A. We also assume that

Notyeip)(@) € { (1) € Xiaeop) (@) 5 Jim n =0}



Definition 5 We say that v = [uy] and v = [vy] € E(Q) are a-E associated if

lim aA(u)\ - ’U)\) =0.
E(Q),A

That is to say, for each neighborhood V of 0 for the E-topology, there exists
Ao € A such that X\ < Ao = ax(ux —vy) € V. We write

Remark 6 We can also define an association process between u = [uy] and
T € £(Q) by writing simply

u~T <— lim uy=1T.
E(Q),A

Taking E =D', £ = C*, A = (0,1], we recover the association process defined
in the literature (J.-F. Colombeau , [1]).

2.2 7D'-singular support

Assume that
N (Q) = {(um € X(Q): limuy =0 in D’(Q)} D N(Q).
Set
D (Q) = {w € A(Q):3T € D'(Q), lim (un) =T in D’(Q)} :

D', () is clearly well defined because the limit is independent of the chosen
representative; indeed, if (i), € V() we have )l\irr%)z)\ = 0.

D/(®)
D/, (£2) is an R-vector subspace of A(€2). Therefore we can consider the set Op/,
of all x having a neighborhood V' on which u is associated to a distribution:

Op (u) ={z € Q:3V e V(z), uly, € Dy(V)},
V(z) being the set of all neighborhoods of x.

Definition 7 The D’-singular support of u € A(), denoted singsuppp, (u) =
Sﬁ,A (u), is the set

S (u) = \Opy, ().



2.3 Algebraic framework for our problem

Set £ =C>®, X =R?%ford =1,2, E =D and A a set of indices, A € A.
For any open set 2, in R%, £(f) is endowed with the () topology of uniform
convergence of all derivatives on compact subsets of 2. This topology may be
defined by the family of the seminorms

Py 1(uyn) = sup Pk o(uy) with Pg o(uy) = sup [D%uy(z)|, K € Q
la| <1 zeK
a1+...+ag

and D% = W for z = (21,...,24) € Q, L €N, a = (ay,...,aq) € N

Let A be a subring of the ring R of family of reals with the usual laws. We
consider a solid ideal 14 of A. Then we have

X(Q) = {(un), € [C=(Q)]* : VK € O, VI e N, (Px,(uy)), € |4},
N(Q) = {(up), € [C=(Q)]" VK € Q, VI e N, (Pr(un)), € |1al},
AQ) = X(Q)/N(Q).

The generalized derivation D : u(= [uc]) — D%u = [D*u.] provides A(£2) with
a differential algebraic structure.

€l
€l

Example 8 Set A = (0,1]. Consider

A=R}; ={(my)reR*:IpeRy, 3C R, Jue (0,1], YA€ (0,u], |my| <CA P}
and the ideal

Iy={(my)reRY:Vge R, 3D e Ry, ue (0,1], VA€ (0,n], |me| < DX},

Set Epr(Q) = X(Q). The sheaf of factor algebras G (-) = En(-)/N(+) is called
the sheaf of simplified Colombeau algebras. A (]Rd) =g (Rd) is the simplified

Colombeau algebra of generalized functions.

We have the analogue of theorem 1.2.3. of [11] for (C, &, P)-algebras. We
suppose here that A is left filtering and give this proposition for A (Rz), although
it is valid in more general situations.

Proposition 9 Assume that the set B, introduced in Definition 2, is stable by
inverse and that there exists (ax), € B with lima ay = 0. Consider (uy), €
X (R?) such that

VK €R? (Pko(un))y € |1al.

Then (uy), € N(R?).
We refer the reader to [7], [4] for a detailed proof.

Definition 10 Let Q be an open subset of R2, Q' = Q x R C R3. Assume that
A=A XAy, A= (g,0) € Ay Xx Ag. Let F. € C°(Q,R). We say that the
algebra A (Q) is stable under the family (F.)_ if the following two conditions
are satisfied:

g



e For each K €@ R?, | € N and (uy), € X(Q), there is a positive finite
sequence Cy,..., Ci, such that

l

Pri(Fe(- - un)) <Y CiPiey(uy).
1=0

e For each K € R?, | € N, (v)), and (uy), € X(Q), there is a positive
finite sequence D1,..., D; such that

l
PKJ(F&'('? '7UA) - FE('7 '7UA)) < ZD]‘P';(J('UA — U/)\).
j=1

Remark 11 If A(Q) is stable under (F)_ then, for all (uy), € X(?) and
(7;)\),\ € N(Q)7 we have (FE('? "u/\)))\ € X(Q)} (FE('7 s UN + Zk) - FE('v ',UA)))\ S
N(Q).

2.3.1 Generalized operator associated to a stability property

For each f € C* (R?) we define
HA (f) :FE ('7'7f) 1 C™ (RQ) — C= (R2)7 f'_> ((I7y) HFE (l‘,y,f(.f,y)))

Clearly, the family (Hy), maps (C* (R2))" into (C* (R2))" and allows to
define a map from A (R?) into A (R?). For u = [us] € A (R?), ([F-(.,.,un)]) is
a well defined element of .A(R?) (i.e. not depending on the representative (uy),
of u). This leads to the following:

Definition 12 If A (RQ) if stable under (F;)_, the operator
F:A (Rz) — A (R2) ;o u=[ux] = [Fe(.,.,ux)] = [Hx (uy)]
is called the generalized operator associated to the family (F;)_. See [7].

Definition 13 Let F € C®°(R3,R) and f. € C®°(R), we define F.(z,y,z) =
F(x,y,2f:(2)). The family (F¢), is called the family associated to F' via the
family (f.).. If A (]R2) if stable under (F.)_, the operator

FrAR?) = AR?), u=[un] = [Fe(,un)] = [Hx (un)]

is called the generalized operator associated to F' via the family (f.)..

2.3.2 Generalized restriction mappings

Assume that A = Ay x Ag, A = (g,p) € A1 X Aa. Set g € C* (R). For each
feC= (RQ) set

Ly(f): C*(R) = C*(R), g— (y— f(g(y
Ry (f): C*(R) = C*(R), g (z— f(z,
The families (Ly),, (Ra), map (C* (R2))" into (C* (R))™.



Definition 14 The smooth function g is compatible with first side restriction
(resp. second-restriction) if

V(ua)y € X(R?), (ur(9(-),7)y € X(R): ¥ (ir)y € N(R?), (ir(9(-),") € N(R),
(resp. ¥ (un), € X(R?), (ux(-,9(-)y € X(R); V(in), € N(R?), (ir(-,9()))y € N(R)).

Clearly, if u = [uy] € A(R?) then [uy (g(-),-)] (resp. [ux (-, g())]) is a well
defined element of A(R) (i.e. not depending on the representative of u.) This
leads to the following:

Definition 15 If the smooth function g is compatible with first side restriction
(resp. second side restriction), the mapping

Ly: AR?) — AR), u=[ur]— [ux(g(-),")] = [La (un)]

(resp. Rg: A(R?) = AR), u=[uw] [uxr(-9(-)] =[Rxr(ur)])

is called the generalized first side restriction (resp. second side restriction)
mapping associated to the function g.

Remark 16 The previous process generalizes the standard one defining the re-
striction of the generalized functionu = [uy] € A (R?) to the manifold {z = g (y)}

(resp- {y =g (x)}).

Proposition 17 If function g is c-bounded (for each K € R it exists K’ € R
such that g(K) C K') then the function g is compatible is compatible with first
side restriction (resp. second side restriction).

w {ake (ux) (vesp. (ix)y) in X(R?) (resp. N(R?)) and set vy (y) = ux (9(),y)-

Pr,0 (V) < P xk,0 (W)
Pr1 (vx) < prrxi,1,0) (Un) Pr1 (9) + Proxr,0,1) (ua) -

By induction we can see that for each K € R, and each | € N, pg;(vy) is
estimated by sums or products of terms like pgy g (n,m) (ur) for n +m <1, or
ik (g) for k <1, then px; (vy) is in |A|. Similarly, setting jx (t) =i (9(v),y)
leads to pr,; (jx) € [1a|. Then (uy (g(-),-)), (resp. ix(g(-),-)) belongs to X(R)
(resp. N(R)).

2.4 A generalized differential problem associated to the
classical one

Our goal is to give a meaning to the differential Goursat problem formally
written as

32

——u=F(, ),
(P ) 0xdy ( )
form U|(o;p) =¥,
ul, = ¥,



where F' a nonlinear function of its arguments may be non Lipschitz, v the
manifold {y =g (x)}, ¢, ¢ are data may be as irregular as distributions. We
don’t have a classical surrounding in which we can pose (and a fortiori solve) the
problem. Set § € C*> (R) define by 6 () = 0. Let (¢.). € (C*°(R))™. In the
sequel, by means of regularizing processes we will define an associated problem
to (Pform)~

0%y
= F(u)
oxd
{0,
Ly (u) =4

where u is searched in some convenient algebra A (]Rz)7 F the generalized oper-
ator associated to F' via the family (f.)., Ry and L, are defined as previously,
¥, © being some given element in A (R)

In terms of representatives, and thanks to the stability and restriction hy-
pothesis, solving (Pyen) amounts to find a family (uy), € X(R?) such that

(l‘,y) Fs(m y7u/\( ))
ux (,0) — ¢ ( ) =i (2),
) —Ua(y) = (y)

where (ix), € N (R?), (x),, (Ix), € NV (R). Suppose we can find uy € C* (R?)
verifying

ix(z,y)

821@\

(P ) axay(‘rvy) :FE(x7y7u>\ (m,y))
A

uy (z,0) = px (7),
ux (9(y),y) = ¥ (v)

then, if we can prove that (uy), € X(R?), u = [u,] is a solution of (Pyep).

Let (he). € (C*(R R))*'. If v = [vy] is another solution of ( P,.,) obtain by the
family (H.), associated to F' via the family (h.)_, this implies

2 Uy —Uu
W(z,y) — (Ho(z,y,v5 (2,9) — Fe(z,y, ux (x,9))) = ax (z,y)
ox (2,0) = ux (2,0) = by (),

ox (9(y),y) —ux (9(y),y) = cx (v)

where (ax), € N (R?) and (by)y, (cx), € N (R). We have to prove that
(vx —uy), € N(R?) if we intend to prove that the solution of (Pye,) in the
algebra A (R?) does not depend on the representative of class [f] in a subalge-
bra of A (R).



3 Estimates for a parametrized regular problem

We study the following Goursat problem

0%u
- (...
axay ( ) 7u)7
(Prom) 0 _
(0z) = #»
al, =,

where v is the curve of equation = = g(y), ¢ and ¢ are the Goursat data which
will be specified later. The function F' may be non Lipschitz (in ).
We are going to replace (Porm) with a family (P: ,) of regularized problems

y) = Fe(z,y, ue p(7,9)),

Tl
0 0) = (o), (1)
w6 ()10} = (1),

where F is Lipschitz and ¢, and 1, regular. In the following sections, we shall
describe how construct these functions and give an algebraic interpretation of
the results. But first, we are going to prove that (P ,) has a unique smooth
solution under the following assumption

(Pe.p)

a) g€C®R), ¢ >0, g(R)=R
(H..,) b) F. e C®(R3R),VK €R?, sup |0.F.(z,y,2)| = mg. < +o0

(z,y)€EK;z€R
c) ¢, and ¢, € C*(R).

(H)
Following [8], one can prove that (P ,) is equivalent to the integral formulation

(PL,) - e p(,y) = woe pla ) + / /D L RE G (6O ()
Zz,Y,9n

where g ¢, (2, y) = Up(y) + (@) = ¢p(9(y)), with

{(&n): gly) €<z, 0<n<y}if gy) <zand0<y,

D(x )= {(&n) - ISﬁSQ() 0<n<y} if g(y) >z and 0 <y,
VI (e e <€<gly), y<n <0} if g(y) >z andy<0,
{&mn): gly) <<z, y<n<O0}if gly) <xzandy<0.

Theorem 18 Under Assumption (H. ,), Problem (P: ,) has a unique solution
in C(R?).

We refer the redear to [8], [10] for a detailed proof. The main idea consists
in a Picard’s procedure to define a sequence of successive approximations.

Un e p(T,Y) = o p(z,y) + // Fo(&, ¢ tun—1,6,p(§,¢))d&dC.
D(z,y,9)

10



From the assumptions, putting v, c p = Une,p — Un—1,,p, We can prove that

< Paep [mae (9(A) = g(=A) V]"

||’U1'L,€7P||OO,K>\,"] N n
€ .

€

when Ky = [g(—=)), g(A)] x [\, A], with my . = sup 3
2

(z,y)EKx; tER

and

(z,y,t)

Pre,p = [[F2(, '»0>||oo,KA +mie ||u0,€,p||oo,1(A .

Finally the sequence u, . , converges uniformly on any compact set to

Uep = U0,ep+ D Unep
n>1

which verifies (Ps’ p). Gronwall’s lemma gives the uniqueness of u. ,. Moreover,

we have the estimate

(p)\,a,
ltllo, i < Nt plloo 1, < Nw0,epllo i, T W:exp[mx,e (g(A) = g(=A) M)].
(3)

4 Case of regular data

We study the non Lipschitz Goursat problem (Pjo.,) when the data are given
along the characteristic curve C: (Ox), and along a monotonic curve v of equa-
tion & = g (y).

4.1 Cut off procedure

Let € a parameter belonging to the interval (0, 1]; let (r.)_ be in R&O’l] such that
re > 0 and lirr(l)ra = +o00. Consider a family of smooth one-variable functions
E—

(f<). such that

0,if |z| >r.
sw @=L Lo ={y SEFEE 0 @y

ZE[*"'E""E]

n
g

and San is bounded on [—r., 7] for any integer n, n > 0. Set
ZT
" fe
= M,.
cel | 2 (z)’ "

Let ¢-(2) = zf-(z). We approximate the function F by (x,y, z) — F(x,y, ¢-(2)) =
F.(z,y,z) then Problem (P) is changed into the family of regularized problems

0%u,

0x0dy = Fe(ue)
(P){ 0x0y

e|(0Oz) = ¥

Uely =

11



Example 19 If F (z,y,2) = G(z) = 2P, we have

Fe(2,y,u:(2,y)) = Ge(uc(z,y)) = (d)s(us(a:’y)))p.

Verification of assumption (H. ,). ¢, 1 and g are some smooth one-variable

functions. We fiz p and set p, = ¢, 1, = 1. We have 68626 (2) = ppP=1(2)9L(2).
Thus

< prE7 M fe(2) + 2f1(2)| S prETt L4 e My | < par?

0G,.
’ 0z (2)

and p1 = 2pmax(Mi, 1) is independent of . Then assumption (H.) = (H.,,)
is verified and Problem (P.) has a unique solution in C°(R?). When K, =
[g(=X),g(N)] X [-A\, A], mk, e =My, we have the estimate

‘I)/\ €
ltelloo 1 < Mttelloc ey < M0cllc s, + 7 "= explmae (9(2) = g(=A) AL (4)

€

4.2 Construction of A (R?)

Let ¢ a parameter belonging to the interval (0,1], let (r.). be in (Rj)(o’”

such that lirr%]rg = 4o00. We take C = A/I4 overgenerated by (¢)_, (r-). and
E—

(exp(r:)). (elements of (RF)®Y). Then A (R?) = X(R?)/N(R?) is built on C

with (£,P) = (cw(R2), (PK,I)K@R2716N).
We look for u, solution to problem (P), in the algebra A (RQ).

4.2.1 Stability of A (R?)
Proposition 20 Set S, = {a € N?: |a| =n} whenn € N*. Let F € C*°(R3,R),
F, defined by F.(x,y,2) = F(z,y,$:(z)). Assume that

Ve € (0,1],V (z,y) € R?, Fx(x,y,0) =0, (A0)

Jp > 0,¥n € N,3u, > 0,Ve € (0,1],VK € R? sup |DYF(z,y,2)| < pinr?,
(z,y)EK; zER;a€ESN

(A1)
then A (R2) is stable under the family (F;)..

We refer the reader to [10] for a detailed proof.

Corollary 21 Set F (z,y,2) = G(z) = 2P, Gc(z) = F.(z,y, 2), then A (R?) is
stable under (Ge)

e

12



We have |G.(2)| = |2PgE(2)| < 1P, s0  sup  |Ge(2)| < 1P As ¢.(2) =

g9

(z,y)ER;zER
2g-(z), we obtain
0" e 0" g anilgs
Ozn (2) =2 ozn (2) +n Ozn—1 (2).
0" . _ .
Thus 5 (2)| <reMp+nM,_1 < anre, where a,, = 2max(M,;nM,,_1). Set
ZTL

m

82’1: (z) = (Higﬂfl(p - z)) 2P~™ for 1 < m < p. According
Francesco Faa di Bruno’s formula, the nth order derivative of G. = w o ¢. can

be written

w(z) = 2P, then

oG, o mo
82”6 - Zl 1 >E>4 tilv“'vimw(m) © ¢Eknl¢§lk)7
m= L im =
1,11-11—_.+i_,,1,,:n

where the coefficients ¢ are integers. Then we get

i1yenslim
"G,
ozn

p o ) oom
<z>\ <Y b (T = ) T anre <
m=1 i1>.. >im k=1
i1+...+im=n

where (1, is independent of €. So assumptions (A0), (Al) are verified.

4.3 Solution to (Pje,)
Theorem 22 With the previous Assumptions (H), (A0), (Al), if uc is the

solution to Problem (P:) then Problem (Pyep) admits u = [uE]A(Rz) as solution.

According to [8], u = [u.] is solution to (Pyey) if (u:). € X(R?). Then we
shall prove that
VK € R?,Vl € N, (Pk (u.)), € A.

We proceed by induction. We have: VK & R? 1K) & R? K C K,

D),
[elloo, i < Mtello iy < u0ellog iy + m; exp((9(A) = g(=A) Al

\E

< woell o i, (1 +exp[Auarl (g(A) — g(=A))]) -

As <||U0,s

ooJQ)E € A we have

(t0.clloc ey 1+ exp=Mpur? (9(3) = 9(=N)])) _€ A.

As A is stable, we deduce (P (us)), € A, then the Oth order estimate is
verified.
We have

Oue
Or

U & v
(@) = 2 @) + [ Pl Couela O,

13



hence

P (1,0)(ue) < sup
K

Oug e

Moreover
PKA,(O,O)(FE(H ) ua)) < PK»,U(FE(W '7U€)) < /~L07‘57

SO
8u0,5

Oz + /140’1“5)\.

Pk (1,0)(ue) < ’

o0, K

As A is stable, we get (PK,(I,O) (ug))s € A. We have

ou Oup ¢

e = T [P )=o) [ Rlo), o), O

SO

P 0,1)(ue) < sup c’)go,s (z, y)‘Jr((g(/\) —g(=X) + Ag'(y)) sup | F=(z, ¢, ue(w, )] -
K Y Ky

Hence

(91,6075

e + o1 (g(A) — g(=X) + Mg (1))

oo, K

Pr 0,1)(ue) < )

and, as previously (PK,(0,1)(U5))E € A. Finally
(Pr(ue)), € A
Assume that (Pg(uc)), € A for any I < n. In fact we have
Py nt+1 = max (Pk pn, Piny Pany Psny Pan)

with

P1 = Py (n11,0) 5 Pon = Pr(0n41)K,(0,n+1)

P3pn= sup  Prat18); Pan= sup  Px (apt+1)-

a+p=n;5>1 a+pf=n;a>1

For n > 1, we have by successive derivations

8n—‘,—1u‘E 8n+1U,075 Yy o
Opn+1 (Z‘,y) - W(‘xay) +/0 %FE(Z‘7C7uE($aC))dC

As K C K, we can write

an—',—lu5 ’ a7z+1uO R
sup | —=—— (2, y)| < || +A [ sup
(x,wex‘ Qantl Ot |k (@y)EK

n

Wm,y,ug(x,y))\) .

14



We have on
sup ‘ F (Uﬂ,y,Us(iE,y))‘ S PK,n(FE('a‘aus))-

(zy)ex |Oz"
87I-"_luo 5 . 1. .
Moreover W € A. According to the stability hypothesis, a
€z 0o, K

simple calculation shows that for any K € R2?, (PK,(n+1,O) (ug))E € A, then
(Pin(ue)), € A. Let us show that (P n(uc)), € A for every n € N. We have
by successive derivations, for n > 1,

6n+1us 8n+1u076
gyt (z,y) = oy (z,9)
Ol I o))~ [ e 6 )i

n—1_. i y
=G s Pela(w). ) = V) [ Fela(w). el )
As K C K, we can write

1
oy,

‘ 59
It | g(n=9)
g1 (&Y ‘ i ME Gt ’9 (y)‘ ’ayj Fe(9(y), y,v:(y))

sup
(zy)EK

+@O%ﬂ@bsm>‘m <x%%myw

(z,y)eK 6y
+)\g(n+1)(y) sSup |F€(.’E, Y, ’U/S(JJ, y))' + PK,(O,nJrl) (UO,E) .
(z,y)€K

For any K € R?, we have
i

sup | F ()| < PP
(zy)eK |1 0Y

Then, for any n € N, (PK’(07n+1) (ug))g € A. So (Py,(uc)), € A
For a + 8 =n and 8 > 1, we have now

Pr (a41,8)(uc) = sup ’D(“’ﬁ‘”D“’”us(m,y)’= sup ‘D(“’ﬁ‘”FE(%y,ue(%y))

(z,y)EK (z,y)EK
S PK,n(FE('v '7“6))'
So we finally have
P3n(uc) = sup  Pg (a41,8)(ue) < Pron(Fe(-, -5 ue))

atB=n;iB>1

and the stability hypothesis implies (Ps,(u:)). € A. In the same way, for
a+ B =nand a> 1, we have

Picopan)(te) = sup DO YOE (2,y, . (2,y))| < Prn(Fel, - ue)).
z,y)eEK

15



So we have

P4,n(us) = sup PK,(a,B—&—l)(“E) < Pron(Fe(c - ue))
a+pB=n;a>1

and the stability hypothesis implies (P4, (uc)). € A. Finally, we have (P nq1(uc)),
A.

4.4 Generalized solution only depend on the class of cut
off functions

Consider T (R) the set of families of smooth one-variable functions (h.). € X(R),
verfying the following assumptions

(fa - hE)g € N(R)v (EO)

©.1] . _ B 0,if |2] > s.
H(Ss)EGR* .ze[S}}gE),sE”hs(Z”il’ hs(z){ 1, if —s:.+1<2<s.—1 ’
(E1)
dg € N,V (h.). € T(R),Ve,s. <1, (E2)

"h
— is bounded on [—s., s.] for any integer n, n > 0.
2

Recall that ¢ (z) = zf:(z) for z € R, F.(x,y,2) = F(x,y, ¢-(2)) for (x,y,2) €

R3 and
sup 9" fe
ZE€E[—Te,Te] 0z"

Take (h:). € T(R). Set 0.(2) = zhe(2) for z € R, He(x,y,2) = F(x,y,0.(2))
for (z,y,2) € R3 and

moreover

(z)’ = M,.

rhe |
P (z)’ =M.

sup
z€[—se,5¢]

Set I. = [—re,7e].

Lemma 23 Set F € C®°(R3,R), ¢ € C®°(R,R), F(z,y,2) = F(x,y,¢(2)).
For any o = (a1, 0,03), a1 >0, ag >0, ag > 0 with |a| = a1 + as + ag =
n # 0, we have

8”.7: n 7 alj k]‘
m(%y) = Z (DF) (z,y,¢(2)) Z Z di,a,ﬁj[[l (azlj ¢(2)>

1<|B|<n i=1 p;(a,B)

where 3 € N3. The set p;(a, 3) mentioned in the inner sum consists of all
nonzero multi-indices (ky, ..., ki, 1, ..., 1;) € (N)*, such that

0<l <...<ly, ijzﬂg, ijljzag.

16



The proof uses the Multivariate Faa di Bruno’s formula (see [2]).

Corollary 24 Set F € C*°(R3R), 0.(2) = zh.(2) with (h.). € T(R), H.(z,y,2) =
F(z,y,0:(2)),0 = (a1, 02,03), a1 > 0, ag > 0, ag > 0 with |o| = oy +astas =

n # 0. Then, for 3 € N3, 1 < |B| < n, there exist constants C\3| which no de-
pend of F and ¢, such that VK € R?, V (z,y) € K, Yz € [—s¢ 5],

0" H.
1<)mi<n
We have 5 5 o
"o " he " he
5on (2) =2 5o (2)+n 5o (2).
0
Thus’ 5 oe ° (2 )' < s M!4nM] _; < aps. < a,ri, where a,, = 2max(M);nM] _;).
2"
So we deduce the formula. Moreover, according (E2), we have s. < rZ, so
O"H,
Dz oyeafaes DY < D Prys (F)Cgri

IS\ﬁ\Sn

Corollary 25 Set S, = {a € N%: |a| =n} whenn € N*. Let F € C*(R3R),
H, defined by H.(x,y,2) = F(x,y,0:(2)). Assume that

V(z,y) € R* F(z,y,0) =0,

Ipo > 0,Va € N>, |a| = n > po, D*F(x,y,2) =0,

Vn € N,n < po,3d, > 0,Ve € (0,1],VK € R? sup |DYF(z,y,2)| < d,rke,
(z,y)EK; z€[—Te,re ;€SN
(1)

then A (R?) is stable under the family (H.)

.
Indeed, we have VK € R?, V (z,y) € K, Vz € [—s. 5], Va € N3,
O"H.
G gorygaer DY < D Prip (B)Cpri < ) digprtCrpprd?
1§\5\§n 1<|BI<p

< purPo1F9)
where (1, no depend to € and r.. So, as 0.(z) =0 if z ¢ [—s. 5],

sup |D*H,(,y,2)| < pnrP001+9,
(z,y)€K; zER;0€Sn

and, according to Proposition 20, A (RZ) is stable under the family (H.)..
Set p = po(1 + ¢). Then, considering the family (H.)_ associated to F' via

€

the family (h.)_, we can build a solution to (Pye,) in the same algebra A (R?).

17



Theorem 26 Under the same hypotheses as Corollary 25, the solution u =
[uc] does not depend of the choice of the representative (f.). of the class f €
T([R)/N(R).

We have Vn € N, 3u,, > 0,Ve € (0,1],VK € R? Va € N? with |a| = n,

sup |DYF(z,y, )| < pinr? and sup |DYH.(z,y, z)| < pnrE.
(z,y)EK; z€R (z,y)EK; z€R

According to the results of Theorem 22, let u = [u.] the solution to (Pyey)
defined with the family (F.). and v = [v.] another solution to (P,) defined
with the family (H.).. As voc(x,y) = uo,(z,y) we have

v (@, ) = w0 (2,9) + / /D P50 (0l ).
x,Y,

We will prove that (w.). = (ve — u.). € N(R?). Let
AE(LU, y) = O¢ (’UE(.’E, y)) — ¢ (UE(xay)) .
Set J. = [—s¢, s¢]. We have VK € R2, V (z,y) € K,
Aa(l'a y) = ’Ue(xvy)hi (vg(ymy)) - uE(x7y)f€ (’U‘E(x7y)) ’
Ac(@,y) = we(@,y)he (v (2, 1)) + ue (2, y) (he (ve(2,y)) = [ (ue(z,9)))  (2)

and
hsovs_fsousz(hsovs_hsous)+(hsous_fsous)

As
1
he (ve (2, y))—he (ue(z,y)) = (ve(z, ) — us(a:,y))/o %(ue(xvy)ﬂt (ve(z,y) — us(z,y)))dp,
(3)

he (ve(x, y)) = fe (ue(z,y)) = ws(ffay)/o %(us(%y)+uwe(ff7y))dﬂ+(hs = fe) (ue(z,y)) -
(4)
We deduce that V (z,y) € K,
1
|he (ve (2, 9)) = fe (ue(z,9)] < |w€($7y)|/0 Mydp +|(he — fo) (ue(@,y))]
< |we(z,y)| My +pi.1(he = fo).
Then

[Ac(z,y)] < Jwe(z,y)] + |ue(z, y)] (we(z, )| M{ + pu. 1 (he — f2))
< Jwe(z, y)| (1 + Jue (@, y)| M7) + [ue (2, y)| ps.a (he = fo).

18



WehaveVK@R?HKA@RQKCK)\,

[uelloo, i < uo.ellog e, (14 exp[2X Apar?])

with 24 = (g(3) = g(~\)). Leter. = (14 [uncll ., (14 exp2NA1rZ) M)
and
a\e = ||u0 6”00 Kx (1—|—exp[2)\ )‘Nlrp])pJ 1( - fe).

As (ps.a(he — fo)). € 1a, 50 (are). € N(R?).
|A5(£L'7y)‘ é ‘w€($7y)|c)\,5 +a)\,5~ (Pl)
As
F(& 6,02 (v:(£,5)) = FI(&5, 0 (ue(§,9))) (P2)

= 30069 (| 260 (060 + e (06,6)) — 6 el

we have

YoF
wete) = [ Al ([ G605 00 06 )+ el )i s
Let (x,y) € K, since D(z,y,9) C Ky, if g (y) < z, we deduce

|we (z,y)| < mA,e/

9(y)

/ |A (€, Q)| dédC
+9()
<m)\5/ ! / (lwe(§,9)| exe + ane) dédC

+g(>\
< Mmx,eC\ e / / |w€ 5’ )| dfdg +2) Amiy X e-
—g9(N)

Set bye = 2N Amy caxe and e:(y) = sup |we (€, y)|, then
E€[g(=A);9( V)]

Yy
hwe (2, 9)] < macene2 / e (C)dC + ba.e,
0

we deduce that,
y
e=(y) < m,\,eCA,EQ)\'/ e<(Q)dC + bae,
0
for every y € [0, A]. Thus according to the Gronwall’s lemma
Y !
ee(y) <bxe exp(/ MxeCx20 dC).
0
We obtain the same result in the other cases, hence

Vy € [=A\, ], ec(y) < bacexp(myccx 2N N),
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consequently

[|lwe]] < by exp(myccn 2N N).

OO,KA

As (byc). € 14 and exp(my ccxc2)\'A) is a constant, consequently (||wEHOo KA) €
’ £

I4. According (P1), we have (HAauoo,KJ € I, and according to (P2), we

€
have

(PK,O (F(a 5 0¢ (UE)> - F(7 K d)a (U’E))))E € 1a.

So, according to Proposition 9, we deduce (w.). € N(R?); consequently u
depends solely on the class [f.] as a generalized function, not on the particu-
lar representative. Moreover, according to Proposition 9, (A.). € N(R?) and

(F(n0e (ve)) = F (0 02 (ue)), € N(R?).

4.5 Comparison with classical solutions

Remark 27 The generalized solution to Problem (Pye,) is defined from the
integral representation (3). Thus, we are going to study the relationship between
this generalized function and the classical solutions to (Prorm) (when they exist)
on a domain Q such that ¥V (z,y) € Q, D(x,y,g) C Q. This justified to choose
Q=]g(u),g)[ x |u, v[ when (p,v) € R? with p <0 < v.

If the non regularized problem (Prorm) has a smooth solution v on Q then,
necessarily we have  C R?\singsupp (u).

Recall that there exists a canonical sheaf embedding of C*°(:) into A (+),
through the morphism of algebra

oy : C®(0) — A(O), f[f] (where O is any open subset of R*and f. = f).

The presheaf A allows to restriction and as usually we denote by u|, the re-
striction on O of u € A (R?).

Theorem 28 Let 2 be an open subset of R? such that Q C R?\singsupp (u).
Assume that Q = Q. with (Qc), is an increasing family of open subsets of R2

such that Q. = |g(ue), g(we)[ X e, ve[ when (pe,ve) € R with p. < 0 < v..
Assume that the non regularized problem has a smooth solution v on Q such

that sup |v(z,y)| < re—1 for any e. Let uw = [u,] be the solution to Problem
(z,y)€Qe
(Pyen) given in Theorem 22. Then oq (v) = u|qg.

We can choose as representative of oq (v) the net (v).. We clearly have
YV (z,y) € Q,3eg, Ve < eq, (x,y) € Q. Then D(x,y,g9) C Qe C Q and

oz, ) = volz, y) + / /D PG e
x,Y,9
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We take has representative of u the net (uc), given by Theorem 22. This net
satisfies

V(a,y) €0, usle,y) = uoe(z,y) + / /D R Gl O
x,Y,9

moreover vy = Ug. Set (we), = (uc|g —v), and take K € €. There exists ¢
such that, for all e < g1, K € Q.. According the definition of (., there exists A,
0 < X< (Ve —e) /2, such that K C Qx C Q with Qx = [g(pe + A), g(ve — A)] X
[te + A, ve — A]. Take (z,y) € K, then D(z,y,g) C Q\. Note that, for (§,,2) €
Q. X |-re+1,7. — 1], we have F(£,¢,2) = F.(£,s,2) by construction of F.
Thus v, which values are in |—r. + 1,7, — 1], is solution of the same integral
equation as u., which admits a unique solution since F is a smooth function of
its arguments. Thus, for all € < &1, v and u. are equal on .. It follows that,
for all € < &1, sup(, yyeq, [we(7,y)| = 0, hence (P i(we))e € 14 for any I € N
as w, vanishes on K. Thus (w.). € N (Q) and oq (V) = U], as claimed.

5 Case of irregular data

In this section, we assume that ¢ and 1 are themselves irregular data, say
v € AR), ¥ € A(R), where A (R) is define below. We replace problem (Pforrm)
with the family of problems

2
Wayus,p (x,y) =F (x,y7 ¢E(u€,p (x,y))) = F (xvyvus,p (x,y)) )

Ue,p (.73, 0) =¥p (Ji) )
Us,p(g(y)a y) = wp (y) s

(P.p))

where €, p are parameters belonging to the interval (0,1], (¢,), and (wp)p
are representatives of ¢ and ¢, f €C*°(R). The parameter £ permits to replace
Problem (Pform ) by Lipschitz problems (P(& p)), whereas the parameter p makes
it regular. Keeping assumption (H), assume that

C = A/, is overgenerated by the following elements of ]R{SP’”X‘O’”

ey (Dey» (€ e,y -
A (R2) and A (R) are built on the same ring C of generalized constants.
(H1)
Assumption (H), implies that A (R?) is stable under the family (F)..

Theorem 29 If u. , is the solution to Problem (P ,)) then Problem (Pye,)
admits u = [ug,p]A(RQ) as solution.

According to [8], [9], u = [uc,,] is a solution to (Pgen) if (ue,p) € X(R?).

Then we will prove that

(e,p)
VK € R® VI € N, (Pri(ue,p)) . ) € A
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We proceed by induction. We have: VK € R?,3K, € R?, K C K,
[teplloo, i < el k< w00l 1, (1 +exp[Apar? (g(A) — g(=A))]) -

Like previously, we can prove that (||u,57pHOO K)( : € Athatis (Pg (ugyp))(g » €
K ) (ep ,
A, then the Oth order estimate is verified. We have

Oue,,

Oug e Y
S (@) = PRy + [ R G (o, ),

and

Oue p

o) = TPt [ R e 6 )= ) [ o), 000 )G

(¥)
hence (PK,(170)(u57p))(57p) € Aand (Pg(uep)). ,) €A
Suppose that we have (PK,l(u&p))(s’p) € Aforany ! <n. Wehave ug . ,(z,y) =

U () +00(2) ~,(9(y)), then (\ OO,K)( € Abocase [p,] and 4]

are elements of A(R). For n > 1, replacing u. by u. , and computing the succes-
ot lu, ontlu,
n+1’P and n+1aﬂ
Ay oy"

an+1“0,6,p
Tl

sive derivatives

, we get similar estimates as those ones

of Theorem 22. Like previously we can prove that (PK,(n+1,o) (us,p))(e » € A

and (P (0,n41) (ug,p))(&p) € A for any K € R? and n € N. In the same way

(Pan(tep))c ) € Aand (Pyn(uc,p)) . ,) € A Finally, we have (PK,nH(ug,p))(E)p) €
A.

Theorem 30 Under the same hypotheses as subsection 4.4, the solution u =
[ug,p]A(RZ) does not depend of the choice of the representative (f.). of the class

f € T(R)IN(R).
We have Vn € N, 3pu,, > 0,Ve € (0,1],VK € R? Va € N? with |a| = n,

sup |DYF.(z,y,2)| < ppr? and sup |DYH.(z,y, 2)| < pnrE.
(z,y)€EK; z€R (z,y)EK; z€R

According to the results of Theorem 29, let u = [u. ,] the solution to (Pyen)
defined by the family (F.)_ associated to F' via the family (f.).and v = [v. )]
another solution to (P,e,) defined by the family (H.)_ associated to F' via the
family (h.).. We have

'Ua,p(xv y) = uO,a,p(gja y) + // F(g, ¢, Oc.p (Us,p(gv C)))dde + j&‘,p(x7 y)a
D(=,y,9)

with (je,p)., € N(R?) .We will prove that (we,p)
N(R?). Let,

= (Ve,p — Ue,p)

(.p) (.p)

As,p(a%y) = 0O¢ (Ue,p(xvy)) — P (Ue,p(xa y)) ,
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with 0. (2) = zh(2).
We have VK € R? 3 K\ € R* K C K, and replacing u. (resp.vc) by uc,,
(resp. ve ) we get estimates like those ones of Theorem 26, so

|As,p($7y)‘ < ‘ws,p(xay” Cre T Axe-

where (ax.), € N(R?) and ¢, = (1 + w0,e.0ll o 5, (14 exp[2X" Aprr2]) M{)
with 2\ = (g(A) — g(=A)). As

F(E, G0 (02 (6, ) = (& G, 6 (e (6,0)) (P2)
= 83069 ([ G600 a6 + (e i)
we obtain
We,p(2,Y) = Je,p(2,Y)

LOF
w60 ([ G650 00 + et it )

Let (z,y) € K, since D(z,y,g) C Ky, if g (y) < x, we have

T

Yy
e p (2, 9)] < me / / e (€, )1 dEAC + [l p oo 1,

9(y)
+9(N)  ry .
< / / e p (&, O dEC + il . -
—g(A) JO
Put eE,P(y) = Sup |w€,p(£a y)|a then

£€(g(=A);g(N)]

Yy
e p(,9)] < M 22N / e p(OVC + lerpllo

we deduce that, for every y € [0, A], if g (y) < =,

y
es,p(y) < m)\’€2)‘l/ ee,p(n)dn + ”ja,p
0

00, K\

Thus according to the Gronwall’s lemma, for every y € [0, ], if g (y) < =z,

y
cen) < (oxp( [ 02000 ) Ul -
0
For every y € [0, ], if g (y) < z,

e<.p(y) < (exp(ma 2N M) [l plloc x, -

We obtain the same result in the other cases, hence

Yy € [N AL eep () < lldeplloo i, €XP(MA2M'N),
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consequently

||7~U€7/J||o<>7}(A < ||ja7p Ioo,KA (eXp(m;HEQ)\/)\).

As (Jep)., € N(R?) so (Hj&f’HOO,KA)Ep € I4. Moreover (exp(my 2\ X)) is a

constant, consequently <||w€$p||OO K/\) € I4. Which implies the Oth order esti-

g
mate. According to Proposition 9, we deduce (w. ,).,, € N(R?); consequently

u depends solely on the class [f.] as a generalized function, not on the particular
representative.

Consider the family of problems
82
A a Up T, Y :anyau z,Y)),
| Byt ) = Py )

up, (x,0) = ¢, (x),
Up(g(y), y) = wp (y) ,

where (<pp)p and (wp)p are representatives of ¢ and ¢ in A (R) defined in as-
sumption (Hy).

Theorem 31 Let Q be an open subset of R? such that Q C R?\singsupp (u).
Assume that Q = |JQ. with (Qc). is an increasing family of open subsets of
€

R? such that Q. = |g(pe), g(we)[ X e, ve[ when (pe,ve) € R? with p. < 0 < ve.
Assume that, for any p, problem (P,) has a smooth solution v, on Q such

that sup |v,(z,y)| <7re—1 for anye. Let u = [u. ] be the solution to Problem
(z,y)€Qe
(Pyen) given in Theorem 29. Then the family (’Up)(ap) is a representative of a

generalized function v which belongs to the algebra A () and v = ulg.

We clearly have V (z,y) € , D(z,y,9) C Q. C Q and following [8], [9]

0y, y) = Vo0 () + / /D RGO

Replacing u.,, by v, we can prove, like in Theorem 29, that (PK,n(vp))(&p) €A
for any K € Q and n € N. Then v € A ().

We take has representative of u the net (u.)_ given by Theorem 29. This net
satisfies

V(o) €Q uele,y) = uoe(z,y) + / /D L R(E (e s
z,Y,g9

and v, (2, y) = o, p(T, ).

Take K € Q. There exists €1, such that, for all ¢ < g1, K € Q.. Ac-
cording the definition of €., there exists A\, 0 < A < (ve — pe) /2, such that
K C Qx C Q with Qx = [g(ue + A), g(ve — A)] X [pe + A, ve — A]. Note that,
for (£,6,2) € Qo x ]—r.+1,r. — 1], we have F(&,s,2) = F.({,s,2) by con-

struction of F.. Set (ws,p)(g,p) = (u57p|n—vp)(€)p). Take (z,y) € K, then
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D(z,y,9) C Q. As previously, Theorem 28, we can prove that, for all ¢ < &1,
SUD (5, [We,p(T,y)| = 0, hence (Pk i(we,p))(c,p) € Ia for any | € N as w,,,
vanishes on K. Thus (we,p)(s » € N () and v = ulg, as claimed, that is, there
exists (0c,) . ,) € N () such that

V(x,y) € Q,Ve, us,p(xvy) = Up($ay) + Us,p(xay)'

5.1 A degenerate Goursat problem in (C, &, P)-algebras

We study the Goursat problem in the case where ¢ and v are one-variable
generalized functions, v = (Oy). (We take g = 0).
We replace Problem (Pjopr,) with the family of problems

62
aTayug,p (%,y) = FE (xyyauE,p (l’,y)) ’

Ue,p (z,0) = Pp (z),
uE,P(O7 y) = wp (y> )

where (¢,), and (¢),), are representatives of ¢ and 1 in A(R?).

(P.p))

Proposition 32 If u.,, is the solution to Problem (P(. ) then Problem (Pyey)
admits u = [ue,p] 4 g2y as solution.

Moreover
e p(,y) = oo ply) + / / Fu (€., e, (€, m))dEdn
D(z,y,0)
x y
oy (2) + /0 /0 Fs<g,n,us,p<s,n>>dn) de.

with UO,E,p(‘T7 y) = wp(y) + Lpp(aj) — ¥p (O>

6 Examples

Example 33 For a real, consider the functions

it o (2) = { x:z'fijac::ﬁ:oo and h-a (z) = { \x|qif2”; i 0
Set
ho(z) = hy o (2) + he o ()
9a(2) = hpo (2) = ho o (2).
Then

by (z) = (—a) (hg a1 (%) = h a1 (@) = (—a) gas1(2)
9o () = (=) (hy o (2) + ho o () = (=a) hat1(2).
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Consider Pf.hy (resp. Pf.go) the Hadamard’s finite-part of he, (Tesp ga)-
Consider the problem

82u P
0xdy = ™
P orm
(Prorm) Uj(0x) = ¥
ul =y

where ¢ € A(R), ¥ € A(R), ~ is the curve of equation x = ny where n € (0, 1],
n fived, p is an integer, p > 2. Set a = (p—1)~1, B = a>*. Keeping assumption
(H), suppose that

C = A/1, is overgenerated by the following elements of R]*O’HX]O’”

ey ey (€ -
A (R?) and A(R) are built on the same ring C of generalized constants.

(Hz)
Let
8%u ~uf?
Oxdy ’
P
(Fy) U(Oz) = Pps
u"y = 14
with

pp(x) = Bl * Pfha) ()] [y * Pfha) (0],

Up(y) = B * Pfha) (ny)] (1o * Pf-ha) ()]
where (l,),, is a family of mollifiers (I € D(R) Ji(z)de =1 and 1, (z) =
%l (%)) Assume that (¢,), is a representative of ¢ and (¥,), is a representa-

tive of 1. We replace Problem (Pyorm) with the family of problems

o2 . P
aTayUE7p (Jj, y) - ‘qbe(uE,P (x7y))‘ ’
Ue.p (2,0) = ‘Pp(m)v
Ue,p (0Y,Y) = ¥y (y) -

(Piep))

If uc ,, is solution to (P, ,)) then u = [uc ] is solution to (Pyey).
Set Q = |nu, nv[ x |, v[ with p < 0 < v. The solution v, to the non regularized
problem (P,) on Q is defined by

Up (z,y) =5 [(lp * Pf.ha) ()] [(lp * Pf.ha) (y)]-

According the previous results the family (v,) s a representative of a gener-

(ep)
alized function v and v = ul,.

Example 34 We consider the problem

u _ |u‘p71 u
/ 0xdy ’
(Pform) _
Uj(0z) = ¢,
u\w =
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where ¢ € A(R), » € A(R), v is the curve of equation © = ny with n € (0, 1],
n fived, p is an integer, p > 2. Set a = (p —1)71, B = a**. Keep hypotheses
(H) and (Hs). Let

0%u

= |u|p71 U,
/ 0xdy
() _
U(0z) = Pps
u|’y = Q/Jp

with

ep(x) = Bl * Pf.ga) (@) [y * Pf.ga) (0],

Up(y) = Bl Pf.ga) y)] Ly * Pf.ga) ()],
where (I,),, is a family of mollifiers (I € D(R) Ji(z)dz =1 and I, (x) =
%l (%)) Assume that (¢,), is a representative of ¢ and (¥,), is a representa-
tive of 1». We replace Problem (P}wm) with the family of problems

2
(P/ ) M”E’p ("I}',y) - |¢5(u5,p (‘T7y))|p71 ¢E(U€,P (:U,y)),
(e,p) Ue,p (ZIJ, O) = Qﬁp(x)a
Ue,p (779, y) = wﬁ (y) :

If u. , is solution to (P(Is,p)

Set Q = |nu,nv[ x Jp, v, p < 0 < v, the solution v, to the non regularized
problem (P;’)) on Q is defined by

v, (2,y) = B[, * Pf.ga) ()] [(l, ¥ Pf.ga) ()] -

According the previous results the family (vp)(ep) s a representative of a gener-

) then [ue,,) is solution to (P),,).

gen

alized function v and v = ul,.
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