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PARAMETRIC ESTIMATION AND TESTS THROUGH
DIVERGENCES AND DUALITY TECHNIQUE

MICHEL BRONIATOWSKI®* AND AMOR KEZIOU**

ABSTRACT. We introduce estimation and test procedures through divergence optimiza-
tion for discrete or continuous parametric models. This approach is based on a new
dual representation for divergences. We treat point estimation and tests for simple and
composite hypotheses, extending maximum likelihood technique. An other view at the
maximum likelihood approach, for estimation and test, is given. We prove existence and
consistency of the proposed estimates. The limit laws of the estimates and test statistics
(including the generalized likelihood ratio one) are given both under the null and the
alternative hypotheses, and approximation of the power functions is deduced. A new
procedure of construction of confidence regions, when the parameter may be a boundary
value of the parameter space, is proposed. Also, a solution to the irregularity problem of
the generalized likelihood ratio test pertaining to the number of components in a mixture
is given, and a new test is proposed, based on y?-divergence on signed finite measures

and duality technique.

Key words: Parametric estimation; Parametric test; Maximum likelihood; Mixture;

Boundary valued parameter; Power function; Duality; ¢-divergence.
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1. INTRODUCTION AND NOTATION

Let (X, B) be a measurable space and P be a given probability measure (p.m.) on (X, B).
Denote M the real vector space of all signed finite measures on (X, B) and M(P) the
vector subspace of all signed finite measures absolutely continuous (a.c.) with respect to
(w.r.t.) P. Denote also M! the set of all p.m.’s on (X, B) and M!(P) the subset of all
p.m.’s a.c. w.r.t. P. Let ¢ be a proper' closed? convex function from | — 00, +0o0[ to
[0, +00] with ¢(1) = 0 and such that its domain dom¢ := {x € R such that ¢(z) < oo} is
an interval with endpoints ay < 1 < by (which may be finite or infinite). For any signed

Date: December 22, 2007.

lwe say a function is proper if its domain is non void.
2The closedness of ¢ means that if ag or by are finite numbers then ¢(z) tends to ¢(ag) or ¢(by) when

T | ag or x | by, respectively.
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finite measure @ in M(P), the ¢-divergence between @ and P is defined by

D@7 = [ o () v (1)

When @ is not a.c. w.r.t. P, we set Dy(Q, P) = +00. The ¢-divergences were introduced
by |Csiszan (1963) as “f-divergences”. For all p.m. P, the mappings Q@ € M — Dy(Q, P)
are convex and take nonnegative values. When Q) = P then Dy(Q, P) = 0. Furthermore,
if the function x — ¢(x) is strictly convex on a neighborhood of z = 1, then the following

fundamental property holds
Dy(Q,P) =0 if and only if Q = P. (1.2)

All these properties are presented in (Csiszaxn (1963, 19674J5) and [Liese and Vajda (1987)
chapter 1, for ¢-divergences defined on the set of all p.m.’s M'. When the ¢-divergences
are defined on M, then the same properties hold. Let us conclude these few remarks
quoting that in general Dy(Q,P) and Dy(P,Q) are not equal. Hence, ¢-divergences
usually are not distances, but they merely measure some difference between two measures.
Of course a main feature of divergences between distributions of random variables X and

Y is the invariance property with respect to common smooth change of variables.

1.1. Examples of ¢-divergences. When defined on M!, the Kullback-Leibler (KL),
modified Kullback-Leibler (K L,,), x?, modified x? (x2,), Hellinger (H), and L; diver-
gences are respectively associated to the convex functions ¢(x) = xlogx — z + 1, ¢(x) =
“loga 4@ — 1, 6(a) = 3@ — 1% 6(a) = e — DP/e, d(x) = 2vF ~ 1) and Bla) =
|z — 1|. All these divergences except the L; one, belong to the class of the so called “power
divergences” introduced in|Cressie and Read (1984) (see also[Liese and Vajda (1987) chap-

ter 2). They are defined through the class of convex functions
T —yr+y—-1

if y € R\ {0,1}, ¢o(x) :== —logz+ 2 —1 and ¢;(x) := xlogx —x + 1. (For all v € R, we
define ¢, (0) := limg | ¢ (x)). So, the K L-divergence is associated to ¢1, the KL, to ¢,
the x2 to ¢, the x2, to ¢_1 and the Hellinger distance to ¢, /2-

We extend the definition of the power divergences functions Q@ € M! — Dy (Q, P) onto
the whole vector space of all signed finite measures M via the extension of the definition

of the convex functions ¢, : For all v € R such that the function z — ¢, (z) is not defined
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on | — 00, 0[ or defined but not convex on whole R, set

dy(z) i xe€]0,+o0],

+oo if  x €] —o00,0] 4

x €] — 00, +00[— {

Note that for the x>-divergence, the corresponding ¢ function ¢o(z) := 3(z—1)? is defined

and convex on whole R.

In this paper, we are interested in estimation and test using ¢-divergences. Ani.i.d. sample
X1,..., X, with common unknown distribution P is observed and some p.m. @ is given.
We aim to estimate Dy(Q, P) and, more generally, infgeq Dy(Q, P) where €2 is some set
of measures, as well as the measure QQ* achieving the infimum on €2. In the parametric
context, these problems can be well defined and lead to new results in estimation and

tests, extending classical notions.
1.2. Statistical examples and motivations.

1.2.1. Tests of fit. Let Q9 and P be two p.m.’s with same support S. Introduce a finite

partition Ay,..., A of S (when S is finite this partition is the support of Q). The quan-

A; . .
%)((A]?))> P(A;) which is

tization method consists in approximating Dg(Qo, P) by 25:1 10) (
estimated by

k
Dy(@o P) =0 (QO(A?')
j=1

i) P

where P, is the empirical measure associated to the data. In this vein, goodness of fit
tests have been proposed by [Zografos et all (1990) for fixed number of classes, and by
Menéndez et all (1998) and \Gyorfi and Vajda (2002) when the number of classes depends
on the sample size. We refer to [Parda (2006) which treats these problems extensively and

contains many more references.

1.2.2. Parametric estimation and tests. Let {Py;0 € ©} be some parametric model with
© a set in R%. On the basis of an i.i.d. sample X1, ..., X,, with distribution Py, we want
to estimate 67, the unknown true value of the parameter and perform statistical tests
on the parameter using ¢-divergences. When all p.m.’s Py share the same finite support
S, ILiese_and Vajda (1987), [Lindsayl (1994) and Morales et all (1995) introduced the so-
called “Minimum ¢-divergences estimates” (M@DE’s) (Minimum Disparity Estimators in
Lindsayl (1994)) of the parameter 67, defined by

0, := arg inf Dy(Py, P,). 1.5
p = arg inf o(Py, Pp) (1.5)
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Various parametric tests can be performed based on the previous estimates of ¢-divergences;

see h‘md&a.;al (IJ.Q&J) and Ma].es_ﬁLQl] (I]_Q%‘i) The class of estimates (LCH) contains the

maximum likelihood estimate (MLE). Indeed, when ¢(z) = ¢o(x) = —loga + = — 1, we

obtain
0 = inf KL,,(Py,P,) = inf E —log(Py(5))Pn(j) = MLE. 1.
KLm argelg (Py, Py) argelg p 0g(Py(5))Pn() (1.6)

The M¢DE’s ([CH) are motivated by the fact that a suitable choice of the divergence may

lead to an estimate more robust than the ML one (see e.g. Ila.nd.aa.;l (IJ.Q%I), |B_mand_Lmds_a.;J
(1994) and liménez and Shad (2001)).

When interested in testing hypotheses Hy : 07 = 6y against alternatives Hy : Op # 6y,
where 6 is a given value, we can use the statistic Dg(P,, P,), the plug-in estimate of the

¢-divergence between Py, and Fy,, rejecting Ho for large values of the statistic; see e.g.

). In the case when ¢(z) = —logx + x — 1, the corresponding test
based on K L, (Py,, P,) does not coincide with the generalized likelihood ratio one, which

defined through the generalized likelihood ratio (GLR) A, := 2log Supi”-?_? gj}l(gg()Xi). The
= 0 3

new estimate ﬁm(Pgo, Py,.) of KLy, (Py,, Py, ), which is proposed in this paper, leads to

the generalized likelihood ratio test; see remark B.7 below.

When the support S is continuous, the plug-in estimates (CH) are not well defined;

) investigate the so-called “minimum disparity estimators” (MDE’s)
for continuous models, through some common kernel smoothing method of P, and Fp.
When ¢(x) = —logz + = — 1, this estimate clearly, due to smoothing, does not coin-
cide generally with the ML one. Also, the test based on the associated estimator of the
K Ly, (Py,y, Pp,) is different from the generalized likelihood ratio one. Further, their esti-
mates poses the problem of the choice of the kernel and the window. For Hellinger distance

see m (@) For nonparametric goodness-of-fit test, |B.QL]J.DMLG.[] M), |B.Qﬂ.l.n.et

) proposed a test based on the estimation of the K L,,-divergence using the smoothed

kernel estimate of the density. The extension of their results to other divergences remains

an open problem; SeelBﬂ.Li.n.etI (Ilﬂﬁd), IG;mLﬁ_ﬁLall (IJ.M), andlBﬂﬂj.UMLﬂl] (IM) All

those tests are stated for simple null hypotheses; the case of composite null hypotheses

seems difficult to handle by the above technique. In the present paper, we treat this prob-

lem in the parametric setting.
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When the support S is discrete infinite or continuous, then the plug-in estimate Dy (Fp, Py,)
usually takes infinite value when no use is done of some partition-based approximation.
In Broniatowski (2003), a new estimation procedure is proposed in order to estimate the
K L-divergence between some set of p.m.’s {2 and some p.m. P, without making use of any
partitioning nor smoothing, but merely making use of the well known “dual” representa-
tion of the K L-divergence as the Fenchel-Legendre transform of the moment generating
function. Extending the paper by [Broniatowski (2003), we will use the new dual repre-
sentations of ¢-divergences (see [Broniatowski and Keziou (2006) theorem 4.4 and [Keziou
(2003) theorem 2.1) to define the minimum ¢-divergence estimates in both discrete and
continuous parametric models. These representations are the starting point for the defi-
nition of estimates of the parameter 7, which we will call “minimum dual ¢-divergence
estimates” (MD@DE’s). They are defined in parametric models {Fy;0 € ©}, where the
p.m.’s Py do not necessarily have finite support; it can be discrete or continuous, bounded
or not. Also the same representations will be applied in order to estimate Dy(Py,, Ps,)
and infgcg, Dy(Py, Py, ) where 6 is a given value in © and O is a given subset of ©, which
leads to various simple and composite tests pertaining to 67, the true unknown value of the
parameter. When ¢(z) = —log x+2—1, the MD¢D estimate coincides with the maximum
likelihood one (see remark below); since our approach includes also test procedures, it
will be seen that with this peculiar choice for the function ¢, we recover the classical like-
lihood ratio test for simple hypotheses and for composite hypotheses (see remark B and
remark below). A similar approach has been proposed by [Liese and Vajda (2006);
see their formula (118).

In any case, an exhaustive study of M¢pDE’s seems necessary, in a way that would include
both the discrete and the continuous support cases. This is precisely the main scope of

this paper.

The remainder of this paper is organized as follows. In section 2, we recall the dual
representations of ¢-divergences obtained by [Broniatowski and Keziou (200€6) theorem 4.4,
Broniatowski and Keziou (2004) theorem 2.4 and [Keziou (2003) theorem 2.1. Section 3
presents, through the dual representation of ¢-divergences, various estimates and tests in
the parametric framework and deals with their asymptotic properties both under the null
and the alternative hypotheses. The existence and consistency of the proposed estimates
are proved using similar arguments as developed in IQin_and Lawless (1994) lemma 1. We

use the limit laws of the proposed test statistics, in a similar way to [Morales and Parda
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(2001), to give an approximation to the power functions of the tests (including the GLR
one). Observe that the power functions of the likelihood ratio type tests are not generally
known; one of our contributions is to provide explicit power functions in the general case
for simple or composite hypotheses. As a by-product, we obtain the minimal sample
size which ensures a given power, for quite general simple or composite hypotheses. In
section 4, we give a solution to the irregularity problem of the GLR test of the number of
components in a mixture; we propose a new test based on the x2-divergence on signed finite
measures, and a new procedure of construction of confidence regions for the parameter in
the case where 67 may be a boundary value of the parameter space ©. All proofs are in
the Appendix. We sometimes write Pf for [ f dP for any measure P and any function
f, when defined.

2. FENCHEL DUALITY FOR ¢-DIVERGENCES

In this section, we recall a version of the dual representations of ¢-divergences obtained
in IBroniatowski and Keziou (2006), using Fenchel duality technique. First, we give some
notations and some results about the conjugate (or Fenchel-Legendre transform) of real
convex functions; see e.g. [Rockafellai (1970) for proofs. The Fenchel-Legendre transform
of ¢ will be denoted ¢*, i.e.,

teR— ¢ (t) := sgﬁ {tx — ¢(x)}, (2.1)

and the endpoints of dom¢* (the domain of ¢*) will be denoted a4+ and by with ag« < bys.
Note that ¢* is a proper closed convex function. In particular, ag« < 0 < bg«, $*(0) =0

and

ag- = lim M, by = lim M (2.2)
y——c0 Y y—too y
By the closedness of ¢, applying the duality principle, the conjugate ¢** of ¢* coincides

with ¢, i.e.,

(L) = sgg {tx — ¢"(x)} = ¢(t), for all t € R. (2.3)

For the proper convex functions defined on R (endowed with the usual topology), the lower
semi-continuity® and the closedness properties are equivalent. The function ¢ (resp. ¢*)
is differentiable if it is differentiable on Jag, bg[ (resp. |age,by+[), the interior of its domain.

Also ¢ (resp. ¢*) is strictly convex if it is strictly convex on Jag, byl (resp. Jags,bg«|).

3We say a function ¢ is lower semi-continuous if the level sets {x € R such that ¢(z) < a}, o € R are

all closed.
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The strict convexity of ¢ is equivalent to the condition that its conjugate ¢* is essentially

smooth, i.e., differentiable with

limtl%* (b*,(t) = —oo if Qg > —00,

limgqp,. @ (t) = +oo if by < +o0.

Conversely, ¢ is essentially smooth if and only if ¢* is strictly convex; see e.g. [Rockafellar
(1970) section 26 for the proofs of these properties. If ¢ is differentiable, we denote ¢’
the derivative function of ¢, and we define ¢'(ay) and ¢'(bs) to be the limits (which may
be finite or infinite) lim, |4, ¢'(z) and limgqp, ¢'(z), respectively. We denote Im¢' the set
of all values of the function ¢', i.e., Im¢’ := {¢/(x) such that = € [ay,by]}. If additionally
the function ¢ is strictly convex, then ¢ is increasing on [ag, by|. Hence, it is a one-to-one
function from [ag, by] to Im¢’. In this case, ¢’ ~1 denotes the inverse function of ¢ from
Im¢’ to [ag,by). If ¢ is differentiable, then for all x €]ay, byl,

¢ (¢'(2)) = a¢/(z) — ¢ (2) . (2.5)
If additionally ¢ is strictly convex, then for all ¢ € Im¢’ we have
o) =t (O -0 (¢ 7)) and  7(1) =& (). (2.6)

On the other hand, if ¢ is essentially smooth, then the interior of the domain of ¢* coin-
cides with that of Im¢’, i.e., (ag, bp+) = (¢'(ay), ¢’ (bg))-

Let F be some class of B-measurable real valued functions f defined on X, and denote

Mz, the real vector subspace of M, defined by

Mg = {QEM such that /\f\ d|Q| < oo, for allfef}.

In the following theorem, we recall a version of the dual representations of ¢-divergences
obtained by Broniatowski and Keziou (2006) (for the proof, see IBroniatowski and Keziou
(2006) theorem 4.4).

Theorem 2.1. Assume that ¢ is differentiable. Then, for all Q@ € Mg such that Dy(Q, P)
is finite and ¢’ <dp> belongs to F, the ¢-divergence Dy(Q, P) admits the dual representa-

tion

Du@.P) = s { [ 1 da~ [or(s) ar, @7
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and the function f := ¢’ <%> is a dual optimal solution®. Furthermore, if ¢ is essentially
smooth®, then f = ¢' (dQ/dP) is the unique dual optimal solution (P-a.e.).

3. PARAMETRIC ESTIMATION AND TESTS THROUGH MINIMUM ¢-DIVERGENCE
APPROACH AND DUALITY TECHNIQUE

We consider an identifiable parametric model {FPy;0 € ©} defined on some measurable
space (X,B) and © is some set in RY, not necessarily an open set. For simplicity, we
write Dy(6, o) instead of Dy(Py, Py). We assume that for any 6 in ©, Py has density pg
with respect to some dominating o-finite measure A, which can be either with countable
support or not. Assume further that the support S of the p.m. Py does not depend upon
. On the basis of an i.i.d. sample X7, ..., X,, with distribution P,., we intend to estimate
O7, the true unknown value of the parameter, which is assumed to be an interior point
of the parameter space ©. We will consider only strictly convex functions ¢ which are

essentially smooth. We will use the following assumption

! (%) ‘ dPy(z) < oo. (3.1)

Note that if the function ¢ satisfies

there exists 0 < § < 1 such that for all ¢ in [1 — 4,1 + 9],
we can find numbers ¢y, ¢g, c3 such that (3.2)
od(cx) < c19(x) + co |x| + 3, for all real x,

then the assumption (B is satisfied whenever Dy(6, a)) < oo; see e.g. [Broniatowski and Keziou
(2006) lemma 3.2. Also the real convex functions ¢~ (L), associated to the class of power

divergences, all satisfy the condition ([B2), including all standard divergences.

For a given 6 € O, consider the class of functions

F=Fy:= {$H¢,<p9($)>; 046@}- (3-3)

Pa(®)

By application of Theorem EZIl above, when assumption ([BI) holds for any a € ©, we

D, (6,67) —;gg{/fdpa—ﬁ dPeT},

4i.c., the supremum in (E0) is achieved at f := ¢’ (dQ/dP).

5Note that this is equivalent to the condition that its conjugate ¢* is strictly convex.

obtain
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which, by ([ZH), can be written as

oivn=sy{fo () i [ [20(2) o ()] n)

Furthermore, the supremum in this display is unique and it is achieved at a = 6Op
independently upon the value of 6. Hence, it is reasonable to estimate Dy(6,07) :=
[ &(po/poy) dPy,., the ¢-divergence between Py and Pp,., by

o=y [¢(2) - [20(2) +(2)] ). o5

in which we have replaced P, by its estimate P,, the empirical measure associated to the
data.

For a given 6 € O, since the supremum in (B4) is unique and it is achieved at o = 07,

define the following class of M-estimates of 07

o enzy ([0 (2) - [0 (2) +(2)] ) s

which we call “dual ¢-divergence estimates” (D@DE’s); (in the sequel, we sometimes write

0cO ( i ) ( Y )

The infimum in this display is unique and it is achieved at 8 = 6. It follows that a natural
definition of minimum ¢-divergence estimates of 6p, which we will call “minimum dual
¢-divergence estimates” (MD@DE’s), is

1 Po _ [ |Poy(Po_ 4 (P
Oy = arg Helf igg{/qﬁ <pa> Fo /|:pa¢ <pa> ¢<pa>} dP"}’ 3.7

In order to simplify formulas ([BH), [B6]) and (B71), define the functions

W) a0 o) e PO (Po(@) ) pe(@)
o(6.0) 2 glb00) = D (PUT) g (2021), (39
f0,a):x— f(0,a,2) = ¢ <£Z((i))> (3.9)
and
h(f,a) :z— h(0,a,x) = Pyf(0,a) — g(0,a, ). (3.10)

Hence, (BH), (BH) and (B1) can be written as follows

@(H,HT) = sup P,h(0,a), (3.11)
a€co
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ay(0) := argsup P,h(0, a) (3.12)
o€
and
0¢ = arg inf sup P,h(6, ). (3.13)
0€0 oco

Formula (B4]) can be written then as
Dy(8,07) = sup Py, h(8, ). (3.14)
aco
If the supremum in IZ) is not unique, we define the estimate ay(f) as any value of
a € O that maximizes the function o € 0 — P,h(6,«). Also, if the infimum in BI3) is
not unique, the estimate §¢ is defined as any value of # € © that minimizes the function
0 — sup,ce Pnh(0, ). Conditions assuring the existences of the above estimates are given

in section 3.1 and 3.2 below.

Remark 3.1. For the Ly distance, i.e. when ¢(z) = |x — 1|, formula [37)) does not
apply since the corresponding ¢ function is not differentiable. However, using the gen-
eral dual representation of divergences given in |Broniatowski and Keziou (2000) theorem
4.1, we can obtain an explicit formula for Ly distance avoiding the differentiability as-
sumption. A methodology on estimation and testing in Ly distance has been proposed by
Dewvroye_and Lugosi (2001), and its consequences for composite hypothesis testing and for

model selection based density estimates for nested classes of densities are presented in
Devroye et all (2002) and |Biau_and Devroyd (2004).

Remark 3.2. (An other view at the ML estimate). The mazimum likelihood estimate
belongs to both classes of estimates (Z14) and (TI3). Indeed, it is obtained when ¢(zx) =
—logx + x — 1, that is as the dual modified K L-divergence estimate or as the minimum
dual modified K L-divergence estimate, i.e. MLE:D(KLm)DE:MD(KLm)DE. Indeed,
we then have Py f(0, ) = 0 and P,h(9, o) = — [log <p9> dP,. Hence by definitions (30)

and ([373), we get
axr,, (0) = arg sup —/log <p9> dP, = arg sup/log(pa) dP, = MLE
a€d Pa acd
independently upon 6, and
éKLm = arg inf sup —/log <p_9> dP, = arg sup/log(pg) dP, = MLE.
0€0 qco Pa 0O
So, the MLE can be seen as the estimate of O that minimizes the estimate of the K L,-
divergence between the parametric model {Py; 0 € ©} and the p.m. Pp,.
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3.1. The asymptotic properties of the D¢DE’s 04(f) and @(G,GT) for a given 0
in ©. This section deals with the asymptotic properties of the estimates (BI1]) and BI2).
We will use similar arguments as developed in van der Vaartl (1998) section 5.2 and 5.6
under classical conditions, for the study of M-estimates. In the sequel, we assume that

condition (&) holds for any a € ©, and use |.|| to denote the Euclidean norm in R.

3.1.1. Consistency. Consider the following conditions

(c.1) The estimate a4(0) exists;
(c.2) sup,eg |Pnh(0, ) — Py, h(0, )| converges to zero a.s. (resp. in probability);
(c.3) for any positive €, there exists some positive 7 such that for all @ € O satisfying

|l — 07| > € we have
PgTh(Q, a) < PgTh(e,HT) —n.

Remark 3.3. Condition (c.1) is fulfilled for example if the function o € © — P,h(6, )
is continuous and © is compact. Condition (c.2) is satisfied if {x — h(0,a,z); o € O} is
a Glivenko-Cantelli class of functions. Condition (c.3) means that the maximizer oo = O
of the function o — Py, h(6,a) is well-separated. This condition holds, for example, when
the function o € © — Py, h(0, a) is strictly concave and © is convez, which is the case for

the following two examples:
Example 3.1. Consider the case ¢p(x) = —logx + x — 1 and the normal model
{N(a,1); € ©® =R},

Hence, we obtain

Py h(6,0) = %(9 )2 — %(a o). (3.15)

. . . 2

We see that condition (c.3) is satisfied; we can choose n = .

Example 3.2. Consider the case ¢(x) = —logx + x — 1 and the exponential model
{pa(z) = aexp(—azx); a € @ =R }.

Hence, we obtain

Py, h(8,a) = —log 0 + 1 +log o — g, (3.16)
Or Or

which is strictly concave (in o). Hence, condition (c.3) is satisfied.

Proposition 3.1. (1) Under assumption (c.1-2), the estimate @(H,HT) converges
a.s. (resp. in probability) to Dy (0, 0r).
(2) Assume that the assumptions (c.1-2-3) hold. Then the estimate ty(6) converges
in probability to Op.
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3.1.2. Asymptotic Normality. Assume that 07 is an interior point of ©, the convex function
¢ has continuous derivatives up to 4th order, and the density p,(x) has continuous partial
derivatives up to 3th order (for all A — a.e). Denote Iy, the Fisher information matrix
p/ p/ T
Iy, = / T0r70r gy
Por
In the following theorem, we give the limit laws of the estimates & (6) and @(9, Or). We

will use the following assumptions.

(A.0) The estimate aig(f) exists and is consistent;

(A.1) There exists a neighborhood N(6r) of Or such that the first and second order
partial derivatives (w.r.t «) of f(0,a,x)pg(z) are dominated on N(f7) by some
A-integrable functions. The third order partial derivatives (w.r.t a) of h(6, a, )
are dominated on N (f7) by some Py, -integrable functions;

(A.2) The integrals Py, [|(0/da)h(8,67)|* and Py, |(82/8a*)h(8,67)| are finite, and
the matrix Py, (0?/0a?)h(6,0r) is non singular;

(A.3) The integral Py, h(6,0r)? is finite.

Theorem 3.2. Assume that assumptions (A.0-1-2) hold. Then, we have

(a) v/n(ay(0) — Or) converges in distribution to a centered multivariate normal ran-

dom variable with covariance matriz
Vy(0,07) = STtMS™? (3.17)

with S := — Py, (0%/0a2)h(0,07) and M := Py, (0/0a)h(0,07)(0/0c)T h(8,07).
If 00 = 6, then Vy(6,07) = V(0r) = I,

(b) IfOp = 0, then the statistic d)?,—&f);(@, 1) converges in distribution to a x* random
variable with d degrees of freedom.

(c) If additionally assumption (A.3) holds, then when 6 # 61, we have
Vn <l/);(9, O1) — Dy (8, HT)> converges in distribution to a centered normal random

variable with variance
03(0,07) = Pp,h(0,07)% — (Pa,h(0,07))% . (3.18)

Remark 3.4. Our first result (proposition Bl above) provides a general solution for
the consistency of the global maximum (BI2) under strong but usual conditions, also
difficult to be checked; see lvan_der Vaartl (1998) chapter 5. Moreover, in practice, the
optimization in ([BIZ) is handled through gradient descent algorithms, depending on some
initial guess ap € ©, which may provide a local maximum (not necessarily global) of

P,h(0,.). Hence, it is desirable to prove that in a “neighborhood” of 61 there exits a
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maximum of P,h(#,.) which indeed converges to Op; this is the scope of theorem B3l in
the following subsection, which states that for some “good” «ap (near f7) the algorithm
provides a consistent estimate. It is well known that, in various classical models, the global
maximizer of the likelihood function may not exist or be inconsistent. Typical examples
are provided in mixture models. Consider the Beta-mixture model given in [Ferguson
(1982) section 3

po(x) = Og(z[1,1) + (1 — 0)g(x|~(6), 5(9)),

where © = [1/2,1], g(x|v(0),3(0)) is the Be(y, 3)-density and v(f) = 05(0) and [(0) =
(1 —0)0(0) with 6(f) — +oo sufficiently fast as § — 1. The ML estimate converges to 1
(a.s.) whatever the value of 67 in O; see [Ferguson (1982) section 3 for the proof. However,
if we take for example 07 = 3/4, theorem B3 hereafter proves the existence and consistency
of a sequence of local maximizers under weak assumptions which hold for this example.

Other motivations for the results of theorem are given in remark below.

3.1.3. Ezistence, consistency and limit laws of a sequence of local mazrima. We use similar
arguments as developed inlQin_and Lawless (1994) lemma 1. Assume that 67 is an interior
point of ©, the convex function ¢ has continuous derivatives up to 4th order, and the
density po(x) has continuous partial derivatives up to 3th order (for all z A — a.e). In
the following theorem, we state the existence and the consistency of a sequence of local

maxima ag(6) and b;(@, O1). We give also their limit laws.

Theorem 3.3. Assume that assumptions (A.1) and (A.2) hold. Then, we have
(a) Let B(0p,n"'/3) = {a €©; |la— 07| <n"V/3}. Then, as n — oo, with proba-

bility one, the function o — P,h(0,a) attains its mazximum value at some point
ay(0) in the interior of the ball B, and satisfies P, (0/0c)h(8, a4 (0)) = 0.
(b) V/n(ag(0) — 61) converges in distribution to a centered multivariate normal ran-

dom variable with covariance matriz

Vy(0,07) =St MS™ (3.19)

(¢c) IfOp = 0, then the statistic (25,2,—?1)D¢(9, 1) converges in distribution to a x* random
variable with d degrees of freedom.

(d) If additionally assumption (A.3) holds, then when 0 # 01, we have
vn <l3;(9, O1) — Dy (9, HT)> converges in distribution to a centered normal random

variable with variance aé(@,HT).

Remark 3.5. The results of this theorem are motivated by the following statements
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- The estimates () can be calculated if the statistician disposes of some preknowledge of
the true unknown parameter Op.

- The hypotheses are satisfied for a large class of parametric models for which the support
does not depend upon 6, such normal, log normal, exponential, Gamma, Beta, Weibull, ...
ete; see for example wan_der Vaari (1998) paragraph 5.43.

- The maps h(0,a) : x — h(f, o, x) and (8,) — Py, h(0,a) are allowed to take the value

—o00; for example, take ¢(x) = —logx + x — 1, and consider the model
{P, = aCauchy(0) + (1 — «)N(0,1); a € O},

with © = [0,1] and 07 = 1/2. Then, Py, h(0,1) = —oco for all 6 €]0, 1].
- The theorem states both existence, consistency and asymptotic normality of the estimates.
- The estimate ay(0) may exist and be consistent whereas 0y(0) does not in many cases.
- One interesting situation also is if the map o € © — P,h(0,a) = 0 is strictly concave

and © is convex; the estimates ag(0) and ay(0) are the same.

Remark 3.6. Using theorem [T part (c), the estimate 1/3;(00, O1) can be used to perform
statistical tests (asymptotically of level €) of the null hypothesis Ho : 07 = 0y against the
alternative Hy : 07 # 0y for a given value 6y. Since Dy(6y,01) is nonnegative and takes

value zero only when O = 6y, the tests are defined through the critical region

Cy (6o, 0r) := {(25,2,—?1)5;(90,%) > Qd,e} (3.20)

where qq. s the (1 —€)-quantile of the 2 distribution with d degrees of freedom. Note that
these tests are all consistent, since Z);(oo, O7) are n-consistent estimates of Dy(6o,07) =0
under Ho, and \/n-consistent estimate of Dy(6o,07) > 0 under Hy; see part (c) and (d)
in theorem [T above. Further, the asymptotic result (d) in theorem [ZA above can be used
to give approzimation of the power function 6y — B(61) = Ps, (Cy(0o,07)). We obtain

then the following approximation

6(9T)%1—FN< Vi [Wl)

0¢(90,9T) 2n

where Fyr is the cumulative distribution function of a normal random variable with mean

dd,e — Dg(0o, HT)} ) (3.21)

zero and variance one. An important application of this approximation is the approrimate
sample size (323) below that ensures a power [ for a given alternative 67 # 6y. Let ng be

the positive root of the equation

per-y (i 2

oo(00,00) | 2n qd,e — Dgy(0o, 9T)}>
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i.e., ng = %—;ﬁ;ﬁb) where a = 0’35(00,91*) [F'(1- ﬁ)]2 and b = ¢"(1)qq.cDy(6o, 07).

The required sample size is then
n* =[no]+1 (3.22)

where [.] is used here to denote “integer part of”.

Remark 3.7. (An other view at the generalized likelihood ratio test and approz-
tmation of the power function through K L,, -divergence). In the particular case
of the K L,,-divergence, i.e., when ¢(x) = ¢o(x) := —logx +x — 1, we obtain from (FZZ0)
the critical area
Ckr,,(00,07) := {Zn sup P, log (p_a> > qde} = {ZIOg Supaeff [liz1 Pa(X0) > ng} ,
aco PO, ’ [Ti=1 pa, (Xi) ’

which is to say that the test obtained in this case is precisely the generalized likelihood ratio

one. The power approximation and the approximate sample size guaranteeing a power [3
for a given alternative (for the GLRT) are given by (ZZ1) and (323), respectively, where
¢ 1s replaced by ¢o and Dy by K L,,.

3.2. The asymptotic behavior of the MD¢DE’s. We now explore the asymptotic
properties of the estimates 5(;5 and a¢(§¢) defined in (BI3) and (EIZ). We assume that
condition (BJ]) holds for any «, 6 € ©.

3.2.1. Consistency. We state consistency under the following assumptions

(c.4) The estimates 5(;5 and &¢(§¢) exist.
(¢.5) supiqpcoy [Pnh(0, @) — Py h(8, )| tends to 0 in probability;
(a) for any positive €, there exists some positive 7, such that for any a in © with
|l — 67| > € and for all 6 € ©, it holds Py, h(0,«) < Pp,h(8,07) —n;
(b) there exists a neighborhood of 07, say N(fr), such that for any positive e,
there exists some positive 1 such that for all « € N (f7) and all § € O satisfying
|6 — 67| > €, it holds Py, h(f7, ) < Py, h(0,a) — n;
(c.6) there exists some neighborhood N (67) of 07 and a positive function H such that
for all  in N(07), ||h(07, , z)|| < H(z) (Py,-a.s.) with Py, H < .

Remark 3.8. Condition (c.5) is fulfilled if {z — h(6,a); (0,a) € ©%} is a Glivenko-
Cantelli class of functions. Conditions (c.5.a) and (c.5.b) mean that the saddle-point
(01,07), of (0,a) € © x O — P,h(0,«), is well-separated. Note that theses two conditions
are not very restrictive, they are satisfied for example when © is convexr and the function
(0,0) € © x O — P,h(0,«) is concave in « (for all §) and convex in 0 (for all ), which
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is the case for example [l and [ZA above, both conditions (¢.5.a) and (c.5.b) are satisfied;

2
we can take n = 5.

Proposition 3.4. Assume that conditions (c.4-5-6) hold. Then,

(1) supgee ||@g(0) — 07| tends to 0 in probability.
(2) The MD¢ estimate 5(;5 converges to O in probability.

3.3. Asymptotic normality. Assume that 07 is an interior point of O, the convex func-
tion ¢ has continuous derivatives up to 4th order, and the density pg(x) has continuous
partial derivatives up to 3th order (for all x A-a.e.). In the following theorem we sate the
asymptotic normality of the estimates §¢ and @¢(§¢). We will use the following assump-

tions

(A.4) The estimates @, and @¢(§¢) exist and are consistent;

(A.5) There exists a neighborhood N(0r) of 7 such that the first and second order
partial derivatives (w.r.t. «a and 6) of f(0,a, x)pg(x) are dominated on N (07) x
N (07) by A-integrable functions. The third partial derivatives (w.r.t. a and 6) of
h(0, o, z) are dominated on N (07) x N(07) by some Py, -integrable functions;

(A.6) The integrals Py, ||(8/0a)h(0r,67)|1%, Psy ||(8/00)h(6r, 67|,
Py, ||(8?/00*)h(0r, 07)||, Po, ||(82/06%)h(07,07)|| and Py, ||(0%/060a)h(6r, b7)||

are finite, and the matrix Jy, is non singular.

Theorem 3.5. Assume that conditions (A.4-5-6) hold. Then, both \/n (% - HT) and

Vvn (a¢(§¢) — 9T> converge in distribution to a centered multivariate normal random vari-

able with covariance matriz V = Ig_Tl.

3.3.1. Ezxistence, consistency and limit laws of a sequence of local minima-maxima. As-
sume that 67 is an interior point of ©, the convex function ¢ has continuous derivatives up
to 4th order, and the density pg(z) has continuous partial derivatives up to 3th order (for
all z M-a.e.). In the following theorem we sate the existence and consistency of a sequence

of local minima-maxima 5(1) and a¢(5¢). We give also their limit laws.

Theorem 3.6. Assume that conditions (A.5) and (A.6) hold.

(a) Let B:={0€©; [0 —0p[ < n_l/?’}. Then, as n — oo, with probability one, the
function (0,a) — P,h(0,«) attains its min-max value at some point <§¢, &¢(§¢)>
in the interior of B x B, and satisfies P,(0/0a)h <§¢, &¢(§¢)> =0 and
P, (8/80)h <5¢, a¢(§¢)) —0.
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(b) Both \/n <§¢ - 9T> and \/n <c~x¢(§¢) - 0T> converge in distribution to a centered

multivariate normal random variable with covariance matriz V = IH_T L

3.4. Composite tests by minimum ¢—divergence. Let Oy be a subset of ©. We
assume that there exists an open set By C R4 and mappings 7 : © — R! and s : By — R¢
such that the matrices R(f) := [8%2_7‘(0)] and S(f) := [%S(ﬁ)} exist, with elements
continuous, and are of rank [ and (d — 1), respectively, Og = {s(3); 5 € By} and r(0) =0
for all 8 € ©(. Consider the composite null hypothesis

Ho : 07 € O versus H; : 67 € ©\Oy. (3.23)
This is equivalent to
Ho : Op € s(By) versus Hy : Op € ©\s(By).

Using (BI4)), the ¢-divergence Dy(Oo, 1), between the set of distributions { Py such that 6 € O}
and the p.m. Py, can be written as Dy(0g, 0r) = infyco, supy,ece Po, 1(0, o). Hence, it
can be estimated by

Dy(©0,07) := inf Dy(6,07) := inf sup Pyh(6, ).

¢(00,0r) = inf Dy(0,0r) := inf sup P (6, )

We use l/)\(b(@oﬁT) to perform statistical test pertaining to [BZ3). Since Dy(Oy, 0r) =
infgco, Dy (6, 07) is positive under H; and takes value 0 only under Hy (provided that the
infimum is attained on ©g), we reject Hy whenever @(GO,GT) takes large values. The

following theorem provides the limit distribution of l/);(@o, O7) under the null hypothesis
Ho.

Theorem 3.7. Let us assume that the conditions in theorem [ are satisfied. Under H,
the statistics 45,2,—?1)1/);(60,91*) converge in distribution to a x? random wvariable with [

degrees of freedom.

The following theorem gives the limit laws of the test statistics 45,2,—?1)1/);(@0, f7) under the

alternative hypothesis H; : 07 € ©\©g. We will use the following assumptions.

(C.1) The minimum of @ — Dy (6,67) on Oy is attained at some point, say 0* := s(3*)
with 8* € By; uniqueness then follows by strict convexity of ¢ and model identifi-
ability assumption;

(C.2) There exists a neighborhood N (5*) of 5* and a neighborhood N (67) of 67 such that
the first and second order partial derivatives (w.r.t. aand 3) of f(s(8), a, ¥)pys) ()
are dominated on N(3*) x N(67) by A-integrable functions. The third partial
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derivatives (w.r.t. § and «) of h(s(f),a,z) are dominated on N(8*) x N(61) by
some Py, -integrable functions;
(C.3) The integrals P, [|(9/dc)h(s(5"),07)|*, Pa, [(9/08)h(s(8*), 0r)],
Py, [[(9%/00?)h(s(8*), 07) |, Por [|(8%/08%)h(s(8*), 0r)| and
Py, ||(0*/0B0c)h(s(3%),07)|| are finite, and the matrix

Air Agp
Agr Ao

A=

is non singular, where Ay := Py, (0?/08%)h(s(8*),0r), A2 := Py, (0*/0a*)h(s(5*),0r)
and A12 = A2T1 = PgT (82/858Q)h(8(ﬂ*),9T)
(C.4) The integral Py, |h(s(3*),07)|| is finite.

Denote @, and @¢(§¢) the min-max optimal solution of

Dy(©0, 0r) = Jnf sup P,h(s(B), ),

and let B(ﬁ*vn_l/g) = {ﬁ € B07 ||ﬁ - ﬁ*H < n_1/3}7 Cn = (B(f)a(b(B(f?)T)Tv ct = (ﬁ*Tve’%)T
and F' the matrix defined by

(0/08)h(s(8").61) ] [ @/28)n(s(5°).07) |
(0/0a)h(s(5*).01) | | (9/00)h(5(5°).6r)

(C.5) The estimates @5 and &¢(B¢) exist and are consistent estimators for §* and Or

F = Py,

respectively.

Theorem 3.8. Assume that conditions (C.1-2-3-4-5) hold. Then, under the alternative
hypothesis Hi, we have

(a) V/n (¢, —c*) converges in distribution to a centered multivariate normal random
variable with covariance matriz V = A"1FA™L,
(b) If additionally the condition (C.6) holds, then \/n <l/);(@0, 071) — Dy(Oo, HT)) con-

verges in distribution to a centered normal random variable with variance
058", 0r) = Poph(s(8), 0r)* — (Poph(s(67), 07))*. (3.24)

Remark 3.9. Using theorem [3_4, the estimate 1/7;(9079T) can be used to perform sta-
tistical tests (asymptotically of level €) of the null hypothesis Ho : Op € Oy against the
alternative Hy : Op € ©\Og. Since Dy(Og, 1) is nonnegative and takes value zero only
when O € O, the tests are defined through the critical region

C¢(@0,9T) = {gb'%—?l)l/);(@o’ QT) > ql@} s (3.25)
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where qy ¢ is the (1 — €)-quantile of the x? distribution with | degrees of freedom. Note that
these tests are all consistent, since E;(@o, O7) are n-consistent estimates of Dy(Oq,0r) =
0 under Ho, and /n-consistent estimate of Dy(©¢,07) > 0 under Hy; see theorem [3]
and theorem [Z8 part (c). Further, the asymptotic result (c) in theorem [Z8 above can be
used to give an approximation to the power function O — B(07) = Py, (Cy(Oo,07)). We
obtain then the following approrimation

/i [w(l)
os(B*,07) | 2n

where Fy is the cumulative distribution function of a normal variable with mean zero and

B(0r) =1 — Fy ( Qe — Dg(Oo, 9T)D (3.26)

variance one. An important application of this approximation is the approrimate sample
size ([3227) below that ensures a power 3 for a given alternative 7 € ©\Oq. Let ng be the

positive root of the equation

vn [¢”(1)

oy(8*,0r) | 2n
(a+b)—+/a(a+2b)

. _ 2
i-€., 0 = 5P B0 where a = ai(ﬂ*, Or) [Ex' (1= B)]” andb = ¢"(1)q.eDy(O, O7).
The required sample size is then

B=1-Fyx ( Qe — D¢(@0,9T)D

n* = [ng] + 1 (3.27)

where [.] is used here to denote “integer part of”.

Remark 3.10. (An other view at the generalized likelihood ratio test for com-
posite hypotheses, and approximation of the power function through KL,,-
divergence). In the particular case of the K L,-divergence, i.e., when ¢(x) = ¢o(x) :=
—logx +x — 1, we obtain from ([ZZ3) the critical area
suPgeo [ [imy Pa(Xi)
Ck L, (©0,0r) = {QIOg - > Qe ¢
supgee, [ [1=1 po(Xi) N

which is to say that the test obtained in this case is precisely the generalized likelihood

ratio test associated to (ZZ3). The power approrimation and the approrimate sample size
guaranteeing a power (3 for a given alternative (for the GLRT) are given by (Z20) and
(3Z7), respectively, where ¢ is replaced by ¢o and Dy by K Ly,.

4. NON REGULAR MODELS. A SIMPLE SOLUTION FOR THE CASE OF MIXTURE MODELS

The test problem for the number of components of a finite mixture has been extensively
treated when the total number of components k is equal to 2, leading to a satisfactory
solution; the limit distribution of the generalized likelihood ratio statistic is non standard,

since it is 0.50p 4+ 0.5x2(1), a mixture of a Dirac mass at 0 and a x?(1) with weights
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equal to 1/2; see e.g. [Titterington et all (1987) and Self and Liang (1987). When k > 2,
the problem is much more involved. |Self and Liang (1987) obtained the limit distribution
of the generalized likelihood ratio statistic, which is non standard and complex. This
result yields formidable numerical difficulties for the calculation of the critical value of
the test. In section 5.1 below, we propose a unified treatment for all these cases, with
simple and standard limit distribution both when the parameter 67 is an interior or a
boundary point of the parameter space ©. On the other hand, confidence regions for the
mixture parameter 87 even when k = 2 are intractable through the generalized likelihood
ratio statistic. Indeed, the limit law of the generalized likelihood ratio statistic depends
heavily on the fact that 0 is a boundary or an interior point of the parameter space. For
example, when k = 2, the limit distribution of the generalized likelihood ratio statistic is
0.580 + 0.5x2(1) when 6 = 0 and x?(1) when 0 < @ < 1. Therefore, the confidence level is
not defined uniquely. At the opposite, we will prove in section 5.3 that the proposed dual

y2-statistic yields quite standard confidence regions even when k > 2.

4.1. Notations. Let {Péll); ay € Al}, . {chf); ar € Ak} be k-parametric models where
Ay, ..., Ay are k (k> 2) sets in R™, ... ,R% and dy,...,d; € N*. Denote Py the mixture

model
k
Py:=Y wP{ (4.1)
i=1

where 0 < w; <1, > w; =1 and

k
feoO:= {(wl,...,wk,al,...,ak)T € [0,1]% x Ay x --- x Ay, such that Zwi = 1},
i=1
(4.2)

and assume that the model is identifiable. Let ky € {1,...,k—1}. We test if (k — ko)
components in (J]) have null coefficients. We assume that their labels are kg + 1,..., k.
Denote ©g the subset of © defined by

© := {6 € © such that wy,4+1 =+ = wi = 0}.

On the basis of an i.i.d sample X1,...,X,, with distribution Fp,, 67 € ©, we intend to
perform tests of the hypothesis

Ho : 07 € ©p against the alternative H; : 07 € O\ ©y. (4.3)

It is known that the generalized likelihood ratio test, based on the statistic

SUPgeo Hzlzl pG(Xi) (4.4)

2log A\ := 2log ,
supgee, [ 171 po(Xi)
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is not valid for this problem, since the asymptotic approximation by x? distribution does
not hold in this case; the problem is due to the fact that the null value of 67 is not in the
interior of the parameter space ©. We clarify now this problem. For simplicity, consider

a mixture of two known densities pg and p; with pg # p1:
po = (1 — 0)py + Op; where 0 € © := [0, 1]. (4.5)
Given data X7, ..., X, with distribution Py, 67 € [0, 1], consider the test problem
Ho : 07 = 0 against the alternative Hyp : 67 > 0. (4.6)

The generalized likelihood ratio statistic for this test problem is
L(6)

Wy,(0) := 2logL(0),

(4.7)

where L(0) := [[;_; [(1 — 0)po(X;) + 0p1(X;)] for all & € [0,1], and 6 is the MLE of 6.
Using the strict concavity of the function 6 € [0,1] — I(0) := log L(0), it is clear that
# = 0 whenever I (0), the derivative on the right at 6 = 0 of § — 1(6), is nonpositive.

Hence, we can write

) / g p(XZ)
Py {W, =0} > Po{ezo} - Po{l+(0)§0}:P0{': p?(Xi)_"SO}

- B {\/ﬁ (%Z Zggz; - 1) < 0} (4.8)

which, by the CLT, tends to 1/2 (if 1 # E(Y;?) < oo where Y; := po(X;)/p1(X;)) since the

random variables Y; are i.i.d with F(Y;) = 1 under Hy. This proves that the convergence

in distribution of the generalized likelihood ratio statistic ,(0) to a x? random variable
(under Hy) does not hold. Under suitable regularity conditions we can prove that the limit
distribution of the statistic W,, in @) is 0.50¢ + 0.5x?, a mixture of the y2-distribution
and the Dirac measure at zero; see Self and Liang (1987).

Moreover, in the case of more than two components and k — kg > 2, the limit distribution
of the GLR statistic () under H is complicate and not standard (not a x? distribution)
which poses some difficulty in determining the critical value that will give correct asymp-
totic size; see Self and Liang (1987). On the other hand, the likelihood ratio statistic

L(B)
L(0)

can not be used to construct asymptotic confidence region for the parameter 67 since its

Wi (0) := 2log (4.9)

limit law is not the same when 67 = 0 and 67 > 0.
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FIGURE 1. Empirical distribution of the GLR and its limit distribution

In figure 1, we illustrate the accuracy of the approximation of distribution of the GLR
by its limit 0.509 + 0.5x3; we plot the cumulative distribution function (c.d.f) of both the
limit law, and the observed GLR’s obtained from 1000 independent runs of samples with

sizes n = 200, n = 500 and n = 1000, with Py = N(0,1) and P; = N(0.5,1).

4.2. A simple solution to the problem of testing the number of components

in a mixture. We propose the following simple solution : Consider the following set of

signed finite measures
po := (1 — 0)pog + Op1 where 6 € R. (4.10)

This set (of signed finite measures with mass one) obviously contains the mixture model
(EH). In particular, the null value of 7 (i.e., 87 = 0) is an interior point of the parameter
space R. The likelihood ratio test (for a model of signed measures) cannot be used since
the log-likelihood [(#) may be infinite (when # < 0 or # > 1). In the context of divergences,
this means that the estimate fL\m(Po, Py, ) may be infinite if we consider the model (1),
which is due to the fact that the corresponding convex function ¢(x) = —logz + = — 1
is infinite on R_. This suggests to use a divergence associated to a convex function ¢

which is finite on all R, for instance, the y2-divergence (which is associated to the convex
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function ¢(z) = £(z — 1)?). So, in order to perform a test asymptotically of level € for

@), we propose to use the following estimate of the y2-divergence between Py and Py,
x*(0,07) = sup {Pof(0,a) = Prg(0,0)}, (4.11)
a€Be

where f(0,a) = po/pa — 1 and ¢(0,a) = 1/2(po/pa + 1)(po/pa — 1) as a consequence of
definitions (BY) and [BX), and O, is the new parameter space which we define as follows

O := {a € R such that /]f(O,a)] dP, is finite } .

The value of the parameter f7 under the null hypothesis Hy, i.e., 07 = 0, is in the interior
of the new parameter space ©. which is generally non void. Hence, under conditions of
theorem where © is replaced by ©. and 6 by zero, under Hj the statistic 2n;<\5(0, 0r)
converges in distribution to a x? random variable with one degree of freedom; the critical

region takes then the form
OR:= {2n§5(o,9T) > ql,e} , (4.12)

where g1 ¢ is the (1 — €)-quantile of the x? distribution with one degree of freedom. Ob-
viously other divergences which are associated to convex functions finite on all R can be
used. The use of the y2-divergence is recommended. Indeed, for regular cases (for ex-
ample for multinomial goodness-of-fit tests) x?-test is equivalent (in Pitman sense) to the
generalized likelihood ratio one; see also [Cressie and Read (1984) sections 3.1 and 3.2 for
other motivations in favor of the x? approach.

In figure 2, we illustrate the accuracy of the approximation of the distribution of the
proposed dual y%-statistic by the x?(1); we plot the cumulative distribution function
(c.d.f) of both the limit law, and the dual y2-statistic obtained from 1000 independent
runs of samples with sizes n = 200, n = 500 and n = 1000, with Py = AN (0,1) and
Py = N(0.5,1). We observe that the approximation is as satisfactory as it is in figure 1
for the GLR case, so that the extension of the model to signed finite measures does not

affect the quality of the approximation of the limit distribution.

4.3. Confidence regions for the mixture parameters. We propose the following
solution to the confidence region problem when the parameter may be a boundary value
of the parameter space: The estimate
X2(0,07) = sup {Pyf(0,a) — Pog(0,c)}, (4.13)
a€B.(0)

where

Oc(0) == {a € R such that /\f(@,a)\ dPy is finite },
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FIGURE 2. Empirical distribution of the dual y?-statistic and its limit law

can be used to construct asymptotic confidence region for the parameter #p with level
(1 — €) defined by
C:= {6 € O such that 2n;<\5(6,9T) < Q1,e}-

In fact, limy, oo Py, (07 € C) = 1 — € both when 67 = 0 or 67 > 0 since the statistic
2n;<\§(9T, 1) converges in distribution to x? random variable with one degree of freedom
both when 67 = 0 or 87 > 0. We give now the form of the critical region and the confidence

region in the multivariate case, i.e., in the case of the general model [@J]). For all § € ©,
define the set
k
O.(0) := {a e R x A; x -+ x Ay, such that Zai =1 and /|f(0,a)| dPy is finite },
i=1
and the statistic

X2(0.07) = inf x2(0,0r) := inf sup {Ppf(0,0) — Pug(0,0)}.
0€Bg [ASISH) €O, (0)

Under some conditions similar to that in theorems 3.1, 3.2 and 3.3, we can prove, under
the null hypothesis Hy in ([3), that the statistic 2nx?(0g,07) converges in distribution
to x? random variable with (k — ko) degrees of freedom. Also, the statistic 2nx2(, 61)
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when 6 = 67 converges in distribution to y? random variable with d := k—14d; +- - - +dj,
degrees of freedom in both case when 67 is a boundary value or not. Hence, the critical
region is given by

CR:= {271;(5(@079T) > Qk—ko,s}a
and

C .= {0 € O such that 2n;<\§(9,9T) < Qd,s}

is an asymptotic confidence region for 61 of level € both when 67 is a boundary value or

not.

4.4. Approximation of the power function of the likelihood ratio statistic: sim-
ulation results. In the context of the exponential model pg(z) = 0 exp {0z}, we consider

the problem of testing
Ho:0r =1 versus Hi:0p#1
using the GLR. We recall that the power function of the GLR test is

9T = ﬂ(@T) = PgT {271@(1,97‘) > q1,0_5} (4.14)
and its approximation is
s N
B0r) =1-Fyx <%(17 a7) | 2n 11005 KLy (1,07) (4.15)

where F)\s is the cumulative distribution function of a normal random variable with mean
zero and variance one, and ¢(x) = —logx + x — 1; see remarks 3.3 and 3.4 above. The
power function (T4 is plotted (with continuous line) for sample sizes n = 50, n = 100,
n = 300 and n = 500, and for different values of 67. Each power entry was obtained
from 1000 independent runs. The approximation ([IH]) is plotted as a function of 7 by a
dashed line. We observe (see figure 3) that the approximation is accurate for alternatives

which are not “close to” the null hypothesis even for moderate sample sizes.

5. CONCLUDING REMARKS AND POSSIBLE DEVELOPMENTS

We have addressed the parametric estimation and test problems. We have introduced
new estimation and test procedure using divergence minimization and duality technique
for discrete or continuous parametric models, avoiding the smoothing method. The pro-
cedure leads to optimal estimates for the parameter model and for the divergences. It
includes both the discrete (finite or infinite) and the continuous support cases. It extends
the maximum likelihood method for both estimation and test problems. Moreover, the

procedure and the divergences framework permit to obtain the limit laws of the proposed
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FIGURE 3. Approximation of the power function

estimates and the test statistics both under the null and the alternative (simple or com-
posite) hypotheses, including the generalized likelihood ratio statistic. As a by-product,
we obtain explicit power functions in a general case for simple or composite parametric
test problems, and approximations of the minimal sample size which guarantees a desired
power for a given alternative. A new test and new asymptotic confidence regions are pro-
posed in the case where the parameter may be a boundary value of the parameter space.
Many problems remain to be studied in the future, such as the choice of the divergence
which leads to an “optimal” (in some sense) estimate or test in terms of efficiency and
robustness, construction of convergent estimates and test statistics by divergence when
the maximum likelihood is not consistent (for example for location family for which the
expectation does not exists), the Bartlett correctability and the large deviation properties

of the proposed statistics E;

6. APPENDIX

Proof of proposition Bl (1) We will prove the consistency of the estimate 13;(9, Or).
We have

Dy (0,01) — Dyg(0,07)| = [Pah(0,66(0)) — Porh(0, 07)] = |A],
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which implies
P,h(6,07) — Py, h(0,07) < A< P,h(0,04(8)) — Py h(0,04(8)).

Both the RHS and the LHS terms in the above display go to 0, under condition (c.2).
This implies that A tends to 0.
(2) For the consistency of ay(#), we refer to van der Vaart (1998) theorem 5.7.

Proof of theorem (a) Using (A.1), simple calculus give
Py, (0/0a)h(0,a) =0 (6.1)
and
Py, (97 /0a*)h(0, 07) = —/¢”(pe/peT)(pﬁ/pZ’T)p'eTp’eTT A\ =: 8. (6.2)

Observe that the matrix S is symmetric and positive since the second derivative ¢” is
nonnegative by the convexity of ¢. Let U, (0r) := P,(9/0a)h(6,0r), and use ([T and
(A.2) in connection with the Central Limit Theorem (CLT) to see that

VU (07) — N(0, M). (6.3)

Also, let V,,(07) := P,(0?/0a?)h(0,07), and use EJ) and (A.2) in connection with the
Law of Large Numbers (LLN) to conclude that

Vo(0r) — =S (a.s). (6.4)

Using the fact that P, (0/0a)h(0,a@) = 0 and a Taylor expansion of P,(9/0a)h(f, &) in &

around 67, we obtain
0 = P,(8/da)h(8,&) = P, (8/da)h(8,07) + (@ — 07)T Pu(8%/0a?)h(8, 07) + op(n~Y?).
Hence,
V(@ —0r) = =V, (07) " '/nU,(67) + 0,(1). (6.5)
Using (63) and (&4 and Slutsky theorem, we conclude then
Vi (@ = 07) — N (0, V(0. 07)) (6.6)
where V,;(6,07) is given in part (a) of theorem When 07 = 0, direct calculus shows

that Vi (6, 07) = I,

(b) Assume that 67 = 6. From (3), using the convergence (64), we get

V(@ —0r) = S™1/nU,(07) + 0,(1). (6.7)
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On the other hand, a Taylor expansion of [2n/¢" (1)] 1/9;(0, Or) = [2n/¢"(1)] P,(0/0a)h(8, Q)
in & around f7, using the fact that P,h(6,607) = 0 when 67 = 0, gives

2n — 2n ~ 2n ~
WD¢(9, or) = WUg(a —07) + W(a — 07)"V, (@ — 0r) + 0p(1).
Use (64), (60) and the fact that S = —¢”(1)Iy, when 67 = 6 to conclude that
2n —~ -2 -
¢"—(1)D‘f’(9’ Or) = ¢"(1) " VnUp 1, /nUy + 0p(1).

Finally, use the convergence ([f3)) and the fact that M = ¢"(1)%Ip, when 6 = 6, to con-
clude that [2n/¢"(1)] @(G,HT) converges in distribution to a x? variable with d degrees

of freedom when 6 = 0.

(c) Assume that Op # 6. A Taylor expansion of @(H,HT) = P,h(f,a), in a around
7, using the fact that Py, (0/0a)h(0,6r) = 0, gives @(G,HT) = P,h(0,07) + 0,(n~1/?).

Hence,
Vit (D(0,07) = Dy(0,07)) = v/n [Ph(0,07) = Py h(0,07)] + 0,(1),
which under assumption (A.3), by the CLT, converges in distribution to a centred normal

variable with variance 0%(9, O7) = Py, h(6,07)% — (Pp, (6, 67)).

Proof of theorem (a) For any o = O + un~"/3 with |u| < 1, consider a Taylor

expansion of P,h(f,a) in a around 07, and use (A.1) to see that
nPh(0, ) — nP,h(0,07) = 0?0, + 27 ' 3u"Vu + 0(1) (a.s.)

uniformly on u with |u| < 1. Now, use (@) and the fact that U,, = O (n~'/2(loglogn)'/?)

(a.s) to conclude that
nP,h(0, ) —nPyh(0,01) = O <n1/6(log log n)1/2> — 27T Sun'? + 0(1) (a.s.)

uniformly on u with |u| < 1. Hence, uniformly on the surface of the ball B (i.e., uniformly

on u with |u| = 1), we have
nPyh(0,a) —nP,h(0,07) < O (nl/G(log log n)1/2) —27ten'® + 0(1) (a.s.) (6.8)

where ¢ is the smallest eigenvalue of the matrix S. Note that c¢ is positive since S is
positive definite (it is symmetric, positive and non singular by assumption A.2). In view
of (EX), by the continuity of a — P,h(f,a) — nP,h(0,07) and since it takes value zero
on « = O and is asymptotically negative on the surface of B, it holds that as n — oo,

with probability one, o — P, h(f, ) attains its maximum value at some point ay(6) in
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the interior of the ball B, and therefore the estimate () satisfies P, (9/0a)h(6,a) =0
and @ — 07 = O(n~1/3).

The proofs of parts (b), (¢) and (d) are similar to those of parts (a), (b) and (d) in theorem
Hence, they are omitted.

Proof of proposition B4 We prove (1). For all § € O, under condition (c.4-5-6),
we prove that supycg ||@y(0) — 67| tends to 0. By the very definition of ai4(#) and the

condition (c.5), we have

Bah(6,04())

v

Pnh(ea HT)
> Py h(8,01) — op(1),

where 0,(1) does not depend upon # (due to condition (c.5)). Hence, we have for all § € ©

Py, h(8,07) — Py, h(8,04(0)) < P,h(0,04(0)) — Py h(0,04(0)) + op(1). (6.9)

The RHS term is less than supgg ncoy [Pah(8, @) — Py h(0, )| +o0,(1) which, by (c.5),
tends to 0. Let € > 0 be such that supyeg ||0i4(0) — 07| > €. There exists some a,, € O
such that [|aig(a,) — 07| > €. Together with (c.5.a), there exists some 7 > 0 such that
Py h(an,0r) — Py, h(an,dgy(an)) > 1. We then conclude that

P {Sug ”ad)(e) — HTH > 6} < P{PgTh(an,QT) — PgTh(an,&¢(0)) > T]},
S

and the RHS term tends to 0 by (G3)). This concludes the proof of part (1).
We prove (2). By the very definition of §¢, conditions (c.5) and (c.6) and part (1), we
have
Puh(B9,85(05)) < Puh(fr,6(07))
PGTh(eTv a¢>(9¢)) - Op(1)7

IN

from which

Poph(85,34(05)) — Poph(07,35(05)) < Poph(Bs,04(04)) — Puh(8s,a4(85)) + 0p(1)

< sup |Pyh(8,a) — Py h(0, )| 4 0p(1)(6.10)
{0,acO}

Further, by part (1) and condition (c.5.b), for any positive €, there exists n > 0 such that
P10y = 0rll > €b < P{Poh@9,55(85)) — Porh(6r,56(8,)) > 0}

and the RHS term, under condition (c.5), tends to 0 by (@I0). This concludes the proof.



30 MICHEL BRONIATOWSKI* AND AMOR KEZIOU**

Proof of theorem Under condition (A.5), simple calculus give
0 0 0? 0?

PGT %h(eTyeT) = PGT %h(eTv QT) = PGT 80[69h(0T’9T) = PGT 896ah(0T’9T) = 0’
(6.11)
0? 0? ”
_PGTW}I(HT’HT) — P@Tﬁh(eT,eT) — (25 (1)[€T7 (612)

and

o [ Ditonon)| [Spionan]|” = 2, [Zaoron] [ Znoron]”

= —P, [%h(eT,eT)] [869 (9T79T)r

= ¢"(1)*Iy,. (6.13)

Denote Uy, (0,01) = P,(0/0a)h(0,07), Viu(0,07) = P,(0?/0a®)h(0,07), S(0,07) :=
N . T

— Py, (0%/0a2)h(0,0r) and al = ((9¢ —0r)T, (Qy(0,) — HT)T> . Under conditions (A.4-

5), by a Taylor expansion, we obtain

1 =
0wl

We therefore deduce, by the CLT, that, under condition (A.6), \/na, converges in distri-

\/ﬁan = \/_ [ o )I_ !

P, 2 (07,0
89 (6rbr) ‘|’0p(1)-

bution to a centred normal variable with covariance matrix

which completes the proof of theorem
Proof of theorem (a) Using condition (A.5) and (EI1I), we can write
Un(0,07) == Uy (07,07) + o(n"'/3) (a.s.) (6.14)

and
Va(0,07) := Vo (01, 07) + O(n~'7%) (a.s.), (6.15)
uniformly on § € B(f7,n~'/3). On the other hand, for any a = 7 + un~/? with |u| < 1,
by a Taylor expansion using condition (A.5), we obtain
nPyh(0, ) — nP,h(0,07) = n?*uTU, (0, 07) + 27 ' 3uTV, (0, 07)u + O(1) (a.s.)
uniformly on 6 € B(f7,n~'/3) and u with |u| < 1. Combining this with (EI4) and (GI5)
to see that

nPyh(0, ) — nP,h(0,07) = n?*u U, (07, 07) + 27 ' 3uTV, (67, 07)u + o(n'/?) (a.s.)
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uniformly on 6 € B(f7,n~'/3) and u with |u| < 1. Now, from this, using the fact that
U,(0r,607) = O (n_l/z(log logn)l/z) (a.s.) and V,(0p,07) = —S(07,07) + o(1) (a.s.), we

obtain

nPoh(, o) — nPah(6,07) = O (nl/ﬁ(log log n)1/2) — 27 3T S (0, 07)u + o(n*/?) (a.s.)
(6.16)
uniformly on @ € B(7,n~'/3) and u with |u| < 1. Hence, uniformly on « in the surface

of the ball B(f7,n~/?) (i.e., uniformly on u with |u| = 1), we have
nP,h(0, @) —nP,h(6,0r) < O <n1/6(log log n)1/2) — 271" (D)ent’® +o(n}?) (a.s.) (6.17)

(uniformly on 6 € B(6r,n~"/3)) where ¢ > 0 is the smallest eigenvalue of the matrix Ip,. =
#"(1)71S(0r,07). Hence, by the continuity of the function o — nP,h(6, ) — nP,h(6, 1)
and since it takes value zero when a = 07 and is asymptotically negative with respect
to « on the surface of B, it holds that, as n tends to oo, with probability one, the
function o — P,h(0, ) attains it maximum value at some point ag(f) in the interior of
B(#7,n~1/3), and this holds for all § € B(f7,n~/3). Further, since I8) holds uniformly
on 6 € B(87,n~'/3), we conclude that

ay(f) —0r = O(n~?) (a.s.) uniformly on 6 € B(07,n""/3). (6.18)

We now prove that, as n — oo, with probability one, the function 6 — P, (6, a,(#)) attains
its minimum value at some point 5(;5 in the interior of the ball B(fr,n~/3). Here, ay(0)
is any value in the interior of B(f7,n~/3) which maximizes o — P,h(f, ). It exists by
the above arguments. For any 6 = 67 4+ vn~ Y% with |v| < 1, by a Taylor expansion of
nP,h(0,0a4(0)) in 6 and ag(#) around O , and a Taylor expansion of nP,h(fr, ay(fr)) in
ay(fr) around 07, using (EI) and (EII), we obtain

nPh(0,84(0)) — nPuh(0r,dy(07)) = n**vTP,(0/00)h(0r,0r) +
27101307 [P, (8%/96%) (07, 07)] v + o(n'/?) (a.s.)
uniformly on v with |v| < 1. Hence, from this, using the fact that

P, (8/00)h(0r,07) = O (n"1/%(loglog n)'/?) (a.s.) and P,(0?/062)h(0r,07) = ¢" (1)1, +

o(1) (a.s.), we conclude that
nP,h(8,a4(0))—nP,h(07r,ay(01)) = O (nl/ﬁ(log log n)1/2>+2_1¢"(1)vTLgTvn1/3+o(n1/3) (a.s.)

uniformly on v with |v| < 1. Hence, uniformly on 6 in the surface of the ball B(f7,n~/3)

(i.e., uniformly on v with |v| = 1), we obtain

nP,h(8,3y(0))—nPoh(0r,ag(0r)) > O (nl/ﬁ(log log n)1/2>—|—2_1¢”(1)cn1/3+0(n1/3) (a.s.)
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where ¢ > 0 is the smallest eigenvalue of Iy,. This implies that
0?3 Poh(0, &y(0))—n2/3Puh(07, G4 (07)) > O (n—l/ﬁ(log log n)1/2>+2_1¢”(1)c+0(1) (a.5.)

uniformly on 6 in the surface of the ball B(f7,n~1/3). The left hand side of the above
display equals zero when 6§ = 07 and is positive when 6 is in the surface of the ball
B(6r, n~1/ 3) (for n sufficiently large). This implies that, as n — oo, with probability one,
the function 6 — P,h(6,a4(0)) attains its minimum value at some point 5(1) in the interior
of the ball B. This concludes the proof of part (a).

(b) See the proof of theorem

Proof of theorem B.7. We have

l/)\(b(@o,HT) ;= inf sup P,h(s(f), ).

B€Bo e

= Pnh (s(ﬁ),@) ’
in which as in the proof of theorem B3, S(B) and @ are solutions of the system of equations

naaﬁh s(ﬁ),ag = 0

P 2Zh(s(B),a) = o

In the first equation the partial derivative is intended w.r.t. the first variable 3 in s(3) and

in the second one w.r.t. the second variable a. A Taylor expansion of Pn h ( (6) 62)

and Pna%h (s(ﬂ), &) in a neighborhood of (Br, 0r) gives

— P Zh(s(Br). 0r) ] [ P h(s(r).0r) Pgwaa (G0 ], Lo
~Pu&h(s(Br), Or) P, 5255 h(s(Br),0r)  PopZh(s(Br).00) |
(6.19)

- T
where b, := <(ﬁ -8, (@ — HT)T) . This implies that b, = O,(n~'/2). So, by a Taylor
expansion of D;(@(), Or) around (0r,fr), we obtain

2n

T p—-1 T -1
¢//( ) =U, AU, -V, BV, +0,(1), (6.20)
where
= Yn - V1 p D
U, = p (1)Pnaa (s(Br),0r), Vy:= i )Pnaﬁh( (Br), 07),
1 82 ) 1 82

_qs//—(l)PGTWh(S(ﬁT),GT)a B = 7 )PGT o3 h(s(Br),07).
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By (ETI2), it holds A = Ip,. On the other hand,

9 9 )
S5 s(0n)60) = | s(6n)| h (s(o0). 0
T 6

= [S(Br)] 95(3)

Moreover, using the fact that ¢'(1) = 0, we can see that %@h (s(Br),0r) = —a%h (s(Br),0r),

which implies

h(s(Br),0r)

0
PQT%

In the same way, we obtain

o T 0
Por g (5(00), 1) = 1SG0)T | ~Fog st (550).60)| 1S(51)].

b (6(81),01) = [SGIT | ~Fag o ((00).62)]

It follows that V;, = [S(37)] U, and B = [S(Br)])" Iy, S(Br). Combining this result with
E20), we get

2n — — - T
iy Do(@0:0r) = UI |15, = S(r)B1S(81)T | Un + 0p(1),
which is precisely the asymptotic expression for the Wilks likelihood ratio statistic for
composite hypotheses. The proof is completed following therefore the same arguments as

for the Wilks likelihood ratio statistic; see e.g. ISen_and Singer (1993) chapter 5.

Proof of theorem The proofs of part (a) and (b) are similar to the proofs of part
(a) and (b) of theorem B hence they are omitted.

(c) Using [B4) and (B4l ), we can see that Dy(Oy,f7) can be written as

Dy(©o,07) = ﬁieanO Dy(s5(83),0r) = Dy(s(8%),0r)
= Slelg Py, h(s(5%), ) = Py, h(s(5%),0r). (6.21)

On the other hand, by a Taylor expansion of E;(@o,HT) = Pnh(s(ﬁ),@(b(ﬁ)) in B and

-~

Q¢ () around * and O, we obtain
Dy (0, 07) = Pal(s(8"),0r) + op(n™"1%).
Combining this with (E21]) to conclude that
VL [Dy(©0,07) = Dy(0,07)| = Vi [Pah(s(5°), 6r) — Poyh(s(8°), 07)] + 0,(1)
which, by the CLT, converges to a centred normal variable with variance

Ug(ﬂ*,QT) = POTh(S(ﬂ*)79T)2 - (P9Th(s(ﬂ*)79T))2 .
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This ends the proof.

REFERENCES

Basu, A. and Lindsay, B. G. (1994). Minimum disparity estimation for continuous models:
efficiency, distributions and robustness. Ann. Inst. Statist. Math., 46(4), 683-705.

Beran, R. (1977). Minimum Hellinger distance estimates for parametric models. Ann.
Statist., 5(3), 445-463.

Berlinet, A. (1999). How to get central limit theorems for global errors of estimates. Appl.
Math., 44(2), 81-96.

Berlinet, A., Vajda, I., and van der Meulen, E. C. (1998). About the asymptotic accuracy
of Barron density estimates. IEEE Trans. Inform. Theory, 44(3), 999-1009.

Biau, G. and Devroye, L. (2005). Density estimation by the penalized combinatorial
method. J. Multivariate Anal., 94(1), 196-208.

Broniatowski, M. (2003). Estimation of the Kullback-Leibler divergence. Math. Methods
Statist., 12(4), 391-409 (2004).

Broniatowski, M. and Keziou, A. (2004). Parametric estimation and tests through diver-
gences. Preprint 2004-1, L.S.T.A - Université Paris 6.

Broniatowski, M. and Keziou, A. (2006). Minimization of ¢-divergences on sets of signed
measures. Studia Sci. Math. Hungar., 43(4), 403-442.

Cressie, N. and Read, T. R. C. (1984). Multinomial goodness-of-fit tests. J. Roy. Statist.
Soc. Ser. B, 46(3), 440-464.

Csiszar, 1. (1963). Eine informationstheoretische Ungleichung und ihre Anwendung auf
den Beweis der Ergodizitdt von Markoffschen Ketten. Magyar Tud. Akad. Mat. Kutato
Int. Kozl., 8, 85-108.

Csiszar, 1. (1967a). Information-type measures of difference of probability distributions
and indirect observations. Studia Sci. Math. Hungar., 2, 299-318.

Csiszar, 1. (1967b). On topology properties of f-divergences. Studia Sci. Math. Hungar.,
2, 329-339.

Devroye, L. and Lugosi, G. (2001). Combinatorial methods in density estimation. Springer
Series in Statistics. Springer-Verlag, New York.

Devroye, L., Gyorfi, L., and Lugosi, G. (2002). A note on robust hypothesis testing. [EEE
Trans. Inform. Theory, 48(7), 2111-2114.

Ferguson, T. S. (1982). An inconsistent maximum likelihood estimate. J. Amer. Statist.
Assoc., 77(380), 831-834.



PARAMETRIC ESTIMATION AND TESTS THROUGH DIVERGENCES AND DUALITY TECHNIQUE35

Gyorfi, L. and Vajda, 1. (2002). Asymptotic distributions for goodness-of-fit statistics in
a sequence of multinomial models. Statist. Probab. Lett., 56(1), 57-67.

Gyorfi, L., Liese, F., Vajda, L., and van der Meulen, E. C. (1998). Distribution estimates
consistent in y2-divergence. Statistics, 32(1), 31-57.

Jiménez, R. and Shao, Y. (2001). On robustness and efficiency of minimum divergence
estimators. Test, 10(2), 241-248.

Keziou, A. (2003). Dual representation of ¢-divergences and applications. C. R. Math.
Acad. Sci. Paris, 336(10), 857-862.

Liese, F. and Vajda, I. (1987). Convex statistical distances, volume 95. BSB B. G. Teubner
Verlagsgesellschaft, Leipzig.

Liese, F. and Vajda, I. (2006). On divergences and informations in statistics and informa-
tion theory. IEEE Trans. Inform. Theory, 52(10), 4394-4412.

Lindsay, B. G. (1994). Efficiency versus robustness: the case for minimum Hellinger
distance and related methods. Ann. Statist., 22(2), 1081-1114.

Menéndez, M. L., Morales, D., Pardo, L., and Vajda, I. (1998). Asymptotic distributions
of ¢-divergences of hypothetical and observed frequencies on refined partitions. Statist.
Neerlandica, 52(1), 71-89.

Morales, D. and Pardo, L. (2001). Some approximations to power functions of ¢-
divergences tests in paramtric models. Test, 10(2), 249-269.

Morales, D., Pardo, L., and Vajda, 1. (1995). Asymptotic divergence of estimates of
discrete distributions. J. Statist. Plann. Inference, 48(3), 347-369.

Pardo, L. (2006). Statistical inference based on divergence measures, volume 185 of Sta-
tistics: Textbooks and Monographs. Chapman & Hall/CRC, Boca Raton, FL.

Qin, J. and Lawless, J. (1994). Empirical likelihood and general estimating equations.
Ann. Statist., 22(1), 300-325.

Rockafellar, R. T. (1970). Convez analysis. Princeton University Press, Princeton, N.J.

Self, S. G. and Liang, K.-Y. (1987). Asymptotic properties of maximum likelihood estima-
tors and likelihood ratio tests under nonstandard conditions. J. Amer. Statist. Assoc.,
82(398), 605-610.

Sen, P. K. and Singer, J. M. (1993). Large sample methods in statistics. Chapman & Hall,
New York.

Titterington, D. M., Smith, A. F. M., and Makov, U. E. (1985). Statistical analysis of
finite mixture distributions. Wiley Series in Probability and Mathematical Statistics:
Applied Probability and Statistics. John Wiley & Sons Ltd., Chichester.



36 MICHEL BRONIATOWSKI* AND AMOR KEZIOU**

van der Vaart, A. W. (1998). Asymptotic statistics. Cambridge Series in Statistical and
Probabilistic Mathematics. Cambridge University Press, Cambridge.

Zografos, K., Ferentinos, K., and Papaioannou, T. (1990). ¢-divergence statistics: sam-
pling properties and multinomial goodness of fit and divergence tests. Comm. Statist.
Theory Methods, 19(5), 1785-1802.

*LSTA-UNIVERSITE PARIS 6, E-MAIL: MBRQCCR.JUSSIEU.FR, **LABORATOIRE DE MATHEMATIQUES
(UMR 6056), UNIVERSITE DE REIMS CHAMPAGNE-ARDENNE AND LSTA-UNIVERSITE PARIS 6, E-MAIL:
AMOR.KEZIOUQUPMC.FR



	1. Introduction and notation
	1.1. Examples of -divergences.
	1.2. Statistical examples and motivations

	2. Fenchel Duality for -divergences
	3. Parametric estimation and tests through minimum -divergence approach and duality technique
	3.1. The asymptotic properties of the DDE's "0362() and D"0362D(,T) for a given  in 
	3.2. The asymptotic behavior of the MDDE's
	3.3. Asymptotic normality
	3.4. Composite tests by minimum -divergence

	4. Non regular models. A simple solution for the case of mixture models
	4.1. Notations
	4.2. A simple solution to the problem of testing the number of components in a mixture
	4.3. Confidence regions for the mixture parameters
	4.4. Approximation of the power function of the likelihood ratio statistic: simulation results

	5. Concluding remarks and possible developments
	6. Appendix
	Proof of proposition ??
	Proof of theorem ??
	Proof of theorem ??
	Proof of proposition ??
	Proof of theorem ??
	Proof of theorem ??
	Proof of theorem ??
	Proof of theorem ??

	References

