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Abstract

We propose a generalized version of the Dantzig selector. We show
that it satisfies sparsity oracle inequalities in prediction and estimation.
We consider then the particular case of high-dimensional linear regres-
sion model selection with the Huber loss function. In this case we derive
the sup-norm convergence rate and the sign concentration property of the
Dantzig estimators under a mutual coherence assumption on the dictio-
nary.
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1 Introduction

Let Z = X x Y be a measurable space. We observe a set of n i.i.d. random
pairs Z; = (X;,Y;), ¢ = 1,...,n where X; € X and Y; € ). Denote by P the
joint distribution of (X;,Y;) on X x Y, and by P¥X the marginal distribution
of X;. Let Z = (X,Y) be a random pair in Z distributed according to P.
For any real-valued function g on X, define ||g||oc = esssup,cy |9(z)], |lg]| =
(fy 9(2)2P (d))"* and |lglln = (2 30, g(X)2) "% Let D = {f1,..., far}
be a set of real-valued functions on & called the dictionary where M > 2. We
assume that the functions of the dictionary are normalized, so that ||f;|| = 1
forall j =1,...,M. We also assume that || f;||cc < L for some L > 0. For any
0 € RM, define fo = Y17, 0;f; and J(0) = {j : 0; # 0}. Let M(0) = |J(0)|
be the cardinality of .J(6) and sign(#) = (sign(6y), . ..,sign(fxr))7 where

1 ift >0,
sign(t) =<0 ift=0,
-1 ift<O.

For any vector § € R™ and any subset J of {1,..., M}, we denote by 6; the
vector in RM™ which has the same coordinates as 6 on J and zero coordinates on



the complement J¢ of J. For any integers 1 < d,p < oo and w = (w1, ...,wq) €
1/p
R4 the I, norm of the vector w is denoted by |wl, 2 (2?21 |wj|p) , and

[w]oo = maxicjcawsl-

Consider a function 7 : Y x R — RT such that for any y in ) and u, v’ in
R we have

Yy, w) =y, u)| < Ju— .

We assume furthermore that (y, -) is convex and differentiable for any y € ).
We assume that for any y € ) the derivative d,7(y, ) is absolutely continu-
ous. Then 9,7(y,-) admits a derivative almost everywhere which we denote by
025(y, ). Consider the loss function @ : Z x RM™ — R* defined by

Q(z,0) = v(y, fo(z)). (1)

The expected and empirical risk measures at point § in RM are defined

respectively by

R(6) 2E(Q(Z,9)),

where E is the expectation sign, and

1>
S|

R (0) ZQ(Ziﬁ).

Define the target vector as a minimizer of R(-) over RM:

PRAN 3
0 = arg nin, R(0).
Note that the target vector is not necessarily unique. From now on, we assume
that there exists a s-sparse solution 6*, i.e., a solution with M (6*) < s, and that
this sparse solution is unique. We will see that this is indeed the case under the
coherence condition on the dictionary (cf. Section 3 below).
Define the excess risk of the vector 6 by

and its empirical version by
En(0) = Rp(0) — R, (607).

Our goal is to derive sparsity oracle inequalities for the excess risk and for the
risk of #* in the /; norm and in the sup-norm.
We consider the following minimization problem:

min 0], subject to ‘vén(e)‘ < 2)
6O

o0

where VR, £ (89, R, ..., 89, Rn)T, r > 0 is a tuning parameter defined later
and © is a convex subset of RM specified later. Solutions of (E), if they exist,



will be taken as estimators of 8*. Note that we will prove in Lemma 3 that under
Assumption E the set {0 € © : ’VRH(Q)’ < r} is non-empty with probability
close to one. Note also that in the applofcations considered in Section 3, the
constraint |[VR,(0)|s < r can be defined as a system of inequalities involving
convex functions. Thus, solutions to (E) exist and can be efficiently computed
via convex optimization. In particular, for the regression model with the Huber
loss, the gradient VR, (0) is piecewise linear so that (E) reduces in this case to
a standard linear programming problem. Denote by O the set of all solutions of
(E) For the reasons above, we assume from now on that © # () with probability
close to one.

The definition of our estimator () can be motivated as follows. Since the loss
function Q(z, -) is convex and differentiable for any fixed z € Z, the expected risk
R is also a convex function of # and it is differentiable under mild conditions.
Thus, minimizing R is equivalent to finding the zeros of VR. The quantity
VR, (f) is the empirical version of VR(#). We choose the constant, 7 such that
the vector 0* satisfies the constraint |V R, (6*)] < r with probability close to
1. Then among all the vectors satisfying this constraint, we choose those with
minimum /; norm. Note that if we consider the linear regression problem with
the quadratic loss, we recognize in (fl) the Dantzig minimization problem of
Candes and Tao [ffl. From now on, we will call () the generalized Dantzig
minimization problem.

Bickel et al. [fl], Candes and Tao [fJ] and Koltchinskii [Ld] proved that the
Dantzig estimator performs well in high-dimensional regression problems with
the quadratic loss. In particular they proved sparsity oracle inequalities on the
excess risk and the estimation of 0* for the /, norm with 1 <p < 2.

The problem (B is closely related to the minimization problem:

in R,, (0 0
IeiggR @)+ 0|, (3)

which is a generalized version of the Lasso. For the Lasso estimator, Bunea et
al [E] proved similar results in high-dimensional regression problems with the
quadratic loss under a mutual coherence assumption [§] and Bickel et al []] under
a weaker Restricted Eigenvalue assumption. Koltchinskii @] derived similar
results for the Lasso in the context of high-dimensional regresssion with twice
differentiable Lipschtiz continuous loss functions under a restricted isometry
assumption. Van de Geer [@, E] obtained similar results for the Lasso in the
context of generalized linear models with Lipschtiz continuous loss functions.
Lounici ] derived sup-norm convergence rates and sign consistency of the
Lasso and Dantzig estimators in a high-dimensional linear regression model
with the quadratic loss under a mutual coherence assumption.

The paper is organized as follows. In Section 2 we derive sparsity oracle in-
equalities for the excess risk and for estimation of 8* for the generalized Dantzig
estimators defined by (f]) in a stochastic optimization framework. In section 3
we apply the results of Section 2 to the linear regression model with the Huber
loss and to the logistic regression model. In Section 4 we prove the variable
selection consistency with rates under a mutual coherence assumption for the



linear regression model with the Huber loss. In section 5 we show a sign con-
centration property of the thresholded generalized Dantzig estimators for the
linear regression model with the Huber loss.

2 Sparsity oracle inequalities for prediction and
estimation with the /; norm

We need an assumption on the dictionary to derive prediction and estimation
results for the generalized Dantzig estimators. We first state the Restricted
Eigenvalue assumption [f]].

Assumption 1.

1>

, [1fall
min

min >0
JoC{L,.,M}:|Jo|<s  AZ0[Ase[1<|A g1 [A,l2

¢(s)

It implies an ”equivalence” between the two norms |Als and || fa|| on the subset
{A 7é 0: |AJ(A)C|1 < |AJ(A)|1} of RI\/[.
We need the following assumption on || fo=||ec-

Assumption 2. There exists a constant K > 0 such that || fo=||co < K.

From now on we take for © the set
O={0eR : ||fyllw < K}.

The following assumption is a version of the margin condition (cf. [R1]). Tt
links the excess risk to the functional norm || - |.

Assumption 3. For any 0 € © there exits a constant ¢ > 0 depending possibly
on K such that

fo = fo- | < c(R(8) = R(67))"",

where 1 < k < 2.

We will prove in Section 2.1 below that this condition is always satisfied with
the constant k = 2 for the regression model with Huber loss and for the logistic
regression model. We also need the following technical assumption.

Assumption 4. The constants K and L satisfy

[ n
1<K, L< .
log M
Define the quantity
log M log M
F=AVIL2BE 40 Gy | 2B (4)
n n




We assume from now on that 7 < 1.
The main results of this section are the following sparsity oracle inequalities
for the excess risk and for estimation of 6* in the [; norm. Define

7= 6[[0uyllooT. (5)
Theorem 1. Let Assumptions E -l be satisfied. Take r as in (ﬁ) Assume that

M (6*) < s. Then, with probability at least 1 — M~ — M~5 —3M 2K Jog logM ,
we have

. 2(1 + 2K)ery/s\ 77 Ko
swe(l) < (AZH) T ol )
and
~ y 20\/5 "1 1 2K .
-0t < (7)ot s p e @

Note that the regularization parameter r does not depend on the variance
of the noise if we consider the regression model with non-quadratic loss. In this
case, the use of Lipschtiz losses enables us to treat cases where the noise variable
does not admit a finite second moment, e.g., the Cauchy distribution. The price
to pay is that we need to assume that || fo«||co < K with known K.

Proof. For any 6 € © define A = 6 — #*. We have

D>

) +E0) — E.(0)
£() — £.(0) N
W(Mh +7)

(5(9) — &a(0)
60— 0+, +7

EB) < &l

N
s
3
_|_
w0
==

) (1AL +7). ®)

0€0:0£0"

By Lemma m it holds on an event A; of probability at least 1 — M~K —

3M 2K Jog oeqr that

E(0) — &n(9)
—~7 L 2K 9
062)1:19260* 0 — 01 +7 " ©)

For any 6 € ©, we have by definition of the Dantzig estimator that |é|1 <
|9*|1 Thus

Agech = D 10;1< DY 1051 — 101 < 1Asee)h- (10)

i€ () € (6°)

Define the function g : t — R, (6* +tA). Clearly g is convex and differen-
tiable on [0, 1]. Thus, the function ¢’ is nondecreasing on [0, 1] with derivative



g'(t) = VR, (6" + tA)TA. The constraint ‘VRH(H)‘ <7 in (f) and Lemma [

yield, on an event A, of probability at least 1 — M1,
En(0) = R,(0) — R,(6%)
= / 1 VR, (0" +tA)T Adt
< T|OA|1, (11)

for some numerical constant C' > 0.

Combining (§)-([L1]) yields that on the event A; N Ay

E(0) < 2+ A4K)r|A sy + 12]0u7y]|oo K72 (12)
Next,
214 2K)r[A ot < 2(142K)rvs|Aye02
_ 204 2K)ers | fal
h ¢(s) c
BENETNONS RTINS
K\ C(s) K ¢

1201+ 2K)ery5\" 1, ap
< (™) e w

where we have used the Cauchy-Schwarz inequality in the first line, the inequal-
ity zy < |z|"/k+ |y|“,//~@’ that holds for any x,y in R and for any &, <" in (1, 00)
such that 1/k + 1/’ = 1 in the third line, and Assumption 2 in the last line.
Combining () and ([3) and the fact that 7 < 1 yields the first inequality. The
second inequality is a consequence of () and ([13). O

We state and prove below intermediate results used in the proof of Theorem
1.

Lemma 1. Let Assumptions@ and be satisfied. Then, with probability at least

1—- MK —-3M—2K]og e a7 We have

1£(0) — En(0)]
sup 1oL < oKy, 14
beb 10— 01 +7 14
where v is defined in Theorem 1.

Proof. For any A > 0, define the random variable

Ta= s |€.(0) ).
0€0:|0—0%|, <A

For any 6 in © and (z,y) in Z we have

Y, fo(x)) = (Y, for ()] < [|[0uTlloo (L]0 — 67[1 A 2K,



and
E (7(Y, fo(X)) = (Y, fo- (X)) < [0urll5 (10 — 073 A 2K7).

Assumption 3 and Bousquet’s concentration inequality (cf. Theorem 4 in
Section 6 below) with z = (A V 2K)log M, ¢ = 2||0y7|lcc(AL A 2K) and o =
V2[00 (A A V2K) yield

P (Ty > E(Ta) + 24K |0y 0o7) < M~EEVA,

We study now the quantity E(T4). By standard symmetrization and contraction
arguments (cf. Theorems 5 and 6 in Section 6) we obtain

Then, observe that the mapping u — % i € fu(X;) is linear, thus its supre-
mum on a simplex is attained at one of its vertices. This yields

) |

n

1
- ; €ifo—o-(X7)

E(Ts4) < 4||<9w|ooE< sup
0€0:|0—0*|1 <A

n

%Zeifj(Xi)

I<isM ‘
i=1

E(T4) < 4)|0u7]|c AE < max

Combining Assumption [] and Lemma 2 we obtain

E(Ta) < 4/|0uy[| o AT.

Thus
P (Ty > 6AK||0y7] 0o) < M~EFEVA, (15)
Define the following subsets of ©
o) = {0 :10-0" <7},
OII) = {#€0  :7<|0-0"1 <2K},
OII) = {00 :|0-0";>2K}.

For any ¢t > 0 define the probabilities
P =P ( sup

Py = P syp EO-EOI,
oco(rr) |0 — 0% +7

R P( wp M>t>

geo(rrr) |0 — 0% +7

For any ¢ > 0 we have

P (supw Z t) < Pr+ Prr+ Pror.
pco |0 — 01 + 7



Now, we bound from above the three probabilities on the right hand side of the
above expression. Take t = 12||0,7|| o K7. Applying ([5) to P; yields that

Pr <P (T5 2 6[0uy o K7%) < M5,

since we have 7 < K by Assumption E
Consider now Pr;. We have
Jo
oUnc | J{0e® A <|0-0"1 <A},

Jj=0

where A; = 279K, j =0,...,jo and jo is chosen such that 2'77°K > 7 and
2790 K < 7. Thus

Jo
P]] < Z]P) (TA], 2 12||6u’y||ooAJ+1Kf)
=0
Jo
< D OP(Ta; > 6]0u|e 4, KT)
§=0
< o+ MK

< (3 (1og logM) — 1) M2

Consider finally Pr;;. We have

@(III) C U {96 O : Ajfl < |979*|1 gflj},
=0

where A; = 27K j > 0. Thus

P[[[ < ZP (ng 2 12”61/}/”0014]_1[(7:)

j=1
Jo B

< D P (Ta, = 6]|0uylloo A KF)
7=0

< Swh
J=1

< MK

O

We now study the quantity E (maxi<j<ar |+ 30 € f;(X;)|). This is done
in the next lemma.



Lemma 2. We have

n

%Zﬁifj(Xi)
i=1

T, (16)

)<

E ( max
1< <M
where 7 is defined in ().

Proof. Define the random variables

1 n
J \/E;:lef( )

The Bernstein inequality yields, for any 7 =1,..., M and ¢t > 0,

t2
F(lU;) > < exp (Q(tlfjlloo/(3\/ﬁ) T ||ij2)) ' a7)

Set bj = || filloo/(3y/n). Define the random variables T; = U; M}y, |1, (2 /b,
and TJ/ = UjﬂleKllfjHZ/bj' For all £ > 0 we have

t e
P(|T;] > t) < 2exp (E) » P(T]] > 1) < 2exp <W> '
) J

Define the function h, (x) = exp(z”) — 1, where v > 0. This function is clearly
convex for any v > 0. We have

T =
E (1, (1L :/ ¢'P(IT;| > 12b;t)dt < 1,
12b; 0

where we have used Fubini’s Theorem in the first equality. Since the function

h1 is convex and nonnegative, we have
|T5]
E(h
(s (o, 55,

|7}
i (& (o, 150
M
|7}
< E
Zhl (12bj
j=1

< M

N

)

where we have used the Jensen inequality. Since the function hy*(z) = log(1+x)
is increasing, we have

T3
<
E <12}?§V[ 125, < log(l1+ M)

log(1 + M
B (s 1) < 2D g (1)
1<<M vn 1<j<M




Applying the same argument to the function ho, we prove that

) < il
e (o, 17/1) < 2v3v/oa+ 1) ma, 5] (19)

1<G<M

Combining ([.d) and ([g) yields the result.
O

Lemma 3. Let Assumptions@ and be satisfied. Then, with probability at least
1 — M~ we have .
VR (0)]o <7y

where v is defined in Theorem 1.

Proof. For any 1 < j < M define
1 n
Zj = Z Quy(Yi, fo- (X3)) f5(X).
i=1
Since the function 6 — ~(y, fo(x)) is differentiable w.r.t. 6 and |0.7v(y, fo(x))f;(x)] <

10wyl L for any (z,y) € X x Y and § € RM | we have

_ OR(")

E(Z)) = —5;— = 0.
J

Next, similarly as in Lemmas [lf and E, we prove that
E(IVR(07)]o0) < 4107l oo

Finally Bousquet’s concentration inequality (cf. Theorem 4 in Section 6 below)
yields that, with probability at least 1 — M 1,

VR (07) oo < E(IVRA(67)]50)

log M R

+J2 2= (100712 + 200700 LE( VR (60%)]cc) )
OuYl| oo L log M

197 L1og

3n
< 6|07/
O
3 Examples
3.1 Robust regression with the Huber loss
We consider the linear regression model
Y = fo-(X)+ W, (20)

10



where X € R? is a random vector, W € R is a random variable independent of
X whose distribution is symmetric w.r.t. 0 and * € RM is the unknown vector
of parameters. Consider the function

1 (2K + a)?

¢($) = §-T2H|m|<2K+(l + ((2K+ CY)|.’L'| — f) ]I\:c\>2K+aa

where a > 0. The Huber loss function is defined by

Q(Z, 9) = ¢(y - f@(l')), (21)

where z = (z,y) € R? x R and 0 € ©.
In the following lemma we prove that for this loss function Assumption E is
satisfied with x = 2 and ¢ = (2/P(|W] < a))/2.

Lemma 4. Let QQ be defined by @) Then for any 0 € © we have

P(W]< a)

5 1 fo — fol|*> < E(6).

Proof. Set A =6 —6*. Since ¢’ is absolutely continuous, we have for any 6 € ©
Q(Z,0) = Q(Z,07) = ¢/ (W) f-a(X)
+ [/01 Ty 415 a () <2K (1 = 1)dE| fA(X)?
> ¢/ (W) f-a(X) + %quga)fA(X)Q,

since || fo]|loo < K for any 6 € ©. Taking the expectations we get

PW] < @)

R(0) — R(07) > 5

2
1fall,

for any a > 0 since ¢’ is odd and the distribution of W is symmetric w.r.t.
0. O

We have the following corollary of Theorem 1.

Corollary 1. Let Assumptions , E and be satisfied. If M(0*) < s, then, with
probability at least 1 — M~' — M~ — 3M 2K ]og bgLM, we have
8(1+ 2K)? 5 2 4

P(W <o) 3

sup £(6) <
256)

and
8(1 4 2K) K
P(W] <a)c(s)2” " 31+ 2K)"

sup [0 — 6"|1 <
6c6

11



3.1.1 Logistic regression and similar models

We consider Z = (X,Y) € X x {0,1} where X is a Borel subset of R?. The

conditional probability P(Y = 1|X = z) = n(x) is unknown where 7 is a
function on X with values in [0, 1]. We assume that 7 is of the form
m(z) = ' (fo- (), (22)

where the function ® : R — R* is convex, twice differentiable, of derivative &’
with values in [0, 1] and the vector §* € R™ is unknown. Consider, e.g., the
logit loss function ®(u) = log(1 + e*). We assume that ® is known. Define the
quantity

1
— 2 inf @
7(R) 5 unf,® (u), (23)

for any R > 0. We want to estimate * with the procedure (E) and the convex
loss function

Q(Z,@) = 7yf9(1') + q)(fO(z))a (24)

where z = (x,) € R? x {0,1}. Thus we need to check Assumption Eto apply
Theorem 1.

Lemma 5. Let the loss function be of the form @) where ® satisfies the above
assumptions. Then for any 6 € RM we have

T(K)||fo = fo-]* < €(0).
Proof. For any 6 € ©, we have

Q(Z,0) - Q(Z,0") = VQ(Z,6") (0 - 07)

v[f SO H(X)T(0" + 10— )1 — 1)t 1 (X)?

> VQ(Z,07)"(0 = 0%) + 7(Il folloo V | forlloc) fa (X)?.

Since ||[VQ(, )|leo < 00, we can differentiate under the expectation sign, so that
E(VQ(Z,6")" (0 —6)) = VR(6*) = 0.

Thus
E0) = 7(l[ folloo V | fo- lloc) | fo = for II-
O

Thus Assumption B is satisfied with the constants kK = 2 and ¢ = L
ption [§ NaT)

We have the following corollary of Theorem 1.

Corollary 2. Let Assumptions [, B and [] be satisfied. If M(0*) < s, then, with

probability at least 1 — M~ — M~ — 3M 2K log IO;M, we have

A 4(1+2K)? , 2,
sup£(0) < ———5sr“ + -r°,
b EO S T s

12



and

. 4(1 +2K) K
sup |0 — 0% |1 < 7.
é€g| h ()¢ T 3+ 2K)

4 Sup-norm convergence rate for the regression
model with the Huber loss

In this section, we derive the sup-norm convergence rate of the Dantzig esti-
mators to the target vector 6 in the linear regression model under a mutual
coherence assumption on the dictionary and Huber’s loss. The proof relies on
the fact that the Hessian matrix of the risk also satisfies the mutual coherence
condition for this particular model. Unfortunately, we cannot proceed similarly
in the general case because the Hessian matrix of the risk at point 6* does not
necessarily satisfy the mutual coherence condition even if the Gram matrix of
the dictionary does. Note that for Huber’s loss the Dantzig minimization prob-
lem (f]) is computable feasible. The constraints in (f) are indeed linear, so that
(B is a linear programming problem.

Denote by ¥(6) the Hessian matrix of the risk R evaluated at . With our
assumptions on the dictionary D and on the function v, for any 0 € RM we
have

W(0) = V2R(0) = (E (029(Y, Fo(X)) () (X)) pns -

Note that for the quadratic loss we have U(-) = 2G where G is the Gram matrix
of the design. For Lipschtiz loss functions the Hessian matrix ¥ varies with 6.
We consider the linear regression model (@) For any functions g,h : X —
R, denote by < g, h > the scalar product E(g(X)h(X)). Define the Gram matrix
G by
G = (< fis fr >N<jhsm-

From now on, we assume that GG satisfies a mutual coherence condition.
Assumption 5. The Gram matriz G = (< fj, fi >)1<j,k<m Satisfies
G;;=1,V1<j<M,

and
1
38s’

where s > 1 is an integer and § > 1 is a constant.

Gl <
max G| <

This assumption is stronger than Assumption . We have indeed the follow-
ing Lemma (cf. Lemma 2 in [[L)).

Lemma 6. Let Assumption E be satisfied. Then

I fal

. . 1
min min >4/1—=>0.
JC{L MY|TI<s A£0:A e <|ash [Agla TV B

13

1>
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Note that Assumption [J the vector 6* satisfying (B]) such that M(6*) < s
is unique. Consider indeed two vectors §' and 6 satisfying (BQ) such that
M(6') < s and M(0?) < s. Denote § = 0 — 6% and J = J(6') U J(0?). Clearly
we have fg(X) = 0 a.s. and M(0) < 2s. Assume that §* and 6? are distinct.
Then,

2 0T (G — In)0
ergz A 2M)
1013 1013

M
S 1o 1 Z |91||§J|
30s =1 1013

1
> 1—=—=>0,
where we have used the Cauchy-Schwarz inequality. This contradicts the fact
that fo(X) =0 a.s.
For the linear regression model, the Hessian matrix ¥ at point 6 is

V(0) = E(W5,. ,c0)+wi<2r+afi(X) (X)) 1< k<

‘We observe that
TU(0*) =P(|W| < 2K + «o)G.

Thus W(6*) satisfies a condition similar to Assumption 4 but with a different
constant if P(|W| < 2K + «) > 0. The empirical Hessian matrix ¥ at point
0 € RM is defined by

1 & .
Vik(0) = ~ D Mg xoiwi<er pali (Xa) fi(Xo), 1<,k < M.
1=1

We will prove that the empirical Hessian matrix W(6) satisfies a mutual co-
herence condition for any 6 in a small neighborhood of #* under some additional
assumptions given below.

First, we need an additional mild assumption on the noise.

Assumption 6. There c.d.f. Fyw of W is Lipschitz continuous.

This assumption is satisfied, e.g., if W admits a bounded density so we allow
heavy tailed distributions such as the Cauchy. In the sequel we assume w.l.o.g.
that the Lipschitz constant of Fy equals 1.

We impose a restriction on the sparsity s.

Assumption 7. The sparsity s satisfies s < %
This implies that we can recover the sparse vectors with at most O ((n /log M )1/ 4)

nonzero components.
Define V;, = {6 € © : |0 — 6*|1 < n} where n = Cyrs and

8(1+ 2K)3 1
Wi<o)(G-1) 6 (25)

O =5

14



Consider the event

. C
b, (0) — \Iijk(o)‘ < 8L + ALF + \/ﬁ; } . (26)

E = sup
1< k<M, 0€Vy

where

4L 1+ L2
Oy = 2\/1 +(1+L2) (8C1L3 + —) + +3 .
s
We have the following intermediate result.
Lemma 7. Let Assumptions [}-[q be satisfied. Then P(E) > 1—exp(—+/Tog M).

Proof. Define the variable

7 = sup T 5(0) — 0; 1(0)].

1<j,k<M, 0V,

Applying the Bousquet concentration inequality (cf. Theorem 4 in Section 6)
with the constants ¢ = (1 + L?)/n, 0 = 2/n? and © = % yields that, with

x

probability at least 1 —e™7,

2 T+ (+IE(2) L+ L2

Z < E(Z —.
(2)+ ns +3\/552

(27)
We study now the quantity E(Z). A standard symmetrization and contraction
1 n
— Z €ill) gy ox)+wi <2k +ati(Xo) fu(Xi)

argument yields
n )
1

=1
- > €M,y xo+wii<erra — Twii<arcra) £5(Xi) fr(X0)
=1

E(Z) <2E < sup

1<,k<M, 0€V,
<o (

+ 2E ( sup

% > el <orraldi(Xi) fi(Xi)

i=1

n

1<5,k<M, 0€V,

(28)

Denote by (I) and (I1) respectively the first term and the second term on the
right hand side of the above expression. The contraction principle yields

) | (29
) < Lr.

n

%Zeifj(Xi)fk(Xi)

(I) <4E < max
1< RSM |1 £

Then, similarly as in the proof of Lemma 2 we get

n

% Z € fi(Xi) fe(Xi)

E max
1<), k<M

15



Thus, for (II) we have

1 n
(II) < 2L°E <;u‘§ n D oI pax) Wil <2k to — Hwi<2K+a|>
eVn iz

2L°P (2K +a — Ly < |[W| < 2K +a + Ln)

<
< 8L (30)

1/4
Assumptions [ and [] yield that s < (logLM) . Combining (27)-(B() yields the
result. O

We need an additional technical assumption.

Assumption 8. We have 12L%n + L7 + \/%252 < P(|W‘<22K+a).

This is a mild assumption. It is indeed satisfied for n large enough if we
assume that P(|W| < 2K + a) > 0 since Assumption 6 implies that r — 0 as
n — oo.

We have the following result on the empirical Hessian matrix.

Lemma 8. Let Assumptions E-Ia be satisfied. Then, with probability at least
1 —exp(—+Iog M), for any 6 € V;,, we have

P(|W| < 2K + a)

min [¥; ;(0))|

1<<M = 2 ’

. Cs

b0 < =2, 31
max [ 5(0)] < < @)

where C3 = g5 +12L%Cy + fﬁ

Proof. For any 6 in V,, and any j,k in {1,..., M} we have
‘I’j,k(e) - ‘I’j,k(e*) =K ((H|fA(X)+W|<2K+a - ]I\W|<2K+a)fj(X)fk(X)) >

where A = 0 — §*. Then

(W5 k(0) = U009 < L°E (|5, x)4wi<2k+a — Lw|<2k+al)
< LPP(W| 2K +a, [fa(X) + W| > 2K + a)
+ L?P

L°P(|W] > 2K + a, |fa(X)+ W] < 2K +a).

Recall that |fa(X)| < Ln. Then

[Ujk(0) = Uu(07)] < L*P(2K +a—Ln< |W|<2K +a+ L)
< 2L°P(2K +a—Ln< W < 2K +a+ Ln)
< 4L, (32)
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where we have used the fact that the distribution of W is symmetric w.r.t. 0
in the second line and Assumption [ in the last line. Lemma ] and (B3) yield
that, on the event E, for any 6 € V),

o Cy
i . > < _ 3y 2=
13}1&4 U, :(0) > P(|W] < 2K 4+ ) — 12L°n Tns

and

C3
U ,.(0)] < =22,
gl;gl 5,k(0)] .

O

Now we can derive the optimal sup-norm convergence rate of the Dantzig
estimators.

Theorem 2. Let Assumptions E-E be satisfied. If M(0*) < s, then, on an event
of probability at least 1 — M~ — M5 — exp(—+/Tog M) — 3M ~*K log logLM, we
have
sup |é — 0" < Cyr,
0co
where r is defined in Theorem 1,
4+ 2CC5
(W <2K +a)’

with Cy and C5 defined respectively in @) and Lemma B

C4:]P’

Proof. For any 0 in © we have
1
wmwvmwaPmW+mm4A
0

where A = 6 — 6*.
The definition of our estimator, Lemma E and Corollary EI yield that, on an

event A; of probability at least 1 — M ~! — exp(—v/log M) — 3M ~*K log -3,
we have that 6 € V, and
1
H/ W (0* +tA)dt} A‘ < 2
0 0o
Lemmaﬂ yields that, on the event A; N E,
P(|W| < 2K + « C
(w1 Jial, <2+ ©a).
2 s
so that
|A|oo < C4T.
O

Note that Theorem 2 holds true for the Lasso estimators (2) with exactly the
same proof, provided that a result similar to Theorem 1 is valid for the Lasso
estimators. This is in fact the case (cf. 22 [J).
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5 Sign concentration property

Now we study the sign concentration property of the Dantzig estimators. We

need an additional assumption on the magnitude of the nonzero components of
0*.

Assumption 9. We have

2 min 07| > 2Cyr,

p JEJ(0%)

where r is defined in Theorem 1 and Cy is defined in Theorem @

We can find similar assumptions on p in the work on sign consistency of the
Lasso estimator mentioned above. More precisely, the lower bound on p is of the

order (s(log M)/n)"/* in [, n=%/? with 0 < 6 < 1 in [R5, Bq|, /(log Mn)/n
in [{], \/s(log M)/n in Rq] and r in [L7].

_ We introduce the following thresholded version of our estimator. For any
6 € O the associated thresholded estimator # € R is defined by

I 0 elsewhere.

9~ . {é] if |é]| > C4T,

Denote by © the set of all such 6. We have first the following non-asymptotic
result that we call sign concentration property.

Theorem 3. Let Assumptions @ and B@ be satisfied. If M(60*) < s, then

P (sign(é) = sign(0*), V0 € (:)) >1- M1~ M5 —exp(—+/log M)

—3M*Klog

log M~

Theorem E guarantees that the sign vector of every vector 0 € © coincides
with that of #* with probability close to one.

Proof. Theorem Eyields SUPjc o |é —6*|0o < Cs7 on an event A of probability at
least 1 —6M 1. Take 6 € ©. For j € J(0*)°, we have 07 =0, and 0] < car on
A. For j € J(0%), we have |07| > 2C3r and [07] — [0;| < |07 — 0C;| < C3r on A.
Since we assume that p > 2?3, we have on A that |éj| >> cor. ThuAs on the event
A we have: j € J(0) < [0;| > cor. This yields sign(0;) = sign(0;) = sign(6;)
if j € J(0") on the event A. If j ¢ J(0"), sign(¢;) = 0 and 6; = 0 on A, so
that sign(#;) = 0. The same reasoning holds true simultaneously for all § € ©
on the event A. Thus, we get the result. O
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6 Appendix

We recall here some well-known results of the theory of empirical processes.

Theorem 4 (Bousquet’s version of Talagrand’s concentration inequal-
ity [E]) Let X; be independent variables in X distributed according to P, and
F be a set of functions from X to R such that E(f(X)) =0, ||fllc < ¢ and
IfII? < o? for any f € F. Let Z = SUpfe Sor ., f(Xi). Then with probability
1 —e™%, it holds that

Z <E(Z) + /2z(no? + 2¢E(2)) + %

Theorem 5 (Symmetrization theorem [@], p. 108). Let X1,..., X, be in-
dependent random variables with values in X, and let €1, . .., €, be a Rademacher
sequence independent of Xi,...,X,. Let F ba a class of real-valued functions

on X. Then

Theorem 6 (Contraction theorem [[L4], p. 95). . Let z1,...,x, be nonran-
dom elements of X, and let F be a class of real-valued functions on X. Consider
Lipschitz functions v; :— R, that is,

n

: (?22 2

i=1

n

> ef(Xi)

i=1

(f(Xi) - E(f(Xi)))D < 2E <Sup

feF

[i(s) =w(s < s = |, Vs,s" €R.

Let €1, ...,€, be a Rademacher sequence. Then for any function f* : X — R,

we have

E (Sup > eltnlf (@) - %(f*(fcz')))D <2E <Sup > el(fl@) - f*(xz-))D -
fer iz fer iz

Acknowledgements: I wish to thank Pr. Alexandre Tsybakov for his
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